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Abstract In this paper, an asynchronous and aperiodic sampled-data control scheme for continuous-time multiagent systems (MASs)
with intermittent communication is investigated. We propose a novel time-based and aperiodic sampling scheme for data transmissions
among agents. In distributed MASs, the accurate timing alignment of different agents is difficult to guarantee; thus, data-sampling time
sequences are naturally asynchronous for different agents. Initially, a minimum allowable sampling period is enforced after each data
sampling to eliminate the Zeno behavior. The maximum allowable sampling periods play a crucial role in ensuring the consensus of
MASs. We focus on prolonging the intersampling periods while ensuring the consensus of MASs. A reverse average dwell time condition
is introduced, which can significantly improve the maximum allowable sampling periods. Moreover, additional dynamic clock variables
are introduced to characterize the sampling intervals. Based on hybrid system theories, some sufficient conditions that guarantee the
consensus of MASs are given. The results indicate that there exist certain trade-offs between the maximum allowable sampling period and
reverse average dwell time. Finally, some numerical simulations are provided to demonstrate the effectiveness of the obtained theoretical
results.
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1 Introduction

In recent years, the cooperative control of multiagent systems (MASs) has received considerable attention in various
fields, such as vehicle platooning [1-3], formation of mobile robots [4-6], reconnaissance of unmanned aerial vehicles
[7,8], and games [9]. An important task in the cooperative control of MASs is to design distributed control
laws to achieve collaborative control goals [10]. In traditional consensus control, information interaction among
agents is generally assumed to be continuous in time. However, the computation and communication resources are
limited in practical systems; thus, continuous-time communication is unrealistic. To cope with the limitations of
communication resources in practical systems, time-based [11-15] and event-based [16-18] communication strategies
have been widely adopted in MASs and networked control systems. The main idea of event-based communications is
that communications are triggered whenever a predefined state-dependent criterion is satisfied. In event-triggered
communication schemes, the sampling instants can be determined based on the real-time fluctuation of agent
states [19], which usually requires the real-time monitoring of agent states. In contrast to event-based communication
schemes, time-based communication schemes can be state-independent.

The time-based data-sampling schemes mainly include periodic and aperiodic sampling strategies. In periodic
sampling strategies, data sampling is activated after a fixed elapsed time [20]. In [21], a time-based sampling scheme
with variable sampling periods was designed to solve leader-following consensus problems. In [22,23], the consensus
problems of linear MASs with a probabilistic periodic sampling strategy were investigated. The sampling periods
were assumed to switch between two different values. However, the explicit upper bounds of sampling periods were
not provided in the existing sampling strategies with variable periods [21-24].
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In the aforementioned literature, some sufficient conditions in terms of maximum allowable sampling periods
were given to ensure the achievement of the control objectives. Technically, as long as the upper bounds of the
sampling periods satisfy some specified conditions, the control objectives can be achieved. Therefore, we focus on
how to improve the estimates of the maximum allowable sampling periods while ensuring the consensus of MASs.
In [25-27], the use of the reverse average dwell time condition improves the estimates of the maximum allowable
sampling periods or impulsive intervals. However, the entire system is still required to respond synchronously at
sampling time instants. Different from traditional networked control systems, multiple agents cannot ensure clock
synchronization and accurate timing alignment in distributed MASs [28,29]. Notably, asynchronous behavior among
agents is ubiquitous in many large-scale networks of MASs [30-35]. Therefore, asynchronous sampling schemes for
MASs are more relevant in real scenarios. However, because of the complexity of coupled MASs, the theoretical
analysis of asynchronous MASs is more challenging than that of synchronous MASs.

In this study, we focus on the design of asynchronous and aperiodic sampled-data schemes for continuous-time
MASs with general linear dynamics. Different from traditional periodic sampling strategies [20], we propose a novel
time-based and aperiodic sampling strategy for MASs. However, one technical challenge in the event-triggered
sampling scheme is the exclusion of potential Zeno behavior. In our framework, a minimum allowable intersampling
period is enforced for each agent after each sampling instant, which rules out the Zeno behavior. Notably, the
enforcement of a minimum allowable intersampling period can negatively affect the convergence of systems [12],
whereas asymptotic convergence is guaranteed in this study. Moreover, the maximum allowable sampling periods
play a crucial role in ensuring the consensus of MASs. Naturally, the estimates of the maximum allowable sampling
periods could be as large as possible to relax the system consensus conditions. A reverse average dwell time
condition is obtained for each agent, and it can significantly improve the estimates of the maximum allowable
sampling periods. Therefore, the asynchronous and aperiodic sampling time sequence of each agent is subject
to the conditions of the minimum, maximum, and average allowable sampling periods. Compared with event-
based communication schemes [36-39], the proposed time-based sampling scheme is state-independent and the
communication time instants are precomputed offline, which means that the real-time monitoring of system states
is not required. In an asynchronous MAS, each agent has its sampling time sequence and each agent sends the
sampled data to its neighbors only at sampling instants. However, the analysis of the restriction on the “average”
in asynchronous and coupled MASs is technically challenging. We use the tools from hybrid systems to analyze and
solve this problem. The conditions for generating the sampling time sequences are state-independent, which leads
to difficulties in consensus analysis. To record the elapsed time after each sampling action, extra clock variables are
introduced. Then, a hybrid system model, which integrates system states, observer states, and two clock variables,
is established. The conditions that guarantee the consensus of MASs are derived from the designed Lyapunov
function.

This study analyzes the design and implementation of both aperiodic sampling and distributed control schemes
in asynchronous continuous-time MASs with intermittent communication. The main contributions of this study are
outlined as follows.

(1) For the investigated asynchronous sampled-data MASs with general linear dynamics, a novel asynchronous and
aperiodic sampling scheme is proposed to reduce communication costs. To improve the estimates of the maximum
allowable sampling periods on the premise of state consensus, the concept of the average allowable sampling period
under reverse average dwell time conditions, which requires that, on average, there is at least one sampling action in
the time interval of a length equal to the average allowable sampling period, is introduced. In addition, the minimum
allowable sampling period is enforced after each sampling action to naturally eliminate the Zeno behavior. The
proposed sampling scheme not only prevents the conservatism of traditional fixed-period sampling schemes but also
improves the estimates of the maximum allowable sampling periods.

(2) To solve the consensus problem of asynchronous sampled-data MASs, a distributed observer-based control
protocol is designed for each agent. In the case of unmeasurable system states, a state observer is designed to
observe the system states of each agent. Agents only transmit the state of their observer to neighbor agents at
sampling instants. In contrast to the sample-and-hold strategies [23], the sampled data of observers are indirectly
used in the consensus protocol, and the appropriate state estimation in terms of the sampled data is employed to
estimate the real-time states of observers.

