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Abstract Designing controllers directly from measurement data has attracted growing attention in recent years, as it avoids the
need for accurate system modeling or explicit system identification. This paper focuses on recent advances in data-driven control for
linear discrete-time systems with unknown system matrices. For noisy input-state data, an in-depth analysis is provided on several
representative approaches, including data-driven control based on Willems et al.’s fundamental lemma, quadratic matrix inequalities,
linear fractional transformations for combining prior knowledge with data, and integral quadratic constraints. For noisy input-output
data, a concise review is presented on control methods based on quadratic matrix inequalities, along with key insights into their structure
and implications. The paper concludes by outlining several challenging problems that merit further investigation in future research.
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1 Introduction

Data-driven control (DDC) has witnessed remarkable development over the past few decades, fueled by advance-
ments in computational capabilities, sensor technologies, and machine learning [1-7]. In contrast to traditional
model-based control, which depends on an explicitly derived mathematical model of a system, DDC utilizes on-
line or offline data to design controllers without requiring detailed system identification. The foundations of DDC
can be traced to early techniques, such as iterative feedback tuning (IFT) [5,6] and virtual reference feedback
tuning (VRFT) [7], which aimed to optimize controller parameters directly from experimental data. In the early
2000s, subspace identification methods gained prominence by enabling the estimation of state-space models from
noisy measurements for control design purposes. A pivotal development came with Willems et al.’s fundamental
lemma [8], which demonstrated that sufficiently rich input and output data could implicitly capture linear system
dynamics, paving the way for direct DDC approaches such as data-enabled predictive control (DeePC) [9].

The advantages of DDC are manifold, making it especially attractive for systems where obtaining accurate models
is difficult or impractical [10-13]. First, DDC bypasses the often labor-intensive and error-prone process of system
identification, thereby reducing development time and engineering effort. For instance, in industrial processes with
high level of uncertainty or unmodeled dynamics, methods like VRFT can effectively tune controllers using only
operational data. Second, DDC is inherently adaptive, capable of updating controllers in real time as new data
are available, which is critical for time-varying systems such as renewable energy grids. Third, DDC methods are
well-suited for handling noise and disturbances through robust optimization and regularization techniques, ensuring
reliable performance even in sensor-heavy or uncertain environments. Finally, DDC’s natural synergy with machine
learning techniques allows it to scale efficiently to high-dimensional and nonlinear systems, offering greater flexibility
and performance potential than many traditional model-based methods.

Despite its advantages, DDC faces several key challenges [14, 15]. First, the quality of control design is highly
dependent on the richness and quality of the available data. Insufficient or noisy data can lead to inaccurate
controller synthesis and degraded performance. Second, ensuring robustness to model uncertainties and external
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disturbances remains a difficult task, especially in systems with limited excitation or operating in changing environ-
ments. Moreover, many data-driven methods lack interpretability compared to classical model-based approaches,
making analysis and validation more complex. Computational efficiency and scalability also pose concerns, partic-
ularly for high-dimensional systems or real-time applications. Finally, integrating prior knowledge, such as physical
constraints or known dynamics, with data remains an ongoing research focus, aiming to bridge the gap between
data-driven and model-based control frameworks.

Facing these challenges, research on DDC has never ceased; instead, it has continued to grow with increasing
enthusiasm [16-20]. Since 2020, DDC has once again emerged as a hot topic in the field of control, spurred by
several influential results [21-23]. In these studies, it is found that, for a linear feedback system with unknown system
matrices, a data-dependent representation of either the open-loop or closed-loop dynamics can be established using
Willems et al.’s fundamental lemma. As a result, under certain rank conditions on the collected data, all stabilizing
controllers can be synthesized by solving a set of data-dependent linear matrix inequalities (LMIs), provided that
the experimental data are noise-free. This groundbreaking development reveals a fundamental insight: explicit
system matrix matrices’ identification is not required to verify whether a proposed controller stabilizes the original
system or not. The method thus offers a paradigm shift in control design by enabling direct controller synthesis
from data. Since its introduction, this approach has been successfully extended to more complex settings, including
linear time-delay systems, linear switched systems, and certain classes of nonlinear systems, further broadening its
applicability and impact.

However, experimental system measurements are typically contaminated by noise. As a result, increasing atten-
tion in recent years has been devoted to designing controllers directly from noisy data, particularly for linear systems
with unknown system matrices. When the method proposed in [21] is applied to such data, it reveals that not only
the magnitude but also the ‘direction’ of the noise significantly influences system stability, which is a striking insight
that has sparked widespread interest among researchers. To address a broader range of noise types, a general as-
sumption is introduced in [24], positing that noise samples satisfy a certain quadratic matrix inequality (QMI). By
appropriately selecting a matrix multiplier in the QMI, this assumption can encompass various noise characteristics,
including energy-bounded noise, noise with bounded sample covariance, and noise bounded within a subspace [25].
Building on this framework, several notable methods have been developed, such as QMI-based approaches, integral
quadratic constraint (IQC) techniques, and linear fractional transformation (LFT) representations combining prior
knowledge with data.

This paper provides a comprehensive overview of recent advances in DDC for linear discrete-time systems with
unknown system matrices, with particular emphasis on handling noisy input-state and input-output data. For
noisy input-state data, insightful understanding is presented on the foundational framework based on Willems et
al.’s fundamental lemma, highlighting how data-driven representations of system dynamics can be leveraged for
controller synthesis via data-dependent LMIs. Then, several robust methods for controller design directly from
noisy data are analyzed in depth, including QMI-based approaches, IQC techniques for systems with non-uniform
sampling, and LFT frameworks that combine prior knowledge with data. For noisy input-output data, a concise
review is provided covering key DDC strategies applicable to both single-input-single-output (SISO) and multiple-
input-multiple-output (MIMO) systems. Finally, several challenges and promising directions are provided for future
research.

The remainder of the paper is organized as follows. Section 2 discusses data-driven control based on Willems et
al.’s fundamental lemma. QMI approaches are examined in Section 3. Section 4 reviews LFT representations that
enable the structured integration of prior knowledge with collected data, while Section 5 presents the IQC approach
for DDC. Data-driven control using noisy input-output data is addressed in Section 6. Finally, Section 7 concludes
the paper by highlighting several challenges and directions for future research.

Notations: The notations throughout this paper are standard. diag{---} and col{---} denote a block-diagonal
matrix and a block-column matrix (vector), respectively. Without confusion, ‘I’ and ‘0’ in a matrix, respectively,
denote an identity matrix and a zero matrix with compatible dimensions. Specifically, I,, (0,,) stands for an n-
dimensional identity (zero) matrix, and 0,,x, means an m x n zero matrix. The symbol ‘*” in a symmetric block
matrix stands for a term induced by symmetry. Z>0 means the set of non-negative integers. imA and ker A,
repsectively, represent the image space and the kernel space of the matrix A. He{A} = A + AT, where X7 is the
transpose of X. Amin(A4) (Amax(A)) means the minimum (maximum) eigenvalue of the symmetric matrix A. Af
denotes the Moore-Penrose inverse of A.
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2 Data-driven control based on Willems et al.’s lemma

2.1 The case of noise-free data
Consider a controllable discrete-time system described by
x(k+1) = Auna(k) + Bunu(k), (1)

where z € R™ and v € R™, and the compatible matrices Ay, and By, are unknown. However, the data-related
input and state sequences can be collected from experiments, which are given in the following:

Uo = [u(0) u(1) -~ uw(T —1)], (2a)
Xo = [z(0) z(1) -+ o(T —1)], (2b)
X1 =[z(1) 2(2) -~ x(T)], (2¢)

where T' € N indicates how long the sequences should be for control design or performance requirement. A key
assumption about these data is as follows.

. Xo
Assumption 1. rank =n-+m.
Uo
Assumption 1 can be satisfied if the input signal u is persistently exciting of order n+1, leading to T" > nm+m+n.

