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Finally, this paper validates the effectiveness and feasibility of the proposed control strategies through simulations under
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1 Introduction

The rapid integration of renewable energy sources (RES), such as photovoltaics and wind power, has
significantly transformed global power systems [1]. However, the inherent intermittency of RES intro-
duces substantial power fluctuations, thereby imposing heightened requirements on operating reserves to
maintain power balance [2]. In this context, demand response (DR) mechanisms leveraging flexible load
resources have emerged as crucial solutions for providing operating reserves through demand-side regula-
tion [3]. Among various flexible resources, the heating, ventilation, and air conditioning (HVAC) systems,
due to their widespread deployment and inherent thermal inertia characteristics, are usually used as one
of the flexible loads that can be regulated according to the need for grid stable operation. Particularly, in
the case where a large-scale population of HVAC units is collectively connected to a grid, the collective
behavior of the HVACs will influence grid stability and load balancing [4]. Hence, in order to integrate a
large number of HVACs into the power grid for demand response, aggregating the HVAC units to achieve
grid scale operating reserves by handling the collective behavior of the HVACs is a challenging issue.

However, current approaches predominantly adopt centralized control architectures, where an aggre-
gator coordinates large HVAC clusters through real-time communication infrastructure [5]. In this way,
broadcasting command signals to a large number of HVAC units and getting feedback from them in
real-time operation are necessary [6]. When the population of HVAC units becomes extremely large,
this traditional broadcasting approach might be resource-intensive and impractical. Instead of broad-
casting control signals to every individual HVAC unit by the grid side, in a decentralized control fashion,
decision-making is distributed to regional or local controllers [7]; i.e., each HVAC unit makes decisions
based on its own local or an embedded local model.

Meanwhile, as a distributed strategy decision theory for managing a large scale population of dynamical
agents, the mean-field game (MFG) or mean-field type control theory has been proposed during the last
two decades [8,9]. The foundational work on MFGs, initially proposed by Lasry and Lions [10] and
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independently by Huang et al. [11], has proven effective and viable for analyzing weakly coupled stochastic
controlled systems with mean-field interactions, leading to the establishment of an approximate Nash
equilibrium. Recently, several studies have tackled application issues of the MFG theory in decentralized
control. In [12], a distributed strategy is developed using MFGs for large-scale stochastic multi-agent
systems characterized by coupled cost functions. Moreover, Ref. [13] presented a distributed solution
based on the MFG framework to address the collaborative control problem of large-scale temperature-
controlled loads participating in grid frequency support. In addition, Ref. [14] proposed a distributed
power control algorithm grounded in MFG theory for non-orthogonal multiple access systems. The above
research studies have made positive progress.

In general, under an MFG setting, the collective behavior of a large number of agents is obtained
by adding a penalty term to the consensus of the state response. In other words, the cost function
should involve a term on the difference between the individual agent’s state and the expectation of the
distribution of the agents. If it is aimed to lead the collective behavior closer to a desired state, then it is
necessary to add a penalty related to the difference between the expectation and the reference state. It
means that the reference state has to be broadcast to all agents. As a hierarchical MFG, the Stackelberg
MFG framework enables only the leader, which is a pre-specified agent with the reference state, and a
large number of followers to decide the strategy with the pre-designed leader’s strategy or propagated
neighboring information. The Stackelberg differential game was originally proposed by [15], and then
was extended to (g1, £2)-Stackelberg MFG or social optimization problem by [16,17]. Several examples
of application in practice have also been reported in [18-20].

In this paper, we address the decentralized collective control problem for a large-scale population of
HVACs under grid balancing with the Stackelberg mean-field game setting. A large number of HVACs,
here called followers, with a pre-specified HVAC leader, respectively, will be targeted. The desired
reference state is the command from the grid for the supply-demand power balance, which is only used
by the leader. According to the hierarchical game architecture of Stackelberg MFG, the strategy of the
followers is designed under the assumption that the leader prioritizes strategy decisions. Finally, it will
be shown that a (e1,e2)-Stackelberg equilibrium, between the followers and the leader, and among the
followers, can be achieved. As a result, the collective behavior of the overall HVACs is closer to the
desired grid response.

The remainder of this paper is organized as follows: Section 2 delineates the system modeling framework
and fundamental assumptions. Section 3 derives a suite of centralized Stackelberg equilibrium strategies
through rigorous game-theoretic analysis. Subsequently, Section 4 presents a distributed strategy design
methodology, accompanied by formal proofs establishing the existence of a Stackelberg equilibrium. The
verification of the proposed distributed strategy is given in Section 5, followed by concluding remarks in
Section 6.

The notation used in this paper is shown as follows. (Q,F,{Fi}tcjo,r;P,T > 0) denotes a com-
plete filtered probability space satisfying the usual conditions. E denotes the expectation with respect
to P. || denotes an absolute value or the modulus of a vector. Let L*(0,T;R) := {h : [0,T] —
R| fOT |h(t)|?dt < oo}. L%(0,T;-) is the space of all F-adapted processes f(-) satisfying the square-
integrability condition: E| fOT |f(t)[?dt] < oo. L%, (€;-) is the space of all F-measurable random vari-
ables, for t € [0,T]. B;, i = 1,2,--- N are a sequence of one-dimensional independent Wiener pro-
cesses defined on (Q, F,{Fi}iepo,1),P). Let o-algebra F; := o ({Bé, Bi(s),s <t, i =1,2,--- ,N}) and
F} Z:U({ﬂé,Bi(S),S < t}), 1=1,2,---,N.

2 Problem formulation

2.1 Motivation

The system considered in this paper can be illustrated as in Figure 1, where a large number of HVAC
units are connected to a node of the power grid, and the electric power for operating individual HVAC
units is supplied by the grid. As is well-known, the influence of the collective behavior of the HVACs
will be non-negligible when the number of HVACs becomes sufficiently large. The collective behavior of
a large-scale population of HVACs poses challenges for the power supplier not only in power balance but
also in grid stability. However, handling the collective behavior of a large number of HVACs is not an easy
task due to the uncertainties in individual HVAC operations that are usually forced by the customer’s
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Figure 1 The overall dispatch framework of the HVAC-based DRS.

action under the me-first principle with variety and uncertainties.

