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Abstract Semiglobal practical output feedback stabilization is achieved for a class of uncertain minimum-phase nonlinear systems
involving an unknown control gain, matched uncertainty, and unknown internal dynamics. Notably, neither boundedness conditions are
imposed on the nonlinear model functions, nor are the input-to-state stability and bounded-input-to-bounded-state conditions imposed
on the system’s internal dynamics. Therefore, the proposed output feedback approach serves as a somewhat universal (model-free)
controller because it exclusively requires the system output and structural information (e.g., the relative degree r). In addition, our
results demonstrate that a (Byrnes-Isidori) minimum-phase normal form with r < 2 is semiglobally practically stabilizable using output
feedback control.
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1 Introduction

Recent studies have increasingly focused on underactuated systems, such as the underactuated flexible joint robot [1],
the four-degree-of-freedom crane system [2], the translational oscillator with rotational actuator (TORA) system
[3], the aerial refueling system [4], and the underactuated autonomous underwater vehicle [5]. Many of these
underactuated systems can be formulated using the following (Byrnes-Isidori) normal form [6]

ﬁ:fo(n7§’é7.‘"7§(7‘_l))’ .
¢ = fn, &€, €D+ g(n, &€, ... £, (1)
y=¢,

where n € Rl € € R, € is the i-th derivative of £, v € R is the input, and y € R is the output. As pointed
out in [6] and Chapter 4.5 in [7], the global or semiglobal stabilization of the interconnected system described in
(1) using (dynamic) partial state feedback u(&,€,...,£~1) or further (dynamic) output feedback u(y) remains a
challenge, even under the minimum-phase assumption.
Before reviewing the output feedback approaches for system (1), it is important to introduce a specific cascade
system:
ﬁ:fo(n’é-?.g?""g(r_l))? X
£ = f(&,6,.. €)Y+ g(€,6, . D), (2)
y=¢&
For the above system (2), high-gain observer approaches [8-15] are typically employed to achieve output feedback
stabilization. As elaborated in [9,10,13], this cascade system (2) is semiglobally stabilizable using output feedback

if it is globally or semiglobally stabilizable by a (dynamic) partial state feedback (¢, 5 yoes & (T_l)). This raises a
crucial question about the existence of such partial state feedback. Note that the {-subsystem is a fully linearizable
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and naturally equipped with a globally stabilizing state feedback uh(S,é g ,f(r’l)). However, even under the
minimum-phase assumption, global or semiglobal stabilization for system (2) may not be achieved merely using uy,.
This is because of the peaking phenomenon [16] in the responses of states & &, €D ag reported in [6] and
Chapter 4.5 in [7]. Therefore, supplementary assumptions, including the input-to-state stability (ISS) condition
(see [15,17,18]), the bounded-input-to-bounded-state (BIBS) condition (see [19]), the global growth conditions
on fo (see [20]), and the special structural restrictions on the n-subsystem (see [21-24]) are usually imposed.
When imposing exclusively structural restrictions on the n-subsystem, low-gain feedback [22,23] and small signal
feedback [21] can be effectively used. For example, in [23], semiglobal stabilization for the minimum-phase system
(2) was achieved using linear high-and-low gain feedback (a class of partial state feedback), where the £-subsystem
was in the linear form and the n-subsystem presented 1) = fo(n, p(£€00~1)E0)) with ro € {1,2,...,7}.

When it concerns system (1), extended high-gain observer methods [11,19,25-27] were employed to achieve
output feedback stabilization. In [11,19,27], semiglobally practical output feedback stabilization was achieved for
system (1), where the n-subsystem was BIBS system with respect to states ¢, f, ..., &= was achieved. However,
the ISS and BIBS assumption is more stringent than the minimum-phase assumption (as discussed in the example
(36)), making it less elegant both theoretically and practically.

In the following, we focus on the minimum-phase system

0= foln, w(€70 71, £0)el0)),
5(7‘) = f(77a§7§a s 7§(T_1)) + g(n7§7§7 e 7§(T_1))u7 (3)
y=¢,

where u € R is the input, y € R is the output, n € R, € € R, () is the i-th derivative of £, €0~ and £(7) are two
consecutive derivatives of £ with g € {1,2,...,r}, and fy and ¢ are unknown sufficiently smooth functions with
fo(0) =0, f and g are unknown C' functions, with f(0) = 0 and g(-) > 0 for all its arguments. Besides, system (3)
satisfies the following minimum-phase assumption [18,28,29].
Assumption 1. The equilibrium 7 = 0 of the zero dynamics 1 = fo(n,0) is globally asymptotically stable (GAS).
Readers may be interested in the special structure of the n-subsystem in (3). On the one hand, for system (3)
with the relative degree r < 2, this structural restriction is nearly nonexistent, since 1) is a general function. As
reported in [30], this type of normal form can be applied to some underactuated systems with appropriate outputs,
such as the inertia wheel pendulum system, TORA system, and planar vertical takeoff and landing aircraft system.
On the other hand, the structural restriction seems not so stringent since any two consecutive derivatives of £ are
allowed in the cross term (€701 ¢(ro))g(ro),
Based on the concept of semiglobally practical stabilization reported in [31], we state our control objective.

Problem 1 (Semiglobally practical stabilization). Let Assumption 1 be met. Find an observer-based output
feedback u = u(y,¢) with ¢ = ¥(y,(¢), independent of fo, 1, f, and g, for system (3) such that the trajectory
(n(t), (), ..., (t),((t)) of the closed-loop system, starting from an arbitrarily large compact set, enters an
arbitrarily small compact set in the finite time and then remains in it thereafter.

Motivated by the (extended) high-gain observer approaches [10,11,19], the semiglobal stabilization approaches
[31-34], and the properties of the parametric Lyapunov equation [35,36], we intend to offer a concise and universal
output feedback approach for system (3) under less amount of model information. The contributions of our study
are outlined below.

e Semiglobally practical stabilization for system (3) is achieved by output feedback in the absence of the exact
form of model functions fy, v, f, and g. In this way, the developed controller effectively operates under any
practical initial conditions and is somewhat considered a universal (model-free) controller (as detailed in Remark
5). Our results show that a minimum-phase normal form with the relative degree r < 2 is semiglobally practically
stabilizable by output feedback.

e System (3) involves the unknown control gain, the matched uncertainties, and the unknown internal dynamics
due to the unknown fy, ¥, f, and g. These features differentiate our method from those in [9,10,37]. In addition,
any bounded conditions, such as the globally Lipschitz condition [38,39], the linear growth condition (see [36]) and
polynomial growth condition (see [40,41]), are not imposed on the nonlinear functions fo, ¥, f, and g.

e Except for the basic assumptions such as the equilibrium assumption, only the minimum-phase assumption
(Assumption 1) is imposed on system (3). The minimum-phase assumption is less stringent than the BIBS as-
sumption (used in [19] and Chapter 6 in [11]) or the ISS assumption (used in [15,17,18]). Moreover, our model
assumption is different from that in [30], and the employed nonlinear &-subsystem of system (3) is more general
than the linear one in [34].
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e System (3) exhibits an interconnected form and can be nonuniformly (completely) observable (see the exact
definition in [33] or [42]), indicating a difference from the related studies [9,10,32-34,42,43].