Under Assumption 1, by utilizing Willems et al.’s lemma, a data-based representation of the closed-loop system
associated with u(k) = Fz(k) can be obtained as

2(k+1) = (Aun + Bun F)z(k) = X1Gra(k), (3)
where G € RT*" gatisfies
1 X
e (4)
F Uy

The first key significance of the closed-loop representation (3) is that it provides a data-driven interpretation of
a model-based approach, where the system matrices A, and By, are reconstructed using a collection of sampled
trajectories. Notably, this representation is highly dependent on T'. Different values of T" may lead to variations
in the data-based representation of system (1), revealing the inevitable presence of uncertainties when modeling
real-world physical systems. However, the primary goal is not to obtain the exact values of A, and By, but rather
to design a stabilizing controller for the system. Thus, the second key significance of the closed-loop representation
(3) is that it paves a way to design stabilizing controllers directly from data.

With the data-based representation (3), the closed-loop system is asymptotically stable if and only if there exists
a real matrix P € S? such that

XlGFP(XlGF)T—p<O. (5)

From (4), since F is to be designed, G can be regarded as a decision variable. Let P = G P. Then a stabilization
criterion follows.

Theorem 1 ([21, Theorem 3]). Under Assumption 1, the state feedback control u(k) = Fx(k) with F =
UoP(XoP)~! stabilizes the system (1) if there exists a real matrix P € RT*" such that

—XoP X3P

<0. 6
P'XT —X,P (©)

It is clear that the matrix inequality (6) is data-based and linear with respect to the matrix variable P. A
key feature of Theorem 1 lies in that it characterizes the whole set of stabilizing state feedback gains, given by
F = UpP(XoP)™ 1, for all P satisfying (6). However, the matrix variable P depends on the time horizon of
experiments due to P € RT*", Thus, the computational complexity of the LMI condition increases significantly as
the dataset size grows.

Building on the idea above, several results on optimal control and linear quadratic regulation are obtained in [21].
Moreover, this approach is also extended to time-delay systems [26] and switched systems [27], among others.
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2.2 The case of noisy data

The data collected from experiments are usually corrupted by external disturbances. Thus, in recent years, control
design directly from noisy data has been a hot topic. In the following, we present several ways to deal with noisy
data.

2.2.1 Method I from [21]

Suppose that the measured signal is (k) = (k) + w(k), where w is an unknown measurement noise. Let

Wo = [w(0) w(1) -+ w(T —1)], (7)

and let Zy = Xy + Wy and Z; = X7 + W7. Since the measured signals are corrupted by noise, the exact values of
Xo and X; are unavailable for control design. Consequently, the objective is to design a stabilizing controller using
the noisy data Uy, Zy and Z;. For this goal, a conservative method is proposed in [21], based on the idea that the
LMI (6) possesses an intrinsic degree robustness with respect to perturbations in X and X;. That is, if X and X;
are replaced with their noisy counterparts Zy and Z;, there may still exist a matrix P > 0 such that the modified
LMI remains feasible. In this situation, the control law u(k) = Fa(k) with F = UgP(ZyP)~! continues to serve as
a stabilizing controller. To formalize this idea, a robust version of Theorem 1 is presented as follows.

Theorem 2. Assume that rank col{Uy, Zo} = n + m. The state feedback control u(k) = Fx(k) with F =
UoP(ZoP)~" stabilizes the system (1) if there exists a matrix P € RT*" and a scalar o > 0 such that

I P
PT Z,P

_ZQP + CYle%— le

- (8)
PZ} —ZoP

)

Based on Theorem 2, a couple of results are derived to quantify the level of measurement noise under which the
obtained solution still yields a stabilizing controller. These results provide explicit conditions on the admissible
noise bounds, ensuring that the controller designed from noisy data retains its stabilizing properties.

To show that, we need the following assumptions.

Assumption 2. For some scalar v > 0, EET < 77, Z] where £ & A, Wy — Wy.
Assumption 3. For some scalars v; € (0,0.5) and 72 > 0, the following hold:

] [v] <

Theorem 3. Under Assumption 2, rank col{Uy, Zop} = n + m, and rank Z; = n, the state feedback control
u(k) = Fa(k) with F = UgP(ZoP)~! stabilizes the system (1) if (P, ) is a solution to the LMIs in (8) such that
v < a?/(4+20).

Theorem 4. Under Assumption 3, rank col{Uy, Zop} = n + m, and rank Z; = n, the state feedback control
u(k) = Fa(k) with F = UgP(ZoP)~! stabilizes the system (1) if (P, ) is a solution to the LMIs in (8) such that

6v1+372 o?
1—-2v 442"

Assumption 2 involves the unknown system matrix A,,, making it difficult to verify directly from data. However,
an interesting insight can be drawn from this assumption. That is, if the disturbance evolves according to w(k+1) =
Aunw(k), then Assumption 2 is always satisfied. In this case, Theorem 3 ensures that any solution to (8) yields a
stabilizing controller for the system (1). This observation suggests that the effect of noise on control design does
not depend only on the magnitude of the disturbance w, but also on its direction in the state space.

T

Uo
5 W1Wir §72Z1Zf.

Zo

Uo
A

2.2.2  Method II from [28]

From the analysis above, it is clear that Method I relies heavily on the robustness of the LMI condition (6) with
respect to the perturbations in Xy and X;. In the following, we introduce a robust method based on Petersen’s
Lemma, as proposed in [28].

Consider a disturbed linear system described by

x(k+ 1) = Aunx(k) + Bunu(k) + w(k), 9)
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where the meanings of z, u, A, and By, are the same as those in (1), and w € R" is an unknown disturbance. To
maintain consistency throughout this paper, let the same notations Up, X and X; as in (2) denote the noisy data
collected from an experiment on the unknown system (9). For the unknown disturbance w(k), we define W € R**T
as in (7). From (9), one has

Wo = X1 — AuwnXo — BunUo. (10)

Assumption 4. There exists a known matrix Dy € R™*" such that WoW{ < Dy Dg.

Assumption 4 implies that the disturbance matrix Wy has bounded energy. It can capture a variety of noise
scenarios, including signal-to-noise ratio (SNR) conditions [21], over-approximated instantaneous bounds [29], and
probabilistic bounds for Gaussian noise [22]. Under Assumption 4, define a set as

ylz{[A B]Z X1 =AXo+ BUy+ W, WWTgDoDS} (11)

It is clear that [Aun Bun] € 1. Then the stabilization problem of the system (9) can be stated as follows.
Problem I: Design a state-feedback control u(k) = Fa(k) such that the closed-loop system x(k+1) = (A4+BF)x(k)
is asymptotically stable for V[A B] € .7.
A key contribution in [28] is that the set .#] is equivalently described by an uncertain set, where the element
is expressed as a nominal matrix plus a norm-bounded uncertain matrix under Assumption 1. First, substituting
W = X1 — AXy — BUy into WW?T < DD yields

5”1:{[/1 B =G": (G—H2)TH1(G—H2)§H3}7 (12)
where
T
x| [x X,
o= 70, My =1yt |70 XT, Iy = O3, 10, 4+ DeDE — X, X7
Us | | U U

It is worth noting that the set .4 of form (12) can be interpreted as a ‘matrix ellipsoid’. In the absence of
disturbances, i.e., when W = Wy = 0, then the matrix G reduces to Ily, which represents the ‘centre’ of the
ellipsoid. Moreover, with the form (12), an insightful fact is revealed in [28]: the set .} is equivalent to an
uncertainty set whose elements are norm-bounded, as formally stated below.

Fact 1. Under Assumption 1, I3 > 0, and the set .77 is equal to %%, where .%5 is defined as
Sy = {([ly + 10, PATIZ)T : ATA < I} (13)
From Fact 1, the matrix [A B] can be expressed as
[AB]=IL + AT 2, ATA < T (14)

Thus, by the Lyapunov stability theorem, the solution to Problem I can be given by (A + BF)TP~1(A+ BF) —
P~! < 0 with P > 0, which can be equivalently transformed into

—P PA" + PF™B?

