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Abstract This article investigates the robust control problem for mo rphing air-breathing hypersonic vehicles (MAHVs) conside ring
partially unknown dynamics and aerodynamics/structure/c ontrol coupling. Di�erent from existing robust control met hods, this study
introduces an appropriate utility function to formulate an equivalent optimal control problem, which is then solved us ing the adaptive
dynamic programming algorithm to learn the robust control l aw. In particular, the additional force and moment caused by structural
change and the coupling of aerodynamics/structure/contro l are accounted for. Furthermore, we present a rigorous theo retical proof for
stability and convergence using the Lyapunov direct method . Additionally, it is shown that the MAHV is uniformly ultima tely bounded
under unmatched uncertainty. Finally, the performance is d emonstrated using an MAHV system.
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1 Introduction

Air-breathing hypersonic vehicles (AHVs) have widespread use in both commercial and military applications [1,2].
Unfortunately, traditional AHVs (e.g., X-43a) can only maintain a �x ed shape and cannot adjust their structures
adaptively as the 
ight speed changes, so they can 
y freely with excellent performance [3]. Morphing technology can
enable AHVs to change their shape and optimize performance for diverse mission objectives [4{ 6]. Inspired by this
philosophy, numerous studies have been conducted on the aerodynamics, structure, and control of morphing AHVs
(MAHVs) [ 7]. However, in terms of modeling, structural change is often used as a preset parameter rather than
a control input. Furthermore, research on the coupled characteristics of aerodynamics/structure/control remains
limited, and the partially unknown dynamics caused by high-dynamic environments are rarely considered. To
bridge these gaps, we investigate the robust control problem forMAHVs considering partially unknown dynamics
and aerodynamics/structure/control coupling.

To ensure stable 
ight under uncertainty, robust control is paramount. In this regard, He et al. [1] solved
the modeling and fault-tolerant control issue for a class of 
exible AHVs. They developed an adaptive fault-
tolerant control approach to address actuator faults while minimizing system vibrations. Meanwhile, Xu et al. [8]
investigated the robust adaptive neural control of nonminimum phase hypersonic vehicles. The tracking of the
reference signal was achieved through the coordination of adaptive neural control and robust control. In addition,
they analyzed the reasons for the generation of uncertainty in hypersonic vehicles [9]. Zhang et al. [10] solved the
attitude-tracking problems for hypersonic morphing vehicles usinga fuzzy disturbance observer-based �xed-time
controller. In contrast to traditional �xed-time control algorith ms, they introduced variable exponent coe�cients to
achieve �xed-time stability. However, although the aforementioned methods can e�ectively achieve robust control
for hypersonic vehicles, their development is constrained by their requirement for dynamics.
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Instead, a tricky approach to tackling the robust control problem is to reformulate it as an equivalent optimal
control problem [11, 12]. Reinforcement-learning-based algorithms have been proven e�ective in solving optimal
control problems without requiring the knowledge of system dynamics [13{ 15]. Hence, the challenge at hand revolves
around devising an appropriate utility function, one that enables the formulation of an optimal control problem that
mirrors the essence of the original robust control problem [16]. In this respect, Li et al. [17] proposed an adaptive
interleaved reinforcement learning algorithm to solve the robust control problem of a discrete-time a�ne nonlinear
system under partially unknown dynamics. Zhao et al. [18] introduced a novel algorithmic approach to tackling the
challenge of robust control in continuous-time systems, speci�cally addressing the issue of unmatched uncertainty
within these systems. Refs. [17, 18] meticulously crafted their utility functions by leveraging the supremum of
uncertainty, ensuring a comprehensive consideration of the variation range within a system's uncertain parameters.
Nevertheless, in practical engineering scenarios, acquiring the supremum of uncertainty poses a signi�cant challenge
given its inherent complexity and variability [ 19]. Alternatively, the adoption of a conservatively broad upper bound,
though achievable, could potentially detract from performance metrics like the rate of convergence and the level of
approximation error [20]. Other e�orts, like the study of Bao et al. [ 21], proposed a morphing-attitude coupling
control method for MAHVs where uncertainty is estimated on the basis of a �nite-time fuzzy disturbance observer.
Although this approach o�ers certain bene�ts, it also increases the complexity of the control system. Hence, the
enhancement of robust control performance necessitates a thorough examination of uncertainty within MAHVs.

To determine the supremum of uncertainty, scholars have studieddynamic modeling and aerodynamic analyses
[22]. For instance, Chu et al. [23] conducted a comprehensive survey of morphing vehicles considering structure
design, dynamic modeling, and 
ight control. Meanwhile, Yan et al. [24] considered dramatic changes in both
the parameters and mass distribution of morphing vehicles and introduced additional forces caused by structural
changes into dynamic modeling. Moreover, Phoenix et al. [25] devised an advanced morphing control methodology
to assess the in
uence of prototypical shape-shifting inaccuracies on the overall aerodynamic e�ciency. Ref. [26]
developed an integrated guidance, control, and morphing method for hypersonic morphing vehicles and analyzed
their aerodynamic characteristics at 15 Ma. Zhao et al. [27] evaluated the aerodynamic performance of design points
(e.g., 3.86/4.4/8.0 Ma) through numerical simulations. However, Refs. [25{ 27] assumed the structure as an optimal
preset parameter and did not consider the aerodynamics/structure/control coupling that occurs during continuous
structural change. Therefore, further research is needed toinvestigate the use of structural change as a control
input rather than an optimal preset parameter to fully harness its potential in enhancing 
ight performance.

Motivated by the above de�ciencies, this paper delves into the realmof the robust control problem for MAHVs
under partially unknown dynamics and aerodynamics/structure/control coupling. Referencing previous studies, we
analyze the additional force and moment on MAHVs during structural change and introduce them into a control-
oriented model. Then, we rigorously analyze aerodynamics/structure/control coupling. Moreover, using uncertainty
analysis, we devise an appropriate utility function and obtain the robust control law under a reinforcement learning
framework. The contributions of this study can be summarized as follows.