Notation. A function f(x): D — R™ is said to be C" (denoted by f(x) € C") on a domain D C R" if it is r
orders continuously differentiable for some integer r > 1. 2\ © represents the complement of the set 6 in 2. We
use diag(cy, ¢, ..., ¢,) to denote a diagonal matrix whose i-th diagonal element is the scalar ¢;.

2 Preliminaries

2.1 Design tools

Let us recall the properties of the parametric Lyapunov equation (PLE). Denote (A,b,c) € (R™*" R™"*!

Rlxn) as
0 n—1)x1 In—l 0 n—1)x1
A= | (D)x b= (n—1)x ,C:{lolx(n_l)}, (4)
0 O1%(n—1) 1
Lemma 1 ([35,36]). Let (A,c) be given by (4). Then the following PLE:
AQ + QAT = QcTeQ = —Q ()

has a unique positive definite solution @ = Q(v) if and only if v > 0. Assumed that this is satisfied.
(1) The solution Q(y) = W~*(y) is solved from the Lyapunov equation W (v)(A+31,,)+(A+31,)"W(v) = c'e.
Moreover, Q(7) can be given by

Q) ="' L (MQuLy (), (6)
where Q,, = Q(1) and L, (v) = diag(y"~1,7"72,...,1).
(2) A—Q(vy)cTe (respectively, A — Q,cTc) is Hurwitz and its eigenvalues are —v (respectively, —1).

We proceed with two classes of saturation functions. Given a positive scalar M, a C° saturation function op;: R —
[—M, M] is defined as
oy (x) = sign(x) min{|x|, M}.

Another C! saturation function p(as4): R = [-M —1/(27), M +1/(2v)] is defined as
1

M+ — > M +1/n,
+127, x +1/y
x—iw(x—M)Q, M<z<M+1/y,
p(M,’Y)('r): z, —M<$<M,
1
£C+§’Y(I+M)2, -M—-1/y<xz<—M,
1
M- <M -1/,
2’_)/7 € //y

where M and + are two positive scalars. Such a p(s,) () satisfies

1
‘p(M,’Y)(fL') _UM(.”L')‘ < %, Vo € R. (7)

These two saturation functions are depicted in Figure 1.
2.2 Analysis tools

In what follows, we omit the uniformity with respect to time ¢ for the time-varying system and let ¢ty = 0 without
loss of generality. Thus, the initial condition is denoted as g = x(0) = x(to).

Lemma 2. Consider the singularly perturbed system
i:Fo(I>+A1(I,6,t), IOZx(O)v (8)
e=~yP(x,e,t) + Ax(z,e,t), eg =e(0) =eo(y), (9)
where z € R™, e € R", v € [1,00) is an adjustable parameter, the initial condition ey = eg(7y) satisfies ||eg(7y)]| <
ey, ec > 0 is an arbitrarily large scalar independent of v, p > 0 is an arbitrary (finite) constant independent of
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Figure 1 (Color online) Saturation functions.
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Figure 2 (Color online) Local convergence of the system trajectory.

7, the initial condition x¢ is independent of v, Fy(x) and @(x,e,t) are piecewise continuous functions independent
of v, with F5(0) = 0 and €(0,0,¢) =0, Vt > 0, Ay(x,e,t) and Ag(x,e,t) are piecewise continuous functions, with
A41(0,0,t) =0, A2(0,0,t) =0, ¥Vt > 0. Suppose that

(1) The equilibrium 2 = 0 of the nominal z-subsystem & = Fy(x) is locally asymptotically stable (LAS), with
region of attraction (ROA) denoted by R C R™;

(2) Given any subset Iy C R, the reduced e-subsystem é = ®(x,e,t) has a C' Lyapunov function U(e) : R" —
R satisfying

cillel” SU(e) < ez lell”, Ve € R™, (10)
) g, e,1) < —es el ¥ (w.e.1) € I x B x [0,00), )
(&
oU
H 8(6) ‘ <cyllef, Ve e R™, (12)
e

where c¢1, ¢, c3, ¢4 are positive constants independent of ~;
(3) Given any subset Iy C R, there exist positive constants dg, 01, d2, d3 independent of v such that

A1 (2, e, t)|| < b0, V(x,e,t) € Ix x R" x [0, 00), (13)
1A (z, e, t)|| < 61 |le]| + d2, V(z,e,t) € [k x R x [0, 00), (14)
||A1(I,6,t)|| < 53 H6||a V(x,e,t) € FX X FC X [0,00), (15)

where I', £ {e € R": ||e]|* < ¥2/42} and ¥ is some positive constant independent, of 7.

Then, given any compact subset {2, C I'y and an arbitrarily small compact set 4. C R™T" both centered at the
origin, there exists a v, € [1,00) such that, for any v € [va,00), the trajectory (z(t),e(t)) of system (8) and (9),
with its initial condition (zg, ep) € 2 x R™, enters the set A, in the finite time and then remains in it thereafter.
Proof.  See Appendix A.

Remark 1. The proof in Appendix A introduces a composite Lyapunov function W (z, e) on the set (I'y x 1)\ Ae,
which is challenging to establish due to the interconnection of two subsystems. This Lyapunov function directly
implies that the trajectory (x(t),e(t)) starting from (I, x I'.)\4e asymptotically enters the arbitrarily small set
A. (as depicted in Figure 2). In addition, such a Lyapunov function W (z, e) will facilitate the stability analysis of
interconnected systems consisting of multiple subsystems in the form of (8) and (9).
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Lemma 3. Consider the well-defined singularly perturbed system (8) and (9). Suppose that

(1) The conditions in Lemma 2 are satisfied;
(2) The equilibrium 2z = 0 of the nominal z-subsystem 4 = Fy(x) is locally exponentially stable (LES);
(3) There exist positive constants d4 and J5 independent of v such that

[A2(, e,t)[| < dallef| + 05 [[z]|, V(z,e,t) € Ac x [0, 00), (16)

where A. C R™*™ is an arbitrarily small compact set.