(3) Some sufficient conditions in terms of the minimum and maximum allowable sampling periods and the reverse
average dwell time are derived to ensure consensus. To handle the analytical difficulties of the restriction on the
“average” in asynchronous and coupled MASs, technically, two additional dynamic clock variables are introduced in
the hybrid system model to assist in measuring the intersampling times. Then, a novel Lyapunov function, which
includes system states, observer states, and two prior unknown functions for clock variables, is designed to analyze
the consensus conditions of MASs. The results of this study show the existence of a trade-off between the maximum
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allowable sampling period and the reverse average dwell time.

The remainder of this paper is organized as follows. Some basic concepts are given in Section 2. The considered
problem is formulated and the hybrid system model is established in Section 3. The main results are discussed in
Section 4. A simulation example is given in Section 5. Finally, the conclusion and future work are presented in
Section 6.

2 Preliminaries

2.1 Notations

N and R denote the sets of natural and real numbers, respectively. R™ and R™*™ denote the n-dimensional Euclidean
space and the set of all n x m real matrices, respectively. 0 (1) denotes the appropriate dimensional vector with
all elements being 0 (1). I, denotes the m x m identity matrix. || - | denotes the 2-norm. (-,-) and ® denote the
inner and Kronecker products, respectively. Apax(I') and A\pin (') denote the maximum and minimum eigenvalues
of the symmetric matrix I, respectively. For the set S, S denotes the closure of the set S.

2.2 Graph theory

Consider an MAS containing m nodes and M edges. The communication topology among agents is described
as an undirected graph G = (V,&) with a set of nodes V = {1,2,...,m} and a set of edges &€ = {1,2,...,M}.
A = [a;j] € R™*™ denotes the adjacency matrix of graph G, where a;; > 0if (j,47) € £, and a;; = 0 otherwise. Node
J is called the neighbor of node i if a;; # 0. The set of neighbors of node i is represented by N; = {j € V : (j,i) € £}.
L = [l;jlmxm denotes the Laplacian matrix of graph G, where [;; = Eje/\/i ai; if j =i and l;; = —ay; if j # i
D = [dy] € R™*M denotes the incidence matrix of graph G, where d;; = 1 if node i is the head of the /-th edge,
dis = —1 if node i is the tail of the /-th edge, and d;j; = 0 otherwise. In an undirected graph, £ = DDT. For each
graph G, the eigenvalues of £ can be listed in increasing order, as follows: 0 < A\1(£) < X2 (L) < -+ < A\ (£).

Assumption 1. The communication graph G is undirected and connected.
2.3 Hybrid systems

A hybrid system H = (C, F,D,G) is a tuple composed of a flow set C' € R”, a jump set D € R", a flow map
F:R" - R" and a jump map G : R® = R"”. When « € C, the system can flow continuously. When = € D, the
system can jump discontinuously. We recall some definitions related to hybrid systems [40].

Definition 1 (Hybrid time domains [40]). A set E C R x N is called a compact hybrid time domain if £ =
Uf;& ([tk,tg+1], k) for a finite sequence of times 0 < tg < t1 < --- < tg. A set E is called a hybrid time domain if
En([0,T]x {0,1,...5}), Y(T,S) € E is a compact hybrid time domain.

Definition 2 (Solutions to hybrid systems [40]). A hybrid arc ¢ : dom(p) — R™ is a solution to H if the following
conditions are satisfied: (i) ¢(0,0) € CUD; (ii) ¢(t, k) € C for any k € N and ¢(t, k) € F(¢(t,k)) for almost all
te{t:(t,k) € dom(p)}; (iii) p(t, k) € D and p(t,k+1) € G(p(t, k)) for all (¢, k) € dom(y) and (¢, k+1) € dom(yp).

3 Problem formulation

3.1 MAS model

Consider a continuous-time MAS consisting of m agents. The dynamics of agent i is described as follows:

ii(t) = A,Ti(t) + Bui(t), (1)
yi(t) = Ca(t), i =1,2,...,m,

where z;(t) € R" and y;(t) € R™ are the state vector and the measured output of agent i, respectively; u;(t) € R™»
is the control input of agent i; and A, B, and C are constant matrices. We assume that (A, B) is stabilizable and
(C, A) is observable. Then, the following Riccati equations hold for the positive definite matrices P and Q:

ATP+ PA-PBBTP+1=0, (2)

and

QAT + AQ —QCTCQ+1I =0. (3)
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Figure 1 (Color online) Illustration of the information interaction (the solid line denotes the transmission of continuous-time signals, and the
dashed line denotes the transmission of discrete-time signals).

Because the state z;(t) is indirectly measurable and only the output y;(¢) are available, a state observer for agent
1 is designed as follows: )

&i(t) = A&(1) + Bu,(t) + F(C&G(t) — wi(1)), (4)
where & (t) is the observer state associated with agent ¢ and F = —%QC’T is the observer gain matrix.

In this study, we consider asynchronous time-based sampling schemes. We denote the sampling time sequence
as {tt }ren = {t},t1,...}, where t{ is the k-th sampling instant of agent i. The basic illustration of the informa-
tion interaction of MASs considered in this study is shown in Figure 1. For agent i, each observer observes the
corresponding agent state, and the sampled state &;(t%), k =0,1,2,..., is transmitted to its neighbors at sampling
instants. The distributed consensus protocol u;(t) is expressed as follows:

wilt) = —K 3 ay(€(t) — &(1). (5)

JEN;

where K = BT P is the feedback gain matrix and éi (t) is the state estimation of &;(t) with the following dynamics:

{é@=Ammt¢%
Gi(t)=&(t), t= th..

The objective of this study is to design a distributed observer-based control protocol under asynchronous sampling

strategies for MASs (Eq. (1)) to achieve a consensus, i.e., lim;_oo ||2i(t) — z;(¢)|| = 0,Vi,5 € V. limy_yo0 ||24(t) —
z;(t)]| =0,Vi,j € V.
Remark 1. In Figure 1, each agent broadcasts its observer states to its neighbors at its sampling instants and
receives the observer states of the neighbors at the sampling instants of the neighbors via networks. In addition, the
received discrete-time observer states are indirectly used in the consensus protocol. By contrast, the state estimation
&i(t) is used. It follows from (6) that &(¢) is implemented as an open-loop estimate during ¢ € [t},t}41) and the
estimation values are reset to the sampling state at discrete time ¢},. Therefore, u;(t) is piecewise continuous.

(6)

3.2 Asynchronous sampling strategy

As shown in Figure 1, the data are sampled and broadcasted via networks at sampling instants. For different agents,
the data may be transmitted via different networks (e.g., wired/wireless networks). In our framework, the data
sampling of different agents is independent and asynchronous. For agent i, let hj = ti_ , — ¢}, where i € V and
k € N. For all agents, Assumption 2 restricts the sampling intervals.

>0 and 7!