� Compared with [25{ 27], which de�ned structure as an optimal preset parameter, we usestructural change
as a control input and construct a control-oriented model considering the additional force and moment caused by
structural change.

� We exhaustively investigate the intricate interplay between aerodynamics, structure, and control. By leveraging
the supremum of uncertainty inherent in this coupled analysis, we devise an appropriate utility function. Moreover,
we obtain a robust control law incorporating dynamics that are not fully known using the adaptive dynamic
programming (ADP) algorithm.

� We delve into the stability and convergence characteristics of the proposed algorithm, rigorously demonstrating
that the state deviation trajectory exhibited by MAHVs under unc ertainty is guaranteed to be uniformly ultimately
bounded (UUB).

The subsequent sections of this paper are structured as follows.In Section 2, a control-oriented model of MAHVs
is constructed, and the robust control problem is stated. Section 3 focuses on devising a robust control law and
conducting a comprehensive stability analysis. The control law is derived using the ADP algorithm in Section 4.
Section 5 showcases the convergence properties of the introduced algorithm and UUB stability for the system. The
aerodynamics/structure/control coupling analysis and an illustrative example are presented in Section 6. Lastly,
Section 7 summarizes the key �ndings and conclusion drawn from thisresearch.
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Figure 1 (Color online) Schematic diagram of an MAHV.

Figure 2 Morphing vehicle geometry. Figure 3 (Color online) Geometric relationship of the swept wing.

2 Control-oriented modeling and problem statement

2.1 Control-oriented modeling

In this part, a control-oriented model of MAHVs is developed. A schematic diagram of an MAHV is shown in
Figure 1. The goal of this part is to extend the work done previouslyby Bolender and Doman [28]. One di�erence
between this e�ort and that of [ 28] is that we introduce a variable-sweep wing.

Figure 1 shows that the model in [28] only includes the hypersonic 
ight segment (i.e., 3
 in Figure 1). However,
by introducing the swept wing, we can achieve better aerodynamic performance across the entire 
ight envelope.
The vehicle geometry chosen for this work is shown in Figure 2. Furthermore, the geometric relationship of the
swept wing is shown in Figure 3.

According to Figure 3, we de�ne that
Sx 1 = a cosK; (1)

whereSx 1 denotes the center-of-mass projection position of the sweep wing, a is a constant related to aerodynamic
shape, andK denotes the sweep wing angle.
Assumption 1. The center-of-mass of the swept wing is in theO-x1y1 plane (see Figure 2), and the swept wing
changes symmetrically on both sides.
Assumption 2. The angular velocities! x and ! z are de�ned as! x = ! z = 0 since only the longitudinal dynamics
are considered in this study.
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The additional forces on thex1 and z1 axes of the body coordinate system caused by the sweep wing change are
given by 8

<

:

Fsx = 2 ms

�
•Sx 1 � Sx 1Q2

�
;

Fsz = 2 ms

�
Sx 1 _Q + 2 _Sx 1Q

�
;

(2)

where Fsx is the additional force on the x1 axis, Fsz is the additional force on the z1 axis, ms denotes the mass
of the sweep wing,Q represents the pitch angle rate, and _Sx 1 and •Sx 1 are the �rst and second derivatives ofSx 1,
respectively.

Furthermore, the additional moment about the y1 axis caused by the sweep wing change is given by

M sy = 2 msSx 1

�
gcos� + _vz1 + vx 1Q � Sx 1 _Q � 2 _Sx 1Q

�
; (3)

where M sy denotes the additional moment about the y1 axis, vx 1 = v cos (� � � ) and vz1 = v sin (� � � ) are the
projections of velocity v on the body coordinate system, _vz1 is the �rst derivative of vz1, � denotes the pitch angle,
and g denotes the gravitational acceleration.

By combining (2) and (3), the longitudinal dynamics of MAHVs can be written as
8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

_h = v sin (� � � );

_v =
1
m

(T cos� � D ) � gsin (� � � ) +
Fsx

m
cos� +

Fsz

m
sin �;

_� =
1

mv
(� T sin � � L ) + Q +

g
v

cos (� � � )

+
1

mv
(Fsx sin � � Fsz cos� );

_� = Q;

I yy _Q = M + M sy ;

(4)

where m denotes the mass of the MAHV,h denotes the 
ight height, � denotes the angle of attack,T represents
the thrust, D represents the drag,L represents the lift, M represents the moment, andI yy is the moment of inertia.
Remark 1. Compared with the traditional AHV model proposed in [29, 30], the MAHV model (4) introduces
additional force and moment likes [31]. Furthermore, the sweep wing angle is de�ned as a control input rather than
an optimal preset parameter.

The control inputs, including the control surface angle � e, stoichiometrically normalized fuel-to-air ratio �, and
sweep wing angleK , do not appear explicitly in (4). Instead, they enter through the forces and momentsT , M , L ,
and D. Then, drawing on earlier works done on non
exible vehicles [32,33], the following approximation is adopted:

8
>>>>>>><

>>>>>>>:

L �
1
2

�v 2SCL (�; � e; K ) ;

D �
1
2

�v 2SCD (�; � e; K ) ;

M � zT T +
1
2

�v 2S�cCM (�; � e; K ) ;

T � C � 3

T � 3 + C � 2

T � 2 + C �
T � + C0

T ;

(5)

where zT is the thrust-to-moment coupling coe�cient, � is the air density, S denotes the reference area, �c denotes
the mean aerodynamic chord, and the functions appearing in (5) are selected as

8
>>>><

>>>>:

CL (�; � e; K ) = C �
L � + C � e

L � e + CK 3

L K 3 + CK 2

L K 2 + CK
L K + C0

L ;