As a traditional power grid operation technique, power dispatch primarily relies on centralized reg-
ulation by power plants mainly, whose regulation capacity is no longer sufficient to meet the dispatch
requirement in the scenario considered in this paper with a large-scale population of HVACs. The decen-
tralized control of each HVAC with consideration of collective behavior is a feasible approach to deal with
the dispatch problem for the system involving a large number of HVACs. Of course, under the constraint
of power supplier satisfaction, each HVAC’s power consumption will conflict with that of others. In other
words, for decision-making of dispatch, the power supplier must handle the power demand caused by the
collective behavior of the larger-scale population of HVACs. Conversely, the total power consumption of
the large-scale population of HVACs should match the constraint of the power supply once the power
supplier decides the dispatch plan. This paper will address the latter issue. Namely, the following is-
sues will be challenged. For a given power dispatch schedule, find a decentralized control strategy for
individual HVACs under the decentralized operation of HVACs, and the following two goals are achieved.

e Total power consumption of the collective demand of the large-scale population of HVACs is close
to the dispatched power in the sense of mean-field approximation.

e The large number of HVACs achieves a Nash equilibrium under the specified reward function, more
precisely, the Stackelberg Nash equilibrium.

2.2 Dynamic model of HVACs

Consider a large-scale multi-room system with N + 1 homogeneous HVAC units where N is a sufficiently
large number and goes to infinity in the ideal case. Each room is assigned one HVAC unit for regulating
the indoor temperature, and all HVACs are physically connected to the power grid as shown in Figure 1.

The thermodynamic model of HVAC has been constructed in detail in [21]. On this basis, considering
the stochastic noise, for the i-th HVAC; (: = 0,1, ..., N), the dynamics can be represented by the following
stochastic differential equation:

1
dTy(t) = W[H’g”(t) — Hip(t)]dt, "
ATy (1) = ——[H, o(t) — Hya(0))dt + 0dBi(t), i=1,2,--- N

capaV
by choosing the temperature T; to which the HVAC; is connected, where c4 is the air heat capacity; pa
is the air density; V is the room’s volume; B; denotes the independent Wiener processes which represent
the environment noise, and the constant ¢ diffusion coefficient represents the magnitude of randomness.
It should be noted that the unit HVAC, is detached from others, and it is assumed that there is no
stochastic noise in the dynamics. Without loss of generality, the controller is directly connected to the
grid, and the assumption of no stochastic noise is for the simplicity of subsequent derivation. We call
this HVAC, the leader and the remaining whole units as followers. The result is easy to extend to the
case where the leader’s dynamics involve stochastic noise.
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This dynamical model of the HVAC units is from the energy conservation law with the heat gain from
outside H,; and the heat loss of the room Hj; (i =0,1,2,---,N). The heat gain can be calculated by
heat transfer from air leakages and the building envelope, which can be expressed as follows:

H, i(t) = UyAs(T, — Ti(t)) + capaVn(To — T;(1)), (2)

where Uy, is the heat transfer coefficient; Ay is the envelope’s surface area; T, is the ambient temperature;
n denotes the air exchange times; and Vn is the product of V and n. The heat loss can be expressed as

Hyi(t) = n[ai(t)Rp + Pol, (3)

where 7 is the coefficient of performance of HVAC, which implies the relationship between the input
power and heat supply (cooling or heating); Py is the initial power of HVAC; «; is the variable for online
regulation of power used to inject the heat into the room, which is defined as

AP;(t)

a;(t) = ———=, 4
where AP;(t) are the actual regulation power of HVAC;; Rp is the admissible regulation capacity. In
practical terms, the range of «; € [0, 1].

For the temperature T;, we consider a targeted horizon [Timin, Tmax). We normalize T; by defining

2 Tmax + Tmin
() = ——— () — —mex T min 5
B ( ) Tmax - Tmin ( ) Tmax - Tmin ( )
which maps the horizon [Tiin, Tmax] map to [—1, 1], and usually 5; is called the comfort state. The lower
bound —1 and upper bound 1 represent cold and heat tolerance limits, respectively. Substituting (5) for
(1)=(3), the dynamics of the comfort state can be formulated as

U, A5+C Vn R UhAs+CAPAVTL TO_Tmax+TI])in +nPO
dﬂo(t):—( h APA )ﬂo(t)—T : 7,1717-13’ Oéo(t)+( — 7,)11(- P} ) dt,
capaV I — capaV Smax_—min capaV
AS U As VvV To_Ttnax'i‘Tmin P
ABi(t)=| (Un +CApAvn)ﬂi(t)— _ _;7313 ot +( h +c,4pTA 7}2[( Huin ) 4 Py ”
CApAV WCAPAV max2 “““CApAV
+odBi(t), i=1,2,---,N.

(6)
For brevity, in the following, G, = UpAs + capaVn and Cy, = capaV are denoted as the thermal
conductance and thermal capacitance coefficient, respectively [21]. On this basis, the state-space equation
of the HVAC i can be given as

{ dBo(t) = [aBo(t) + bay(t) + c]dt,

dBi(t) = [aB:(t) + +ba;(t) + c]dt + ad B;(t), @

where

R nlte _ Gun(T, — Tmau) + Py

— C
’ Tmax —Tmin ’ Tmax —Tmin
Cin Cin

,i=0,1,---,N.
B T Gy,

a =

The initial value of the leader and the ith follower are given as 8y(0) = 7, 3;(0) = 8, i = 1,2, , N,

and {B8}, i = 1,2,---,N are a sequence of independent and identically distributed (i.i.d., for short)
random variables.