Assumption 2. For agent i with i € V), there exist the constants 7, i € (0,78 ) such that

7-Iinin < h;c < TrinaX,Vk e N. (7)
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In Assumption 2, 72, > 0 is called the maximum allowable sampling period and 7, > 0 is called the minimum

allowable sampling period. Notably, Assumption 2 not only restricts the maximum sampling period 7 .. to ensure
system stability but also restricts the minimum sampling period 7, . Thus, the Zeno behavior is naturally excluded.
In the periodic [20] and aperiodic [21,41] sampling, the key issue is how to determine the maximum sampling
interval so that the stability of a closed-loop sampled-data system is guaranteed. However, the estimated value
of the maximum allowable sampling period 7. in (7) is preferred to be as large as possible to relax the system
consensus conditions. The utilization of the reverse average dwell time in [25,26] provides the possibility to prolong
the maximum allowable sampling period 7;,,.
Remark 2. In Assumption 2, there exists a minimum allowable sampling period ¢, between any two sampling
instants. The minimum allowable sampling period 7. can be determined by physical platforms if the finite
computing capacity of the hardware is considered in practical systems [28,38]. The minimum allowable sampling
period 7%, can theoretically have an arbitrarily small value if it is only to prevent the potential Zeno behavior.

In [25,26], the reverse average dwell time can characterize the impulsive interval in impulsive systems. However, in
most existing studies (see [25-27]), there exists a requirement that the response of the system should be synchronous,
which is unsuitable for the MASs with asynchronous sampled-data control investigated in this study. Motivated by
the reverse average dwell time concept in [25-27], the following assumption is imposed upon the average allowable
sampling period.

Assumption 3. Given any t, T € Rx with T > ¢, let N;(¢,T), i € V denote the number of samples in the time
interval [t, T'). For agent i with i € V, there exist the constants 7 and N; > 1 such that
N Ty > L, (8)
TR

forall t, T € Ry with T" > ¢.

An inequality constraint condition of asynchronous sampling for individual agents is given in Assumption 3.
Intuitively, to ensure the desired control performance, the number N;(¢,T) of samples cannot be too few in a
certain time interval [t,T). In Assumption 3, 74 is called the reverse average dwell time of agent i, which provides
the maximum allowable sampling period in the condition expressed in (8). If sampling does not occur, then we
derive the expression 0 > (T —t)/ T}é — N;; thus, the maximum allowable sampling period is in the form of TféNi.
We can choose N; > 7, /7h with 7 < 7., such that the condition expressed in (8) ensures that there exists

max max )
an upper bound smaller than or equal to the maximum allowable sampling period 77, on the sampling intervals

. : ax
[ L)

Remark 3. Compared with that reported in [25,26], there are two main differences. First, the reverse average
dwell time is used to characterize the impulsive interval in impulsive systems in [25,26], which requires that the
response of the entire impulsive system is synchronous. However, the reverse average dwell time is introduced
for each agent, and asynchronous sampling schemes for MASs are designed in this study because it is difficult for
multiple agents to ensure clock synchronization in distributed MASs. Second, the width of the impulsive interval
is determined only under the reverse average dwell time condition in [25,26], whereas the length of the sampling
interval is not only subject to the reverse average dwell time condition but also subject to the minimum and
maximum allowable sampling period conditions.

In this study, we consider the aperiodic sampled-data scheme satisfying Assumptions 2 and 3, i.e., the sampling
time instants t),t%,... of agent i are subject to both (7) and (8). However, Assumptions 2 and 3 are given for
individual agents. The analysis of the overall MAS in an asynchronous setting is quite challenging. The theory of
hybrid systems provides a powerful modeling and analytical tool. In our framework, the consensus protocol u;(t) is
piecewise continuous and could produce jumps only at sampling instants. Therefore, each sampling action of agents
can be regarded as a jump action in the modeled hybrid system. To characterize the sampling intervals of agent
i described in Assumptions 2 and 3, we introduce two timer variables, i.e., 7;(t, k) € Rx¢ and s;(¢,k) € Rx( with
7(0,0) € [0, 7%, and 5;(0,0) € [0, 7, — 7i.:.]. The hybrid system model can be established as follows:

7i(t, k) =1,
5i(t, k) =0,
7 (t, k + 1) = max{0, 7 (¢, k) — 7%},
si(t,k+1) = max{0,7(t, k) — 75},

for 7;(t, k) € [0, 7% ,.],

9)

for Ti (tv k) S [SZ (tv k) + 7-rinina TI"L.Ila.X]'

It follows from (9) that 7;(t, k) and s;(t, k) are not always reset to zero when a jump occurs, which is determined
based on the sampling conditions expressed in (7) and (8). The concept of the average allowable sampling period
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Figure 2 (Color online) Trajectories of the timer variables.

under the reverse average dwell time condition expressed in (8), which requires that, on average, there is at least one
sampling action in the time interval of a length equal to the average allowable sampling period T}é, is introduced.
Eq. (9) shows that 7;(t, k) is at most decreased by 74 time units and s;(¢, k) is reset to the same value as 7;(¢, k)
when a jump occurs. If the timer variables are reset to zero when a jump occurs [42], then the elapsed time for the
subsequent jump could always be 7¢ ., which directly results in the jump of the timer variables in a fixed period.
Therefore, 7;(t, k) and s;(t, k) are not always reset to zero after jumps. Notably, $;(¢, k) = 0 and 7;(¢, k) = 1 between
two consecutive jumps; thus, s;(¢, k) records the last jump value of 7;(¢, k), which is significant for calculating the
clapsed time from the k-th sampling instant to the current instant. Notably, (¢, k) — si(t, k), t € [t},t} ) is the
elapsed time from the k-th sampling instant to the current instant. Assumption 2 specifies the minimum sampling
period 7., which indicates that the subsequent jump is allowed at least after 7, time units when a jump occurs.
si(t, k) is introduced to precisely characterize the limitation of the minimum sampling period 77 ;. .

Figure 2 shows an example of possible jump scenarios of the timer variables. Figure 2 also shows that 7;(¢,k + 1)
and s;(t,k + 1) are reset to 7;(¢, k) — 7j; when the jump occurs in Area I and 7;(t,k + 1) and s;(¢, k + 1) are reset
to zero when the jump occurs in Area II. In other words, 7,7 (t,k + 1) = s; (k + 1) = 7;(t, k) — 7%. In addition, the
jump of the timer variables cannot occur in Area III, which is attributed to the enforcement of a minimum allowable
intersampling period 72 . after each sampling instant. Intuitively, two consecutive jumps of the timer variables are
separated by at least 7¢, time units, and the time between jumps should not be greater than T}i% time units. For
example, a jump occurs at 7;(¢, k) = 7i,. and 7;(t,k + 1) is reset to zero after the jump expressed in (9), which
directly leads to the fact that the elapsed time for the subsequent jump could be 7 ... The reverse average dwell
time 7% in Assumption 3 is ineffective if the aforementioned process is always repeatedly performed. Therefore,
7;(t, k) is at most decreased by 75 time units rather than always reset to zero after jumps.

