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Appendix A Preliminaries

Notations: Throughout this paper, 0, xm and 1, mean the zero matrix and the all-one column vector, respectively. R™
is the m-dimensional Euclidean space. In stands for an identity matrix and col{yi,...,yn} stands for the [y,...,yI]T.
@ > 0 represents that @ is a positive-definite matrix; B ® K represents the Kronecker product of B and K. Let diag
{#1,... zn} be a block diagonal matrix with z; being the jth diagonal element/block. Notations Sym{U} and * denote
U + U7 and the symmetric term in matrices, respectively.

During the recovery process, the communication topologies of AUVs can be modeled as a weighted oriented graph.
We assume the multi-AUVs recovery system includes a mothership AUV and N followers AUV;. A oriented graph G =
(Q,T, W) is considered to describe the AUVs, where Q = {41, 4G2,...,4n} is a set of nodes(vehicles). And T C {(¢i,dy) :
Giyq4j € Q,i # j} is a set of edge. Denote by G;; = (¢i,q;), the edge of G, where node §; is called a neighbor of node ¢;.
The adjacency matrix W associated with the graph G is defined as W = [wij] € RYXN | where w;; > 0. If the AUV
can receive information from the AUV;, then w;; > 0, otherwise w;; = 0. Moreover, for all i € Q, w;; = 0. Denote by
N; = {g; € Q- (Gi,q5) € T} the set of neighbors of node §;. We define the Laplacian matrix L = [l;;] as l;; = Zé\;l Wi
and l;; = —;;,1 # j. The communication interaction between the AUVy and the AUYV; is specified through the adjacency
matrix D = diag{di0, d20,...,dno} and d;p > 0.
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Figure A1 Earth-fixed {E} and body-fixed {B} reference frames.

The position and velocity in space motion of multi-AUVs system in 3-dimensional (3-D) environments can typically be
described by the six-degree-of-freedom (DOF) model. Particularly, two coordinate systems are introduced: earth-fixed {E}
and body-fixed {B} coordinate systems as indicated in Figure Al. The detailed names and symbols of the two coordinate
systems are listed in Table A1l. Since the rolling motion has little effect on self-stability and the lateral motion of the AUVs,
the rolling dynamics can be ignored and the mathematical derivation of the corresponding equations can be simplified.

N = [Te,Ye, ze,0,%]T € RO represents the states of AUV’s positions and Euler angles in the {E} coordinate system,
v = [up, vy, wp,q,7]T € RS describes the vector of AUV’s linear and angle velocities in the {B} coordinate system. J(n)
is the Jacobian transformation matrix from {B} to {E}. g(n) denotes the generalized gravitational and buoyancy forces.
Assuming that the center of AUV’s buoyancy and gravity are on the exact same vertical axis, and then g(n) is equal to zero.
D(v) represents the damping matrix; M represents the system inertia matrix and C(v) denotes the Coriolis and centripetal
matrix. The command control input 7 consists of forces and moments. u, includes the vertical and horizontal rudder angles
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Table A1 The symbol in earth-fixed {E} and body-fixed {B} reference frames.

Notation Positions and attitude angles Notation Linear and angle velocities
Te longitudinal coordinate up surge
Ye transverse coordinate Vp sway
Ze vertical coordinate wp, heave
roll angle p roll
6 pitch angle q pitch
P yaw angle r yaw

of {B} coordinate frame and forces of three velocity directions. x(w) consists of the hydrodynamic coefficients in relation
to the rudders. The more details about the parameters are specified in [1].
Lemma 1. [2/: The affine nonlinear system can be linearized by feedback method if the following conditions are satisfied:

1. The system has same dimensionality of output and input.
2. This affine nonlinear system relative degrees, o1, 02, ..., 05.
3. The sum of relative degree is o = 91 + 02 + ... + 95, and ¢ is equal to the dimensions of system.

According to the properties of Lie derivative, the relative degree of the AUVs are g; = 2(: = 1,2,...,5). Therefore, g is
equal to the dimension of the system. The value of g;;(w) can be computed and A(w) is a nonsingular matrix defined in
(A1) when u # 0. The g(w) and f(w) are smooth functions of w and det(g(w)) # 0.

g6,1 cos 1P cos —grosinty ggzcosysind gg4costpsind —gr5siny

ge,18in1cosf grocost) ggzsinysinh gggsintysingd gy 5cos

Aw) = [Aij(w)] = [LgjLn fi(w)] = —ge,18in0 0 gs,3cosf gs,acosf 0
0 0 99,3 9go,4 0
0 g10,2/ cos b 0 0 g10,5/ cos b