CD (�; � e; K ) = C � 2

D � 2 + C �
D � + C � e

2

D � e
2 + C � e

D � e

+ CK 2

D K 2 + CK
D K + C0

D ;

CM (�; � e; K ) = C �
M � + C � e

M � e + CK 3

M K 3 + CK 2

M K 2 + CK
M K + C0

M ;

(6)

and 8
>>>><

>>>>:

C � 3

T = � 1(h; �q)� + � 2(h; �q);

C � 2

T = � 3(h; �q)� + � 4(h; �q);

C �
T = � 5(h; �q)� + � 6(h; �q);

C0
T = � 7(h; �q)� + � 8(h; �q);

(7)
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where �q = 1
2 �v 2; C �

L , C � e
L , CK 3

L , CK 2

L , CK
L , C � 2

D , C �
D , C � 2

e
D , C � e

D , CK 2

D , CK
D , C �

M , C � e
M , CK 3

M , CK 2

M , CK
M , C0

L;� , C0
L;� e

,
C0

L;K , C0
D;� , C0

D;� e
, C0

D;K , C0
M;� , C0

M;� e
, and C0

M;K are aerodynamic coe�cients; C0
L = C0

L;� + C0
L;� e

+ C0
L;K ;

C0
D = C0

D;� + C0
D;� e

+ C0
D;K ; C0

M = C0
M;� + C0

M;� e
+ C0

M;K ; and � i denotes thei -th thrust �t parameter.
Remark 2. According to (6), one can see that the aerodynamic characteristics are a�ected by the attitude (angle
of attack � ), structure (sweep wing angleK ), and control (control surface angle� e).
Assumption 3. The value of � i (h; �q) is assumed to be constant for the control design (see Parker etal. [34] for
details) as it changes on a much slower time scale than �.

2.2 Problem statement

The longitudinal dynamics of MAHVs, as expressed in (4), can be reformulated into the form of an a�ne nonlinear
system as follows:

_x = f (x) + g(x) u + � ; (8)

where x = [ h; v; �; �; Q ]T 2 R5� 1, u = [� ; � e; K ]T 2 R3� 1, � = � 1 + � 2 + � 3, and � 3 denotes the external
disturbance (e.g., atmospheric disturbances). Furthermore,

f (x) =

2

6
6
6
6
6
6
6
6
6
6
6
6
4

v sin (� � � )�
� 2

m
� 3 +

� 4

m
� 2 +

� 6

m
� +

� 8

m

�
cos� �

1
2m

�v 2S
�

C � 2

D � 2 + C �
D � + C0

D

�
� gsin (� � � )

�
�

� 2

mv
� 3 �

� 4

mv
� 2 �

� 6

mv
� �

� 8

mv

�
sin � �

1
2mv

�v 2S
�
C �

L � + C0
L

�
+ Q +

g
v

cos (� � � )

Q
zT

I yy

�
� 2� 3 + � 4� 2 + � 6� + � 8

�
+

1
2I yy

�v 2S�c
�
C �

M � + C0
M

�

3

7
7
7
7
7
7
7
7
7
7
7
7
5

; (9)

g(x) =

2

6
6
6
6
6
6
6
6
6
6
4

0 0 0

M 1 �
1

2m
�v 2SC� e

D �
1

2m
�v 2SCK

D

M 2 �
1

2mv
�v 2SC� e

L �
1

2mv
�v 2SCK

L

0 0 0

M 3
1

2I yy
�v 2S�cC� e

M
1

2I yy
�v 2S�cCK

M

3

7
7
7
7
7
7
7
7
7
7
5

; (10)

� 1 =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

0

�
1

2m
�v 2S

�
C � e

2

D � e
2 + CK 2

D K 2
�

+ 2
ms

m

�
� a cosK cos� � a cosKQ 2 cos� � 2a sinKQ sin�

�

�
1

2mv
�v 2S

�
CK 3

L K 3 + CK 2

L K 2
�

+ 2
ms

mv

�
� a cosK sin� � a cosKQ 2 sin � + 2 a sinKQ cos�

�

0
1

2I yy
�v 2S�c

�
CK 3

M K 3 + CK 2

M K 2
�

+ 2
ms

I yy
a cosK

�
gcos� + v cos (� � � )

�
_� � _�

�

+ v cos (� � � ) Q + 2 a sinKQ
�

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

; (11)

and

� 2 =

2

6
6
6
6
6
6
6
6
6
4

0

�
1

2m
�v 2S

�
� C � 2

D � 2 + � C �
D � + � C0

D

�

�
1

2mv
�v 2S

�
� C �

L � + � C0
L

�

0
1

2I yy
�v 2S�c

�
� C �

M � + � C0
M

�

3

7
7
7
7
7
7
7
7
7
5

; (12)

where M 1 =
� � 1

m � 3 + � 3
m � 2 + � 5

m � + � 7
m

�
cos� , M 2 = �

� � 1
mv � 3 + � 3

mv � 2 + � 5
mv � + � 7

mv

�
sin � , and M 3 = zT

I yy
(� 3� 1+

� 2� 3 + �� 5 + � 7).
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Assumption 4. f (x) 2 R5� 1 and g(x) 2 R5� 3 are bounded,f (x) is unknown, and f (x) + g(x) u is Lipschitz
continuous on the compact set 
 � R5� 1 containing the origin.

Remark 3. One can see that � 1 is caused by the nonlinear term of the sweep angleK and � 2 is caused by the
uncertainty of the aerodynamic coe�cients. Furthermore, � is es sentially an unmatched uncertainty.

Robust control problem. Design a controller for system (8) to ensure that statex is asymptotically stable;
that is, lim t !1 � x (t) ! 0.

3 Robust control problem transformation

In this section, we craft an appropriate utility function tailored to f ormulate an optimal control problem, which is
an equivalent representation of the robust control challenge. Inaddition, we establish that by resolving this optimal
control problem, we can derive the desired robust control law.