Then, given any compact subset (2 C I, centered at the origin, there exists a vy € [va, 00) such that, for any
v € [, ), the equilibrium (z,e) = (0,0) of system (8) and (9) is LAS with ROA containing 2 x R™, where 7, is
the one in Lemma 2.

Proof.  This proof follows a similar procedure as the proof of Theorem 5 in [10].
We mention that the LES condition in Item 2 can be relaxed to other ones (see Assumption 4 in [10]).

3 Main results

Rewrite system (3) in the subsequent state-space form

77 = fO(T]a 1/}('r7“0 ’ IroJrl)xrngl)v
&= Acx+b. (f(n,z) + g(n,x)u), (17)
y = ch7

where © = [z 2o --- 2, ]7 is the state with z; = €071 and the triple (Ac, be, c.) € (R™", R"*1 R'*") shares the
similar form as (A4,b,c¢) in (4).
3.1 Ideal target system

An ideal state feedback is constructed as

1
(n, )

(v(z) = f(n,2)) £ ¢(n,x), (18)

u =

Q

r—7ro

T0 1
v(z) = — Z 7 Gi%r—roi — Z ksbiw; (), (19)
i=1 "9 i=1

ro
1 .

w; () = Try—ip2 + g 7 GiTiti—1, 1= 1,2,...,7 = o,
S

j=1
where ks € [1,00) is the scalar parameter determined by the following Lemma 4, a;, ¢ = 1,2,...,7¢ and b;,
i=1,2,...,7 — ro are parameters chosen such that companion polynomials s™ + a,,s™ "> +--- +a; and s"~" +

by_pys" 071 4+ ... + by are Hurwitz. We point out that the partial state feedback v(z) is in the linear form and
designed based on the linear high-and-low-gain approach [22,24]. However, as the nonlinear input transformation
in (18) is employed, the entire state feedback ¢(n,x) is no longer linear.

Thus, the closed-loop system consisting of (17) and (18) presents
{ I ‘T’I‘ 7‘T7‘ x’r‘
7? — fO(n w( 0 0+1) 0+1) é Fo(T],ZZ?) (20)
z Acx + bev(z)
We also view system (20) as the ideal target system to be recovered by our developed observer. Following a similar
proof for Theorem 2 of [24], we have the following results.
Lemma 4. Let Assumption 1 be met. There exists a constant kg € [1,00) such that, for any ks € [ks., 00), the

equilibrium (n, x) = (0,0) of the ideal target system (20) is LAS, and its ROA, denoted by R C R!*", contains any
compact subset 2, C RIF".
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Let kg € [ksx, 00) be satisfied. It then follows from the converse Lyapunov theorem (Theorem 4.17 in [44]) that
there exists a C> positive definite function V(n,z): R — Rxq such that

oV (n, )

TR <0, ¥(n,z) € R, 21
a0,z) o) (n,x) € (21)
li = 22

am Y (12) =00, ¥(1,2) €R, (22)

where OR denotes the boundary of R. In view of the positive definiteness of V(n, z) and (22), we can define a set
FX = {(77733) € RIJFTZ V(Wﬂ?) < UO}?

such that 2, C Iy, C R, where vy is some positive constant. It follows from (21) and (22) that the set I, is a
positively invariant compact set for the ideal target system (20), that is,

(Mo, o) € Iy = (n(t),x(t)) € I'y, Vt > 0. (23)
3.2 Output feedback

We then introduce some preliminaries for the extended observer design. Taking a control gain go € (0, 0o] (selecting
later) as the approximation to g(n, x), the approximation error is denoted by

g(n,z) £ g(n,x) — go.

Instead of employing 1 in the state feedback ¢(n, z) (see (18)), we tend to find an extended state w to offset the
influence of the unusable state 7. In other words, it is expected to construct a new state feedback relying on the
states x and w:

v(x) —

pla, ) 2 go“7=¢ohw, (24)

where v(x) is given by (19). Thus the extended state @ can be expressed as

w = —god(n,x) +v(zx) = f(n,z) + g(n, x)p(n, x)
= f(n,z) + g(n, z)p(z, @). (25)

We define n 2 r+1 and bg 2 [0 --- 0 1 0]7 € R™. Then along with (4,b,¢) is given by (4), we have

Ii],c_[cco],bd_lﬂ. (26)

The PLE-based extended observer and the output feedback are designed as
z
@

where & and @ are the estimations of z and w, respectively, go € (0,00] is selected later, Q(v) € R™*™ is the
solution to the PLE (5) with v € [1,00) to be determined, ¢(Z, <) shares the same form as p(x,w) in (24) and
its parameter ks is well selected, and the scalar parameter M in the saturation function ops(p(#,@)) (defined in
Subsection 2.1) is chosen such that

Ac b
ler 0

A:

)

+mwﬁ(ww[;

U = UM(SD(‘%v @)) = @S(j7@)7 (28)

=A

) + bagou, (27)

z
w

M > max |p(z,@)| = M. (29)
(ﬁxw)erx

Such M and M are independent of  and always exist due to (24) and (25).

Remark 2. The saturation operation in (28), motivated by the similar operation in [10,11,19], is used to prevent
the incorporation of undesired information (particularly peaking information). As elaborated in (23), the trajectory
(n(t),z(t)) of the ideal target system (20), starting from the arbitrarily large compact set Iy, always remains in
the set I'y. This indicates that I'y is the set of interest, containing all the necessary information for semiglobal
stabilization. Thus we can choose a scalar M as described in (29) and saturate o(Z, @) to [—M, M].
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Remark 3. As the observability or detectability of system (17) having the internal dynamics usually fails to hold,
designing an observer for the 7-subsystem is difficult (if not possible). Then without the estimation 7) for the state 7,
not only the control gain g(7), ) and the matched uncertainty f(7, Z) are unknown, but also the estimation ¢(7j, )
for the preliminary state feedback ¢(n, ) remains unknown. Fortunately, by recognizing the extended state w and
using the extended observer, we can obtain ¢(Z, ) to substitute the unattainable ¢(7), ). From this perspective,
our approach naturally incorporates the idea of the unknown input observer in a sense.