* —-P

T = <0. (15)

Let Y = PFT and substitute [A B] in (14) into (15). Then one obtains

[P YL,

1
2

0
1
L

v |-P P YI]DHQ A0 TIE] + AT {H;% (5) 0] <0, ATA < T. (16)
P

Employ Petersen’s lemma to obtain a necessary and sufficient condition for the solution to Problem I.
Theorem 5. Problem I is solvable with F' = YTP~! if and only if there exist P € St and Y € R™*™ such that

_1
2

—P [PY]I, [P Y],
* —P 41l 0 < 0. (17)
* * -1
As a special case, in the absence of disturbances, it follows from (16) that the LMI (17) reduces to
—P [P YL

<0. 18
. _p (18)
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2.2.3  Comparison between Methods I and I

In this subsection, we make a comparison between Methods I and II. First, it is clear to see that several common
points of these two methods can be given as follows.

e A rank condition from Assumption 1 on data sequences is required.

e Controllers are designed directly from data-based LMIs (Theorems 2 and 5).

e In the absence of disturbances, both LMIs in (6) and (18) are equivalent. In fact, from the definition of Moore-

Penrose inverse, one has 11} = X [)53 ] T, and from (4), Gr = [*gg]T [ L]. Then, by the Schur complement, together
with some matrix manipulations, the LMI (18) is equivalent to

:
X

_ply <X1 [ 0
Us

which is equivalent to (5), as well as (6).

Next, we discuss the differences between Methods I and II, corresponding to Theorems 2 and 5, respectively.

(1) The dimension of the matrix variable P in Theorem 2 depends on the time horizon T of the experiment,
whereas the matrix variables P and Y in Theorem 5 are independent of 7.

(2) Theorem 2 is directly derived from the noise-free result (Theorem 1), which tends to be conservative in
the presence of noise. Although Theorem 1 possesses some inherent robustness to measurement noise, explicitly
quantifying this robustness is challenging. Moreover, Theorem 2 provides only a sufficient condition, not an equiv-
alent one to Theorem 1, which further contributes to its conservativeness. While Theorems 3 and 4 are introduced
to characterize noise levels that allow for the existence of stabilizing controllers, they remain overly conservative
because they are based on Theorem 2 rather than directly on Theorem 1.

Compared to Method I, Method II offers a more effective approach for designing stabilizing controllers from
noisy data. The core concept involves representing the set of all unknown matrices [Ay, Bun] as a matrix ellipsoid
1, derived from noisy data under the assumption of a disturbance sequence with bounded energy (Assumption
4). This matrix ellipsoid is then equivalently reformulated as an uncertain matrix set % with norm-bounded
elements. Consequently, the problem of designing a stabilizing controller directly from noisy data is transformed
into a classical robust control problem that is solved using Petersen’s lemma.

1

T T
e ) P7lX, [XO] L‘Z] = (X1Gp)"P7HX1Gr) - P71 <0 (19)

Us

2.2.4  Discussion on Method II

From Fact 1, under Assumption 1, the set ] is equivalent to #. In the proof of Fact 1 [28], two cases of the
matrix I3, i.e., positive definite and positive semi-definite, are considered. In what follows, it is shown that when
II5 is positive semi-definite, the set .5 can be replaced with an alternative form.
1
Suppose that IIZ has r(< n) positive eigenvalues A1, ---, A, and let ¥, = diag{A:,---,\,}. By the singular
value decomposition, there exists an orthogonal matrix U = [y Us] such that

1 s.lo] [uf
Iz = [ul \uz} <~— ulT = Ui [, OJUT = Uy, UT. (20)
Then it is easy to verify that
= U S2UT, UhUT + Uy = T, UTUy = T, Usty = T, UTUy = 0. (21)

Then we have the following conclusion.
Lemma 1. Under Assumption 1, the set . is equal to .5, where .5 is defined as

Sy = {(Iy + I, 2 ALLZ)T - ATA < UhUTY. (22)

The proof of Lemma 1 can be completed by following the same line as that in [28]. Its simplified version can be
referred to [30] in detail.

When r = n, II3 > 0. In this case, the set .%5 is of the same form as % due to U; = U and UUT = I. When
0 < r < n, compared to .%3, a tight bound on the uncertain matrix A is presented in .#3 due to ATA < UUT #
ULUT +UsUE = T. However, based on the set .73, the feasibility of Problem I from Theorem 5 remains unchangeable
even though II3 is positive semi-definite. In fact, based on the set .#3, Problem I can be solved if
—P[PY]IL| [Py 2

A0 TIZ] +
e o)

AT [H;% (&) 0} <0, ATA <UUL. (23)

113
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Using Petersen’s lemma, the inequality (23) holds if and only if there exists £ > 0 such that

T

1 1
—P [PY]|II PYII, 2 PYI, ® 1
R I e L R e WUl 113] < 0 (24)
* —-P 3
which is equivalent to (17) due to

1 00

L | ehuto z) =

3 0 I

Note that the set .3 depends on the singular value decomposition (SVD) or orthogonal decomposition. After an
insightful observation of the set %], we present below an alternative, yet equivalent, representation of .%; without
matrix decompositions.

Lemma 2. Under Assumption 1, the set .7 is equal to ., where .% is defined as
Sy = {(Iy+11; P A)T: ATA < 105 ). (25)
Proof. For ¥GT € %y, G =TIy + I, A with ATA < Is. Then
(G — L)L (G — II) = AT PILIL 2 A = ATA < T, (26)
Thus, GT € .7, leading to ., C .. On the other hand, for VGT € ., one has
(G —1I)"; (G — IIp) < 5. (27)

Set A = Hlé (G —1lIy). Then G = Iy + H;%A, and it follows directly from (27) that ATA < II3. Thus, GT =

(T + H;%A)T € .Y, leading to . C 7.

Lemma 2 offers an equivalent set . of .7, which takes a different form from %% and .#3. However, when using
the set . to solve Problem I, the resulting solution remains the same as Theorem 5. To clarify this, based on the
set ., the matrix T given in (15) can be written as

—P [P Y],
* —-P

0

T PYIL S Ao 1+ RS % (&) o], ATA <, (28)

Y'I'

Applying Petersen’s lemma, it is straightforward to conclude that T < 0 for ATA < T3 if and only if the LMI (17)
is satisfied.

3 Data-driven control using QMI approaches

Recent research such as [31] has shown that the rank condition in Assumption 1 is not necessary for achieving
several system-theoretic properties. For instance, it is possible to design suitable stabilizing controllers based on
collected data even when Assumption 1 is not satisfied. On the other hand, although Method II introduced in the
previous section establishes a useful framework for data-driven control, it relies not only on the rank condition but
also on a specific noise model described in Assumption 4, which cannot be readily extended to other noise settings,
such as those characterized by cross-covariance bounds [32]. Motivated by this important insight, a QMI approach
has been developed for data-driven control in [24,25].

Consider the unknown system (9). To keep the consistency of the paper, the data collected from an experiment
are still defined as Uy, Xy and X, which are given in (2), and the unknown disturbance matrix W is defined in (7).
The objective is to design a data-based state feedback controller u(k) = Fx(k) such that the closed-loop system
below is asymptotically stable:

2(k +1) = (Aun + BunF)z (k). (29)

The initial idea of the QMI approach is to assume the unknown disturbance matrix Wy to satisfy a QMI, as
stated in the following assumption.
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Assumption 5. The unknown matrix W) satisfies

T
I I R
o >0, o2
wrl |

where &7 € Sn, (PPN RnXT, Doy € ST.