Based on this model of system dynamics, it is obvious that if we want to maintain 3; at a desired value

B¢, the system must be stabilized at the equilibrium forced by the regulation power with a corresponding

state value o@ef = _C_ba’B L , 4 =20,1,--- ,N. To design a decentralized regulation strategy, consider the
corresponding error dynamics by defining
ui:ai—a?f, l‘i:ﬁi— f,i:O,l,---,N. (8)

Then, the dynamical equation (7) becomes the following form:

dzo(t) = [azo(t) + buo(t)]dt, z0(0) = Co,
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2.3 Stackelberg MFG formulation

To achieve the goal of decentralized collective control, we formulate the strategy design problem as the
Stackelberg game within the leader-follower framework. In detail, the leader unit HVACy makes policy
decisions first, and then the followers make decisions for the best response according to the leader’s policy
decision. Under this leader-follower structure, the leader decides the leader’s strategy by considering grid-
friendly power consumption so that the whole system of the large-scale population of HVACs achieves
the so-called (g1, e2)-Stackelberg equilibrium as an ideal limitation. For ease of reference, we begin with
a brief review of the Stackelberg game setting and concepts.
Let
bo := bo (t,l‘o(t),u(l'i(t)), UQ(t)) : [O,T] x R x PQ(R) X Uy — R,

g = 00 (t, o (t), w(i(t)),uo(t)) : [0, 7] x R x Po(R) x Uy — R,
bi = bz (t,xi(t), ,u(arl(t)),ul(t), UO(t)) : [O, T] X R x PQ(R) X L{Z X Z/{o — R,

o; =0 (t,zi(t), p(x; (1), ui(t), up(t)) : [0,T] x R x Pa(R) x U; x Uy — R,
where u;(-) € U;, i = 0,1,---, N are permissible strategies; B;(t), ¢ = 0,1,---, N are independent

Wiener processes; p represent the empirical distribution; b;, ¢ = 0,1,--- N are drift function; and
oi, © =0,1,--- N are diffusion function. Consider a leader and the followers with dynamics described
by

{ dzo(t) = bodt + o9dBo(t), 0(0) = Co, (10)

d,Ti(t) = bldt + UldBi(t), LL‘l(O) = Ci'

The cost functions of the leader and followers are defined as follows, respectively:

Jo (uo(),u™ () := E{/O fo (¢, 20(t), u(i(t)), uo(t)) dt + go (SCO(T)au(CUi(T)))}a (11)

T
Ji (ui(+), u—i(-),uo(")) == E {/O fr (G zi(t), (i (), wi(t), uo(t)) dt + g1 (:vi(T),u(:vi(T)))}, (12)

where uN() = (ur(+), - yun(), u_i(-) :== (ur(-), -+ yui—1(:), wix1, - ,un(-)). The optimization prob-
lem is as follows:

in Ji ), u( in Ji (ui(-), u—i(-),uo()), i=1,...,N, 13

Join o (uo(),w()) - mig Ty (ui(), u-i(), wo()), 4 (13)

which is subject to dynamical constraints (10).
Definition 1 ((e1,e2)-Stackelberg equilibrium, see [22]). A set of strategies (ug(:), ui(:), -+ ,ui(+)) is
an (£1,e2)-Stackelberg equilibrium with respect to {J;, ¢ = 0,1,---, N} if the following holds.

(1) For a given strategy of the leader ug(-) € Uy, u™¥*(-) = (ui (), -+ ,ui(-)), ui(-) € U; constitutes an
€1-Nash equilibrium; i.e., there exists a constant €; > 0 such that for all ¢ =0,1,--- | N,
Ji (ui (), (), uo () < u(ll)lgu i (ui(-), uZ;(-), u0 (")) + €1 (14)

(2) There exists a constant e > 0 such that

To (w0 g O]) < imf o (w0 (). ™ o)) + <2 (15)

Now, our problem can be formulated as the Stackelberg game by defining the cost functionals for the
leader and the followers (10) as follows, respectively:

T
Jo(uo(+),uN () = %E {/0 |:’I”1 (:zro(t) - x(N)(t))2 + 7o (zo(t) — xBCf(t))Q + rgug(t)} dt} , (16)
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where zi¢f = 0 is determined by ! given by the power grid and for the ith follower, the cost functionals

(12) are replaced by

1

T
Ji(ui (), u_i(-), up()) = EE {/0 [ql (a:l-(t) — @) (t))2 + g2 (zi(t) — 2o (8))® + qguf(t)] dt} . (17)

where (V) (t) := % sz\il x;(t); 15,0 =1,2,3 and ¢;,i = 1,2, 3 are the weighting coefficients for different
terms and we have r1,75 > 0, r3 > 0 and ¢1,92 = 0, g3 > 0.

It is worth noting that the cost functional Jy for the leader aims to strike a trade-off between the
collective consensus of the whole HVACs and the tracking of the given reference trajectory ' which
is pre-specified by power supplier as dispatch plan o™f, according to the HVAC’s inverse-dynamics and
the scale of the population. On the other hand, the followers aim to reach a consensus on the overall
collective behavior, with consideration for consistency with the leader. In the following section, a solution
for this Stackelberg game will be derived first and then decentralized into the strategies.

3 Centralized strategies

3.1 The strategies for the followers

In this subsection, we solve the mean-field Nash game for the N followers under an arbitrary given
strategy of the leader ug(-) € L?(0,T;R). Once ug(-) is given, the state response zo(-) of the leader is
determined by the dynamical model (9) according to the initial state (y. The mean-field game strategy
for the followers can be found by solving the following optimization problem. For the sake of simplicity,
the time variable ¢ will be omitted without ambiguity.
(P1): Minimize J;,i =1, , N of (17) over u;(-) € L%(0,T;R).

Theorem 1. Let uyp € L*(0,T;R) be given. For the initial value ¢;, i = 1,---, N, if (P1) admits an
optimal control @; € L%(0,T;R),i = 1,---, N, then the adapted solution (&;,p;,¢!,i = 1,--- ,N,j =
1,-,N) to the Hamilton system

di; = [a@; — bPg3 ' pi)dt + odB;,

N
. R 1 . 11\ v
dp; = — |api + | @ (1 - N) + a2l — @ <1 - N)%”” — 20 dt+2qu3j, (18)
=
2;00)=¢, p(T)=0,i1=1,2,--- N
satisfies
U; = —qg_lb]ﬁi, a.e.,a.s., 1=1---, N. (19)

See Appendix A for the proof of Theorem 1.
Due to the difficulty in directly solving the Hamilton system (18), we consider the following parame-
terization for p;(-):
Pi() = Pn ()& () + Kn ()™ () + dn (), (20)
where Py (+), Kn(-) are differential functions with Py (T) = 0, Kn(T) = 0. By It6’s formula, we have

dp; =Py aidt + {aPNgei — Prng; 0? (PN@- + Kna®™ 4 ngN)} dt + PyodB; + Kya™Madt

N 21)
. 1 . (
n [aKNx<N> ~ Ky 'p? (PN:%(N) + K™ 4 qu)] dt+ Ky~ > 0dB; + ddw.

j=1

Instituting (20) into the right side of the second equation in (18) obtains

N
. 1 1 .
dp; = — [a {PNji + Ky + ¢N} + {m <1 - N) + QQ] T —q1 (1 - N) ) — Q21170] + E q;dB;.