Motivated by [19], define an auxiliary state as

AL

W= f(777 x) + §(777 x)p(]W,v) (‘P (xv @)) f(777 x) + g(na I)‘PP (xv TAD) ) (30)

where p(y7.4) is the C! saturation function defined in Subsection 2.1. Then, the scaled estimation-error (discussed
latter) is defined as

— W

e2 Ly(y) lx_ﬂ : (31)

where L, (v) = diag(y" 1,9 2,...,1). In view of the plant system (17) and observer (27), the e-subsystem can be
evaluated as

é:L,,(A

=1L, (A — Q(v)cTc) [

T
) ) —l—bdgou)
w

where L,, = L,(7), (26), (30), L,bqa = b4, and L,b = b are used. Along with L, A = vAL,, (6), and L;'cT =
et /4"~ we have

T T
w o

+ba (f(n,2) + g9(n, 2)u — w) + bw) —Ln <A

+Q(y)c" <y —c [

Xr — X . - R
| 0w+ yba (9(n, x)u — g(n, x)¢” (x, @) — gou),

w—w

Ly, (A — Q(’y)cTc) [ o gf =~AL, v af — L, (V2”71L;1QnL;1) cte [ o af =~vAe — yQnc ce.
w—1w w—w w—w
Similarily, we have &= T QT ce = ygn1ce and subsequently,
o . (). G
W= f(n,z)+gn2)e" (z,@)+gn,z)p (. 20) ;4 )p’vqnlce,

Oz 90
where Q,, = Q(1), g;; is the i-th row and j-th column element of Q,,, and p’ £ dy? (z, %) /dy (z,@).

Subsequently, in view of p(z,w) = ¢(n, x) given by (24), the closed-loop system consisting of the plant system
(17) and the output feedback (27) and (28) can be formulated as

X:FO(X)'FAI(XV@MAE)? (32)
¢ = (Ae — Bk(t)ce) + Aa(x, &, @), (33)

where y 2 col(n, z), Fo(x) is the one in (20), and

Readers may be interested in the actual estimation error w — @, rather than w — @ in (31). To clarify this issue,
let us introduce Lemma 5.
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Lemma 5. If the condition

’g(”’x)‘ <1, V() € T, (34)
90

is satisfied, then there holds
e=0=>w=w=w, V(n,2) € I.

Proof.  The fact e = 0 = w = w follows by (31). It remains to show e = 0 = w = w, V(n,z) € I'y. Along with
(25) and (30), we have
@ —w=g(n,z) (p(z, @) - ¢ (z,w)),

as long as e = 0. Then by using the definition of the saturation function p(s,) and its parameter M chosen in
(29), we have ¢(z,w) = ¢”(z,w), ¥(n,z) € Iy, and subsequently,

w—w=g(n,z) (Spp(wi) —¢" (z,w)), V(n,x) eIy,
as long as e = 0. It then follows from the globally Lispchitz property of p(s.,) and (24) that

g(n,z)

|w_w|7 V(Wﬂf) € an
90

o — o] < 130, )| (e, @) — o ()] = }

as long as e = 0. Thus the lemma is valid by noting condition (34).

Remark 4. When condition (34) is removed, w = w = w is not always satisfied even when (1, z) € Iy, and e = 0.
Therefore, condition (34) is essential for guaranteeing that e = 0 = ¢*(&, @) = ¢(z, w), ¥(n,z) € I'y. This further
ensures the successful recovery of the ideal target system (20) when e — 0, namely, e — 0 = Aq(n,z,2,w) — 0.
The above property is crucial because the x-subsystem (32), despite having an asymptotically stable x = Fy(x),
may exhibit finite-time-escaping if Aq(n,x,Z, <) is merely bounded but failing to converge to zero.

We proceed to investigate the properties of the closed-loop system (32) and (33). Firstly, under the condition (34),
the equilibrium of the closed-loop system (32) and (33) lies on the point (x,e) = (0,0). Secondly, the properties
of the reduced e-subsystem and the cross-terms Aq(x, &, @), As(x, 2, ) are concluded in Lemmas 6, whose proofs
are conducted in Appendixes B and C, respectively.

Lemma 6. Let the condition (34) be met and consider the system
é = Ae — Bk(t)ce, (35)

where (A, B,c) and k(t) are same as those in (33). Then when (n,z) € I, there exists a Lyapunov function
U(e) = €T Qe such that the time derivative of U(e) along the trajectory of system (35) satisfies

Ule)l(ss) < —pl(e), Ve € R™,

where @ € R™*" is a positive definite matrix and g > 0 is a constant, both independent of ~.

Lemma 7. Let the condition (34) be met. There exist a sufficiently large constant 1 € [1, 00) and some positive
constants g, 01, d2, 03, d4, 05 independent of « such that, for any v € [y1, 00),

4106, 2, @) < do, V(x;€) € Iy x R,
[42(x, 2, @)[| < o llell + 62, V(x; ) € Iy x R,
14106 &, @)l < dsllell, V(x.e) € I x I,
14206 & @) < daflell + 05 Ixll, V(x,€) € Iy x I,

where IT, £ {e € R": ||e]|* < ¥2/42} and ¥ is some positive constant independent, of +.
Until now, our main result can be summarized as follows.

Theorem 1 (Semiglobally practical stabilization). Let Assumption 1 and condition (34) be met. There exists a
Ya € [y1,00) such that, for any v € [y,, 00), system (3) is semiglobally practically stabilized by the output feedback
(27) and (28), that is, given an arbitrary compact set 2, C R'*" and an arbitrarily small set 4. C R " both
centered at the origin, the trajectory (x(¢),e(t)) of the closed-loop system (32) and (33), with the initial condition
(X0, €0) € £2, x R", enters the set A, in the finite time and then remains in it thereafter.
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Proof. This proof follows directly by using Lemma 2. The initial condition Yo is independent of v, and eg
satisfies |leg|] < "1 ||(wo — £0,wo — @o)]|, with the initial conditions 2o — 2o and wy — @ independent of . Then,
the remaining conditions of Lemma 2 are verified individually. Firstly, it follows from Lemma 4 that the nominal
x-subsystem & = Fy(z) is LAS with ROA R containing any compact sets. Without loss of generality, we employ Iy
to represent these compact sets. Secondly, it follows from Lemma 6 that the reduced e-subsystem has a Laypunov
function U(e) = eT Qe satisfying (10)—(12) when x € I'y. Thirdly, the first three conditions in Lemma 7 directly
imply the conditions (13)—(15). Finally, applying Lemma 2 for the closed-loop system (32) and (33) obtains that for
an arbitrary compact subset (2, C I, C R, the trajectory (x(t),e(t)), with the initial condition (xo,eo) € 2, x R,
enters the set A in the finite time and then remains in it thereafter. Furthermore, in view of the arbitrary large
set R and the definition of I', the set {2, can be set as any compact set of RI*7.

Readers may be interested in the applicability of the condition (34). It is worth mentioning that condition (34)
can be satisfied by choosing an appropriate go. For instance, if we choose go >max(, ,)er, 9(n, ), it then follows
from g(n,z) > 0 and go > 0 that 0 < g(n,z)/go < 1 holds for any (n,x) € Iy, which is exactly the condition (34).
Then we obtain a corollary from Theorem 1 for practical applications.