Lemma 1 describes the relationship between the hybrid time domain E; = dom(7;(¢, k), s;(t, k)) for the solution
(i(t, k), si(t, k)) to (9) and its jump instant ¢} satisfies (7) and (8).

Lemma 1 (Proposition 1 in [27]). For the solution (7;(t, k),s;(t, k)) with initial state set Zo = [0, 7] %[0, 7i . —

Thinl i (9), Ej is a hybrid time domain of (7;(t, k), s;(¢, k)) if and only if the jump time sequence {t} } satisfies (7)

min

and
T —t)—Ti,
Nift, 7) > L8 " T, (10)
TR
where i € V, 71, < 7h < 7., and N;(t,T) is the jump number of the hybrid system expressed in (9) in the time

interval [t,T).

Remark 4. In Lemma 1, the condition expressed in (10) is equivalent to (8) with N; = 7 /7%. The sam-
pling/jump time sequence of different agents is independent; thus, Proposition 1 in [27] can be used here for agent
1. However, the MAS is not a decoupled system, which will be shown subsequently in the hybrid formulation of

MAS:S.
3.3 Hybrid systems formulation of M ASs

We construct the continuous-time MAS model with discrete-time communication in networks based on the hybrid
system framework. The agent and observer states of agent 7 remain unchanged at sampling instant ¢, i.e., a:j (t, k+
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1) = 2i(t, k) and & (¢, k + 1) = £(t, k), but the state estimation is reset at sampling instant ¢4, i.e., & (¢, k + 1) =
&(t, k). Combined with the clock variables defined in (9), a hybrid system for agent ¢ can be formally defined as
follows:

i (t, k) = Ax;(t, k) + Bu;(t, k),

§z(f= k) = A&t k) + Bu;(t, k) + F(C&(t, k) — yi(t, k),

éz(t, k) = A&(t, k), for 7;(t, k) € [0, T
Ti(t k) =1,

$:(t, k) =0,

o (t,k+1) = x(t, k),
G tk+1) =&t k),
&tk +1) = &(t k), for 7i(t, k) € [si(t, k) + Thins Tax)-
TZJr(t k+1) =max{0,7;(t, k) — 74},

si(tk+1) = max{0,7;(t, k) — 75},

Let x = [3:}1,3:%1,1.., o T S A S ] = [5?,5},...,{:{1]11, T=[1,72, . s Tm| T, 5 = [51,52,...,8m]T,
and n = [2T,£T, €T, 77, T] . Then, the overall hybrid system is modeled as follows:

n=F(n), fornecC,
nt € G(n), for n € D.

For the hybrid system expressed in (11), the flow set C is derived as follows:

C=R™= x R™™ x R™= x [0,7h0,] % - % [0, 717 ] % [0, Tha] x - x [0, 7205, ],

and the flow map F(n) is obtained as follows:
F(n) =[(Im ® A)x — (L@ BK){ — (L ® BK)e, (I, ® A)§ — (L ® BK)§ — (L ® BK)e
+ FC(& - I)a (Im ® A)év ]-a O]Tv

where e = [ef, el ..., el]T and e; = & — &, i €V. The jump set D is derived as follows:

D =R™" x R™* x R™™ X [81 + Tohins Tmax) X * -+ X [8i + 7o 7m ] x R™,

m? ‘max

and the jump map G(n) is obtained as follows:
G(n) ={UGi(n):ie€Vand 7, € [s; + 70,7 ]},

where G;(n) = [z, &, &L, .. . § 1, &F §1+1, T Tic, max{0, =T}, Tit 1y v vy Tiny S1- -, Si—1, max{0, 7, —7h },
Si41y + vy Sm]T

The states of the hybrid system expressed in (11) include the agent, observer, and estimator states and two timer
variables. Based on the definitions of flow set C and jump set D, the timer variable 7 determines whether the system
jumps or not. Moreover, the hybrid system expressed in (11) generates a jump if agent 4 exists such that 7; jumps.
Specifically, if ti is the k-th sampling instant of agent 4, then the jump map G(n) only updates the estimator state
of agent ¢ and resets the timer variables 7; and s;. In other words, the hybrid system expressed in (11) undergoes
a jump whenever agent 7 exists such that 7; jumps. Therefore, Eq. (11) can be rewritten as follows:

77 = F(n)v V’L € Va TZ [Ovaax]
nt e Gn), i €V, 7i € [8i + T, Thax)-

Remark 5. In the hybrid system expressed in (11), as long as one clock variable jumps, the system expressed in
(11) generates a jump. In this setting, the time sequence of jumps for the system expressed in (11) is an integration
of the sampling time sequence of all agents. Notably, we can redefine the jump time sequence of the system expressed
n (11). Let {fs}sez., = {t},i € V,k € N} with {541 > f, denote the set of total sampling instants for MASs (Eq.
(1)). Then, {f,} is the set of jump instants of the hybrid system expressed in (11). Similar definitions can be found
in [29]. An example is shown in Figure 3.
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Figure 3 (Color online) Sampling instants of the hybrid system expressed in (11).

4 Main results

In this section, the theory of hybrid systems [40] is used to analyze MASs (Eq. (1)). We state that the function
V(n) is a Lyapunov function for the hybrid system expressed in (11) if V(n) is positive definite, locally Lipschitz,
and radially unbounded to 7 and satisfies the following relations:

(VV(n),F(n)) < =6V (n),Vi e V,7;, €[0,7° ], (12a)
V(GM) —=V(n) 0,3 €V, 7 € [si + Thins Tonsls (12b)

where 6 > 0 is a constant.

Remark 6. The Lyapunov function V' of the hybrid system expressed in (11) is not required to be continuous for
t € Rs. However, two conditions need to be satisfied [40], i.e., (i) CUDUG(D) C dom(V) and (ii) V is continuously
differentiable on an open set containing C. In event-triggered control, the appropriate and predetermined Lyapunov
function for MASs was designed to guarantee that the relations expressed in (12a) and (12b) are satisfied (see [38,43]).
However, two prior unknown and state-independent functions are contained in the Lyapunov function V(n) in this
study, which will be reflected in the proof of Theorem 1.

We now establish the main result.

Theorem 1. Consider MASs with the dynamics expressed in (1) and the observer-based control protocol expressed
in (5). Suppose that Assumptions 1-3 hold. The MAS (Eq. (1)) achieves a consensus if the reverse average dwell
time 75 and the maximum allowable sampling period 77, with 7/, < 7% < 71, satisfy the following relations:

TZ
max min max

(S S\t . 2
7_11'% < (6 51)Tm1n + IH(E ) 7 (13)
2\/pigi + bi

4‘/0’7;

wi—o;’
: 2 2/ —6o; - 2 .
lenax = \/7—&1 arctan m, 1f bi < 4ngza (14)
2 2y 0i/5i e 12
\/—&—iarctanhm, if b7 > 4p;q;,

if b7 = 4piqi,

where § = min{al; L (P), AL (Q 1)}, 0 < 8 < 8, pi = Yidmax(P)(Bs " Amax(D) +54), bi = -+ Ak (P) (Amax (D) +
205 (L) Amax(T) = 1) > 0, ¢ = (B17) Aax(PIAL (L) Amax (D), 05 = (bs + wa)? — 4piqi, 60 = 0] — 4pig, pi =

N i 2
~OmTe ) 6 =1 (1= (21— B2)A2(£) Amax(T) > 0, & = aduin(Q71Q ) = (B + 5, )| PFC2, o> 0,
and B1, B2, B3, B4 € (0,1) are constants.