Jj=1

(22)
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Comparing the coefficients of the right hand side of (21) and (22), yields

QZ:PNO——’— TNo-u qu':T‘No—a 275.77 (23)
. 1

Py +2aPy — ¢; '0* P} + [ql (1 — N) + q2] =0, Pn(T)=0, (24)
: B B 1

Ky +2aKy — Pygs '0* Ky — Kngs '0* (Py + Ky) — @ <1 - N) =0, Kn(T)=0, (25

Iy + 2ally — g3 'O + g2 =0, TIn(T) =0, (26)

and
dopn = — {(a — g3 "0 (Ily)) o + QQIO} dt, on(T) =0, (27)

where IIy = Py + Kn. Note that Egs. (24) and (26) are symmetric Riccati differential equations, and
gi > 0,7 =1,2,3; then there exists a unique solution for the Riccati differential equations (24) and (26),
respectively, which gives the solution of Hamilton equation (18). An alternative derivation of the Riccati
equations is provided in Appendix D. Consequently, we immediately have the following conclusion.

Theorem 2. For given ug(-) € L?(0,T;R), then the (P1) admits a unique solution
@ = —a;"b (Pvii + Kna™ + o), (28)

where Py and Ky are the solution of Riccati differential equations (24) and (26), respectively; ¢n is
given by (27), and Z; and (V) satisfy

di; = [(a — ;02 Py)i; — g5 'K i ™) — qglb%N} dt +0dB;, 7:(0)=¢, i=1,2,--- N,

N N N
1 - 1
A(N) _ g & Ao =132 S —1727- A(N) _ 172 2 ,
dz —dN;xz—[(a @ bPNNlZ — g3 'V Kni 45 0% on dt—i—aN;dBl (29)
= [(a — g3 0PIy ) 2N — g3 1b2¢>N} dt +odB™) | M) = ¢,
where V) () = LS 3(), dBM () := L SN dB;(), and (M) .= LSV ¢
3.2 The strategy of the leader
Upon implementing the strategies of followers 4;(-),i = 1,--- , N according to (28), we derive the best
strategy for the leader by solving the following optimization problem:
(P2): Minimize J (ug(-)) over uo(-) € Up[0, T], where
1 T
To(uo(-),u™ () = E {/ [7‘1 (wo - x(N)) + 7y (w0 — i)’ + T3u(2)} dt} (30)
0

subject to the following Forward-backward stochastic differential equations (FBSDEs):
dzg = [axg + bug] dt,
di = |(a— g5 "0 Py)a; — g5 "0 K e ™) — g 60 | dt + 0d B, (o),
don = — {(a — g3 'VIy) oy — QZfEO} dt, on(T) =

20(0) = o, 7;(0)=¢;, i=1,2,---,N,

where #; and &V )( -) are the state response of the followers forced by their strategies given in Theorem 2
and the average value of the states of IV followers, respectively. The result of this subsection is summarized
as follows.
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Theorem 3. Let the followers adopt the optimal strategy (28). If (P2) admits an optimal control
tip(-) € L*(0,T;R), then the adapted solution (500(-), EMN ), dn (), G0 (), 5N (), @N()) to the Hamilton
system

dzo = [ado — r3 'b%jo] dt, 30(0) = (o,

4z — [ a— g5 WPILy ) 3 ) — qglb%N} dt + 0dB™, M (0) = ¢,

dpy = — {(a — g3 'V’ TIN) on — qw@o} dt, én(T)=0

dgo = — [aﬂo + (r1 4 72) #0 — r &™) — ot 4 Q27/;N} dt, 9o(T) =0, 32)
g™ = — [(a — g3 PN ) g — (330 . 5:<N>)] dt + g1dB™, g™ (1) =0,
Ay = {(a — g3 "VIIy) N+ qglb@(m} dt, n(0) =
satisfies
g = —r3 "bjo, ae., as. (33)

The proof of the theorem is in Appendix B.

The results obtained in this section exhibit the essential characteristics of the Stackelberg leader-
follower game: the follower’s strategy decision is made according to the leader’s strategy, and then under
the correspondence between the follower’s and the leader’s strategy, the latter makes the decision of
strategy that minimizes the cost functional Jy. In the next section, the strategies will be decentralized
and it will be shown that the strategies will achieve the (1, e2)-Stackelberg equilibrium.

4 Decentralized strategies and (e;, €3)-Stackelberg equilibrium
Let N — oo, then Py (-) — P(-), Kn(-) — K(-), where P(-), K(-) satisfy

P+2aP —q;'V?P* + g+ ¢ =0, P(T)=0, (34)
K +2aK — Pg; ‘0K — Kq; 'WA(P+K)—q =0, K(T)=0. (35)

Furthermore, let TI(-) := P(-) + K (-); then it is easy to confirm that II(-) satisfies
I+ 2all — g3 '°T% + g, = 0, TI(T) = 0. (36)

Since ¢; > 0, i = 1,2, 3, it follows that Eqs. (34) and (35) admit a unique solution, respectively. Inspired
by (32), we consider

dzg = [axo —ry ) yo} dt, zo(0) = (o,

dz = [(a — g5 'V°1I0) z — g5 0% dt, z(0) =,

dp = — [(a — ¢z '0’I1) 6 — 2] dt,  &(T) =0,

dgo = — [agio + (r1 + r2) To — 1@ — roal’™ + qip] dt,  Fo(T) = 0,
dy = —[(a—q¢5 "0*) y — ri (2o — 2)] dt, H(T) =0,

dyp = [(a— g3 V1) ¥ + g5 'b%y] dt,  (0) = 0.

Let X = (:anja&)Ta Y = ((Jgag()vg)—ra C= (07T2xr0f O) and

a 0 0 0 —r3'?* 0
A= |0a—q3'b*0 0 ,Bii=|—¢g;'* 0 0 :
0 0 a—q3 v’ 0 0 g¢3'b?
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0 0 0 —(a— g3 %) 0 0
A= | =(ri+7r2) 11 —q2|,B2:= 0 —a 0
71 —-r1 0 0 0 —(a— qg_lel:I)

With the above notions, we can rewrite (37) as

= T
{dX_[A1X+B1Y]dt, X(0) = [¢0.¢,0] (38)

dY = [A2X + BoY +C|dt, Y(T)=10,0,0]".