Corollary 1. Let Assumption 1 and go > max(, )cr, 9(1, ). There exists a 7. € [y1,00) such that, for any
v € [Ya, o0), system (3) is semiglobally practically stabilized by the output feedback (27) and (28). Thus, Problem
1 is solved.

Remark 5. The controller (27) and (28) is somewhat a universal (model-free) controller. To clarify this point,
note the following;:

e fo, ¥, f, and g are unknown general functions without any bounded conditions;

e The minimum-phase property (see Assumption 1) is an inherent characteristic of physical systems with a
prescribed output y and is independent of the model process;

e The controller (27) and (28) only employs the output y = x; and structural information (e.g., the relative
degree r);

e The controller (27) and (28) works for any practical initial conditions;

e The parameters v and go can be chosen by trial.

Therefore, if physical systems share the same structure as system (3), the developed controller (27) and (28)
operates in a universal (model-free) manner similar to a PID controller or an active disturbance rejection controller
(see [45,46]). More exactly, since the PLE-based extended observer (27) also serves as a high-gain differentiator
like those in [47,48], the developed output feedback (27) and (28) can be recognized as a generalized PD controller
subject to saturation, where the derivative of the output y is obtained using the differentiator (27). Evidently, our
controller is distinctive from the integral controller proposed in the early work [18] for nonlinear systems with ISS
internal dynamics.

Remark 6. The implementation of the developed observer (27) is straightforward, as its gain matrix Q(v)cT is
directly calculated by the explicit solution (6) of the PLE (5). In addition, the property (outlined in Item 2) of the
PLE (5) plays a crucial role in establishing the strictly positive realness of the system (A, B, koc, 1) in the proof of
Lemma 6 (see Appendix B). These properties of the PLE facilitate both the observer design and stability analysis.
For further details on PLE properties, readers can refer to [35,36]. Readers may be interested in the quantitative
selection of the parameters v, go, and M. Tt is difficult (if not impossible) to provide a quantitative selection method
when considering the general system (3) with fo, ¥, f, and g unknown. These parameters are typically determined
by trial. Alternatively, for a specific system with certain model information, a systematic approach, such as the
traversing method used by [37], can be employed to explore a quantitative selection procedure for these parameters.

When system (3) has a relative degree r < 2, the involving structural restriction is nearly nonexistent, since 1 is
a general function. We then present the following appealing result.

Corollary 2. The well-defined minimum-phase normal form (3) with the relative degree r < 2 is semiglobally
practically stabilizable by the output feedback (27) and (28) with the sufficiently large v and go.

The results presented in Corollary 2 are particularly interesting as the “observability” is not required in the
discussion. This implies that system (3) may allow for unobservable internal dynamics. This observation further
motivates us to investigate dynamic output feedback directly, rather than focusing on the observer, which may be
unnecessary in certain contexts. Finally, we investigate the conditions required to achieve semiglobal stabilization
for system (3).

Theorem 2 (Semiglobal stabilization). In addition to Assumption 1 and condition (34), assume that the equi-
librium 7 = 0 of the zero dynamics 7 = fo(n,0) of system (3) is LES. Then there exists a 71, € [Ya, 00) such that,
for any v € [y, 00), system (3) is semiglobally stabilized by the output feedback (27) and (28), that is, given an
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arbitrary compact set {2, C R!*" centered at the origin, the equilibrium (x,e) = (0,0) of the closed-loop system
(32) and (33) is LAS with ROA containing 2, x R™.
Proof.  The conditions of Lemma 3 are verified individually. Firstly, as detailed in the proof of Theorem 1, Item
1 in Lemma 3 has been verified. Secondly, with a linear stabilizing feedback v(z) in (18), the z-subsystem of the
ideal target system (20) is in the linear form and thus LES. Notice that 7 = fo(n,0,0) is also LES. It then follows
from Lemma 13.1 in [44] that the nominal system x = Fy() is LES. Thirdly, we can employ the fourth condition
of Lemma 7 to prove that the condition (16) of Lemma 3 holds. Finally, this proof is finished by employing Lemma
3.

We note that Corollaries 1 and 2 are enhanced to be semiglobal stabilization result if the zero dynamics n =
fo(n,0,0) is further assumed to be LES. In addition, the LES condition can be relaxed to other ones (e.g., see
Assumption 4 in [10]).

4 An illustrative example

Consider the following system:

7= —0.5(1 + z223)n°, 010 0
j::ACa:+bC(x2x3773+(l—i-nzx%)u), Ac=1001|,b.=1]0 ,CCZ[IOO}. (36)
Y = Cc, 000 1

We note that the n-subsystem is not BIBS stable with respect to a3, even with 7 = —0.5n3 being GAS. If we
choose x5 (t)z3(t) = —k?te " for some k > 0, the solution to (36) presents n?(t) = n3/(1+n3(t+ (1 + kt)e * — 1)),
and if the initial condition || > 1, there exists a sufficiently large k (not infinite) such that 7(¢) escapes to co in the
finite time. Clearly, the BIBS stability with respect to x is not true for the 7 -subsystem of (36). Therefore, such a
system (36) is quite different from the listed examples in [19]. In addition, the nonlinear function woz3n3 violates
the global Lipschitz condition (see [38,39]), the linear growth condition (see [36]), the polynomial growth condition
(see [40,41]), the homogenous growth condition (see [49]), and other nonlinear growth conditions (see [50]).
We now state our approach. According to (27) and (28), the output feedback is designed as

K

where (A, bg,c) is given by (26) with n = 4. The parameters ks = 2.5, ag = 1, a1 = 2, by = 1 are chosen
according to Lemma 4. Q(v) is obtained by Lemma 1. Set the initial conditions of the plant system and observer
as (n(0),z1(0),22(0), 23(0)) = (2,-2,2,2) and (£1(0),22(0), 25(0),25(0)) = (—2,0,0,0), respectively. Choose gy =
100, M = 31 (the parameter in the saturation function o)), and v = 170. Subsequently, the simulation results are
given in Figure 3, which validates the results of Corollary 1. We note that w in figure is the extended state defined
in (25).