The noise model described in Assumption 5 encompasses several types of disturbances, including those charac-
terized by energy bounds, individual noise sample bounds, sample covariance bounds, and bounded noise within
a subspace [25]. Under Assumption 5, the unknown system matrix [Au, Bun] belongs to a matrix set, defined as
follows:

D1 Pyo

30
. By (30)

S5 ={[AB]e R (n+m) | X1 = AXo+ BUy + Wy for Wy satisfying (30)}. (31)

If one sets ®1; = DoD}, @12 = 0 and Pop = —1, then Assumption 5 reduces to Assumption 4. Thus, .} in (12) is
just a subset of .%5. Under Assumption 5, the quadratic stabilization problem of the system (9) can be stated as
follows.

Problem II: Design a state-feedback controller u(k) = Fxz(k) such that the closed-loop system z(k + 1) =
(A + BF)z(k) is asymptotically stable for V[A B] € .%5.

It is known that the system x(k + 1) = (A + BF)xz(k) is asymptotically stable if and only if there exists P € S'}
such that

(A+ BF)P(A+ BF)' — P < 0. (32)

The crucial idea of the QMI approach is to describe both the constraint X7 = AXy + BUy + Wy for Wy
satisfying (30) and the inequality (32) as two different QMIs but with a similar structural form. First, substituting
WO = Xl - AXO - BUO into (30) yields

1 x — x|
M= [AT] |0 —X, ] 0 -Xo| [AT| >0. (33)
gl o v | L* 2o _uy| |
Second, rewrite (32) as
T
I —-P 0 0 1
My:= |AT| | 0 P PFT| |AT| <. (34)

BT 0 FP FPFT| |BT

Clearly, two matrices M; and My share the same ‘edges’, i.e., Z = col{I, AT, BT} and its transpose, on both sides.
In this sense, they possess a similar structural form. Then Problem II is transformed into a QMI problem:

To determine F' such that My < 0 subject to My > 0. (35)

If the ‘edge’ Z is a vector, Problem II can be efficiently addressed using the well-known S-procedure. To solve
the QMI (35), several matrix S-lemmas, regarded as extensions of the classical S-procedure, have been developed
in [24,25]. To move on, let ¥, = € S with

_ [:11 :12] ' (36)

* 299

Wi Wyo

* \1122

v =

(1]

3

Lemma 3 (Matrix S-lemma with « [25, Theorem 4.10]). Let ¥ and E given in (36). Suppose that Uas < 0,
Uyy — U005, U, > 0 and ker Way C ker Uy, Then for VZ € R7¥,

T

v

T
1
Z

I
Z

—
—

2 0, (37)

1
] > 0 subject to
Z

if and only if there exists a scalar a > 0 such that = — a¥ > 0.
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Lemma 4 (Matrix S-lemma with « and 3 [25, Corollary 4.13]). Let ¥ and = given in (36). Suppose that Za2 < 0,
\1122 g O, \1111 - \1112\1132\1/'{2 2 0 and ker \1122 g ker\IJu. Then for VZ € RTXq,

T T

v

1
A

—
—

2 0, (38)

1
> 0 subject to
Z

Z

if and only if there exist scalars @« > 0 and 8 > 0 such that Z — a¥ > diag{8I,0}.

The key difference between Lemmas 3 and 4 lies in that Wao should be negative definite in Lemma 3 while it is
relaxed to be negative semi-definite in Lemma 4. Applying Lemmas 3 and 4 to the QMI (35) yields the following
results.

Theorem 6 ([25, Theorem 5.1(a)]). Under Assumption 5, suppose that @y < 0, &5 — B19®5,3T, > 0 and
ker ®9y C ker ®15. Problem II is solvable with F' = Y P~ if and only if there exist P € ST, Y € R™*™ and a scalar
€0 > 0 such that

T
I X1 I X1 P—E()I 0 0 0
0 —X, P P 0 —X, —-P-YT o0
0 11 P12 of * <o. (39)
0 —UO * (1)22 0 —UO * * 0 Y
0 0 0 0 * * *x P

Theorem 7 ([25, Theorem 5.1(b)]). Under Assumptions 1 and 5, suppose that ®gy < 0, @17 — P50, BT, > 0
and ker @55 C ker ®15. Problem II is solvable with F = Y P~! if and only if there exist P € St and Y € R™*" such
that

T
I X; I X; P 0 0 O
0 —X b P 0 —X —-P -YT 0

0 11 P12 o * <0 (40)
0 —UO * (1)22 0 —UO *x K 0 Y
0 0 0 O * ok *x P

Theorem 6 does not depend on the rank condition in Assumption 1. Specifically, under Assumption 5, and with
certain matrix constraints on ®, Problem II is solvable as long as the data-based LMI in (39) is feasible. Furthermore,
as shown in Theorem 7, if the rank condition in Assumption 1 is also satisfied, then suitable stabilizing controllers
can be directly designed from noisy data that are not merely energy-bounded.

If we set @17 = DoDF, @12 = 0 and $93 = —1I, then Assumption 5 reduces to Assumption 4. In this case, oo < 0,
by — <I>12<I>2_21<I){2 = DODg > 0 and ker @55 C ker ®15. Applying Theorem 7 yields Corollary 1.

Corollary 1. Problem I is solvable with £ = Y P! if and only if there exist P € St and Y € R™*™ such that

DoDE — X,XT— P X, X! XU 0
P—XoX§ -XoUf+YT 0
* 0o ~Xolo + <o. (41)
* * -UU§ -Y
* * * —P

Corollary 1 and Theorem 5 establish two necessary and sufficient conditions for the solution to Problem I,
formulated as data-based LMIs in different forms, (41) and (17), respectively. Their equivalence is not immediately
clear and warrants further investigation.

At the end of this section, we consider a more general case of system (9), where the coefficient matrix of the
disturbance w(k) is no longer the identity. Specifically, consider the system

x(k+1) = Aunx(k) + Bunu(k) + Byw(k). (42)

The key difference between systems (42) and (9) is that the disturbance vector w(k) in (42) has a dimension
Ny < 1, and B, is a known matrix with full column rank. One can equivalently define w(k) = B,w(k), in which
case system (42) reduces to the form of (9), with w(k) regarded as an unknown disturbance. Consequently, the
previously introduced QMI approach can be applicable. In what follows, we generalize the QMI approach to directly
accommodate this more general case.
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Due to w(k) € R™, we first modify Assumption 5 slightly as follows.
Assumption 5. The unknown matrix Wy satisfies

T
P11 P12
*  Dog
where ®1; € Sn“’,q)lz S RanT, dyy € ST,
Under Assumption 5, the set %5 for the system (42) should be modified accordingly as

L.

Yo :=
0 Wi

I,
”] >0, (43)

s = {[A Bl e R™(""™) | Xy = AX, + BUy + B, W, for W, satisfying (43)}. (44)

Lemma 5. Suppose that B,, has full column rank. Then .5 = %7, where .7 is defined as

1, 1,
Fr = { [A B] e RPx(nFm) | 3 >0, (45)
[A B [A B]*
where
T
Bw Xl K & Bw Xl
Ms:=|0 —Xo| | =" ~Xo| . (46)
* Py
0 —Uo 0 —UO

Proof. Let G =[A B] € .%. Then B,Wy = X; — AXoq — BUy and W, satisfies (43), which follows B, YoB?Y, > 0.
Note that

Bw Xl
[Buw BuWol = [Bw X1 — AXog— BUy| = [I., G] | 0 —Xo| . (47)
0 —Up

T
After simple matrix manipulations, the inequality B, YoB~ > 0 becomes [Ig}” ] M3 [Ig}“ } >0. ThusG=[AB] e
S,

On the other hand, let G = [A B] € /7. Then we have B, ToBL > 0, where B, Wy = X1 — AXy — BUjp. Since
B, has full column rank, the inequality B, YoB~L > 0 implies T > 0. In fact, B,, having full column rank allows
to choose By € R™*("=mw) guch that [B,, By| is nonsingular. Then

Yo 0| |BL Ty 0
B,YoB}, = [Bu Bol | * || ] > Clz0=1e>0,
0 of [B} 00
which leads to G = [A B] € .%s. Thus, one concludes that .5 = .77.
For the system (42), Problem II is then described equivalently as
To determine F' such that My < 0 subject to M3 > 0. (48)

Under Assumption 5, by employing Lemma 4, similar to the proof of [25, Theorem 5.1], solutions to Problem IT
for the system (42) can be obtained from the following result.