Optimal control problem. Consider the following nominal system:

_x = f (x) + g(x) u: (13)

Assume that there exists an optimal control lawu� for the system described by (13), which minimizes the following
performance index:

V =
Z 1

0
xT Qx + uT Ru + � (x) dt; (14)

where Q = QT > 0, R = RT > 0, and � (x) > 0.
In general, the following Hamilton-Jacobi-Bellman (HJB) equation can be solved to obtainu� [35,36]:

V � (x(t)) = min
u2 R3� 1

f U (x(t); u(t)) + V � (x (t + h))g; (15)

where U (x(t); u(t)) =
Rt + h

t xT Qx + uT Ru + � (x) d� . Then, the optimal control law is derived as

u� = arg min
u2 R3� 1

f U (x(t); u(t)) + V � (x (t + h))g; (16)

where V � (x(t)) can be written as

V � (x(t)) = min
u2 R3� 1

Z 1

t
xT Qx + uT Ru + � (x) d� : (17)

Remark 4. Compared with the traditional linear quadratic index xT Qx + uT Ru, the utility function � (x) is
introduced to compensate for the uncertainty.

The subsequent theorem is rigorously formulated to elucidate the methodology for designing� (x) such that Eq.
(16) constitutes a solution to the robust control problem.

Theorem 1. The control law u� given in (16) guarantees the asymptotic stability of (8) if � (x) is de�ned as

Z t + h

t
� (x) d� =

1
4

� max
�
r T V � (x (t + h)) r V � (x (t + h))

�

+ h2� T
max � max

�
2 +

1
4

� max
�
r 2T V � (x (t + h)) r 2V � (x (t + h))

�
�

; (18)

where � max is the supremum of uncertainty �, h denotes the integration step,r V � (x (t + h)) denotes the Jacobian
matrix, r 2V � (x (t + h)) denotes the Hessian matrix, and� max (W ) represents the principal eigenvalue of matrix
W .
Proof. According to (18), it becomes evident that � (x) > 0. Subsequently, we employV � (x(t)) as de�ned in (15)
and proceed to derive the Taylor series expansion centered at theoperational point x (t + h), which is established
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along the trajectory of (8). Notably,

V � (x (t + h)) � V � (x(t))

= V �

 

x (t) +
Z t + h

t
f (x) + g(x) u� + �d �

!

� V � (x(t))

= V �

 

x (t) +
Z t + h

t
f (x) + g(x) u� d�

!

� V � (x(t))

+ h� T r V �

 

x (t) +
Z t + h

t
f (x) + g (x) u� d�

!

+ h2� T r 2V �

 

x (t) +
Z t + h

t
f (x) + g(x) u� d�

!

� : (19)

According to Young's inequality, in conjunction with (15), it becomes evident that [37]

V � (x (t + h)) � V � (x(t)) = �
Z t + h

t
xT Qx + u� T Ru � + � (x) d� ; (20)

h� T r V �

 

x (t) +
Z t + h

t
f (x) + g (x) u� d�

!

6 h2� T �

+
1
4

� max

 

r T V �

 

x (t) +
Z t + h

t
f (x) + g (x) u� d�

!

r V �

 

x (t) +
Z t + h

t
f (x) + g(x) u� d�

!!

; (21)

and

h2� T r 2V �

 

x (t) +
Z t + h

t
f (x) + g(x) u� d�

!

� 6 h2� T � + h2� T �

�
1
4

� max

 

r 2T V �

 

x (t) +
Z t + h

t
f (x) + g(x) u� d�

!

r 2V �

 

x (t) +
Z t + h

t
f (x) + g (x) u� d�

!!

: (22)

By incorporating (18) and (20){(22) into (19), we can derive the subsequent result

V � (x (t + h)) � V � (x(t)) 6 �
�
� T

max � max � � T �
�

�

 

2h2 +
1
4

h2� max

 

r 2T V �

 

x (t) +
Z t + h

t
f (x) + g(x) u� d�

!

� r 2V �

 

x (t) +
Z t + h

t
f (x) + g (x) u� d�

!!!

�
Z t + h

t
xT Qx + u� T Ru � d� : (23)

The conclusion is rigorously grounded upon the Lyapunov stability theorem, thereby validating the control law
u� for (8), imparting it with the capability to maintain stability under the u nmatched uncertainty �.

Indeed, the derivation of an analytical solution of (15) poses signi�cant challenges, primarily stemming from the
potential nonlinearity of V � (x(t)) within the context of system (8). In the subsequent section, we present a rigorous
integration of reinforcement learning algorithms with neural network (NN) approximation techniques to derive u� .

4 Robust control problem solution under a reinforcement lea rning framework

In this section, we focus on deriving the control lawu� within the reinforcement learning framework. Leveraging
NN approximation, we can obtain

V(x(t)) = � c (x (t) ; � c) + " c(x(t)) ; (24)

and
u� (t) = � a (x (t) ; � a) + "a(x(t)) ; (25)
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Algorithm 1 Adaptive robust control.

