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Abstract This paper studies a class of LQ mean-field team problems driven by backward stochastic differential equations

(BSDEs) with drift uncertainty. In this framework, agents cooperate through state-average to minimize a shared social cost

functional. A notable innovation of this work is modeling agent state dynamics using BSDEs with uncertain generators.

Unlike standard social optimal control frameworks that rely on forward stochastic differential equations, we model agent’s

states dynamics using BSDEs, in which the terminal conditions are specified. Moreover, we consider the model uncertainty

in the decision-making process. Accordingly, we construct the backward mean-field team problem under model uncertainty.

We derive the worst-case disturbance and formulate the related social cost. Applying a forward backward version of person-

by-person optimality, we construct an auxiliary control problem for each agent under the worst scenario and establish the

robust decentralized social strategy. The well-posedness of such consistency condition system is obtained by the Riccati

decoupling method. The related asymptotic social optimality is also verified.
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1 Introduction

Large population systems are complex dynamical systems composed of numerous individual agents that
interact according to predefined rules, thereby giving rise to emergent collective behaviors. These systems
have extensive applications across various domains, including economics, finance, engineering, epidemiol-
ogy, traffic flow management, and energy networks. Notable examples include investor groups in financial
markets, vehicle coordination in intelligent transportation systems, and information dissemination on so-
cial media. Mean-field game theory, independently developed by Huang, Malhamé and Caines [1] and
Lasry and Lions [2], provides a powerful theoretical framework for analyzing such large-scale interactive
systems. For further references on mean-field game, see [3–9].

Agents within large population systems are typically coupled through the mean-field terms embedded
in their state dynamics or performance functions. When individual agents adhere to externally enforced
commitments—such as contracts or agreements—and consequently strive to achieve a collectively optimal
return, the resulting framework is referred to as a mean-field team, also known as the social optimum
problem. In this setting, all agents act cooperatively, seeking a unified socially optimal strategy that
minimizes the overall social cost. Fundamentally, this constitutes a cooperative game, wherein each
agent must strike a delicate balance between reducing its own cost and contributing to the minimization
of the aggregate social cost. Huang, Caines, and Malhamé [10] studied the social optima linear-quadratic
(LQ) problem withN decision makers, providing a theoretical foundation for large-population cooperative
control in stochastic dynamic systems. Wang and Zhang [11] analyzed social optima in mean-field linear-
quadratic-Gaussian models with Markov jump parameters. For additional references, see [12–15].

The aforementioned research focuses on cooperative games driven by forward systems. When each
agent sets a predefined objective, describing such interactions using traditional forward systems becomes
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relatively complex. In contrast, backward stochastic differential equations (BSDEs), with their inherent
mathematical structure defined by terminal conditions, provide a more natural formulation for these
problems. Bismut [16] initially introduced BSDEs within a linear framework for stochastic optimal
control problems. Subsequently, Pardoux and Peng [17] further advanced the theoretical framework of
BSDEs, extending it to the nonlinear setting, thereby laying the foundation for subsequent research in
the field. Additionally, Duffie and Epstein [18] introduced BSDEs in the context of economics, proposing
a stochastic differential representation of recursive utility, which extended the standard additive utility.
The LQ optimal control problem for BSDEs with deterministic coefficients and weighting matrices was
first investigated by Lim and Zhou [19]. Buckdahn et al. [20] expanded BSDE theory to mean-field
settings through asymptotic methods, facilitating its broader application in the analysis of large-scale
systems. In recent years, the BSDE theory has been continuously refined and has become an essential
tool in game theory, optimal control, and financial mathematics. Readers interested in this topic may
refer to [21–26].

In the study of stochastic control and differential games, mathematical models typically assume that
system dynamics and cost functions possess specific structural properties, with fixed and precisely es-
timable parameters. However, the inherent complexity and uncertainty of financial markets challenge
the validity of such assumptions. Even with high-frequency data sampling, estimation errors remain
inevitable. Market environments are influenced by a multitude of unpredictable factors, making the
development of precise and reliable models particularly challenging in practice. Consequently, when
analyzing LQ systems and related control problems, incorporating model uncertainty is crucial for en-
hancing the robustness and practical applicability of the model. Uncertainty was first introduced in [27]
and later extended through the Ellsberg paradox [28], having long been recognized as a fundamental
factor in decision-making processes. To address model uncertainty, a soft-constraint approach is com-
monly employed, integrating penalty terms into the objective function to achieve a trade-off between
constraint enforcement and solution flexibility. This method permits mild constraint violations while
adjusting penalty parameters to modulate sensitivity to uncertainty, thereby enhancing the robustness of
the model. In dynamic systems, uncertainty typically manifests in the drift or diffusion terms, referred
to as drift uncertainty and volatility uncertainty, respectively. For drift uncertainty, relevant studies
include [29] for the mean-field LQ game, [30] for social optimal control of the mean field LQ model,
and [31] for stochastic Stackelberg LQ differential game. For volatility uncertainty, Ref. [32] provided a
reference for mean field social optimum control, while Ref. [33] examined its impact within the framework
of mean-field game. More studies can be referred to [34–38].