Theorem 8. TUnder Assumption 5 with ®o < 0, @17 — <I)12<I>£2<I>{2 > 0 and ker @95 C ker ®15. Problem II is
solvable with F' = Y P~ if and only if there exist P € S%, Y € R™*" and a scalar €9 > 0 such that

T
Bw Xl Bw Xl P — 80] 0 0 0
0 _XO (1)11 (1)12 0 —X() * —-P —YT 0 (49)
0 —Uo * (1)22 0 —Uo * * 0 Y

0 0 0 0 * * *x P
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The QMI approach is a powerful framework in data-driven control that enables the design of stabilizing controllers
directly from data, without the need for explicit identification of the system matrices. Compared to other methods,
such as those based on Willems’ fundamental lemma, the QMI approach does not require strict rank conditions on
the data and can accommodate a broader class of noise models (e.g., bounded energy, covariance bounds, bounded
noise within a subspace). This makes it particularly well-suited for practical scenarios involving uncertainty or
measurement noise.

Moreover, the matrix S-lemmas (Lemmas 3 and 4) employed in this approach are notably general. They en-
compass matrix versions of classical results, such as the S-procedure [33,34], Finslers lemma [35], and Petersens
lemma [36], as special cases. This broader applicability is made possible by the removal of the generalized Slater
condition [24], which is typically required in traditional formulations.

4 Control design combining prior knowledge and noisy data

In [37], a novel framework is presented to design suitable controllers by combining data of an unknown linear time-

invariant (LTI) system with prior knowledge either on the system matrices or on the uncertainty. The key idea is

to model the partially known system as a LFT that can separate known and unknown components effectively.
Consider an uncertain LTI system as

[e(k+1)] [ A|Bi By Bs| [ulk) (502)
| 2(k) | [Gi]C 0 0 | |wk)|’
7(k)
(k) = Aoz(k), (50Db)

where 7(k) € R" and z(k) € R™ represent an uncertain channel; the real matrices A, By, Ba, B3, C1 and Cy are
known while the real matrix Ag is unknown. All matrices have compatible dimensions. The system (50) is an LFT,
which consists of an LTI system interconnected with an uncertain channel from z to 7 with an uncertainty Ay.

As is well known, an LFT provides a structured framework for representing uncertain systems, allowing a control
problem to be formulated as an interconnection between a nominal plant and an uncertainty. An insightful obser-
vation from [37] is that an LFT can also be used to describe system (42) in a data-driven setting. Specifically, by
setting A =0,B, =0, By = By, B3 = I,Cy = col{I 0},C3 = col{0 I} and Ay = [Aun Bunl, the LFT representation
(50) reduces exactly to the system (42). This observation opens up a brand new door for designing suitable robust
controllers by combining data with prior knowledge of uncertainty in a partially unknown system. An equivalent
form of the LFT (50) can be given as follows:

[tk +1)] [ A|Bi By I [uk) 51a)
| =) | [Gi]C 0 0] Jwk)|’
7(k)
7(k) = Aoz(k), (51b)

where 7_'(]{3) = BgT(k) and AO = Bng.
Suppose that some prior knowledge on Ay is available, i.e., Ag € Ay, C R™7 %"= (AO € BsA,,), and the unknown
disturbance matrix W = [w(0) w(1) -+ w(T — 1)] belongs to a set W C R"«*T given as

T
I,
W=W v
WT
with © being a convex cone of real symmetric matrices and [0 I]0[0 I]* < 0 for VO € ©.
From the LFT (50), the collected data X, X1 and Up satisfy

I,
T

(C)

>0, V@e@} (52)

X1 =AXy+ B1Uj +B2W+33A0(01X0+02U0). (53)
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Let M = X1 — AXg — B1Up and N = C1 X 4+ CoUy. Define a set of learnt uncertainty as
Al = {A|M = BsAN + BoW for W € W}. (54)

Then the uncertainty Ay belongs not only to Ay, but also to Ap,. That is, Ag € Acom = Apr N Ap,. However,
the set Acom is not convenient to use for robust stability analysis. To address this issue, a QMI representation for
the set Acom is proposed in [37].

4.1 QMI representations of the sets Aj, and A,

First, with the set W in (52), similar to the proof of Lemma 5, if the matrix By has full column rank, the set Ay,
in (54) can be equivalently written as

T T

I, By M By M I,
A = A‘ 2 2 >0,0c0%. (55)
(BsA)T| |0 —N 0 —N| [(BsA)T
Let
] [B, M B, M| [1
An=<{Al|" ° ° 120,00, (56)
ATl |0 -N 0 —N| |[AT

Then Ay € Ay, implies Ag € Al Clearly, each element in the set A, satisfies a QMI.
Second, for the description of the set A, we need the following assumption.

Assumption 6. Suppose that Ag is of a block-diagonal structure, i.e.,
Ag = diag{A1, Ao, -+, Ay}, (57)

where A; is either a full-block or a repeated scalar block d;1 with §; € R, satisfying A; € A, and

T

e L, .

Aﬂ—llj Qj [ ATT]‘| >0, ng S QJ} (58)
J

J

Aj = {AJ € R"mi XM=

with €, being a convex cone of real symmetric matrices and [0 I]Q;[0 I]T < 0 for VQ; € Q;.
Under Assumption 6, the set A, can be described by

Ap = {A eR"X "™

A = diag{Al,Ag, cee ,Aq}, Aj S AJ} (59)

Let R; be the jth row-block matrix of the n.-dimensional identity matrix and L; be the jth column-block matrix
of the n,-dimensional identity matrix such that

q
A= diag{Al, Ag, ce ,Aq} = ZL3A7R7 (60)
j=1

Thus, it is clear that AR; = L;A;. Further, from (58), one has that

T

- I, [ (BsL,)T BsL,)T
0< By || o || uryr= | BB g | Bk
A A |(BsL;A;) (BsL;A;)
Byt [ (BT
(Ri(BsA)T| | Rj(BsA)T
- T T
I, BsL; 0 BsL; 0 I,
_ sLi 0| | Bsli NG
(B3A)T 0 R! 0 R [(BsA)T
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Let
1,1 < [Bs, 0 BsL; 0| |I
A X n 3L 349 n
A, = _ ; 1 =20, Q€9 ,. 62
b A g o &% 0 m| |ar j €9 (62)
Similar to the proof of [§7, Lemma 1], if each of the matrices BsL; (j =12, ,q) has full column rank, under

Assumption 6, one has Ay, = B3A,,. Hence, Ag € A, implies Ag € A,,. Clearly, each element in the set Apr
also satisfies a QMI.

From the analysis above, Ay € Acom(= A, N Ayy,) implies Ay € Agory = Apr N Ay,. Consequently, a QMI
representation of Agom can be given by

T _ 4T _
_ |1, I, _||AT AT
Ar:om = A AT Qr:om AT 2 0 - A ; IchomIO g > 0 5 (63)
where Zg = [ ISZ 16‘} and
By M B, M] & [BsL; 0 BsL; 0]
Qcom = ° ° +Z S j 8 , © €0, Qj EQJ‘.
0 —N 0 —N = 0 R; 0 R;

4.2 Controller design

With the QMI representation (63), the S-lemmas, i.e., Lemmas 3 and 4, can be used for stability analysis of the
LFT (50) using the QMI approach aforementioned. However, some conditions on Qo in these lemmas should be
checked. Alternatively, in [37], a full-block S-procedure [34] is employed to address this issue.

Problem III: Design a controller u(k) = Fa(k) such that the following matrix inequality

l In
z

is feasible on P > 0 for YA € Agom, where Ax = Ap +ACp with Ap = A+ B1F and Cp = Cy + CyF.