Proof. See Appendix A.

The aperiodic sampling scheme proposed in this study only requires that the sampling time sequence of each
agent satisfy (7) and (8). In Theorem 1, the reverse average dwell time 75 and the maximum allowable sampling
period 7¢ . rely on the communication graph, system matrices, and several designed parameters. Moreover, on the
premise of excluding the Zeno behavior and disregarding the hardware constraints, the minimum allowable sampling
period 7., can be set to be arbitrarily small, which facilitates the improvement in the reverse average dwell time

74 and the maximum allowable sampling period 77, .
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Figure 5 (Color online) Trajectories of the system states of the five Figure 6 (Color online) Trajectories of the observer and estimator
agents. states of the five agents.

Notably, some coupled conditions in terms of the minimum allowable sampling period 7, , reverse average dwell

time 7%, and maximum allowable sampling period 7., are presented in Theorem 1. Intuitively, Theorem 1 shows
that the reverse average dwell time 75 is influenced by the minimum allowable sampling period i, and the
maximum allowable sampling period 77, is influenced by both the minimum allowable sampling period 7. and
the reverse average dwell time T}é. It follows from (13) in Theorem 1 that, for a given minimum allowable sampling
period 7!, . the estimated value of the maximum allowable sampling period 77 . increases as the reverse average
dwell time 75 decreases. Figure 4 exemplifies this characterization. Therefore, there exists a trade-off between
maximum allowable sampling period ¢, and reverse average dwell time 75. In general, if the minimum allowable
sampling period 77, is preselected, then choosing a smaller 75 value can improve the estimate of the maximum
sampling period 7¢ .
Remark 7. In the event-triggered communication strategies [34,37], the online monitoring of the real-time states
of agents is usually required. However, the online monitoring of the real-time states of agents requires sensors,
controllers, and/or actuators to collect data on agents. In practice, imperfections in network communications, such
as packet losses [44], are inevitable such that the real-time states of the system are not continuously monitored.
Notably, the communication time instants are generated offline in the time-based communication strategy proposed
in this study, which avoids the online monitoring of the real-time states of agents.

Remark 8. In event-triggered sampling schemes [37,38], events could occur intensively in some time intervals.
However, the sampling instants can be uniformly located over the entire time domain for each agent in our designed
time-based sampling schemes. Notably, the sampling time sequence of agents needs to satisfy (7) and (8) in the
proposed sampling scheme. Our designed aperiodic sampling scheme can be considered an event-triggering scheme.
The sampling instants are determined whenever Egs. (7) and (8) are violated, which indicates that Eqs. (7) and (8)
can be considered the event-triggered conditions. Different from the state-dependent event-triggered conditions in
event-triggered schemes [45,46], the time-based sampling conditions expressed in (7) and (8) are state-dependent,
and only the intersampling times and the number of samples are restricted. Therefore, our proposed aperiodic
sampling scheme not only avoids continuous monitoring of system states but also can be implemented in an event-
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Figure 7 (Color online) Communication instants and inter- Figure 8 (Color online) Trajectories of the Lyapunov function V (n)
sampling times of the five agents. in (A1).
Table 1 Comparison of different sampling schemes.
Agent 1 Agent 2 Agent 3 Agent 4 Agent 5
Lo . Number of samples 45 45 41 47 39
Aperiodic sampling
Maximum intersampling times (s) 0.37 0.36 0.37 0.38 0.37
. . Minimum intersampling times (s) 0.08 0.09 0.09 0.08 0.09
in this study
Average intersampling times (s) 0.22 0.22 0.24 0.21 0.26
Lo . Number of samples 45 45 47 47 47
Periodic sampling
Fixed intersampling times (s) 0.22 0.22 0.21 0.21 0.21

triggered manner.

5 Numerical example

Consider a second-order MAS, which has been widely used in the formation of mobile robots [4] and vehicle
platooning [3], with the following dynamics:

pi(t) _ |01 pil®)
@i(t) 00 ’Ui(t)

where p;(t) € R and v;(t) € R are the position and velocity, respectively. The Laplacian matrixis £ = [3,—1, -1, —1,
0;-1,3,0,—-1,-1;-1,0,2,—-1,0; —-1,-1,—1,4,—1;0,—1,0, -1, 2].

Based on Theorem 1, the controller and observer gains are K = [1.0000, 1.7321] and F = [-1.7321, —0.5000] T,
respectively. The initial states of five vehicles are [p;(0), v1(0)]T = [1.5, 0.1]T; [p2(0), v2(0)]T = [-1.2, 0.4]T; [p3(0),
v3(0)]T = [0.5, —0.2]T; [p4(0), v4(0)]T = [-0.5, 0.5]T; and [p5(0), v5(0)]T = [0.8, —0.8]T. Figure 5 shows the
trajectories of the system states of the five agents. Notably, the states of all agents achieve a consensus, which
overcomes the bounded consensus in [12]. Figure 6 shows the trajectories of the observer and estimator states of
the five agents. Figure 6 indicates that the estimator states can track the observer states. The communication
instants and intersampling times of each agent are presented in Figure 7. Figure 8 shows the trajectories of the
Lyapunov function V() in (A1), where v; = 0.5, i € {1,2,3,4,5}, x;(;) is governed by (A8) and t;(7;) is governed
by (A10). Notably, the Lyapunov function V() satisfies (12a) and (12b) and converges to zero. Therefore, the
communication and control strategies designed in this study are feasible.

Figure 9 shows the trajectories of the system states of the five agents in the fixed periodic sampling with h; =
hy =0.22 s and hg = hy = hs = 0.21 s, and Figure 10 shows the trajectories of the system states of the five agents
in the fixed periodic sampling with A; = hy = 0.22 s and h3z = hy = hs = 0.23 s. Notably, all agents cannot achieve
a consensus when h; = he = 0.22 s and hy = hy = hs = 0.23 s. However, the maximum intersampling times are
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Figure 9 (Color online) Trajectories of the system states of the five Figure 10 (Color online) Trajectories of the system states of the
agents with the sampling periods h1 = hy = 0.22 s and hz = hy = five agents with the sampling periods hy = hy = 0.22 s and hz =
hs = 0.21 s. hy = hs = 0.23 s.

greater than 0.23 s in the aperiodic sampling scheme designed in this study; see Table 1 for the details. The results
of the comparison between the aperiodic sampling scheme designed in this study and the fixed periodic sampling
scheme are given in Table 1, in which the maximum allowable sampling period in this study is greater than the fixed
sampling period. Furthermore, Figure 10 shows that agents cannot achieve a consensus even if the fixed sampling
period is less than the maximum allowable sampling periods. Therefore, the aperiodic sampling scheme proposed
in this study provides a significant improvement in the maximum allowable sampling periods.