Inspired by the above, we investigate a class of LQ mean-field team problems driven by BSDEs with
drift uncertainty. In this setting, agents cooperate and are coupled through state-average, collectively
minimizing a shared social cost functional. A key novelty of this work lies in the agents’ state dynamics,
which are governed by BSDEs with uncertain generators. This formulation fundamentally distinguishes
our framework from existing studies on robust socially optimal control, where system dynamics is typ-
ically described by forward stochastic differential equations (SDEs). Unlike forward SDEs, BSDEs are
formulated with a prescribed terminal condition, and their solutions consist of a pair of adapted processes
(y(·), z(·)), which depend exclusively on past and present information, without reliance on future data.
We introduce a stochastic process f to represent all unspecified external influences on drift evolution,
serving as a critical factor in the decision-making process. In this setting, f can be interpreted as an
adversarial player acting against all agents, aiming to exacerbate the overall social cost. Therefore, a
soft-constraint analysis is adopted by incorporating a negative quadratic penalty on f in the cost func-
tional to characterize the impact of uncertainty on the system. The principal contributions of this work
are summarized as follows.

• To our best knowledge, this article is the first research endeavor to formulate the robust mean-field
team optimization problem in a backward setting. Through a soft-constraint analysis, we address drift
uncertainty and reformulate the problem as a social optimal control problem governed by a system of
forward-backward stochastic differential equations (FBSDEs). Furthermore, we construct an auxiliary
control problem with FBSDEs as the dynamics and derive a robust decentralized strategy based on
consistency conditions and an approximation scheme.

• With drift uncertainty embedded in the system, the resulting robust decentralized strategy is gov-
erned by two forward and two backward optimal equations, which are coupled through initial values.
It turns out that the asymptotic analysis of the decentralized strategy involves coupled FBSDEs and is
much more challenging than that of [24]. By employing discounting techniques and Riccati decoupling
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methods, we establish relevant estimates for FBSDEs and verify that the derived decentralized strategy
is asymptotically optimal.

Mean-field team models with BSDEs provide a robust framework for analyzing cooperative decision-
making under model uncertainty in finance. It has wide applications in financial domains. A key ap-
plication lies in insurance premium pricing, where insurers must set optimal premiums while accounting
for uncertain claim distributions and collective risk exposure [39, 40]. The BSDE state process naturally
aligns with terminal liabilities, allowing insurers to solve robust optimization problems under worst-case
scenarios [41]; similarly, in portfolio management, investors can use this framework to coordinate strate-
gies under fluctuating market conditions, ensuring that wealth targets are met despite the uncertainty
of the parameters [42–44]; another relevant setting is pension fund regulation, where pension funds must
ensure solvency over long horizons amid uncertain investment returns and longevity trends [45]. The back-
ward structure naturally models terminal funding requirements, while the mean-field component captures
how individual contribution decisions aggregate across the system [46, 47]. This approach enables fund
managers to develop robust strategies that account for worst-case scenarios, such as prolonged market
downturns or unexpected increases in longevity. The advantage of this model is its unified treatment
of cooperative optimization among agents and stochastic control under uncertainty. This combination
makes it particularly suitable for real-world financial systems characterized by interdependent decision
makers and incomplete information. From an implementation perspective, the high-dimensional nature
of these problems typically requires advanced numerical methods [48, 49]. For future research, we can
explore the integration of machine learning techniques with BSDE to enhance the practical applicability
of the model.

The structure of this paper is outlined as follows. Section 2 introduces the preliminary concepts and
formulates the backward mean-field team problem under model uncertainty. In Section 3, we employ a
soft-constraint approach to derive the worst-case disturbance. Section 4 addresses a social optimal control
problem under the worst scenario and establishes the robust decentralized strategy. Section 5 further
presents consistency conditions and their solvability, identifying the limit term. In Section 6, we further
demonstrate that the decentralized strategy obtained is an ǫ-Nash equilibrium of the original problem.
Finally, Section 7 concludes the paper by summarizing the main results.