To solve Problem III, we need the following full-block S-procedure.
Lemma 6. Let S CRY, U C R and T € R, where U is a compact set of matrices of full row rank and 7 is
a full row rank matrix. For i/ € U, let S, = S Nker(UT). Then the following conditions are equivalent!):

(i) VU e U: §, NSy = {0} and N < 0 on S;

(ii) VU €e U: N+ TTPT <0on S and P > 0 on ker(U).

As an application of Lemma 6, set U = [I,,. — AT}, P = I} QcomZo and

T

—-P 0
0 P

I,
T ] <0 (64)
Ax

—P 0100 I, O 0
0 P|0O AL CT o 00|I,. 0O
_ , S=im X Sy=im |, T = z ) (65)
00 |00 0 I, I, 000 I,
00 (00 I, O 0
It is easy to verify that
I,
AT
S, = im A? , SunSy ={0}. (66)
I,
Thus, one can conclude that
N <0onS, < (64), (67)

1) ‘N < 0 on S;,’ means that ‘STN'S < 0 for any basis matrix S of S,,’.
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_ T _
AT T
P >0on ker(f) <— I3 QeomZo >0, (68)
I, O ' PO I, O
N+T"PT <0onS «— f; o B fTL o |+ Qeom <0
At ¢r| | o P||AL C%
PO A o
= Quom — + |20 play ez <o
00 Cr
0 PO AFP
— | " \oo) \cxP/| <o0. (69)
* -P

Set Y = FP. Then a solution to Problem III can be given as follows.
Theorem 9. Problem III is solvable with FF = Y P~ if there exist P > 0 and Y € R™*" such that

0 PO\ (AP +BY
o \oo) \oi+cy )| <o. (70)
* —-P

Theorem 9 presents a condition for solving Problem III. If the LMI (70) is feasible, then the LFT (50) (or (51))
is asymptotically stable. It is important to note that this LMI depends not only on the known system matrices
A, By, B, B3, but also on the collected data Xo, X1, Up, as well as on the multipliers 2; and ©. As such, Theorem
9 offers a novel approach for stabilizing an LFT system with an unknown parameter Ay without relying on system
identification. Moreover, this framework can also be extended to the design of robust out-feedback controllers based
on noisy data. In fact, systems of the form y(k) = A1y(k—1)+- - -+ An,y(k—n)+Bou(k)+- - -+ Bpu(k—n)+ Byw(k)
can be equivalently represented as an LFT system in the form of (50); see [37] for details.

5 Data-driven control using IQC approaches

The IQC approach is a powerful and unified framework used for the analysis and design of control systems involving
uncertainties and nonlinearities. At its core, the IQC method characterizes uncertain or nonlinear components by a
constraint on their input-output signals, expressed as an integral (or sum, in discrete time) of a quadratic form. This
allows the uncertain system to be modeled as an interconnection between a known LTI system and an uncertain
operator satisfying a given IQC. Stability or performance of the overall system is then verified by checking whether
the associated IQC holds over all admissible trajectories of the uncertainty.

What makes the IQC framework especially attractive is its generality and compatibility with convex optimization
tools. It can capture a broad class of uncertainties, such as gain-bounded nonlinearities, time delays, unmodeled
dynamics, and even dynamic uncertainties, within a single unified framework. Moreover, the resulting stability
conditions can typically be formulated as LMIs, making the approach computationally tractable. IQCs thus bridge
robust control theory and convex optimization, enabling the analysis and synthesis of controllers for systems where
conventional techniques fall short. In [38], the IQC method is used to deal with data-driven control for discrete-time
systems with non-uniform sampling.

5.1 Problem statement

Consider the following linear system with unknown system matrices:

x(k+1) = Aumz(k) + Bunu(k), (ko) = do, (71a)
U(k) = BunFI(kt), k e NN [kt, kt+1), (71b)

where z € R™ and u € R™, and ¢ is the initial condition at the initial time kg. Au, and By, are unknown matrices
with compatible dimensions while F' is the control gain to be designed. The sequence {k; : t = 1,2, -} represents
when the system state is sampled. Let h; := ki1 — k; and suppose that 1 < h < by < h with h and h being two
known positive integers.
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The system matrices Ay, and By, are unknown, but the pair [A,, Bun] belongs to the set .7, defined in (44).
From Lemma 5, one has

T

In In
[Aun Bun] € S5 = 4 =4 [A B] | 3 =05, (72)
[A B]Y [A B]Y
where M3 is given in (46). The problem is then stated as follows.
Problem IV: Design control gain F' such that the closed-loop system
x(k+1) = Ax(k) + BFz(k) (73)

is asymptotically stable for V[A B| € .77.
An IQC method is introduced in [38] to solve Problem IV.

5.2 An interconnection representation and stability analysis
Let p(k) = k — k. Then h < p(k) < h, and z(k) = z(k — p(k)), leading to

xz(k+1) = (A+ BF)x(k) + BF[z(k — p(k)) — x(k)],
2(k) =x(k+1) —2(k) = (A+ BF — I)a(k) + BF[z(k — p(k)) — x(k)].

Set 7(k) = x(k) — x(k — p(k)). Then

k—1 k—1
)= > [+ —z@] = > 20
i=k—p(k) i=k—p(k)

In this situation, an interconnection system is obtained as

[z +1)] [ A+BF |BF] [a(k)] (74a)
| z(k) | |A+BF—I|BF| (k)]
k—1
(k) =Az(k) = Y 2(). (74b)
i=k—p(k)
In [38], it is proven that the operator A defined in (74b) is bounded and satisfies, for VT, € N
To To
SIA(R)TAZ(R) < (1/2)R(h— 1) 3 [(0)]=(h). (75)
k=0 k=0

The inequality (75) provides an upper bound 1/(1/2)h(h — 1) on the I gain of the delay operator A, which can
be regarded as a discrete-time counterpart to the continuous-time case reported in [39]. This bound implies that
the delay operator A satisfies a hard static IQC. Specifically, for any R € S, the following inequality holds for all
Ty € N:

z(k)
Az (k)

T
113,
Az (k)

D

k=0

>0, where IIj, := (76)

(1/2)h(h—1)R 0
0 ~R|

Since the inequality (76) is satisfied, as usual, we say that A € IQC(II;,). From the IQC theory [40], the system (74)
is asymptotically stable if there exist a positive definite storage function (e.g., a Lyapunov function V (z) = TP~z
with P € S7) and a scalar A > 0 such that the following dissipation inequality holds

T

z(k) 1,

Vix(k —Vix(k A
(x(k+1)) = V(x(k)) + (k)

7(k)

Z(’ﬂ < —ell(k)[? (77)

for some € > 0, which leads to the following conclusion.
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Theorem 10 ([38, Theorem 10]). For h > 2, the system (74) (or (73)) is asymptotically stable if there exist
P, R € S} such that

T
A+BF BF] [P 0 0 0 A+ BF BF
I 0 0 —p! 0 0 I 0
— <0. (78)
A+ BF —I BF 0 0 [(1/2h(h—1)R™' 0 A+ BF —I BF
0 I 0 0 ~R7! 0 I

5.3 Control design

It is clear that Theorem 10 depends on the unknown matrices A and B. In order to solve them from Theorem 10,
the full-block S-procedure (Lemma 6) and the following dualization lemma are useful.

Lemma 7 (Dualization lemma [41, Lemma 4.8]). Let ® € S™ be invertible, and % and ¥ be two complementary
subspaces whose sum equals R”. Then 2"®z < 0 for Vo € %\{0} is equivalent to 27® 'z > 0 for Vo € % +\{0}.