(A1)

In this paper, a discrete-time multi-AUVs recovery system is considered. The recovery problem of multi-AUVs recovery
system is transformed into a leader-following consensus problem. The mothership can provide information for the following
AUVs to track its path. We use the forward difference approach, then the dynamics of discrete AUV; can be defined as
follows:

{ zi((k +1)T) = z;(kT) 4 Ty (kT) (A2)

yi((k 4+ 1)T) = yi(KT) + Tu;(kT)

where T is the sampling period, k denotes the discrete-time index, z;(k) is the linearization position state, y;(k) is
the linearization velocity state of AUV; at t = KT. z4(k) € R!® and z;(k) € R!0 are the state of the mothership
AUV and followers AUV;, respectively. And they contain the position vector z(k) and velocity vector y(k) of AUVy

I TI
and AUV;: A =

0 . T
€ RI0X10 B — |:TI:| € R0 are constant matrices, zq(k) = [agg(k) yg(kz)] € RO,

2i(k) = [ 27 (k) w7 (b) ]T € R0, §(k) = col{s1(k),2(k),...,8x(K)} and £ = L + D.

Remark 4. In practice, the communication information of multi-AUV is usually discrete data. Because the underwater
communication environment is complicated and the communication methods are limited, discrete data is more suitable for
reliable transmission in such an environment. Underwater acoustic communication is the main means of underwater long-
distance communication. Due to the relatively small attenuation of sound wave propagation in seawater, low-frequency
sound wave can be used for underwater remote communication, but its data transmission rate is low (usually in the
order of 1kbps), and there are problems such as delay and intersymbol interference. Therefore, in underwater acoustic
communication, information is usually encoded as discrete data packets for transmission to ensure the reliability and
accuracy of communication. In addition, in underwater acoustic communication, key information such as position and
status are exchanged regularly between spacecraft, which are sent in the form of discrete data frames. The discrete model
can better match this communication mode and describe and update the state and behavior of the AUV at discrete time
points. Therefore, we consider a discrete multi-AUV recovery system.

Definition 1. /[8/: In a multi-AUVs recovery system, the state vector of the mothership AUVj is z4(k), the state vector
of the follower AUV; is z;(k), the recovery system can achieve leader-following consensus if the multi-AUVs recovery system
satisfies the following condition:
llzi (k) — za(K)|l = O. (A3)

lim
t—o0
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Assumption 1. [7]: The directed graph G of the multi-AUVs recovery system contains a directed spanning tree and
mothership AUV} is the root node.

Lemma 2. [5/: For a given positive-definite matrix X, integers eo > €1, any sequence of discrete-time variable § :
Zle1,e2] = R"™, the following inequality holds:

eo—1 eg—1 r ga—1
(62 — 1) _Z ST (H)X6(i) > Z 5G| x .Z 5G) | . (A4)

Lemma 3. [5]: For a given positive-definite matrix X, integers b > a, any sequence of discrete-time variable § : Z[a, b] —
R™, the following inequality holds:

b—1
N X 0 N
0= L ATOXA0 > g gy x| T
i=a b—a—1
N X 0 .
> 17 II (A5)
0 3X

where IT = col {p1, p2}, p1 = 8(b) — 6(a), p2 = 8(b) + 6(a) — 23°"_, 720 and AS(i) = 3(i + 1) — 8(3).
Lemma 4. [6]: For a real scalar 0 < A < 1, positive-definite symmetric matrices S1, S2, and any matrix N1, N2, the
following inequality holds:

1
N 0 S 1-MNE 1—-AN AN:
351 1 - 1+ ( )E1 ( )N1 + AN2 (AG)
0 SSQ * SQ =+ CYEQ
where By = S1 — NoSy ' NI and Ea = S3 — NTS;T'Ny.
Appendix B Proof and discussion of Theorem 1
For simplicity, we define some relevant symbols as follows:
B1 =di —h1, PB2=h2—dg, hi2=h2—hi,
&(k) =col {8(k),8(k —dg),0(k+1—h1),8(k+1—dgs1),6(k+1—ha),Ad(k+1—h1),Ad(k+1— ha),
. _ k4+1—d
DU 6@ . -
kTR hi+1 il T dpt1 —h1+1 kT Ry he —dgy1 +1

Theorem 1. On the basis that Assumption 1 can be satisfied. For given the scalars h1 > 0 and control gain K"(*)
the leader-following consensus of multi-AUVs with switching topologies can be achieved for any dy € [h1, h2], if there exist
symmetrical matrices P; >0, P >0, P3 >0, R; >0, Q; >0, U; >0, S;(: = 1,2), and any matrices Y1, Y2, such that the
following LMIs hold:

Ro1 >0, Roa >0, (B2)
=Z1(h Zo +E3(h 1Ty,
1(h1) + 22 +Z3(h1) 5 1 <0 (B3)
* —-U;y

El(hg) + =9 +E3(h2) T?YQT
* —Us

where

s
Ei1(drt1) = Y10 (Z 7racPc> Tio —T§ PaTo

c=1

S =TTQ1T1 — T3 (Q1 — Q2)T2 — T3 Q273

E3(di+1) =T15 + Y16+ T1i7 + Tis + Y19 + Y20

Yi5 = h3(Fo — F1)TR1(Fo — F1), Yi6=h3TTReY1 — YT Ry
S1 0 Sa2 0

Y17 = —h12 1T Y5 — hi2YE Yo
0 -5 0 —Sy

= —h12B2Y 15 Ro1 T12 — h12 Sym{TT,Ro1 Y11}

Y10 = —h12B1 YT Rea Y14 — hia Sym{TT, RoaT13}

=
®
I
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Yoo = —TIT VI, Y1 =col{Fi,Fs —F1}, TI=col{Ts,T7}, Y2 =-col{es,es}

T3 =col{es,er}, T4 =col{F1 —es3,F1+e3—2es}, 7Ts5=col{es,e5}

T = col{es,ea}, Y7 =col{es —es5,eqa +e5—2e10}, YTg=col{ez —es,e3+e4—2eg}
Y9 = col{e1, F1,(h1 + 1)egs — F1,(dx, — h1 + 1)eg + (h2 — dy, + 1)e1o — ez —ea}

Y10 = col{F1, Fa,(h1 + 1)egs —e3,(dr — h1 + 1)eg + (ha —dp + 1)e1o —ea —es5}

Ti1 = col{elo —eq,e4 — 65}, Tio = COl{elo, 0}7 T3 = col{eg —e3,e3 — 64}, T4 = col{eg, 0}

R = diag{R1,3R1}, U = diag{U1,3U1}

1 1

_ _1lp 1 o
Uy = diag{Uz,3U2}, Ia = | 2~ 2 |, a=-%

2 g{U2,3U2}, I, [ h 0 } I
U, :U1+15R21Ia, Uy :Uz-l—fgl:bzla

_ —-51 _ —Sa
Roy = Ry + ,Ra2 = R +

* —S1 — Uy * =Sy — Uz

Y — (2- a)UQ aY1 + (1 — a)Ys
“ * 1+ a)ln

Fi=n®A)er + (L% @ BK™F))ey

Fo=In®A)%e1 4+ (In® A) (L7 @ BKTF)ey + (£7F) @ BK™F))e,y

€z = [Onx(zfl)z Inxn, Onx(l()fz)n] 2 =1,2,...,10

Proof. To analyze the leader-following consensus of multi-AUVs, we construct a LKF candidate:

3
V(k) = Vik)
i=1

where
Vi(k) =¢T (k) P& (k)
k k—hy
Va(k)= > @)@+ Y. & (1)Q262(i)
i=k+1—hy i=k+1—ho
-1 k —hp—1 k
Va(k)=h1 > > ATGRASG) +hiz Y. Y. A§T()R2A())
i=—hy j=k+i+1 i=—hg j=k—+it+1
where

k k—hq
€1(k)=001{5(k),5(k+1), POEEIO N 5(2')}7

i=k+1—h, i=k+1—ho
€a(k) = col {6(k), AS(k)}, A8(k) = d(k+ 1) — 6(k).

(B5)

(B6)

(B7)

(B8)

(B9)

Denoting AV (k) as the forward difference of V' (k) and calculating AV (k) along the trajectories of multi-AUVs and we

get

AVi (k) =€ (k+1) <Z wacPc) &k +1) — &f (k) Paa (k)

c=1
=¢" (k)E1&(k)

where &1 (k + 1) = col{d(k + 1),8(k +2), Sf ), 6(), SIS, ()} and

6(](? + 1) = (In ® A) e1 + (L""(k) ® BI(?“(I@))B27
S(k+2) = (In ® A)? e1 + (In @ A) (£"® @ BK™®)ey + (£75) @ BK™W)ey.

k+1 k+1—hq k k—hq
AVa(k)= > &b+ > &0)Q%E) - > &O)Qi&6E) - Y.
i=k+2—h1 i=k+2—hgo i=k+1—h1 i=k+1—hgo

=€) {XTQ1T1 — YT (Q1 - Q)2 — YT Qa5 b )

€3 (1)Q2£2(4)