2 +Q<v>cT<y—c[;

’U(ii‘) —w R aobo R an N aq R
— oy (22 —® - ~(arbo+ 20} G — (B 4 koo ) 2,
U= 0N ( % ) , ’U(,T) ke T (al o0 + ks> To (ks + 0) T3

=A

) + bagou,

5 Conclusion

Semiglobally practical output feedback stabilization was achieved for a class of uncertain minimum-phase nonlinear
systems involving an unknown control gain, matched uncertainty, and unknown internal dynamics. Notably, neither
boundedness conditions are imposed on the nonlinear model functions, nor ISS and BIBS conditions were imposed
on the system’s internal dynamics. Once the system output and structural information (e.g., the relative degree r)
are known, the developed output feedback effectively operates under any practical initial conditions. Therefore, it
operates as a somewhat universal (model-free) controller. Our results showed that a minimum-phase normal form
with the relative degree r < 2 is semiglobally practically stabilizable by output feedback.

The developed approach incorporates the extended high-gain observer approach and the high-and-low gain feed-
back approach. A class of high-and-low gain state feedback was employed to establish an ideal target system that
is locally asymptotically stable, with an ROA encompassing any compact set. Subsequently, a PLE-based extended
observer was designed to recover the asymptotical performance and ROA of this ideal target system. The observer
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Figure 3 (Color online) Simulation results.

gain matrix was obtained from the solution to PLE, rather than using a pole assignment approach. Finally, an illus-
trative example featuring non-BIBS-stable internal dynamics was chosen to verify the superiority of the developed
approach.
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Appendix A Proof of Lemma 2

This proof is motivated by the well-known work [10]. Except for some modifications in conditions, the main distinction lies in the
asymptotical performance of the trajectory (x(t), e(t)) to the small set A..

We omit the time domain [0, co) without loss of generality and begin with some properties. It follows from Item 1 in Lemma 2 and
the converse Lyapunov theorem (see Theorem 4.17 in [44]) that there exists a C° positive definite function V(z): R — Rxo and a C°
positive definite function Vy(z): R — R>q such that

oV
B(I) Fo(z) < —Vo(z), Vz € R, (A1)
x
lim V(z) =00, Vz € R, (A2)
z—0R

where OR is the boundary of R. Since zg and Fp(x) are independent of v, the ROA R is also independent of . For any subset I'x C R,
we define it without loss of generality as

I'n2{z eR™: V(z) < v},
where v is some positive constant independent of +, selected to guarantee I'x C R. Clearly, Ik is a compact set owing to (A2).

Step 1. We will show a fact that the set I'x x I'e can be a positively invariant set for system (8) and (9). Let 0I'x = {x € R": V() = v}
be the boundary of I'x. It follows from (A1) and (15) that the time derivative of V(x) along the trajectory of the z-subsystem (8)
satisfies

. oV (x) V(x)
Vv =
()l (s) o o
—Vo(x) + p1ds le]l
—po + 1103 |le]]
—po + 11639/, V(x,e) € 0k X I, (A3)

F()(Z‘) + o

Aq(z,e,t)

NN N

where po £ mingear, Vo(z) and pu1 £ maxger, |0V (z)/0z| are some positive constants independent of ~.
Let 0T £ {e € R™: |le]|2 = 9% /42} be the boundary of I's. It follows from (11), (12) and (14) that the time derivative of U(e) along
the trajectory of the e-subsystem (9) presents

AU (e)

aU (e)
Oe *

de

yd(e,t) Az (z,e,t)

Ule)lo) =
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—cay lell® + cadu [lel|® + cada el
—c39% /7y + cad19% /4% + cad29 )y
= —c3092/ (27) + ca6192% /42, ¥ (x,e) € I'x x T, (A4)

N

where ¥ is chosen as ¥ = 2¢4d2/c3.
It can be concluded from (A3) and (A4) that there exists a 1 € [1,00) such that, for any v € [y1, 00),

V(z)l(s)
U(e)l (o)

0, V(z,e) € OI'x X I,

<
<0, Y(z,e) € I'x x 0T,

which implies that, under v € [vy1,00), the set I'x X I'¢ is a positively invariant set for system (8) and (9), that is,
(z0,e0) € I'x X T'e = (z(t),e(t)) € I'x X I'e, YVt > 0.

Step 2. We then prove that the trajectory (z(t), e(t)) ultimately enters the positively invariant set I'x X I'e. We know from (8) and
(13) that ||#|| is upper bounded by a constant independent of ~, as long as € I'x. This, together with 2x C Iy, directly implies that
there exists a finite time interval [0, ¢p] with ¢, being independent of 4 such that

0 € 2x = z(t) € I'x, Vt € [0,1p], (Ab)

that is, the trajectory x(t) starting from the interior of I'x remains in the set I'x for all ¢t € [0,¢p], regardless of the trajectory e(t).
Following a similar procedure as (A4) and using (10), we can find a 2 € [1,00) such that, for any v € [y2, ),

U(e)loy < —eav llel® + cadi llel® + cadz |lel]
< —pyU(e), V(z,e) € I'x Xx R™\ I,

where p > 0 is some constant independent of . This, together with (10), (A5), and the property of eg, further implies that, for any
S [727 OO),

1 1 _ ot C2
le()* < —Ul(e(t)) < —e *7'Ueg) < e 7" =|leo|?
c1 c1 c1

< C—zegyzi"e*‘”t 2 apyPe M Y (2,€) € I'x X R™M\Te. (A6)
C1

In the following analysis, we suppose that the trajectory x(¢) starts from (2. Then combining (A5) and (A6) obtains that, for any
v € [y2,00) and e € R\ T%,
le@®1? < apy?Pe ™7, Wt € [0, t). (A7)

Let tc(7) be a time such that e(t) first arrives at the boundary of I'e (namely, 0Ic). In view of (A6), we get tc(y) < ti(vy), where ¢£(7)
satisfies agy2Pe~H7ic (V) = 92 /42 and thus leads to
1 2(p+1)
ti(y) & —1In et
Y

192

Noting that lim o t}(v) = 0 and o, p, ¥ are independent of ~, there exists a 3 € [y2,00) such that tc = tc(y) < t5(y) < ty, for any
v € [v3,00). Thus, there is no contradiction to the necessary condition t € [0, t,] of (A7). Given (A5) and t. < ty,, the trajectory z(t)
still remains in the set I'x until the time tc, while e(t) enters the set I'c in the finite time tc, that is, (zo,e0) € 2x X R™ = (z(tc), e(te)) €
I'x x I'e. Thereafter, the trajectory (x(¢),e(t)) remains in the positively invariant set I'x X I (see the proof in Step 1) in this case.
Overall, the above ultimately bounded result can be summarized as, for any v € [max{~y1,73}, 00),