Applying Lemma 7 to (78), one has

I 0 "T-po|l o o I 0
o . |FWAHBE? —(A+BP-DT| | 0P| 0 0| |-(A+BF)" —(A+BF-I]'| 79)
T 0 I 0 0[25R 0 0 I '
—(BF)T —(BF)T 00l 0o R|| —(BFFT —(BF)T
Note that
I 0 10 0 N
—(A+BF)" —(A+BF-1I)" 01 —(L)"T
R I UL | B )
T T
(BFY —(BFYF 0o —(pyr) AP AY
Then J; in (79) can be written as J; = I'j 111'g, where
hen J, in (79) can b 3y = I Ty, wh
N 10 0 —P 0 0 0 10 0
07 —(L)| | oP 0 oflor—(L)
Po=] 0 T =1, 0 02 RO0||0r o0 (B
[A B]' [A B]* h(h—1)
00 —(L)t 00 0 R|[00=(L)
From (72), the following holds:
I I I
Iy = 1| |14 By 3 A B [I 1] =TTl >0, (82)
where
Bw Xl Bw Xl
T
oo [rrol  Jrro] By Xi| [en @] By X )
2 = 3 =
001 001 0 —XO * (1)22 0 _XQ
0 —Uy 0 —-Up

Thus, Problem IV is converted into the problem that J; = I'§ 11T < 0 subject to Jy = I'§ T2y > 0. By the full-
block S-procedure, the matrix inequality (79) is satisfied if 7; + Tz < 0. Direct computation yields T; = Tyo + i1
with

—-P 0 0 00 0
-[10 = * P—ﬁR —($)T y -[11 = | % O O ) (84)
* * 0 *x (DYP~H(P+R)P D)
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where Y = F'P. Applying the Schur complement to the matrix inequality Ty + o < 0, a solution to Problem IV is
then obtained, which is given in the following.

Theorem 11. For a given scalar h > 2, Problem IV is solvable with F' = Y P~ if there exist P, R € St and

Y € R™*"™ guch that
0
T10+ T2 <2)
Y

* —P(P+R)"'P

<0, (85)

where Ty and Iy are given in (84) and (83), respectively.

Theorem 11 presents a data-based approach for solving Problem IV. However, the matrix inequality (85) is
nonlinear due to the term —P(P + R)™!P. Fortunately, similar to [42], three alternative strategies can be employed
to obtain feasible solutions.

e Scalar parameterization: Let R = A\ P, where A\; > 0 is a given scalar. Then the nonlinear term simplifies as
—P(P+ R)™'P = —(1 4 X\1)"!P. Under this substitution, the matrix inequality (85) is satisfied if the following
LMI holds for some A1 > 0:

<0. (86)
* —(I+A)P

o Inequality relaxation using a scalar bound: Consider the inequality [(P+ R)™'P — XoI|T(P+ R)[(P+ R)"'P —
A21] > 0 for any As € R, which implies —P(P + R)"'P < A3(P + R) — 2X\oP. Then the matrix inequality (85) is
satisfied if the following LMI holds for some Ao € R:

0
0
o+ <{?) <. (87)
x  MN(P+R)—2\P

e Cone complementary linearization (CCL): Introduce a matrix variable S > 0 such that —P(P+R)™'P < —S.
Define P = P~} R = (P+ R)™! and S = S™!. Then the matrix inequality (85) is satisfied if the following
conditions hold:

0
o+ (1] o
* -5

>0, PP=1I, R(P+R) =1, 85 =1. (88)

* 5
[9a/av]]

Using the cone complementary linearization method proposed in [43], this nonconvex feasibility problem can be
recast as a nonlinear optimization problem subject to LMIs.

This section presents an IQC method for addressing Problem IV, utilizing the interconnection system represen-
tation given in (74). If defining w(k) = (L) z(k) + (%) 7(k), and w(k) = [A Blw(k), then the system (74) can be
reformulated as the following LFT representation:

z(k+1) z(k)
2(k) | = k)|, (89a)
@ (k) w(k)
(k) = (89b)
w(k) = (89¢)

This structure represents an LFT with two uncertainty channels: z — 7 and @w — w. Based on this formulation,
Problem IV can potentially be solved using the approach introduced in Section 4 (or as developed in [37]). This
connection opens an interesting direction for further investigation.
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6 Data-driven control from noisy input-output data

Most of the aforementioned results are based on input-state data, assuming that the full system state can be
measured during experiments. However, in many real-world applications, only noisy input-output measurements
are available, and direct access to the full state is not feasible. In such cases, data-driven control methods that
rely on input-state information become inapplicable. This limitation has motivated growing interest in developing
data-driven control strategies that can operate directly from noisy input-output data [44].

For SISO systems, a state-space representation is taken [21] to design controllers from noisy data. Consider an
SISO system described as

y(k) +any(k — 1)+ +agy(k —n+1) + a1y(k —n)
=byu(k — 1)+ -+ bou(k —n+ 1) + byu(k — n). (90)

Let z(k) = col{y(k —n),y(k—n+1),--- ,y(k—1),u(k—n),u(k—n+1), - ,u(k—1)}. Then the system (90) can
be represented as the following state-space form:

xz(k +1) = Az(k) + Bu(k), (91a)
On—1)x1 Iy On—1)x1 Op—1 0
— _ ay, b by --- by nxl
e a (az as an) 1 (b2 ) CB= 0] - (91b)
On—1)x1 On—1 On—yx1 In—1 )
0 O1x(n-1) 0 O1x(n-1)

With the state-space representation in (91), the problem of data-driven control from noisy input-output data is
transformed into one of data-driven control from noisy “input-state” data. This allows the application of existing
data-driven methods to the SISO system described by (90). However, the resulting analysis may be conservative
due to the following reasons.

e The state-space representation (91) is not a minimal realization of system (90). Specifically, the state vector
z(k) has dimension 2n, which implies that a large amount of data are required to ensure sufficient excitation and
control design.

e When applying those methods based on Willems et al.’s fundamental lemma or quadratic matrix inequalities
to system (91), both matrices A and B are typically treated as fully unknown. In reality, B is known, and only
2n out of the total 4n? entries in A are truly unknown. This mismatch leads to unnecessary conservatism in the
resulting control design.

e Although the method proposed in [37] offers a framework for integrating prior knowledge with experimental
data, accurately defining the uncertain matrix A to capture the true structure of the system’s uncertainties remains
a challenging task.

In [45], a behavioural approach to data-driven control is proposed from noisy input-output data for input-output
systems described by higher order difference equations, also called autoregressive systems, as follows:

yk+p)+ Ly ylk+p—1)+-+ Lgy(k) = Ly_qu(k +p—1) + -+ Lyu(k) + w(k), (92)
where p is an integer indicating the order of the system; v € R™,y € R™, and w € R™ are the system in-
put, output and unknown noise, respectively; LY € R™>*" and LY € R™*™ (; = 0,1,---,p — 1) are unknown
system parameters. Assume that the noisy input-output data from the true system (92) are available, given by

w(0),u(1), - ,u(T); y(0),y(1), - ,y(T). Let v(k) = col{u(k),y(k)} and L= [—-L¥ LY] (i=0,1,--- ,p—1). Then
the system (92) can be rewritten as

y(k+p)+ Ly 1v(k+p—1)+ -4 Liv(k + 1) + Lov(k) = w(k). (93)

Set k=0,1,2,---,T —p. Then

W 2 [w(0) w(l) - w(T —p)] = [‘C ‘ I"y} [

(94)
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where £ = [Ly L, --- L, 1] and

v(0)  w(l) o(T —p)
. v(1) v(2) (T —p+1)
M) = [ s (95)
s (v)
vip—1) v(p) o(T' —1)
L v wylpe+1) - w(T)
Assumption 7. The unknown noise matrix W satisfies QMI as
L - Py
Nny ¢ Zly >0, (i): ~11 ~12 s (i)ll ESny, (i)lgeRnyX(T_p-’_l), (i)QQEST_p-’_l (96)
wT wrT DT, Doo
with &)22 < 0 and (i)ll — &)12&);21(i)1£2 > 0.
Under Assumption 7, it is clear that the unknown matrix £ satisfies the following QMI:
1, ' I, N I, N ! 1,
Ty Ty Q(U) (i) Ty 2(”) Ty 2 0, (97)
ﬁT 0 Nl(’l)) 0 Nl (’U) ﬁT
which allows us to define a set .73 as
Sy ={L": LT satisfies (97)}. (98)