Suppose (X (-),Y(-)) is an adapted solution to (38) and due to the coupling between the two state
equations in (38), so assume that X (-) and Y'(-) are related by the following affine transformation:

X()=2()Y()+¥(),

where ®(-) and ¥(-) are both differentiable functions, with ®(0) = 0 and ¥(0) = [(o, ¢, O]T. Next, by
1t6’s formula, we have

dX = [PY + W]dt +  [Ax(PY + ¥) + ByY + C]dt.
This together with the first equation in(38) gives

®+ PBy + PAD — A1 d — B; =0, @(0)=0, (39)

U4+ ®AT +BC — AT =0, W(0) = [¢o,(,0] .

Note that the Riccati equation (39) is non-symmetric. By Theorem 4.1 on page 47 of [23] again, if Eq.
(39) admits a solution ®(-), then Eq. (38) admits a unique adapted solution (X (-),Y(-)). The existence
of a unique solution to the first equation in (39) is discussed in Appendix C.

Theorem 4. Motivated by (28) and (33), we design the decentralized strategies below:
ufy = —rglbgo,
1, (B S (40)
u; = —(qs b(P:Cf—i—Kf—i—@, t1=1,---,N,
where 7o(-), Z(-), #(-) are given by (37), and z}(-) satisfies
dz} = [(a — b*q3 ' P)ay — b*q3 'Kz — b5 '¢ldt + 0dB;, 27(0)=¢;, i=1,---,N. (41)

Next, we will demonstrate that the decentralized strategies (40) employed by the leader and followers
asymptotically form an (g1, e2)-Stackelberg equilibrium as the number of agents N approaches infinity.
To obtain the result, the following lemma is required.

Lemma 1. Under the control inputs uy and ] that are given in (40), ones have

IE/OT (g;*<N> - 5;)2dt ~0 (%) . (42)

Proof. By (41), we can get
dz*™) = [(a = b?q3 ' P)z* ) — 023 VKT — b2¢5 1 p)dt + od BN V) (0) = ¢, (43)
Combining this with the second equation of (37) yields
dZ(t) = [(a — b g5 ' P)Z(t)|dt + 0dBWM (),  Z(0) = ¢ -, (44)

where Z(t) := 2*)(t) — &(t). Hence, the solution of equation (44) is

) t _
2(0) = 2(0)c* P P g [ elo b P g ), (45)
0
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If a — b2g; ' P < 0, its expectation is E [Z(t)] = Z(0)e(@=¥"% P)t. According to the It isometric theorem,
we can obtain

_ . t _ 2
E [Z2 (t)} _ Z(o)e(a—lﬁq;l P)t 2 i O'2E { |:/ e(a—b2q;1 p)(t—s)dB(N) (S):| }
- - 0

- - t
_ Z(o)e(a—b2q;1P)t 2 +o / (a—b2q;1]5)(t—s)E { |:dB(N) (S)i| 2}

_ _Z(O)e(a—b2q;115)t N/ 2(a— b2q3 P)(t— s)dS

— Z2(0)e-tas Pyt o Ve
N 2(a—b2q;'P)
_ 2
< 22(0 e2a—bq5 ' Pyt | ‘7—77
© 2N|a — b2g5 ' P|

where the third last step is according to the dBWY)(s) = + Zfil dB;(s). Integral from 0 to ¢, one can

obtain
r T 2 —15 T 0-2
E/ [Z2(1)] dtg/ Z2(0)e2(e a5 P)tdt+/ S —
0 0 0o 2Nl|a—b%q5 " P|

T
-15 1
_ 220 2(a—b2%q 1P)tdt ol =).
|, ZoeerPao (g

Under ¢; that are i.i.d., it is easy to know that Z(0) is i.i.d. and E[Z%(0)] = O (). Then the above
can verify that
T 1
E ZZ)|dt=0 =) .
| 1zzeja-o ()

Theorem 5. (ug(-),ui(-), - ,ui(-)) given in (40) constitutes an (g1, e2)-Stackelberg equilibrium, where

The proof is complete.

g1 =¢e2=0 (\/Lﬁ)
Proof.  Firstly, prove (1) in Definition 1. For i = 1,--- , N, let @;(-) = w;(-) — u}(-) and Z; () :=
x;(+) — xf(-). Then #;(-) satisfies

dz; = (aii + b’az) dt, fZ(O) =0, ¢=1,---,N. (46)

T
=3B [ {a [l = a2 = @ = P] e [0 — a0 = (07— 0] + [uf—wm}dt}

)

{ |
_lg { ! {q1 [ — W) 4 ogr — 2x*<N>} (:17 - §;<N>) F (227 + B — 220)d5 + q3(2uf + u)u} dt}

@ )

Ji (s (-), w5 (), w0 () == %E {/OT [fh (sz - i(N))Q + q2(E:)* + %a?} dt} ;

I =E {/OT [ql (:C;‘ _ x*(N)) (551 — gE(N)) +qo (zf — o) Ti + q3u;‘&1} dt} . (47)

Applying It6’s formula to @;(-) (P(-)2} (-) + K()Z(-) + ¢(-)),

and

d [#; (Px; + Kz + ¢)] = d(&) (Pz; + Kz + ¢) + & {Px + Pd(z )+K3:+Kd(a_:)+d(¢_))}. (48)
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Substitute (34), (35), (37), (41) and (46) into (48) and integrate from 0 to 7', and taking expectation, we
have

T T
E{‘/O d[i‘l(P$:+K$+¢)]}=—E{/O [ql(:vf—gc)fcl—f-(p(:vf—xo):ﬁz-i-%ufﬂl]dt}

Due to P(T) = K(T) = #(T) = 0 and #;(0) = 0, we have

E{/{)Td[ji(Px;*—i-Ki—i-éf_))]}

—E {&(T) [P(T)x} (T) + K(T)2(T) + &(T)

T T
E { / (g2 (22 — 0) & + qauld] dt} - E { / g1 (2 — 7) & dt} | (49)

Then, Eq. (47) can be rewritten as

L m {/OT [ql (I 3 x*m) (m _ 35<N>) + qo (@) — 20) T + qgu;‘ai} dt}

—E {/OT [ql (xj — ) (a: - 5;<N>) +q (a‘: - I*<N>) (g; - 5;<N>) + o (F — o) & + qguzﬁz} dt} _
(50)

|
S
S
PN
o
N~—
av]]
—~
e
SN—
=
S
—~
(@n)
S~—
+
2
(@)
S—
8l
—~
(@n)
S~—
+
©-
=~
e
~
—
I
\'O

hence,

Substituting (49) into (50) yields

IZ-_IE{/OT [ql (g-;—x*W)) (ii—i(N))}dt}. (51)