(z0,e0) € 2%x X R™ = (z(t), e(t)) € I'x X T'e, VYt > tc. (A8)
Step 3. We then show the local performance of the trajectory (z(t),e(t)) after it remains in I'x X I'e. Define a positive definite
function W(z,e): I'x x R™ — Rxq as
W(z,e) & V(z)+ Ule).
Without loss of generality, we can define the arbitrarily small compact set A as
Ne ={(z,e) € I'x X I'e : W(z,e) <€}
Besides, define the following sets:
Ac 2 {(x,e) € I'x X T : W(z,e) > €},
AL 2 {(z,e) € T'x x Te : Ule) > €},
Ay 2 {(z,€) € I'x X I'e : U(e) < €} N A..
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With the ultimately bounded result in (A8), the conditions (13)—(15) are applicable in the subsequent proof. Subsequently, the time
derivative of W = W (x, e) along the trajectory of system (8) and (9) presents

. oV (x oU (e
Wit and 0 = O (Fo(@) + A (e, + 20D (y0(a,e,) + A3(a,e,1)
< —Vo(x) + p183 [lell — sy llel|® + cady [lel|® + cadz [|e]|
< —Vo(x) — ca llell® + cadu [le]|® + (1183 + cady) [lel| , V(z,e) € A1 U Ag, (A9)

where (A1), p1 = maxzcr, |0V (x)/0x|, (15), (11), (12), and (14) are used.
The first case is on the set A;. Since there exists a 7v4,1(€) € [1, 00) such that, for any v € [y4,1(€), 00),

— (57— ca0) llell® + (105 + cad2) lle] <0, V(a,e) € Ay,
W\(g) and (9) in (A9) can be continued as, for any v € [y4,1(€), 00),
Wi(s) and 9 < —Vo(@) = Sy [lell”, V(. ¢) € 1. (A10)
Another case is on the set A2. Define a new function E(z,e): I'x x R™ — R as
B(w,€) £ ~Vo(e) +exdt el + (urda +eas2) el

We use a notation {e =0} = {(z,e) € I'x X Ic: e = 0} for simplicity. By noting W(z,0) = V(x) > € on the set Az, it yields a constant
v(e) > 0 independent of ~ such that
(z,e) €e{e=0}N A2 = E(z,e) = —Vp(x)/2 < —v(e),

which, together with the continuity of E(z,e), implies that there exists an open set Ac containing {e = 0} such that
(z,e) € Ac N A2 = E(z,e) < 0. (A11)

Such a set Ac can be defined as Ac = {(z,e) € I'x x I'e: U(e) < p(e)}, where p(e) < € is some positive constant independent of .
Ilustrations of these sets are depicted in Figure 2. Focused on the set Ac N A2, substituting (A11) into (A9) yields

. 1
W1(8) and (9) < —5V0(w) —csvllel|®, V(z,e) € Ae N As. (A12)

We then focus on the set A2\ Ac. Following a similar procedure as for (A10), there exists a v4,2(€) € [1,00) such that W\(s) and (9) 1N
(A9) can be continued as, for any v € [y4,2(€), 00),

. C
Wi(s) and (9) < —Vo(@) = Z[lell®, V(z,€) € A2\Ae. (A13)

Notice that Ac C A1 U Az = A1 U (A2\Ae) U (Ac N A2) and choose 44 (€) = max{ya,1(€), v4,2(€)}. Then combining (A10), (A12), and
(A13) yields, for any v € [ya(e), 00),

. 1 v
Wis) and 0 < =5 (Vol@) + eavlle]®) < —ueW, ¥(a,e) € A,

where pc is some positive constant independent of . This means that W(z,e) is a Lyapunov function on the set Ae. Tt then follows
that, for any v € [y4(€), 00),

W (z(t), e(t)) < e He'W(xg,eo) = e Hel (V(zo) + Uleo))
< (v + 02192) eTHel & g e Hel V(z,e) € Ae, (A14)

where we have used A C I'x X I'c and (10). Let tq be the time such that the trajectory (z(t), e(t)) starting from Iy x I' first arrives at the
boundary of A, namely, dAc £ {(z,e) € I'x x I'e: W(x,e) = €}. In view of (A14), we obtain tq < t}, where ¢} satisfies aye #old =e.

This further implies
1 «
tq <ty = —ln(—l)_
Hec €

Clearly, such a tq is independent of ~.

Overall, we define va = max{v1,73,74(€)} and choose ¥ € [ya,00). Then the trajectory (x(t),e(t)) with its initial condition
(z0,e0) € £2x x R™ enters the positively invariant set I'x X I'c in the finite time tc(7) (see (A8)). Later, the trajectory (z(t), e(t)) starting
from I'x X I'c enters the set A¢ in the finite time t4 and then remains in it thereafter. This proof is finished with the entire convergence
time being less than ts(y) £ tc(y) + tq.
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Appendix B Proof of Lemma 6
Let the condition (1, z) € I'y be satisfied in this proof. Rewrite system (35) as

¢ =Ae+ Bu, u= —k(t)y = —E(y), y = ce, (B1)

where ¢ is given in (4), v and y are viewed as the (time-varying) input and the output of the linear system (A, B), respectively. Along
with condition (34) and |p| < 1 (derived from the definition of p(p;,.y), we deduce |k(t)| = |p’g(n, z)/go| < 1 for its all arguments. We
focus on the case of 0 < k(t) < 1 without loss of generality. Let ko be a constant satisfying k(t) < ko < 1. Such a ko exists due to
0 < k(t) < 1. In this case, system (B1) is the well-known Lur’e system satisfying

E(y)(E(y) — koy) < 0. (B2)

In view of the definitions of A = A — QncTc, B = gn1b, and c given in (4), the transfer function of system (B1) is Go(s) = gn1/(s"
115"t 4+ -+ + gn1), where ¢ij denotes the i-th row and j-th column element of Q.. It then follows from Item 2 of Lemma 1
that the poles of Gg(s) lie on (—1,0) of the s-plane, which further implies ¢o1 = 1 and Go(s) = 1/(s+1)". We then obtain
IGo(s — @)l oo =sup,er |Go(jw —a)| =1/ (1 — )™ for some constant « satisfying 0 < o < 1.

Leta=1 —k(l)/n. Then we obtain from |Re (Go(jw — )| < [|Go(s — a)|| o, = 1/ko, Vw € R that the transfer function 14 koGo(s — )
is positive real with such an «, which further implies a strictly positive real transfer function 1+ koGo(s). By using the KYP lemma
(Lemma 6.3 in [44]) to 1 + kgGo(s) (whose minimal realization is (A, B, koc, 1), it yields a positive definite matrix Q € R™*", a matrix
L € R"*" a vector N € R", and a positive constant y = 2« such that

ATQ+ oA =—-LTL — 9, OB =koct —LTN, NTN =2.
With these equations, differentiating U(e) along the trajectory of system (B1) yields
Ue)ls1) = €T (ATQ+ QA)e + 2T QBu
= —ueTQe —eTLTLe +2eT (kocT — LTN) u
= —peT Qe — (Le)T Le 4 2(u + koce)u — (Nu)™ Nu — 2 (Le)T Nu
= —pueT Qe — (Le + Nu)T (Le + Nu) + 2(2(y) — koy)E(y), Ye € R™,

which, together with (B2), leads to U(e)|(Bl) < —peT Qe, Ve € R™. This proof is completed.