Thus, the true system parameter matrix £T belongs to .%;. In the following, it is shown that the control problem
can also be described as a QMI.
The stabilization problem of the system (92) is to design a controller of the following form:

u(k +p) +Fqu(k+p—1)+ -+ Fu(k) = F_jy(k+p—1) + -+ Fy(k), (99)

where F* € R™*™ and FY € R™*"™ (i = 0,1,---,p — 1) are real matrices to be designed. Let [; = [F}* — F/]
(t=0,1,--- ,p—1). Then Eq. (99) can be rewritten as

u(k+p) + E,_yv(k+p—1)+ -+ Fo(k + 1) + Fou(k) = 0. (100)

The closed-loop system of (92) connecting with (99) can be given by

Fpy

F Fy

0

vk +p)+ vk+p—1)+---+ vk +1)+

(k) = lw?k)] . (101)

The system (101) with w(k) = 0 is stable if v(k) — 0 as k — oo for all solutions v. Let F = [Fy F} --- Fj_4].

A necessary and sufficient condition on the stability of system (101) is that there exists 0 < P € SPU™+™) such
that [45, Theorem 9]

p—1 1

T

Ip(mn,) = Ip(min,)
v Oman. O 0 v
-F I ~F | <o. (102)
0 P 0 Optn
- v "y

Then the stabilization problem based on noisy input-output data can be stated as follows.

Problem V: Design control gain F such that the QMI (102) holds for VLT € ..

Although both Egs. (97) and (102) are QMIs, they involve different matrix multipliers in their ‘margins’
col{l,, LT} in (97), and col{p(min,), —F,—L} in (102). As a result, the QMI method presented in Section 3 is
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not directly applicable to Problem V. To overcome this issue, the QMI (102) requires further reformulation. Note
that with 7 = [0¢)—1)(mtn,) x (mtny) Lp-1)(mtny)]s

T T T
I m—+n I m—+n L m+n ~ I m4-n
pomen) | o] | T T omim) | T3 pmtny) |
_F A -F | =|-F] Pl-F|. | -F -F | =P
0 P 0 Omin,
—L —L —L L —L ! L
Then the QMI (102) can be rewritten as (the first inequality below ensures P > 0)
T T
J J ( .7F)T J J
~F| P|-F| -P<0 — L) | >0 = Pl—|—F|lPt|-F| >0 (103)

- - x P .y -

Let Co = col{0(p—1)(n,+m)xn, s Omxn,> In, }- Then co{J,—F, =L} = co{J,—F,0} — CoL. Substituting it into the
last inequality in (103) gives

T ~ I\ = INT TN =
R R -1 _ [ —1( - ~1
Ip(";*ﬁ = lIM";*T’”’] >0, 22 |7 ( of) & ( of) ( 0;27: . (104)
LCo LCo * —p1
On the other hand, from (97), the following holds
1, ' I,, N I,, N ' 1
Co ny ny 2(U) o | 2(’0) ny CO > (105)
ol |0 R 0 Wi(v)| |£T
T T
1 ~ |1 ~ C 0 I, XN = | I, N c: 0
P(”ﬁ'ﬁ‘f) p(n;-l—_;n) 0, U a b0 ‘| l v 2(”) & v 2(”)] l 0 ] (106)
ﬁ CO ﬁ CO O Ip(ny_;,.,m) O Nl(v) O Nl(v) 0 Ip(ny-Hn)
Define a set .% as
Sy ={L7Cy: LTC] satisfies (106)}. (107)

Note that Cy has full column rank. Then we have the following result.
Lemma 8. [T € % < LIC) € S.
Proof. ‘=’ is straightforward. Suppose LTCf € .%. Then the inequality (105) holds. Choose Cy such that

[éo Co] = Ip(nerm). Then
. T
G| I,
ct cr
which leads to LT € %.
With Lemma 8, Problem V is equivalent to Problem V.
Problem V': Design control gain F such that the QMI (104) holds for VLICY € 7.
Problem V' can be solved using the QMI approaches presented in Section 3. Specifically, by employing Lemma

3, Problem V’ is solvable if there exists a scalar a > 0 such that = — ¥ > 0. After further algebraic manipulations,
we have the following result [45, Theorem 20].

00

07

I,

>0, T2
ET

CoYCE = [Co Co)

Iny NQ(”)] (i) [Iny NQ(U)] R (108)

0 Nl(’l)) 0 Nl(’l))

Theorem 12. Suppose that Ry (v) has full row rank and Assumption 7 is satisfied. Problem V' is solvable with
F =Y P~ if and only if there exist P € Si(nﬁm) and Y € Rm*P(ny+m) gych that

Py 4 (Y JP
yt—-p 0/ >0, Y=|-Y]|. (109)

* P 0
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Using a QMI-based approach, Theorem 12 provides a solution to Problem V for input-output systems described
by (92). This method offers several key advantages. First, it does not require a state-space representation of the
original system, making it applicable to both SISO and MIMO systems. Second, it establishes a necessary and
sufficient condition in the form of an LMI for designing suitable feedback controllers directly from noisy input-
output data. Notably, the decision variables P and Y are independent of the time horizon of the experimental data,
thereby enhancing computational efficiency and scalability.

7 Conclusion and challenges

Recent advances in data-driven control from noisy data have been reviewed in this paper for linear discrete-time
systems with unknown system matrices. Several recently developed methods, such as data-driven representations
of system dynamics based on Willems et al.’s fundamental lemma, QMI-based techniques, IQC frameworks, and
LFT representations combining prior knowledge with data, have been analyzed in depth with meaningful insights.
Data-driven control approaches for both SISO and MIMO systems have also been briefly reviewed in the context
of available input-output data. Despite the notable progress achieved in this area, several key challenges remain,
some of which are outlined below.

e Developing a universal noise-robust framework to design controllers directly from noisy data remains a critical
and challenging issue. Most existing methods rely on specific noise assumptions, such as energy-bounded distur-
bances or constraints described by QMIs, rather than accommodating arbitrary noise distributions. Moreover, the
influence of the ‘direction’ of the noise on system performance is not yet fully understood and warrants further
investigation.

e Determining the minimal dataset required from experiments to fully capture the essential properties of a phys-
ical system is an important and intriguing problem in data-driven control. In [21], a data-dependent representation
of the open-loop or closed-loop system can be derived if a certain rank condition on the data matrix is satisfied.
However, in [31], it is revealed that this rank condition is not necessary for establishing some system-theoretic
properties. Therefore, investigating the minimal data requirements for data-driven control holds significant value,
both theoretically and practically.

e Studying data-driven control using partial input-state or input-output noisy data is an important and chal-
lenging topic. Most existing approaches assume access to either full input-state data or sufficiently informative
input-output data. However, in many practical scenarios, state information is not directly measurable, and output
data may be sparse or incomplete. Moreover, designing controllers based on delayed partial (or even full) input-state
or input-output data introduces further complexity and remains a critical area for further research.

e Security is another critical concern in data-driven control. Adversaries may compromise experimental data used
for controller design, potentially leading to unsafe or unstable systems. Moreover, control signals transmitted from
controllers to physical plants over communication networks are also vulnerable to cyber-attacks [46]. Addressing
security issues in data-driven control is not only meaningful but essential for ensuring the reliability and resilience
of modern control systems [47-49].

e Data-driven control for nonlinear and multi-agent systems remains an open and challenging area. Most existing
methods are primarily designed for linear systems or specific classes of nonlinear dynamics. Developing DDC
approaches that can be applied directly to general nonlinear or multi-agent systems is a highly desirable direction
for future research [50-54]. Further, integrating DDC with real-time learning algorithms, like reinforcement learning,
offers great potential for enabling adaptive control in time-varying and uncertain environments.
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