Step1 (Initiation)
De�ne the iteration index i , initial time t , and time increment h;
Initialize the NN weights �̂ c 1 and �̂ a 1 ;

Step2 (Training)
De�ne the learning rates l c and l a ;
While

Update the weight �̂ ci based on �̂ c ( i +1) = �̂ ci � l c @kE ci k2
2

.
@̂� ci ;

Update the weight �̂ ai based on �̂ a ( i +1) = �̂ ai � l a @kE ai k2
2

.
@̂� ai ;

If kV̂ i +1 (x ( t )) � V̂ i (x ( t )) k 6 " && kû i +1 (x ( t )) � û i (x ( t )) k 6 " ( " is a preset value)
Go to Step 3;

Else
i = i + 1;

End if
End while

Step3 (Assignment)
Let �̂ c = �̂ ci and �̂ a = �̂ ai ;
Adopt ^u ( t ) = � a (x (t ) ; �̂ a ) into system (8) to generate data x ( t + h);

Step4 (Judgement)
If k �̂ c ( t + h) � �̂ c ( t )k 6 " && k�̂ a ( t + h) � �̂ a ( t )k 6 "

Go to Step 5;
Else

Set t = t + h and i = 0;
Back to Step 2;

End if
Step5 (Result)

Obtain the robust control law ^ u ( t ) = � a (x ( t ) ; �̂ a ).

where � c and � a denote the weights for the NNs," c(x(t)) and "a(x(t)) signify their respective reconstruction errors,
and � c (�) and � a (�) are the NN activation functions. Speci�cally, we deploy NNs to meticulously represent the
mathematical expressions (24) and (25) as

V̂ i (x(t)) = � c

�
x (t) ; �̂ ci

�
; (26)

and
ûi (t) = � a

�
x (t) ; �̂ ai

�
; (27)

where i denotes thei -th episode and�̂ ci and �̂ ai are the estimations of � c and � a , respectively.
Pursuant to (26), we formulate the following de�nition:

V̂ i (x (t + h)) = � c

�
x (t + h) ; �̂ ci

�
: (28)

The error term of (15) can be described as [38]

Eci =� c

�
x (t + h) ; �̂ ci

�
� � c

�
x (t) ; �̂ ci

�

+
Z t + h

t
xT Qx + � T

a

�
x (t) ; �̂ ai

�
R� a

�
x (t) ; �̂ ai

�
+ � i (x) d� : (29)

Furthermore, the error term of (16) can be described as

Eai = ûi (t) � ui (t) = � a

�
x (t) ; �̂ ai

�
+

1
2

R� 1gT (x) r V̂ i (x (t + h)) : (30)

By alternatingly minimizing kEci k
2
2 and kEai k

2
2 using the stochastic gradient descent algorithm, the robust control

law û (t) = � a(x (t) ; �̂ a) can be obtained.
We present a summary of the proposed algorithm in Algorithm 1 and illustrate its architectural diagram in Figure

4.
The proposed algorithm can e�ectively obtain the estimated value of the robust control law. However, the

reconstruction errors may cause (23) to not be satis�ed. Hence, in the next section, we conducted a stability
analysis to demonstrate the convergence condition.
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Figure 4 (Color online) Architectural diagram of the proposed algor ithm.

5 Convergence and stability analysis

In this section, we delve into the convergence analysis of the weights �̂ c1 and �̂ a1 associated with the NN approx-
imations. To facilitate this analysis, we assume that the true value ofthe iterative critic NN can be expressed as
the following functional form:

V i (x(t)) = ( � �
ci )

T �
�
vT

c x (t)
�

+ " ci (x(t)) ; (31)

where � ( �) = tanh ( �) represents the NN activation function, � �
ci denotes the weight vector, and" ci (x(t)) represents

the reconstruction error. The real value of the iterative actor NN ui (t) can be written as

ui (t) = ( � �
ai )

T �
�
vT

a x (t)
�

+ "ai (x(t)) ; (32)

where � �
ai is the weight vector and "ai (x(t)) represents the reconstruction error.

Assumption 5. The terms �
�
vT

c x (t)
�
, �

�
vT

a x (t)
�
, " c(x(t)), "a(x(t)), " ci (x(t)), "ai (x(t)), r V (x(t)), and r 2V (x(t))

are bounded on the compact set 
 2 R5.
Subsequently, we rigorously demonstrate the convergence of the critic NN and actor NN.

Theorem 2. The weights �̂ ci and �̂ ai are updated by Algorithm 1, respectively, whereas the control lawûi (t) is
derived from (27). There exist � � > 0 and � u > 0 satisfying






 �̂ c � � �

c






 6 � � ; kû � uk 6 � u ; (33)

when both i and t attain su�cient magnitudes.
Proof. Upon reviewing the theoretical underpinnings provided by [39, Theorem 4] and [40, Theorem 4], we rigor-
ously establish the existence of constants" � > 0 and"u > 0, which satisfy the mathematical relationsk�̂ c � �̂ ci k 6 " �

and kû � ûi k 6 "u , respectively. Additionally, recent studies in [41, Theorem 3.1] and [42, Theorem 1] have solidly
con�rmed that for narrow ranges of small values of ~" c and ~"a (~" c > 0, ~"a > 0), the conditions k� �

ci � � �
c k 6 ~" c and



 ui � u



 6 ~"a hold. Then, we can obtain






 �̂ c � � �

c






 =






 �̂ c � �̂ ci + �̂ ci � � �

ci + � �
ci � � �

c






 6






 �̂ c � �̂ ci






 +






 �̂ ci � � �

ci






 + k� �

ci � � �
c k : (34)

On the basis of (26), (29), and (31), we obtain

�
�̂ ci � � �

ci

� T �
�

�
vT

c x (t + h)
�

� �
�
vT

c x (t)
��

= " ci (x (t + h)) � " ci (x(t)) : (35)

It follows that 




 �̂ ci � � �

ci






 6 ~" � ; (36)

where ~" � =



 (" ci (x (t + h)) � " ci (x(t))) =

�
�

�
vT

c x (t + h)
�

� �
�
vT

c x (t)
�� 



 .
Under Assumption 5 and using (34){(36), there exists� � = " � + ~" � + ~" c satisfying






 �̂ c � � �

c






 6 � � : (37)

Analogously, we can also derive

kû � uk 6



 û � ûi + ûi � ui + ui � u




 : (38)
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Using (27) and (32), we can infer that



 ûi � ui




 6 k"ai (x(t))k exists. Given the validity of




 ui � u




 6 ~"a and



 û � ûi



 6 "u , we can further conclude that there exists� u = "u + k"ai (x(t))k + ~"a satisfying

kû � uk 6 � u : (39)

According to (37) and (39), conclusion (33) holds.
Subsequently, we demonstrate that the control lawû ensures the UUB stability of system (8).

