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In large-scale linear quadratic Gaussian games, the Nash

equilibrium can be constructed by algebraic Riccati equa-

tions (AREs), and the optimal strategy can be determined

by the Nash certainty equivalence (NCE) method [1]. How-

ever, solving these problems typically requires precise knowl-

edge of the system model. By combining reinforcement

learning (RL) [2] with the mean field game (MFG), several

studies have proposed methods, including mean-field pol-

icy iteration (PI) [3] and mean-field value iteration (VI) [4],

to address MFG problems, which do not rely on the exact

models of systems.

In this letter, we propose a learning algorithm based on

Chebyshev iteration, which accelerates the solution of AREs

through a hybrid strategy of Newton step and Chord step,

and converges faster than PI [5]. Furthermore, we propose

a data-driven Chebyshev iteration method to eliminate the

dependency on the dynamic model of the system.

Consider a stochastic linear system involving N agents,

where each agent j, for 1 6 j 6 N , is described by a stochas-

tic differential equation (SDE)

dxj(t) =

[

Axj(t) +Buj(t)

]

dt+Ddwj(t), (1)

where xj(t) ∈ R
n is the stochastic state and uj(t) ∈ R

m

is the control input. wj(t) is a sequence of independent d-

dimensional Brownian motions. The constant matrices A,

B, D have compatible dimensions.

The cost function of agent j is given by

Jj(u) = E

[
∫ ∞

0
e−ρt

(

‖xj − x(N)‖
2
Q + ‖uj‖

2
R

)

dt

]

, (2)

where x(N) = 1
N

∑N
k=1 xk is the mean field term, ρ > 0 is

the discount rate, Q = Q⊤ > 0 is the state weight matrix,

and R = R⊤ > 0 is the control weight matrix.

For subsequent discussions, let K(P ) = −R−1B⊤P ,

D(K1,K2) = (K1 −K2)⊤R(K1 −K2), Aρ = A− 0.5ρI, for

all P = P⊤ ∈ Rn×n and K1, K2 ∈ Rm×n, N+ = {1, 2, . . . }.

The following definitions are made in this letter.

Definition 1. For A ∈ R
n×n and P = P⊤ ∈ R

n×n, define

L(A,P ) = A⊤P + PA.

Definition 2. Define H : R
m,n × R

n,n → R
n,n

as H(Kµ, Pµ) = L(Aρ + BKµ, Pµ) + Q + K⊤
µ RKµ,

H∫ (Kµ, Pµ) = L(Aρ +BKµ, Pµ) +K⊤
µ RKµ.

Definition 3. Define R : Rn×n → Rn×n as R(P ) =

A⊤
ρ P + PAρ − PBR−1B⊤P +Q, R∫ (P ) = A⊤

ρ P + PAρ −

PBR−1B⊤P . For P = P⊤ ∈ R
n×n and X = X⊤ ∈ R

n×n,

the Fréchet derivative satisfies R′
P
(X) = L(Aρ+BK(P ), X).

To solve the LQG game problem, it is generally necessary

to solve the following two AREs [1, 3]:

A⊤
ρ Φi + ΦiAρ −ΦiBR

−1B⊤Φi +Q = 0, (3)

A⊤
ρ Ψs +ΨsAρ −ΨsBR

−1B⊤Ψs = 0. (4)

We propose a Chebyshev method to approximate the op-

timal control gain and solutions of (3) and (4), respectively.

Theorem 1. Let Φ0 be such that R(Φ0) 6 0. Set

Φi,0 = Φi. Solve Φi+1 = Φ⊤
i+1 > 0 from Newton step

(5) and Chord step (6):

R′
Φi

(Φi,1 −Φi,0) = −R(Φi,0), (5)

R′
Φi

(Φi,2 −Φi,1) = −R(Φi,1), (6)

where Φi+1 = Φi,2.

Let Ψ0 be such that R(Ψ0) 6 0. Set Ψs,0 = Ψs. Solve

Ψi+1 = Ψ⊤
i+1 > 0 from Newton step (7) and Chord step (8):

R′
Ψs

(Ψs,1 −Ψs,0) = −R∫ (Ψs,0), (7)

R′
Ψs

(Ψs,2 −Ψs,1) = −R∫ (Ψs,1), (8)

where Ψi+1 = Ψi,2. Then, the following properties hold.

(1) Φi,0 > Φi,1 > Φi,2 = Φi+1,0 > P ∗, for i ∈ N+;

Ψs,0 > Ψs,1 > Ψs,2 = Ψs+1,0 > P ∗
s , for s ∈ N+.

(2) limi→∞ Φi = P ∗ and limi→∞ K(Φi) = K∗;

lims→∞ Ψs = P ∗
s and lims→∞ K(Ψs) = K∗

s .

Proof. See Appendix A.

Remark 1. For the connection between Theorem 1 and

the Chebyshev iteration, see Appendix B.
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To proceed with a data-driven solution, we first substi-

tute uj(t) = αj(t) in (1) and obtain

dxj(t) =

[

Axj(t) +Bαj (t)

]

dt +Ddwj(t), (9)

where αj is a well designed strategy with two parts: a state

feedback control law αj1(t) = −κ1xj(t) with A−Bκ1 being

Hurwitz and an exploration noise ǫj(t).