6 Conclusion

In this study, the time-based asynchronous sampled-data control for general linear MASs was investigated. In the
case of time-based communication, the concept of the average allowable sampling period under the reverse average
dwell time condition was introduced. The proposed sampling criterion was state-independent, which could improve
the maximum allowable sampling period of agents while ensuring a consensus. Based on the hybrid system theory,
some sufficient conditions were derived to guarantee the consensus of MASs. In future work, we will consider a
combination of time-based and event-based sampling strategies for MSAs.
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Appendix A

Proof of Theorem 1. Based on Assumption 2, for agent ¢ with ¢ € V, a minimum allowable sampling period Tfnin > 0 is enforced after
each sampling; thus, the Zeno behavior is naturally excluded for all agents. We consider the following candidate Lyapunov function for
the hybrid system expressed in (11):

m

V() = xi(r) (Ve +vihi(ri)Ve) (A1)
i=1

where ; is a positive constant and x;(7;), ¥ () : [0, 74 .5] — R0 are functions with strictly positive lower and upper bounds, i.e.,
there exist the constants X, Xi € R>o,gi, 1; € R5q such that

X, < xilm) <X, (A2a)
Y. < hi(m) <Yy, (A2b)

—1


https://doi.org/10.1109/TCYB.2019.2962389
https://doi.org/10.1016/j.nahs.2021.101113
https://doi.org/10.1007/s11432-019-2770-8
https://doi.org/10.1002/rnc.6961
https://doi.org/10.1007/s11432-020-3190-2
https://doi.org/10.1016/j.arcontrol.2023.03.004
https://doi.org/10.1109/TAC.2011.2112472
https://doi.org/10.1016/j.jfranklin.2014.10.025
https://doi.org/10.1109/TCYB.2015.2514119
https://doi.org/10.1109/TSMC.2017.2703137
https://doi.org/10.1016/j.automatica.2022.110548
https://doi.org/10.1016/j.automatica.2010.04.005
https://doi.org/10.1016/j.automatica.2008.03.021
https://doi.org/10.1109/TAC.2020.3012526
https://doi.org/10.1109/TAC.2017.2756860
https://doi.org/10.1109/TIE.2017.2677312
https://doi.org/10.1007/s11432-019-2815-7
https://doi.org/10.1109/TCYB.2017.2651026
https://doi.org/10.1109/TAC.2017.2756340
https://doi.org/10.1002/rnc.5404
https://doi.org/10.1109/TNNLS.2019.2957069
https://doi.org/10.1109/TCSII.2022.3144280
https://doi.org/10.1109/TAC.2014.2363603
https://doi.org/10.1007/s11432-019-2687-7
https://doi.org/10.1109/TAC.2020.3020809
https://doi.org/10.1109/MCS.2008.931718
https://doi.org/10.1016/j.automatica.2016.10.023
https://doi.org/10.1109/TAC.2007.895913
https://doi.org/10.1109/TAC.2016.2565062
https://doi.org/10.1109/TNNLS.2016.2598243
https://doi.org/10.1109/TSMC.2024.3377213
https://doi.org/10.1007/s11432-023-4038-3

Zhang X D, et al. Sci China Inf Sci February 2026, Vol. 69, Iss. 2, 122204:13

for all 7; € [0,7¢,,,] and i € V. Moreover, let Vp = T (¢)(£L @ P)E(t) + o T () (Im ® Q71)¢(t) and Vo = €T () (Im ® P)e(t), where « is
a positive constant and ¢(t) = &(t) — z(¢).
When 7 € C, the derivative of V() is obtained as follows:

m

V), F(m)) => (Xi(ﬂ‘) (L@ P)E+aCT (Im ® Q7+ 7ithi(r) (i)™ (Im © P)e) + xi(1)6" (£ © AT P)¢

i=1

+xi(1)ET (L ® PA)E — 2xi ()6 T (LL ®T)E — 2x4 ()€ (LL ® PBK)e + 2X,-(T,-)5T(c ® PFC)¢
+axi(ri)¢T (Im @ (ATQ ™! + Q71 A))¢ + 2ax: (1) (Im ® Q7' FO)C + ixi ()i (7i)e™ (Im © P)e

+7ixi (T)i (1i)e" (Im @ (AT P 4 PA))e + 2vixi (1) (1i)e™ (L @ T)& + 2yixi (1) i (ri)e T (L @ T)e

— 2y xi ()i (i)eT (Im ® PFC)C>7 (A3)

where I' = PBBT P. Notably,

— 2xi(T,-)§T(E£ ®Te < lei(ﬁ-)fT(ﬁﬁ ®T)E+ ,Bflxi(ﬂ-)eT(EE ® e, (Ada)
29ixi ()i (13)eT (L ® D)€ < Baxi (r)€T (LL @ TVE + By ' vixi(r) 7 (:)eT (I @ T)e, (A4b)
2x:(1)ET (L ® PFC)¢ < Baxi(1:)ET (LL @ In, )€ + B3 'xi(1:)CT (Im ® PFC)2¢, (Adc)
— 2%ix (1) Yi(1)e T (Im @ PFC)C < BavZxi(mi)vE (ri)eTe 4+ 81 xi (1)¢T (I ® PFO)?¢, (A4d)

where S1, 82,33, 84 € (0,1) are constants. Then, the substitution of (Ada) to (A4d) into (A3) yields the following expression:

m

(Vv ) <3 (Ri(r)ET (£ ® P)E + xi(r)€T (£ @ ATP)E + xi()ET (£ ® PA)E — (2= B1 — B2)xi(r)E (LD T)E

+ ,33Xi(Ti)§T(ﬁE ® Ing )€ + axi (1) (I ® Q7 H)C + axi (1:)¢T (Im @ (ATQ ™ + Q7 A))C + 2ax: (i)

® T ImQ ™ FONC + (B3 + B3 )i (m)CTIIPECIPC + i (ri)bi (ri)e™ (Im @ Pe + v (r)i(ri)e ™ (Im

® P)e + vixi(r)vi(r:)eT (Im ® (AT P+ PA))e + 2yixi ()i (r:)eT (L @ T)e + B 'xi(ri)eT (LL@ D)e

+ B3 92X (ra ) (7)™ (Im @ Te + BayPxi(ra ) (rs)eTe) (A5)
Based on (2) and (3) and F = ——QC’T7 we derive the following expression:

(V) Fm) <3 (xa(r)E™ (£ ® PIE = xi(r)€T (£ © In, )€ + xa(r)E (L ®TIE = (2= B1 = Ba)xa(r)ET (LL ® T)E

i=

=

+ oxi ()¢ (Im ® Q7 1)C — axi (T)¢T(Im ® QT'Q™ )¢ + (i + i) xi(m:)¢T | PFC|?¢
+ 3 (1) i (7)€ (Im ® P)e 4+ vixs (1) (7)™ (Im ® P)e + vixi (7:): (13)eT (I, @ T)e

— yixi(r)i(ri)e e + 2vixi(ri)i(ri)eT (5®F)6+6 Xi(ri)eT (LL®T)e

+ B )T (I O T)e + BirPxa(r o (r)ee). (46)

To satisfy (12a), let
Xi(1i)ET (L @ P)& = xi(1:)ET (£ ® In, )€ + xi (1) T (L ®T)E = (2 = B1 — B2)xi(ri)€T (LLRT)E
+axi (r)¢H (I ® Q7H¢ — axa(ra)¢ T (Im @ QT1QTHC (/? + Bi) xi(r)¢TIPFCP¢
< —0ixi(1:)Vp. (A7)
Thus, it follows that x;(7:) : [0,7%,..] — Rs is governed by the following relation:
Xi(73) =(6 = 8i)xi(m), (A8)

where 0 < 6; <3, § = min{@Amax(P), PAmax(Q 1}, @ = 1= (1 = (2 = B1 = B2)X2(£)Amax(T) > 0, & = AAmin(Q'Q ™) — (B3 +
T OIPFC|2 > 0. Similarly, let
Yixi ()i (ri)e” (Im © Pe +7ixi(ri)wi(ri)e™ (Im © Pe +yixi(r)vi(ri)e” (Im @ T)e — yixi(ri)vi(ri)eT e
+ 27 x xi(r)i(ri)e (L@ T)e + ﬁ_llXi(Ti)eT(EL ®D)e+ é%‘zxz‘(ﬂ')?ﬁ (11)eT (Im @ D)e + Bayixi ()i (1)eTe
< =0 xi (13)Vi (13) Ve a0
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Thus, it also follows that 1;(7;) : [0, Tiax] — R0 is governed by the following nonlinear differential equation:
Pi(7i) = —pit7 (1i) — bitbi (7:) — i (A10)

where p; = ¥ Amax(P) (85 Amax (D) +84) > 0, b; = 6+ Amax (P) Amax (D) +222, (£) Amax (I) —1) > 0, and g; = (B17:) ™ Amax (P)AZ, (£) x
Amax(I") > 0. Based on (A6) to (A10), we obtain the following expression:

m

(VV(), F(n)) < =Y 6 (xa(mi) (Ve +7ivbi(ri) Vo)) < =8V (€), (A11)

i=1

where 6 = min{d1,...,dm}. It follows from (A1l) that Eq. (12a) is satisfied.

When n € D, Vp(G(§)) = Vp(§) because £ and ¢ in Vp do not undergo jumps. Moreover, e;(t) = 0 when a jump occurs. In the
asynchronous communication strategy, not all e;(t), ¢ € V are reset to 0 simultaneously. Generally, there exists the constant e € [0, 1]
such that etTet < e2eTe. If a jump occurs, then there exists i € V such that 7; € [s; + T:;lin, Thax)- To formally simplify the analysis,
we suppose that a unique agent ¢ performs the sampling action when a jump occurs. A similar analysis can be performed when multiple

agents perform the sampling action at the same time. Hence, we obtain the following expression:

vem) = 3 () ETE® P+ alT(Im ® Q71C + 7515 (7)e%T (I ® P)e) ) + xi (max{0, 7}) (67 (£ @ P)e

jev\{i}
+a¢T (I © Q)¢ + it (max{0, i Ne?e™ (I @ P)e), (A12)
where i € V. Based on (A8), we obtain x;(max{0,75}) < e~ (6=8)Thin xi(7;). Because 7; > 78, and 7i. < 7k in Assumptions 2 and
3, we obtain the following expression:
e~ O min x4 (13) < xa(73). (AL3)

Based on (A12) and (A13), we derive the following expression:
VGEm) =V = > (1 = Dx () (1))eT (Im @ P)e) + xi(max{0, 7k ) (67 (£ @ P)¢ + o™ (I © Q71)¢
JeV\{i}
+ i (max{0, TR e (Im © Ple) = xa(mi) (67 (£ @ P)S + 0™ (I ® Q™1 + iths(m)e™ (I @ P)e)
<e= =8 iy (1) (gT(L ® P)¢ + ol (Im ® Q71 + vie?i(max{0, 75 })eT (Im ® P)e)
= () (€7(£ @ P)E+ aCT (I © Q1)C + 72 0i(r)e ™ (I @ P)e)
<o 000 Thniny 2y () s (max{0, i e ™ (I @ Pe — vixi ()i (7)™ (Im © P)e. (Al4)
Based on (A14), to satisfy (12b), we should have
e~ (9700 Thin 24y (max{0, T }) < Wi (ri)- (A15)

To satisfy (A15), the decreasing value of 1;(7;) in any time interval of length less than or equal to 7—1"2 should not be greater than
e~(3=8:)Thine2, We ensure that Eq. (A15) holds by limiting the rate of change of ¢;(7;). Let

Pi(1s) > pinki(7i), (A16)

where fi; is the bound of the derivative of ;. It holds for any 7}, 72 € [0, 7,,] with 0 < 72 — 7} < 7% that

(2271 i
i(r7) 2 T Ty (rl) > i TRy (). (A7)

Let 7} = 7; and 77 = max{0,75}. Based on (A15) and (A17), we derive eHiTh = = (0=8:)Thing?2, Thus, we obtain the following
expression:

—(6 — &)1t +1n(e?)

min

Wi = (A18)

1
R

Hence, if Eq. (A16) holds, then we can derive V(G(n)) — V(n) < 0 for n € D. Based on (A10) and (A16), we obtain the following
expression:

P2 (1i) + (bi + )i (1) + ¢; < 0. (A19)

Notably, the left side of (A19) is a quadratic trinomial of 1;(7;). We determine that the inequality expressed in (A19) has a nonempty
solution set when the inequality |b; + ;| > 2,/P:q; holds. Furthermore, the lower bound %Z and upper bound Ez of the function ; (;)
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are calculated as ¢, = —2%_ (\/(b; + 115)2 — 4piq; + (bi + ;) and ¥, = #(\/(bi + )% — 4piqi — (bi +p;)). To ensure a strictly positive
upper bound EZ-, b; + p; < 0 must hold. Hence, we obtain the following expression:

—(6 = 8;)7i,, +In(e?)