Theorem 3. System (8) exhibits UUB stability when subjected to û learned through Algorithm 1.
Proof. The system dynamics underû (t) can be written as

_x = f (x) + g (x) û (t) + � : (40)

We select the solutionV � (x(t)) of HJB equation (15) as a candidate Lyapunov function. Furthermore, along the
trajectory governed by (40), it is observed that

V � (x (t + h)) � V � (x(t)) = V �

 

x (t) +
Z t + h

t
f (x) + g (x) û + �d �

!

� V � (x(t)) : (41)

Because of (39), one has ^u (t) � u (t) = "̂u (k"̂u k 6 � u ). Hence, according to the Taylor series expansion, Eq. (41)
can be reformulated as

V � (x (t + h)) � V � (x(t))

= V �

 

x (t) +
Z t + h

t
f (x) + g (x) ud� +

Z t + h

t
g(x) "̂u + �d �

!

� V � (x(t))

= V �

 

x (t) +
Z t + h

t
f (x) + g (x) ud�

!

� V � (x(t)) +

 Z t + h

t
g(x) "̂u + �d �

! T

r V � (N )

+

 Z t + h

t
g(x) "̂u + �d �

! T

r 2V � (N )

 Z t + h

t
g(x) "̂u + �d �

!

; (42)

where N = x (t) +
Rt + h

t f (x) + g(x) ud� .
Similar to (21) and (22), one has

 Z t + h

t
�d �

! T

r V � (N ) 6 h2� 2
max +

1
4

� max
�
r T V � (N ) r V � (N )

�
; (43)

and  Z t + h

t
�d �

! T

r 2V � (N )

 Z t + h

t
�d �

!

6 h2� max 2

�
1 +

1
4

� max

�
r 2T

V � (N ) r 2V � (N )
� �

: (44)

By leveraging the HJB equations (15), (43), and (44), we can derive an alternative formulation for (42), which is
presented as

V � (x (t + h)) � V � (x(t)) 6 �
Z t + h

t
xT Qx + uT Rud�

+

 Z t + h

t
g(x) "̂u d�

! T

r V � (N ) + h2� max 2 + h2� max 2 r 2V � (N )

+
1
4

� max
�
r T V � (N ) r V � (N )

�
+ h� max r 2V � (N )

Z t + h

t
g(x) "̂u d�

+

 Z t + h

t
g(x) "̂u d�

! T

r 2V � (N )
Z t + h

t
g(x) "̂u d�

+

 Z t + h

t
g(x) "̂u d�

! T

r 2V � (N ) h� max : (45)
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Akin to that employed for (22), we can subsequently deduce

 Z t + h

t
g(x) "̂u d�

! T

r 2V � (N ) h� max

6












Z t + h

t
g(x) "̂u d�












� max
�
r 2V � (N ) r 2T V � (N )

�
+

1
4

h2� 2
max : (46)

On the basis of Assumptions 4 and 5, the given form must be boundedwithin the compact set 
. Consequently,
there exists a positive constant� that satis�es

 Z t + h

t
g(x) "̂u d�

! T

r V � (N ) +
1
4

� max
�
r T V � (N ) r V � (N )

�

+

 Z t + h

t
g(x) "̂u d�

! T

r 2V � (N )
Z t + h

t
g(x) "̂u d�

+ 2












Z t + h

t
g(x) "̂u d�












� max
�
r 2V � (N ) r 2T V � (N )

�
+

3
2

h2� max 2 + h2� max 2 r 2V � (N ) 6 �: (47)

Then, one has

V � (x (t + h)) � V � (x(t)) 6 �

 Z t + h

t
xT Qx + uT Rud� � �

!

: (48)

Thus, if
Rt + h

t xT Qx + uT Rud� > � , we haveV � (x (t + h)) � V � (x(t)) < 0. This completes the proof.
Remark 5. The proposed reinforcement learning algorithm aims to learn the solution of the HJB equation (15)
and to obtain the robust control law (16). According to Theorem 1, the optimal control solution, denoted as u� ,
inherently satis�es the criteria for the robust control problem. T heorem 2 shows thatû, designed using the proposed
reinforcement learning algorithm, will asymptotically approach the robust control law u� . Additionally, Theorem 3
demonstrates that system (8) is UUB whenû is adopted.

6 Simulation example

In this section, we conducted an aerodynamic analysis of MAHVs under aerodynamics/structure/control coupling.
Then, the supremum of uncertainty � max is obtained from the aerodynamic performances, and we design the
approximate utility function accordingly. Finally, we develop a simulatio n to demonstrate the control performance
of the proposed algorithm.

6.1 Analysis of aerodynamic performances

In this part, the ANSYS Workbench is used to simulate three-dimensional viscous 
ow �elds of MAHVs under
di�erent 
ight conditions to evaluate their aerodynamic performan ces. Furthermore, the Spalart-Allmaras turbu-
lence model is adopted in the numerical simulation [43{ 45]. The aerodynamic performances can be simulated and
analyzed under di�erent 
ight conditions by changing the free stream parameters.

The lift coe�cient, drag coe�cient, and lift-to-drag ratio with the in crease in the angle of attack (i.e.,� 2� , 0� ,
2� , 5� and 10� ) under di�erent Mach numbers (0.8, 2, 3, and 6 Ma), sweep wing angles (0� , 20� , 30� , 40� , 50� , and
60� ), and control surfaces (� 6� , � 4� , � 2� , and 0� ) are all obtained and demonstrated in Figures 5{7, respectively.