Then we introduce the following two functions:

I1(t, xj) = e−ρtx⊤j Φixj , (10a)

I2(t, xj) = e−ρtx⊤j Ψsxj . (10b)

It follows from the Itô formula and (9) that

dI1 = e−ρt

[

− ρx⊤j Φixj + 2
(

Axj + Bαj

)⊤
Φixj

+Tr
(

DD⊤Φi

)

]

dt + 2e−ρtx⊤j ΦiDdwj , (11a)

dI2 = e−ρt

[

− ρx⊤j Ψsxj + 2
(

Axj + Bαj

)⊤
Ψsxj

+Tr
(

DD⊤Ψs

)

]

dt + 2e−ρtx⊤j ΨsDdwj . (11b)

Substituting (5) into (11a) yields

dI1,1 = e−ρt

[

2
(

αj + K(Φi)xj
)⊤
RK(Φi,1)xj

− x⊤j

[

K(Φi)
⊤RK(Φi) +Q

]

xj

+ Tr
(

DD⊤Φi,1

)

]

dt+ 2e−ρtx⊤j Φi,1Ddwj .

(12)

Similarly, we embed (7) into (11b) to obtain

dI2,1 = e−ρt

[

2
(

αj +K(Ψs)xj
)⊤
RK(Ψs,1)xj

− x⊤j

[

K(Ψs)
⊤RK(Ψs)

]

xj

+ Tr
(

DD⊤Ψs,1

)

]

dt+ 2e−ρtx⊤j Ψs,1Ddwj .

(13)

Integrate both sides of (12) and (13) along (9) on [t, t+T ],

and take the expectation. For any k ∈ N+, by collecting

data from k intervals, we have

Θi(t, t+ kT ) · ξi,1 = ϕ̄i,1(t, t+ kT ), (14)

Γs(t, t+ kT ) · ζs,1 = ψ̄s,1(t, t+ kT ). (15)

Remark 2. The definitions of the symbols in (14) and

(15) are given in Appendix C.

Substituting (6) into (11a) yields

dI1,2 =e−ρt

[

2
(

αj +K(Φi)xj
)⊤
RK(Φi,2)xj

− x⊤j

[

K(Φi)
⊤RK(Φi) +Q

−D
(

K(Φi),K(Φi,1)
)

]

xj

+ Tr
(

DD⊤Φi,2

)

]

dt+ 2e−ρtx⊤j Φi,2Ddwj .

(16)

Similarly, we embed (8) into (11b) to obtain

dI2,2 =e−ρt

[

2
(

αj + K(Ψs)xj
)⊤
RK(Ψs,2)xj

− x⊤j

[

K(Ψs)
⊤RK(Ψs)−D

(

K(Ψs),K(Ψs,1)
)

]

xj

+ Tr
(

DD⊤Ψs,2

)

]

dt+ 2e−ρtx⊤j Ψs,2Ddwj . (17)

Integrate both sides of (16) and (17) along (9) on [t, t+T ],

and take the expectation. For any k ∈ N+, by collecting

data from k intervals, we have

Θi(t, t+ kT ) · ξi,2 = ϕ̄i,2(t, t+ kT ), (18)

Γs(t, t+ kT ) · ζs,2 = ψ̄s,2(t, t+ kT ). (19)

Remark 3. The definitions of the symbols in (18) and

(19) are given in Appendix D.

Now, the data-driven Chebyshev iteration can be sum-

marized in Algorithm 1.

Algorithm 1 Data-driven Chebyshev iteration.

1: Apply a behavior policy αj , for 1 6 j 6 N , with probing

noise to drive the system and collect the online data on k

different intervals with the length T and k > r.

2: Start with a stabilizing feedback gain K0. Set i = s = 0.

3: while ‖Ki − Ki+1‖ > ǫ and ‖Ks − Ks+1‖ > ǫ do

4: Newton step: Solve ξi,1 from (14), ζs,1 from (15);

5: Chord step: Solve ξi,2 from (18), ζs,2 from (19);

6: Set Φi+1 = Φi,2, Ki+1 = K(Φi,2), Ψs+1 = Ψs,2,

Ks+1 = K(Ψs,2).

7: end while

Theorem 2. If Θi and Γs have full column rank, the se-

quences {Φi}
∞
i=0 and {K(Φi)}

∞
i=0 obtained by solving the LS

equations (14) and (15) in Algorithm 1 converge to the opti-

mal values P ∗ andK∗, respectively. The sequences {Ψs}∞s=0

and {K(Ψs)}∞s=0 obtained by solving LS equations (18) and

(19) in Algorithm 1 converge to the optimal values P ∗
s and

K∗
s , respectively.

Proof. See Appendix E.

Remark 4. The construction purpose of Algorithm 1 is

described in Appendix F, which is aligned with the intelli-

gent “cognition-decision-action” framework.

A simulation example is given in Appendix G.
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