24/Piqi + b;

i

Th (A20)

—1

in (A2b) holds. Therefore, the bound of 7

max

Because 9. = Z—i(@i)*l, the lower bound of t; is strictly positive, indicating that if 7%, satisfies (A20), then the condition expressed

can be determined based on the time it takes for 1;(7;) to evolve from 1;(0) = 1, to
) . ) W, ) -
Yi(Thax) = fl Based on (A10), we derive 71,,, = i; _W7 where p; = Vi Amax (P)(2Amax (I") + %)7 bi = 6 +4v; AmAmax (),

and ¢; = %Amax(P)A%Amax (T"). Furthermore, we derive the following expression:

4/5; .
P fgi ; if b7 = 4p;qs,
i
i 2./ —6; -
Tax = \/E_L}Z arctan v il?n*: , if bf < 4piqi,
2y/0i\/54 .
\/%arctanh#, if b2 > 4p;q;,

where o; = (b; + pi)% — 4p;q; and &; = bf — 4p;q;.

Finally, we prove that the MAS (Eq. (1)) achieves a consensus based on the invariance principle of hybrid systems [40]. We first
prove that any maximal solution to (11) is nontrivial. Assume that n € C\ D. If 7 is the interior of C, then we obtain T¢(n) = R4™+1
where T¢(n) is the tangent cone in C. If n € C\ D and 7 is not in the interior of C, then there exists ¢ € V such that a jump occurs. In
this case, T¢(€) = R3™mz x R x [0, 4+00) x R™™% x R~ x [0, +00) x R™~% and F(€§) € Tc(¢). Therefore, any maximal solution to
(11) is nontrivial (Proposition 6.10 in [40]). Because the solution of the system expressed in (11) cannot be guaranteed to be bounded,
we introduce an auxiliary system to cope with this issue. z = [21, 22,...,2p] with zp = & —§;, p € {1,2,..., M}, and M is the number
of the edges of graph G. Let z = (DT ® I, )¢, where D is the incidence matrix of graph G. Consider the following hybrid systems:

2= (DT @ In,)((Im ® A)§ — (L ® BK)e + (Im ® FC)(§ — x)),
(= (Im ® (A+ FO)),
é=(Im®A+L®BK)e+ (L& BK) — (Im ® FO)C, Vi € (0,78,
F=1,
$=0,
n (A21)
<+
et | €@, 3r e [si +7—r€nin77—r€nax}v
T+
st
where G = {Ué, i e€Vand 7 € [sy +TI’L.nin’TYiHaX]}’ and G; = [z, ¢, erlr, e e;{l, 0, e;r+1, er 1 ..., Ti—1,max{0,7; — T}é}, Tidly -y
Tm, S1...,8i—1, max{0,7; — T}é}, Sit1, -+ Sm]T. We denote
= F(7), for 7j€C,
7 (ﬁ) or 7 €C. (A22)
it € G(7), for 7 € D,

where 7 = [2,¢T, et 7T sT T, C = {f: Vi €V, 1 € [0, 7]}, and D = {7 : Fi € V, 75 € [55 + 7L Thoax -
Let V =V be the Lyapunov function of the system expressed in (A22). Based on the previously presented analysis, we derive the
following expression:

—

)

YV (@), F(@) < ue,
(G(@) -V

<t

where

=63 (xi(m) (VP +vii(mi)Ve)), if 7 €C,
i=1

—00, otherwise,

0, iffqeD,
Ug =
—o0, otherwise.

Based on (A11), the function u. can be considered the upper bound of the rate of change of Vif n € C. Similarly, the function ug can
be considered the upper bound of the rate of change of V' if n € D. Therefore, the rate of change V' along any solution is bounded by
ue and ugq.
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Let 7 be a maximal solution to (A22). Because G(D) € C and 7 is bounded, 7 does not grow infinitely in a finite time interval. Thus,
7 is complete, i.e., dom(n) is unbounded (Proposition 6.10 in [40]). Notably, u. and ug are nonpositive, and we have proven that any
maximal solution to (A22) is precompact. Therefore, any maximal solution to (A22) approaches the largest weakly invariant subset S’

of
Vi) nun [us (o) U (ugl(O) naG (u;1(0)>>] ,

where U = R(272+2)m and r € V(U). Because uz '(0) = {7 : 7 € C,(L R I5,,)é =0 ,( = 0, and e = 0} and u(jl(O) = D, the
aforementioned set can be rewritten as follows:

V) n[{i:7€C & —€ =0,6=0,e;=0,Yi,j € VYU (DNG(D))].

Because S’ is weakly forward invariant, ¢ € 8’ such that 77(0,0) = q and 7j(t, k) € 8’ for any (t, k) € dom(7). Suppose that ¢ ¢ ug 1(0).
Then, we have ¢ € D N G(D). The solution 7 undergoes a finite number of jumps ¢ until all of the clocks are reset. After jumps,
7(0,¢') € C\ D, which indicates that 7(0,¢') € ugz 1(0). Therefore, ¢ € ugz 1(0). Because ¢ and ¢ are unaffected by system jumps and

must remain in uEl(O) almost all of the time on flows, we have

C(tv k) = C(Ov 0)7 €(t7 k) = 5(07 0)

for any (¢, k) € dom(7). This result has two consequences. The first consequence is that the domain of 7 is unbounded. Hence, there
exists a finite number of jumps k' € N, after which all of the clock variables and the sampled state variables have undergone a jump,
ie., (t/,k') € dom(7]) such that £(t,k) = £(0,0) for all (t,k) € dom(¢) with ¢/ + k' > ¢ + k. Hence, we can obtain Vg = 0 for any
(t' k") € dom(&) with ¢/ + &’ > t + k. The second consequence is that, for almost all ¢ > ¢’ such that (¢, k) € dom(§) and ¢/ + k' > t + k,
u(t,k) = 0, Vp always equals to 0 along 7. Then, r = 0 if V(j(t,k)) = r for any (t,k) € dom(£). Therefore, the set V=1(0) is
globally attractive. Notably, V=1(0) = {n € R"Gna+2)|¢;, —¢; = 0,¢(; = 0,¢; = 0,Vi,j € V}. Consequently, the MAS (Eq. (1)) with
observer-based control protocol (Eq. (5)) achieves a consensus.

Remark 9. In the proof of Theorem 1, prior unknown and state-independent functions x;(7;) and v; (7;) are contained in the Lyapunov
function V(n), which plays a significant role in deriving (13) and (14). These functions have strictly positive lower and upper bounds.
A challenging issue in the proof is to construct the functions x;(7;) and 1;(7;) to ensure that Eqs. (12a) and (12b) and Egs. (A2a) and
(A2b) are satisfied. In Theorem 1, the maximum allowable sampling period is determined based on the time it takes for the function
i (7i) to evolve from the upper bound to the lower bound. In literature (see [36,43]), a similar idea was applied in event-triggered
control schemes. In the existing event-triggered schemes [36,43], an event occurs if the auxiliary clock variable evolves to the set value.
However, the auxiliary clock variable is state dependent in event-triggered control. In this paper, the sampling time sequence is state
independent. On the premise of consensus, we derive the relationship among the minimum allowable sampling period 'rfnin,

average dwell time T;’é, and maximum allowable sampling period 7, by developing the evolution rules of the auxiliary functions x;(7;)
and ; (7;).
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