As shown in Figures 5{7, the integration of the variable-sweep wing into AHVs has a signi�cant impact on the
aerodynamic performance, especially in low Mach numbers. Meanwhile, the drag coe�cient increases with the
introduction of this wing, and the lift coe�cient experiences a more substantial increase. This leads to a notable
enhancement in the lift-to-drag ratio, which is a crucial metric for assessing the overall performance of MAHVs.
The variable-sweep wing advantageously alters the vehicle's aerodynamic characteristics in response to varying 
ight
conditions. This adaptability allows for a broader range of operational scenarios, thereby expanding the application
potential of AHVs.

Under the mass uniform distribution assumption, the center-of-mass (i.e., geometric center) at a symmetric
plane is chosen as the reference center of the pitching moment, asshown in Figure 3. Figure 8 illustrates the
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Figure 5 (Color online) Lift coe�cient curves of MAHVs for (a) Ma = 0.8 , (b) Ma = 2, (c) Ma = 3, and (d) Ma = 6.

Figure 6 (Color online) Drag coe�cient curves of MAHVs for (a) Ma = 0.8 , (b) Ma = 2, (c) Ma = 3, and (d) Ma = 6.

pitching moment coe�cient as it varies with the increase in the angle of attack and control surface de
ection. As
clearly demonstrated in Figure 8, the integration of the variable-sweep wing into the AHV not only modi�es its
aerodynamic characteristics but also signi�cantly impacts the pitching moment. The introduction of this wing
leads to an increase in the pitching moment, which is a crucial factor indetermining the longitudinal stability of
the vehicle. As the angle of attack increases, the pitching moment coe�cient exhibits a noticeable upward trend.
This e�ect is particularly pronounced at higher angles of attack, indicating that the variable-sweep wing is highly
e�ective in modifying the pitching behavior of the vehicle. The results further suggest that the introduction of the
variable-sweep wing enhances the longitudinal stability of the AHV. Given these observations, the variable-sweep
wing evidently has considerable potential for optimizing the performance of AHVs in subsonic, supersonic, and
hypersonic 
ight conditions.



Guo W X , et al. Sci China Inf Sci February 2026, Vol. 69, Iss. 2, 122205:13

Figure 7 (Color online) Lift-to-drag ratio curves of MAHVs for (a) Ma = 0.8, (b) Ma = 2, (c) Ma = 3, and (d) Ma = 6.

Figure 8 (Color online) Pitching moment coe�cient curves of MAHVs fo r (a) Ma = 0.8, (b) Ma = 2, (c) Ma = 3, and (d) Ma = 6.

Furthermore, to obtain the supremum of uncertainty, the uncertainty of aerodynamic coe�cients must be calcu-
lated. Without loss of generality, we demonstrate that the aerodynamic coe�cients change with the sweep angleK
in Figures 9{11.

The curves in Figures 9{11 indicate a positive correlation between the increment in sweep wing angle and the
widening of the con�dence interval. The potential causes of this phenomenon could be the ANSYS Workbench's
insu�cient capability in modeling hypersonic 
ow �elds or imprecise mesh ing. Despite these limitations, the results
can still provide valuable insights for the design of the utility function .
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Figure 9 (Color online) Uncertainty of the lift coe�cient curves of M AHVs for (a) Ma = 0.8, (b) Ma = 2, (c) Ma = 3, and
(d) Ma = 6.

Figure 10 (Color online) Uncertainty of the drag coe�cient curves of M AHVs for (a) Ma = 0.8, (b) Ma = 2, (c) Ma = 3, and (d) Ma = 6.
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Figure 11 (Color online) Uncertainty of the moment coe�cient curves o f MAHVs for (a) Ma = 0.8, (b) Ma = 2, (c) Ma = 3, and (d) Ma = 6.

Table 1 Preset physical parameters.

Parameter Value Parameter Value

m 3402 � 1 � 5:60932 � 105

m s 500 � 2 � 5:53968 � 104

S 1.579 � 3 3:99035 � 104

I yy 55301.69 � 4 � 2:57109 � 104

�c 0.7 � 5 5:28922 � 104

zt 2.55 � 6 � 3:60373 � 103

� 0.034751 � 7 9:49223 � 103

g 9.8 � 8 � 1:50155 � 102

a 2

6.2 Analysis of control performances

In this part, we showcase the in
uence of our devised reinforcement learning algorithm. The related parameters are
presented in Table 1 [34]. By introducing the preset physical parameters and analysis of aerodynamic performances
into (10){(12), one can obtain g(x) and � max , which are required by the proposed algorithm. Then, we con�gure
the NN architectures of (26) and (27) as 5{15{1 and 5{15{3, respectively. Additionally, for this scenario, we employ
�( �) = tanh( �) as the activation function and set R = diag(1 ; 1; 1), Q = diag (1 ; 1; 1; 1; 1). The learning rates for
NNs (26) and (27) are individually speci�ed as lc = 0 :01 and la = 0 :01, respectively.

First, we performed simulations under the supremum of uncertainty � max and the wide upper bound � wide .
Let the initial state disturbance be x (0) = [10 ; � 5; 0:0875; � 0:0875; 0:017]T , and the robust control object is to
eliminate the disturbance. For comparison, we introduce the linear quadratic regulator (LQR) method. Figure 12
demonstrates the state deviation trajectory under di�erent equilibrium states xe.

The control trajectories with the subscripts \sup" and \wide" ar e generated by Algorithm 1, whereas those with
the subscript \opt" are generated using the LQR method. Upon adoption of the learned control law, it becomes
evident that the system's deviation trajectory converges to zero, starting from the initial deviation. Notably, the
state deviation approaches a vicinity around the origin, with the extent of this vicinity being dependent on the
parameter � . Additionally, the signi�cant overshoot in 
ight height h necessitated the introduction of a barrier
Lyapunov function to develop state constraint control. Nonetheless, the attitude of the MAHV can be e�ectively
maintained stably.

In Figure 13, a clear and stable pattern emerges regarding the control input, demonstrating that it remains
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Figure 12 (Color online) State deviation trajectories of MAHVs for (a ) h = 5000, v = 272, (b) h = 10000, v = 680, (c) h = 15000, v = 1020,
and (d) h = 30000, v = 2040.