(B10)
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=¢7 (k)Z2€ (k) (B11)
-1 k+1 —1 k
AVs(k)y=h1 > > ATGRIASG) —h1 Y > AST()R1A()
i=—hy j=k+i+2 i=—hy j=k+i+1
—h1—1 k41 —hy1—1 k
thiz Yo > G (DReG() —Mz Y > & ()R2620))
i=—hg j=k+i+2 i=—hg j=k+i+1
k+1-—1
=hie" (k) (F2 — F)TRi(Fo — F1)é(k) —h1 > AST(i)R1AS()
i=k+1—h,
k—h
+ T () YT RoY16(k) —haa > &3 (i) Raé2(d) (B12)
i=k+1—hg

where §1 = —h1 P41 AT ()R1AG(G) and §o = —hi2 S0, €1 () Roa(i). And Ti(i = 1,...,3), B, Fi(i =
1,2) are defined in (B5).
For §1, according to the Wirtinger-based summation inequality (A5), we can get the following estimated result:

31 < =" (YT RiTa(k). (B13)

For 2, from the perspective of time delay, we notice that it can naturally be split into two different terms, and we will
estimate this term by utilizing different methods:

k—dgy1 k—h1
—hia > & (Raba()) —hiz D &5 (i)Ra&a(i)
i=k+1—ha i=k+1—dpi1
k—dy41 ~ k—dg41 k—dp41 .
=—hiz Y G@ORn&6) k2 ) AT@OUIASG) k2 Y & (1)51€()
i=k+1—ho i=k+1—ho i=k41—ho
k—hy k—hy k—hy
—hiz Y & (DRaa&e(i) —hia Y AST(U2A86) —hiz Y &3 (i)Sa6a(i) (B14)
i=k41—dpiq i=k41—dp i=k4+1—dp 1
N 0 S1 N 0 S2 — — .
where S = and Sy = . And R21 > 0, Ra2 > 0 are defined in (B5).
1 S1 > So
For part one of §2, based on the free weight matrix method, the following zero equalities hold:
-kt A S1 0
0= > &@1)5&0E - (kT { ] T5£(k), (B15)
i=k+1—hy 0 =51
k—hy S
0= > G@5%&0) - kTG Y& (k). (B16)
i=k+1—dp i1 —52

For part two of §2, similar to (B13), we using the Wirtinger-based summation inequality (A5) to estimate the summation
terms associated with Uy and Us:

k—dgy1

) MT(i)Umu»égT(k)T?Umsw), (B17)
i=k+1—ho

k—h 1

> ATOUAN0) > €T () TET e, (B18)
i=k+1—djyq

For part three of §2, we using the Jensen’s summation inequality (A4) to estimate the summation term associated with
Rgl, then we can get

k—dgy1

> & (ORak()

i=k+1—hy

T
k—d ) k—d .
JL | TS0 | | Tisedile, 60
= k—dy, . k—dy, .
Ba | SOETARELAS(h) ikt Ly DO(9)

i=k+1—ho
=€) { Th R Y f 09+ €7 () {2 X TR Taa + Sym(T TR T} (0 (B19)
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Similarly, the summation term associated with Rao is estimated using the same method:

k—hy
> FORe0)> 0 { S xTRe T b0 + €0 {1 TT R Trs + Sym{TTi R T} ) (B20)
ikt 1—dpgq

where Uy, Uz, Ry and all of the above terms of Y; are defined in (B5). Furthermore, from (B17)-(B20), we can notice that

1 1
-ir -1

Y11 =1,Y7, and Y13 = I, Yg. Thus, we can define I, = g :| and then we have

I
U1 ZUl+IZR21L1, (B21)
Uz =Usy + IgRQQ[a. (B22)

In the light of the extended reciprocally convex matrix inequality (A6) and (B21)-(B22), we can further obtain

BizﬁT(k’) {T?01T7 + TﬂRan} E(k) + éﬁT(/ﬁ) {TgUQTs + ngRzles} &(k)

1 R .
257HTYaH4(17aﬂgYHH4YFT87aY$KfU;H§T7 (B23)
12

where IT and o are defined in (B5). Combining (B12)-(B23), we have:
AVa(k) < €7 (k) {Ea(dry1) + E3} £(k) (B24)
where 23 = (1 — a)TIY) 0{1Y1TT8 + aT?YQTUleng E3(dk41) is defined in (B5). And then we can obtain

AV (k) < €T (k) {E1(diy1) + 2 + Ea(diy1) + s} £(k)
= &7 (k)E(drt1)E (k) (B25)