Given the u;, u} € L2P» (0,T;R), i =1,---, N, we establish the square-integrability condition
T
E / a;(t)]> dt | < oo. (52)
0
By (46), we can get E [fOT (2:(1))* dt} < 00. Combining this result with (42) and (51), we derive
1
L =0—].
()
Thereby,
i (uf (), u™ (), u0 () < Ji (wi(),u”i(),uo () + €1 (53)
Thus, (ui(:), -+ ,uk(+)) is an e1-Nash equilibrium, where ¢; = O (ﬁ)

Next, prove (2) in Definition 1. Let X = (Zo,2,¢)", Y = (¢,90,9)", C = (O,Tnge'f,O)T, Dy =
(0,0,0)7, Dy = (0,0,91) " and

a 0 0 0 —r3'? 0
Ay = |0 a—q3 by 0 Bii=| —¢;'? 0 0o |,
0 0 a—q; 'V’Iy 0 0 q3'b?
0 0 0 —(a—q3 "’TIy) 0 0
Ay = | —(r1+m) 11 —q|,B2:= 0 —a 0

1 -r1 0 0 0 —(a— g3 b%ly)
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With the above notions, we can rewrite (32) as
ax = [A, X + Blﬂ dt+ DydB™, X(0) = [¢, ¢V, 0],
AV = [AoX + BoY + €| dt + D2dB™), - ¥(T) = [0,0,0] "

L~et Xf: X —X,Y =Y — Y,é = C — C, and /11 = Al —Al,flz = 1212 —Az,Bl = B1 — By,
By := By — By, where X, Y, C, Ay, Ay, By, By are given in (38). We have

dX = |:A1X —I—AlX —|—B1}~/—|—1§1Y:| dt + f)ldB(N),

dy = [AQX + Ay X + ByY + BoY + C‘} dt + D2dB™Y), (54)
5 T -
X0 = [0, ¢ =¢0] . Y1) =10,0,0]"

Let Z; := AlX + f?lf/, Zo = AQX + EQY +C. By the continuous dependence of the solution on the
parameter in Theorem 4 of [24], we have supoc;<r |Z1|* = O (%) supocicr [Z2/> = O (7). Then we

can rewrite (54) as
dX = [Alff +BiY + 21} dt + D1dBW),

dy = |:A2X + ByY + ZZ} dt + DydBWY), (55)

X0 = [@.c™-¢o] . ¥m)=p.00"

We assume that Y (-) = ©(-)X(-), where O(-) is a differential function with ©(T) = 0. By Itd’s formula,
we have
ay = OXdt + 0 [(Alx +B,OX + Zl) dt + DldB(N)} . (56)

According to the second equation in (55),

ay = [AQX + B2©X + ZQ} dt + DydB™), (57)

Comparing the corresponding coefficients of (56) and (57), we have

©+0A4, +60B0—A; — B,06 =0, O(T)=0.

Then we achieve

- - R - _ T
ax = [(A1 +BO)X + Zl} dt + D1dB™ | X(0) = [co, (M ¢ o} .

This implies
t
X@ZJ&W@MQW+/A&Wﬁwﬂqa®+ﬁﬂyM@y

0

which is similar to the method of obtaining (42). Then we can give

sup E[X(t)2 =0 (%) :

0<t<T
and since Y () = ©(-) X (), then
~ 1
sup E|Y (¢ 2_O<—>,
S Y (#)] N

which means

IE/OT(:%O—:COth:O(%), E/OT (:%(N)—x)th:O(%>, (58)
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and
T T T
ey ofL M _NgeolL / oV ar—o( L
E/o (0 — 90) dt—O(N), E/o (1 —g) at=0(+). e/ (v-9) at=0(%
Combining this with (42), we have

E/ M) — 2N de =0 (—) , 60
[ ( ) 5 (60)

and Zo(t) = z§(t), for all ¢ € [0,T]. Then

E/OT (x5 — 20)°dt = O (%) (61)

We need two steps. First, by (60), we get

Jo (o (), @™ [5a0(-)]) < Jo (uo(), @™ [3uo(-)])
:%E {/O [7“1 (ZCO _ j(N))Q + 7 (gco — xBEf)Q + T‘3U3:| dt}

1 T
=3" {/ [Tl (o — " )2 4 ry(wo — 25" + Taug] dt}
0

- %E {/OT 1 (x*W) - 33<N>)2 dt +2 /OT - (3;0 - x*(N)) (I*uv) _ jjuv)) dt}
< (wnh L) +0 () +0 ().

Next, from (58)—(61), we have

2 .
8} (xfg — :v*(N)) + 79 (xS — :Cfft)z + T‘3(U8)2:| dt}

2
1 (553 - iv*(N)) + o (5 — xéeff +7r3 (_Tav_lbyo)Q] dt}

1 T 2
=5E / 2l (560 — ™) pgr — gy — N 4 ;@<N>)
0
T 9 5
+ 215 / {7”2 (20 — zgt + 25 — 20)” — b (do + Yo — Jo) }df
0

<Jo (o (), @™ [540()]) + O (%) +0 (%) .

Hence,
Jo (ug () w™ [5ug()]) < Jo (uo()sw™ [5uo(-)]) +e2.

The proof is complete.

5 Numerical simulation

Consider a large scale population of HVACs with the number N = 1000, and a leader HVAC is additionally
appointed. The dynamic equations of HVACs are given in (1), where the physical parameters are detailed
in Table 1. Let the ambient temperature T, = 30°C, the rated power Rp = 8 kW, the initial power
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Table 1 Typical parameters for HVACs and corresponding rooms.

Symbol Parameter Value Unit
14 Room’s volume 300 m?
As Envelope’s surface area 320 m?
ca Heat capacity of air 1.005 kJ/(kg-° C)
pA Density of air 1.205 kg/m?
Up, Heat transfer coefficient 7.69 W/(m? -° C)
Air exchange times 0.5 1/h
n Coefficient of performance 3 -
0.35 1 1
(a) (b) (©)
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- 3 o
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Figure 2 Regulation power and temperature comfort of HVACs and their probability distribution in Case I. (a) The control input
uo; (b) the regulation power «g; (c) the temperature comfort By; (d) the control inputs u;; (e) the regulation power a;; (f) the
temperature comfort 3;; (g) the probability distribution of «; (h) the probability distribution of 3.