Appendix C Proof of Lemma 7

Let v € [1,00) be satisfied by default in this proof.

The first growth condition. In view of the continuity and the saturation operation, it is clear that Aq(x, &, <) is bounded independent
of v, as long as (x,e) € Iy x R™.

The second growth condition. We divide Ax(x, &, %) into two terms

A (X, 2, @) £ vba (9(0)¢° (&, @) — GOO¥” (2, D) — gop® (&, @) ,
NN ; * P N ~ , Op (:E,w) .
Asc(x, 2,%) =b( f(x) +300)¢° (x,) + G(x)p ~ %)

It follows from (7) and (28) that

424 (x; 2, @) = vI9(x)¥®(&,
=719(x) (¢°(2
=1(g0 — 9(x)
< (k1 + kr2) 9P (2, 0) — % (2, @)| + 7 (k1 + K2) |¢° (2, @) — ° (&, D)
< 2(k1 + k2) + v (k1 + k2) [@* (2, @) — ¢*(2,D)|, V(x,e) € Iy x R”

v) — §(X)¢” (z, @) — goy® (T, )|
@) — ¢’ (x,0)) + goy’ (z, @) — gop® (2, @)
(v

) (¢ (2, @) = ¢° (z,@)) + (90 — 9(x)) (¢°(z,@) — ¢*(2, D))

where k1 = maxyer, |g(x)| and k2 = go. Subsequently, it follows from the special forms of p(z,@) = (v(z) — @) /go (see (24)) and
v(z) (see (19)) that ¢(z,w) is globally Lipschitz with respect to (z,w), which further implies
lp (z, @) — p(2, @) < Ly ||z — 2|, Vz eR",2 € R", @ € R, (C1)
where L, is the Lipschitz constant independent of . Moreover, in view of (31), we have
lo =&l = || [ 1r 0mer | L7 (e <l /2 (€2)

We then obtain from the globally Lipschitz property of oz, (C1) and (C2) that

lp®(z, @) — *(2, @) < lp(, @) — (2, @)| < Ly |l — 2|
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S Lellell /v, ¥ (x,e) € Iy x R™.
Thus ||Azq(x, &,)]|| can be continued as
[[A2a(x, &, @)l <2 (k1 + K2) + Ly (51 + K2) [le]l, ¥V (x,€) € Iy x R™. (C3)
On the other hand, it follows from (24) and (32) that

Aacld ) = b (00 + 00? (@,) + Ly ), ()
90 x
&= |:0'r><(n7r) I ] X = |:0r><(n7'r) Ir ] (Fo(x) + A1(x, 2, @)) - (C5)

Then, along with |p’/| < 1, the boundedness of ¢P(-) and A1(x,Z,), and the continuity with respect to x, there exists a positive
constant k3 independent of « such that
lA2c(x, &, @) < k3, V(x,€) € Iy x R™. (Co)

Combining (C3) and (C6), we can deduce two positive constants 61 = Ly (k1 + k2) and d2 = 2 (k1 + k2) + k3 independent of v such
that
[42(x, 2, @)|| < o1 llell +d2, V(x,e) € I'x x R™.

The third growth condition. When condition (34) is satisfied, we know from Lemma 5 and (31) that
e=0=>2=x w=w=mw, Vx €Iy,
which, in view of (29), implies

e =0= max |¢(z,@)| = max |¢ (&, )\—max\ap(m w)| = Mo < M. (C7)
x€l'y X€E€I'y

Subsequently, we know from definition of I'e that v — oo = e — 0. It then follows from the continuity and (C7) that there exists a

constant 1 € [1,00) such that, for any v € [y1, 00),

max z,w)| < M, max T,0)| < M,
(X’E)prxpclw( )l (X,e)EFXXFCISD( )

which further implies that, for any v € [y1, 00),

P (x,w) = (z,w), V(x,e) € I'y x Ik, (C8)
¢° (&, @) = (2, @), V(xe) € I'x x Ik, (C9)
¢° (2, @) = ¢ (z,@), V(x;e) € I'x X Te. (C10)

This means that these terms are not saturated when e is sufficiently small and x € I'y. Then the auxiliary state w in (30) simplifies as,
for any v € [y1, 00),
w=f(nz)+30X)¢ (z, @), V(x,€) € I'x X Ie. (C11)
In this case, it follows from (24), (18), (C9), (C11), (C1), and (31) that, for any v € [y1, 00),
1410, 2, @)l = l90)¥® (&, &) — 9()P()| = l90)e(#, %) + f(x) — v(@)]

=10 + 30D (2, @) + gop (z, @) — v(@) + 9(x) (p(&, @) — ¢ (z,@))]

< fw — @]+ k1 |03, @) — ¢ (@, )

<sllell, V(x e) € I'x X I, (C12)

| <lw—=w|+ri1Le [z -2

where 63 = max{1,x1Ly}.
The fourth growth condition. It follows from (C8)—(C10), (C1), and (C2) that, for any v € [vy1, 00),

182400 &, @)l = 7 900, &) — G0 (2,%) — g0 (& @)
— 11500 (p(&, @) — ¢ (&, @))]
< (w1 + r2) Ly lell, ¥ (x,€) € I x T. (C13)

On the other hand, it follows from (C4) and (C5), |p’| < 1, the boundedness of ©?(-), f(x) = (Of(x)/dx) X, §(x) = (83(x)/dx) X, and
the continuity with respect to x that there exists a positive constant x4 independent of + such that

[[A2¢(x, 2, @) < ma llXIl, ¥ (x,€) € Ix x R™,
which, together with (32), Fy(0) = 0, and (C12), can be continued as, for any v € [vy1, 00),
[[A2¢(x, &, @) < wa[[Fo(x) — Fo(0) + A1 (x, 2, @)l
S walry (Xl + kadsllell, V(x,e) € Iy x Te, (C14)

where L, is the Lipschitz constant of Fp(x) on the compact set I'y. Combining (C13) and (C14), we can deduce two positive constants
04 = (k1 + k2) Ly + k403 and 85 = k4L p, independent of y such that, for any v € [y1,00),

1420, &, )| < dallell + 5 lIx]l, ¥ (x,e) € I'x x Ie.
This proof is finished.
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