Figure 13 (Color online) Control input trajectories of MAHVs for (a) h = 5000, v = 272, (b) h = 10000, v = 680, (c) h = 15000, v = 1020,
and (d) h = 30000, v = 2040.

within a prede�ned and acceptable operational range throughoutthe simulation. Notably, however, there is a large
deviation in the control input under the wide upper bound � wide . This observation underscores the e�cacy of the
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Figure 14 (Color online) Performance index function evolution traje ctories of MAHVs for (a) h = 5000, v = 272, (b) h = 10000, v = 680, (c)
h = 15000, v = 1020, and (d) h = 30000, v = 2040.

proposed algorithm in e�ectively eliminating disturbances. Additionally , the state and input trajectories depicted
in Figures 12 and 13 o�er compelling evidence that the MAHV is UUB whengoverned by the proposed algorithm.

The trend exhibited in Figure 14 indicates that the proposed algorithm converges toward an optimal solution.
A steadily decreasing or stabilizing trend in the performance index function further strengthens the case for the
algorithm's e�ectiveness and suitability for the task at hand.

As shown in Figure 14, compared with the LQR method, the proposedalgorithm can achieve a similar convergence
rate and performance index. According to (48), one can see thatit becomes conditionally stable because of the
introduction of NNs. Hence, the performance index function evolution trajectory is oscillatory near the origin.
In contrast, the proposed algorithm does not require complete knowledge of system dynamics, which signi�cantly
simpli�es its implementation and integration into MAHV control system s. Furthermore, to demonstrate the tracking
performance of the proposed algorithm, we conduct a step function following simulation, as shown in Figure 15.

The results show that the proposed algorithm can e�ectively track the step function. In particular, the use of
the wide upper bound � wide to design the utility function leads to a decrease in performance, such as convergence
rate and convergence accuracy. To further demonstrate the performance of the proposed algorithm, we compare it
with H2 control and radial basis function (RBF)-based adaptive control. The state deviation contrast trajectory is
shown in Figure 16.

One can see that, compared with both H2 control and RBF-based adaptive control, the proposed algorithm
can achieve a better convergence rate and convergence accuracy. Further, the step function following the contrast
trajectory is demonstrated in Figure 17.

The result is consistent with the state deviation contrast trajectory. Notably, however, both H2 control and RBF-
based adaptive control rely on known dynamics. In contrast, thesigni�cant advantage of the proposed algorithm
is that it does not need to know the dynamics completely. To show theperformance improvement of the proposed
algorithm in more detail, a quantitative analysis is provided as follows.

According to Table 2, one can see that the proposed algorithm can achieve the same convergence rate and
convergence accuracy compared with the LQR controller. In particular, the average convergence rate is 75:23% and
28:95% higher than those of the H2 controller and the RBF-based adaptive controller, respectively. Further, the
average convergence accuracy is much higher than that of the RBF-based adaptive controller.
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Figure 15 (Color online) Step function following trajectories of MAH Vs for (a) h = 5000, v = 272, (b) h = 10000, v = 680,
(c) h = 15000, v = 1020, and (d) h = 30000, v = 2040.

Figure 16 (Color online) State deviation contrast trajectories of MA HVs for (a) h = 5000, v = 272, (b) h = 10000, v = 680,
(c) h = 15000, v = 1020, and (d) h = 30000, v = 2040.
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Figure 17 (Color online) Step function following the contrast trajec tories of MAHVs for (a) h = 5000, v = 272, (b) h = 10000, v = 680, (c)
h = 15000, v = 1020, and (d) h = 30000, v = 2040.

Table 2 Quantitative analysis of the proposed algorithm.

State deviation decrease
quadratic index

Case/method LQR H2 RBF � wide � sup

0.8 1.5275e � 06 0.0056 9.3744 2.0818 8.6512e � 04

2 2.2309e� 07 0.0342 4.1835 2.3802e � 06 2.3602e� 06

3 1.6048e� 05 3.4185e� 06 3.1104 0.0111 1.1112e � 2

6 3.4004e� 08 0.0235 8.4607 4.0944e � 06 4.0744e� 06

State deviation decrease
convergence time

Case/method LQR H2 RBF � wide � sup

0.8 0.1 0.66 0.16 0.4 0.1

2 0.1 0.66 0.16 0.14 0.1

3 0.12 0.24 0.26 0.14 0.22

6 0.12 0.62 0.18 0.14 0.12

Step function following
quadratic index

Case/method LQR H2 RBF � wide � sup

0.8 9.0690e � 07 5.3819e� 07 0.4388 3.7552 0.0016

2 4.4337e� 07 0.0371 2.2308 4.5924e � 06 4.5924e� 06

3 8.7014e� 06 1.1655e� 06 0.7535 0.0221 0.0221

6 6.4909e� 08 1.3002 7.1551 3.2553e � 05 8.1381e� 06

Step function following
convergence time

Case/method LQR H2 RBF � wide � sup

0.8 0.1 0.62 0.12 0.38 0.1

2 0.12 0.68 0.16 0.14 0.12

3 0.14 0.24 0.28 0.12 0.18

6 0.16 0.58 0.22 0.14 0.14

7 Conclusion

This study develops an aerodynamics/structure/control coupling analysis for MAHVs and investigates their robust
control problem. Herein, we propose an ADP algorithm that can achieve an adaptive robust control law under
partial system dynamics uncertainty. Central to our approach is the integration of aerodynamics/structure/control
coupling into the control law design, and the sweep wing angle is de�ned as a control input rather than an optimal
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preset parameter. The stability and convergence characteristics of our proposed algorithm are validated utilizing
the Lyapunov stability theorem. Finally, the case simulation demonstrates the control performance of the proposed
algorithm and its tolerance and acceptability for the condition of convergence.
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