By using Schur complement, for dy, € [h1, ha], we can obtain that E(dk+1) < 0 is equivalent to the LMIs (B3) and (B4).
It means that AV (k) < —v1]|8(k)||2 for a sufficient small scalar v1 > 0 and lim;— o 6(k) = 0. Therefore, according to
Definition 1 in (A3), the leader-following consensus of multi-AUVs can be realized. The proof is completed. |

Remark 5. In previous studies [4, 7], the communication topology of AUVs is usually assumed to be a fixed topology,
but the actual information exchange between AUVs may fail or constantly generate new chains of information transmission.
Therefore, based on the characteristics of underwater communication, to avoid impractical studies, we consider that the
communication topology of AUVs can be switched over time. And the switching mechanism is described by a Markov
process, the topologies are switched by switching signals r(k). Moreover, note that the works [3,8,9], both switching
topologies and time delays are considered. However, the value of the delay upper bound are given directly. Unlike these
works, we give the method of calculating the delay upper bound and compute the specific value.

Appendix C More information of simulation experiment

In order to prove the effectiveness and superiority of the proposed method, an Example is given as follows. The simulation
experiment consists of two parts. The upper bound of time delay is calculated for multi-AUVs recovery system with fixed
topology and switching topologies, respectively.

In order to achieve high fidelity simulation, the system model of controlled AUV is established to verify our results.
All simulation graphics are given by the SIMULINK toolbox in MATLAB (2014a). We set the initial position parameters
of all AUVs to be haphazardly distributed, and the tracking recovery trajectory of the mothership AUV} is known. The
multi-AUVs system under fixed topology consists of 1 leader AUV, along with 4 follower AUVs, and the Laplacian matrix

2 0 0o -1
0 1 0 0

is £ =
-1 -1 3 -1
0 -1 0 1
We set the sampling period T' = 0.1s and the controller gain matrix is given as K = —[0.015 0.355]. According to

Theorem 1, through the standard LMI solver YALMIP 3.0 in the MATLAB software, the upper bound of the time delay
calculated under h; = 0.1 is ho = 0.7379. From Table C1, it is clear that the specific values of the delay upper bound are
calculated. Compared with the upper bound of the time delay 0.3 in Theorem 2 of [9], our method provides a larger upper
bound value for the time delay. At the same time, the number of decision variables (NoVs: 24.5n2 + 7.5n) which represent
the computational complexity is also given in Table C1.

The multi-AUVs system under switching topology consists of 1 leader AUVj along with 5 follower AUVs Communication
topologies set including 3 communication topologies is displayed in Figure C1. The form of random communication is used
to simulate the possible interruption of underwater communication and the Markov random switching mode is shown
in Figure C2. Correspondingly, the parameters of the switching topologies probability transition are as follows: Il =

0.18 0.56 0.26
0.32 0.27 041

064 0.15 0.21
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Table C1 Maximal hs under hj.
Methods [9](Theorem 2) Theorem 1(hy = 0.1) NoVs
0.3 0.7379 24.5n°+7.5n
4
3
)
1
0
0 50 100 150 200
k/time step
Figure C2 Markov switching.
40 60 0
20 40 5
E o C E 10
><® >\‘° 0 Ncu
-20 20 -15
-40 -40 20
50 100 150 200 0 50 100 150 200 0 50 100 150 200
Transverse coordinate Longitudinal coordinate Vertical coordinate
0.6
0.2
0.4
= 0.1 S
g »H E o2
5 =
0.1 0
-0.2 -0.2
0 50 100 150 200 50 100 150 200
Pitch angle Yaw angle
Figure C3 Position and attitude states of multi-AUVs.
20 20
0.4
10 10
2 2 2 02}
E 0 \/\/\ ?‘/ 0 W E
=° >° 5
-10 -10 0
-20 -20 -0.2
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
Surge Sway Heave
3 -3
5 x10 5 x10
N i
E £
T 5 =
-10
-10 -15
0 50 100 150 200 0 50 100 150 200
Pitch Yaw
Figure C4 Velocity states of multi-AUVs.
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In order to reduce the amount of information during communication, the position information and velocity information

of AUVs are transmitted independently. To more clearly describe the state of the various variables in the recovery process,
Figure C3 displays the position and attitude states of multi-AUVs. Figure C4 displays the velocity states of all AUVs.
From these two sets of pictures, we can clearly see that, the position states can converge stably in 200 seconds. Moreover,
in 200 seconds, the attitude and velocity states gradually converge to a completely fixed value over time. The 5 follower
AUVs can converge to the leader AUVp and keep consensus with the AUVp. Therefore, the multi-AUVs system recovery
task is implemented.
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