Py = 0.837 kW and the targeted horizon of T; is [23°C,27°C]. Hence, the parameters of the dynamic
equations (6) are a = —0.0069087, b = —0.0330296, and ¢ = 0.020726. Suppose 3¢ =0.5, i =0,1,--- , N.
Then according to (6), we have at°f = %W =0.52291, i = 0,1,--- , N that should be the admissible
average value of the regulation power expected by the power grid. The simulation time is set to T' = 900 s.

In the simulation, we examine four different simulation scenarios.

Case I (Benchmark): Let the initial value of the leader’s state 57(0) = 0.3 (75(0) = 25.6°C), and the
follower’s initial state 3;(0) ~ N(0,0.7) (7;(0) ~ N(25,0.7)), where A/ denotes normal distributions. The
weighting coefficients in the cost functions (16) and (17) are set as ¢; = 400, g2 = 0.5, g5 = 50, 1 = 0.01,
ro = 4, r3 = 6. The results of Case I are shown in Figure 2, where Figure 2(a) (or (d)) represents
the control input of the leader (or followers), while Figures 2(b) (or (e)) and (c) (or (f)), respectively,
represent the state changes of the leader’s regulation power g (or ;) and temperature comfort Sy (or ;)
under the control input represented in Figure 2(a) (or (d)). The results demonstrate that the collective
behaviors «; and 8;,7 = 0,--- , IV are maintained close to the reference values, confirming the effectiveness
of the control algorithm (40). Additionally, Figures 2(g) and (h) display distributions of regulation power
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Figure 3 The temperature comfort of the leader in Case II.
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Figure 4 Regulation power and temperature comfort of HVACs in Case III. (a) The control input ug; (b) the regulation power
ap; (c) the temperature comfort By; (d) the control inputs u;; (e) the regulation power «;; (f) the temperature comfort ;.

and temperature comfort. The findings indicate that the probability densities for both the state variable
and the control input increase over time, reflecting consistent performance across all agents.

Case IT (Parameter changes): The initial value is the same as Case I. The parameters are set as
g1 = 400, g2 = 0.5, g3 = 50, r1 = 0.01, ro = 8 (or 7o = 10), 73 = 6, where ro is decreased compared
with Case I, which means prioritizing the leader’s own tracking performance over consensus with the
collective behavior of the followers. The responses of By and AY) with the difference r5 are represented
in Figure 3. Obviously, the responses show that the intent of the aforementioned is incorporated.

Case III (Parameter and time changes): The initial value is the same as Case I. The parameters are
set as q1 = 400, g2 = 0.5, q3 = 50, r1 = 0.1, 75 = 1, r3 = 25, and the simulation time is set to T' = 1400 s.
In Figure 4, it can be seen that [3; is close to fy.

Case IV (Initial value changes): Let the initial value of the leader’s state 5y(0) = 0.3 (To(0) =
25.6°C), and the follower’s initial state §;(0) ~ U(—1,1) (T;(0) ~ U(23,27)), where U denotes uniform
distributions. The coefficients in the cost functionals are set the same as in Case I. In Figure 5, the
regulation power and temperature comfort «; and 3; are close to their desired values. This indicates that
the control strategies demonstrate adaptability and robustness in managing various types of initial value
distributions.
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Figure 5 Regulation power and temperature comfort of followers and their probability distribution in Case IV. (a) The control
inputs u;; (b) the regulation power a;; (c) the temperature comfort 3;; (d) the probability distribution of «; (e) the probability
distribution of .

6 Conclusion

To control a large number of HVACs with consideration of grid balancing, it is generally accepted that a
centralized control system should be avoided since the infeasibility of implementation with constraints of
limited resources and the uncertainties of the system dynamics, especially when the population becomes
sufficiently large. Motivated by the benefit of the mean-field game framework where the collective behavior
of a large number of agents is handled, but under decentralized control, to achieve the Nash equilibrium,
a Stackelberg MFG-based approach is proposed in this paper for the decentralized control of large-
scale HVAC systems, aiming to achieve grid balancing. First, we provide the thermodynamic model
of HVAC systems, followed by the formulation of the Stackelberg MFG problem in a general context.
We derived centralized strategies from a detailed analysis of agents’ dynamics and costs, leading to
decentralized strategies that establish a (1, e2)-Stackelberg equilibrium. The derivation process of the
proposed strategy is given in detail. Specifically, the method starts by addressing an N-player game
problem within a large, finite population framework. It then decouples or reduces high-dimensional
systems to derive centralized control based on the state of an individual player and the average state of
the population. As the population size N approaches infinity, the development of decentralized strategies
becomes feasible. Finally, we present simulation results under various weight coefficients and initial
conditions to demonstrate the effectiveness of the proposed control algorithm.

Acknowledgements The authors appreciate Dr. Zhenhui XU, Institute of Science Tokyo, Japan, for the stimulating discussion
on the topic addressed in this paper.
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Appendix A Proof of Theorem 1
Proof. We consider the ith follower. For given (; € Lg__i (3 R), uo(-) € L2(0,T;R), a;(-) € L%_-(O7 T; R), suppose that
0

(ii(-),ﬁi(v),tjg(-),j =0,1,---,N) is an adapted solution to (18). For any u;(-) € L%(0,T;R) and € € R, let x5(-) be the
solution to the following perturbed state equation:

dzf = [ax$ + buf]dt + odB;,
51 [ K3 1} g (Al)
z7(0) = G-
Then, @; = w and ; = xfg% are independent of £ and satisfy
dz; = [az; + bu;|dt,
i [ i z] (A2)
z;(0) =0,

which depend on Lemma 3.1 in the reference?!)

the expectation, we have

. Applying It6’s formula to p;(-)Z;(+), integrating from 0 to 7', and taking

0 =E [p;(T)&:(T) — p;(0)%;(0)]
T A3
— ]E/O {q1 (1 - %) (@i — 2NN)Ei + g2 (@5 — £0)&: — bami} dt. e

Hence,

TN (@5 (), u—i(),u0() = I (@i (), u—i(-), w0 ()
=%E {/OT |:Q1 (If - IE(N))z + g2 (2§ —x0)® + q3(Uf)2} dt}

1 r 2
S {/ {QI (8 =2™)" + a2 (@5 - w0)” +q31l12:| dt}
2 0
T
=27 {/ {ql (1 - l) 7 + 2} +q3a§} dt} (Ad)
2 0 N
g 1
+cE {/ [q1 (:%z — ”(N)> (1 — —) ZTi +q2 (& — o) T; + ‘Bﬁiﬂz} dt}
0 N
1, T 1N 9 ~2 T o o
=—¢“E g1 | 1= — ) T7 +q2%; +qzu; | dt p +€E [q3tiiii; + biigp;] dt p,
2 0 N o

Nl N2

where only here £(NV) () := ’“T() + % Dt x; (1), 2N () = ﬁl—]\(,) + % 2223 (-). According to q1,92 > 0, g3 > 0 and
(19), we get N1 > 0 and No = 0. Therefore,

TN (@), umi() w0 () < IY (@) + ewi (), u—i(), uo () -

The proof is complete.

1) Andersson D, Djehiche B. A maximum principle for SDEs of mean-field type. Appl Math Optim, 2011, 63: 341-356.
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Appendix B Proof of Theorem 3
Proof. Given (o € L2,(2; R) and do(-) € L2(0, T;R), let (io(v),fc(N)(-), q%N(-),@o(v),z}(m('),@?w(v)) be an adapted solu-
0

tion to (32). For any ug(-) € L2(0,T;R) and ¢ € R, let (z§(-), =N (), #% (*)) be the solution to the following perturbed
state equation of the leader:

daf = [azf + bufdt,  25(0) = Co,
des(N) — [(a - qglban) 2 (V) _ qglbzqﬁv] dt + 0dB™) . 22 (g) = () -
desy = — [(a - qglban) ¥5 — qﬂg] dt, &5 (T) = 0.
Then, let (530(')7 #N (), ¢~>N(v)) denote the solution to
dzo = [aZo + blo] dt,
az") = [(“ — g5 "B TIN)FN) — qglbziw] dt
5 ; - (B2)
dény = — [(a - q;;lb2HN) ON — qz:?:o] dt, on(T) =0,
£0(0) =0, #;(0)=0, i=1,2,---,N.

We have z§(-) = Zo(-) + ezo(-), 2 M () = 2N () + ez (1), F () = én() + edn(-), and applying 1td’s formula to
Fo()P0 () + 2N ()G () + dn ()b (), integrating from 0 to T and taking expectation, we obtain

0=-E {/OT d (:?:o(~)yo(~) + 2™ (g () + $N(~)¢N(~)) }

=-E {/OT |:7‘1 (:ﬁo — f(N)> (fﬁo — {E(N)> —+ ro ({Eo — {EBCf> To — bgoﬂo] dt} .

(B3)

Hence,
:%E{ ! [rl (m% — {EE(N)>2 + 7 (mo — m6°f> + r3(u6)2:| dt}
0
— %]E {/T |:7‘1 (fﬁo — (E(N)>2 + 7o (:Eo — w{)Cf>2 + 7‘311(2):| dt}
0

:%&E {/T |:r1 (fo - 5(N>)2 +roF2 + rgag} dt} (B4)

0

{ ) (fﬁo — E(N)) + ro (:Eo — (EO ) To + T‘guouo] dt}

2

1 T
= 552]]5 {/ {rl (fo - f“\’)) +ro@d + rgﬁo} } +€eE {/ [biotio + r3tiodio] dt} .
0
Q1 Q2
Due to ri1,72 > 0, 3 > 0 and (33), we have Q1 > 0 and Q2 = 0. Therefore,

I3 (@0() < I3 (a5() -

The proof is complete.

Appendix C
Theorem C6. Let the pair (wi(-),w2(+)) be the solution to the following differential equation:

E(ul(t)) _ Ay By (ul(t)) (wl(T)) _ (03><3)
dt \wa(t) Ay By ) \w2(t)7 \wa(T) I3
If wa(t) is invertible for all ¢ € [0,7T], then the Riccati equation (39) has a unique solution ®(t) = w (t)wgl(t) for all

t e [0,T].
Proof.  Note that

wit w
dilit(t) =—w; 't )d%o L) = —wy L (t) Aswr (Bwy (1) — wy (1) Ba,
which implies
de(t) _ dwi(t) — dwy (1)
o = @ O e =g

= Arwi(Hwy 1 (8) + B1 — wi(wy (D) Azwr (Hwy ' (8) — wi(t)wy ' (£) B2
= A1®(t) + B1 — ®(t) A2 @(¢) — @(t) B2,

and the proof is achieved.
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Appendix D

If the form of p; set in (20) is different, different Riccati equations can be obtained for solving. When we consider the
following parameterization for p;(-),

pi(-) = Pn()(@i() = 2N () + O ()™ () + én (), (D1)
where Py (-), IIy(-) are differential functions with Pyn(T) =0, IIn(T") = 0. By Itd’s formula, we have

dp; =P (& — 2N)dt + [aPNfci — Png; 'b? (PN(fci — M) Iy 4 qSN)] dt + PyodB;

N
1 . _ . . . 2
— PNN E o’dBj + ]|Ni(N)dt + |:a]|N£E(N) — lqu3 1p2 (PN(LEZ — (E(N)) + ”N{E(N) + ¢N):| dt

= (D2)
1N
Ty — dB; +don.
+N Z odBj +d¢n
Jj=1
Instituting (D1) into the right side of the second equation in (18) obtains
5 b (V) s(N) 44 1 ; LY 0
dp; = — a[PN(fCi—I ) +1InE +¢N]+ a(l-y)te|si-—a(l-5 )& -
N (D3)
j=1
Comparing the coefficients of the right hand side of (D2) and (D3), yields
. Iy — P, i Iy — P
6 = Pyo+ N0, gl = 0, i#] (D4)
. _ 1
Py +2aPy — g3 '0?P% + ¢4 (1 - N) +¢2=0, Pn(T)=0, (D5)
. . 1
Iy — Py + 2ally — 2aPy + g3 102 P% — ¢35 *0*T1% — @1 (1 - N) =0, Kpn(T)=0, (D6)

and
dn = — [(a —q; 'b? (HN)> bn + qzxo] dt, én(T)=0. (D7)
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