2 Problem formulation

Consider a finite time horizon [0, T ] for fixed T > 0. Assume that (Ω,F , {Ft}06t6T ,P) is a complete
filtered probability space satisfying the usual condition and {Wi(t), 1 6 i 6 N}06t6T is an N -dimensional
Brownian motion on this space. Let Ft be the filtration generated by {Wi(s), 1 6 i 6 N}06s6t and
augmented by NP (the class of all P-null sets of F). Let F i

t be the augmentation of σ{Wi(s), 0 6 s 6 t}
by NP.

Let 〈·, ·〉 denote the standard Euclidean inner product. x⊤ denotes the transpose of a vector (or matrix)
x. Sn denotes the set of symmetric n× n matrices with real elements. M > (>)0 denotes that M ∈ Sn

which is positive (semi)definite, while M ≫ 0 denotes that, ∃ ε > 0, M − εI > 0. We introduce the
following spaces which will be used in the paper:

• L2
FT

(Ω;Rn) := {η : Ω → Rn|η is FT -measurable such that E|η|2 < ∞};
• L2

F(0, T ;R
n) := {ζ(·) : [0, T ] × Ω → Rn|ζ(·) is Ft-progressively measurable process such that

E
∫ T

0
|ζ(t)|2dt < ∞};

• L2
F(Ω;C ([0, T ];Rn)) := {ζ(·) : [0, T ] × Ω → Rn|ζ(·) is Ft-adapted, continuous, such that

E

[
sups∈[0,T ] |ζ(s)|

2
]
< ∞;

• L∞(0, T ;Rn×n) := {ζ(·) : [0, T ] → Rn×n | ζ(·) is uniformly bounded}.

We consider a weakly coupled large population system with agent {Ai, 1 6 i 6 N}. The dynamics
of the agents is given by a system of linear backward stochastic differential equations with mean-field
coupling. For 1 6 i 6 N,





dyi(t) =−
[
A(t)yi(t) +B(t)ui(t) + C(t)y(N)(t) + f(t)

]
dt+ zi(t)dWi(t) +

N∑

j=1,j 6=i

zij(t)dWj(t),

yi(T ) =ξi,

(1)
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where ξi ∈ L2
FT

(Ω;Rn) is independent and identical distributed, f(·) ∈ L2
F(0, T ;R

n) is some unknown

random disturbance to denote impact from possible modeling uncertainty and y(N)(t) = 1
N

∑N

i=1 yi(t) is
the average state of the agents. Let u(·) = (u1(·), · · · , uN(·)) be the set of strategies of all N agents and
u−i(·) = (u1(·), · · · , ui−1(·), ui+1(·), · · · , uN(·)), 1 6 i 6 N . The cost functional for Ai, 1 6 i 6 N , is
given by

Ji(ui(·), u−i(·); f(·)) =
1

2
E

[ ∫ T

0

(
‖ui(t)‖

2
R1
+‖yi(t)−Γ1(t)y

(N)(t)‖2Q+‖zi(t)‖
2
H

)
dt+‖yi(0)−Γ2y

(N)(0)‖2G

]
.

(2)
Since f(·) is unknown to the agents and each agent regards the disturbance as an adversarial player (e.g.,
[29]). These agents may adopt some soft-constraint analysis and the cost functionals should be revised
as

Ji(ui(·), u−i(·); f(·))

=
1

2
E

[ ∫ T

0

(
‖ui(t)‖

2
R1

+ ‖yi(t)− Γ1(t)y
(N)(t)‖2Q + ‖zi(t)‖

2
H − ‖f(t)‖2R0

)
dt+ ‖yi(0)− Γ2y

(N)(0)‖2G

]
.
(3)

Accordingly, the aggregate team functional of N agents is

Jsoc(u(·); f(·)) =
N∑

i=1

Ji(ui(·), u−i(·); f(·)). (4)

We impose the following assumptions on the coefficients.

Assumption 1. A(·), B(·), C(·) are matrix-valued functions satisfying

A(·), C(·) ∈ L∞(0, T ;Rn×n), B(·) ∈ L∞(0, T ;Rn×m).

Assumption 2. G,Γ2 ∈ Rn×n, R1(·),Γ1(·), Q(·), H(·), R0(·) are matrix-valued functions satisfying

R1(·) ∈ L∞(0, T ; Sm), Q(t), H(·), R0(·) ∈ L∞(0, T ; Sn), Γ1(·) ∈ L∞(0, T ;Rn×n).

Assumption 3. Q > 0, G > 0, H > 0, R1(·), R0(·) ≫ 0.

For i = 1, · · · , N , the centralized admissible strategy set for the i-th agent is given by

Uc
i =

{
ui(·)|ui(·) ∈ L2

F(0, T ;R
m)
}
.

Correspondingly, the decentralized admissible strategy set for the i-th agent is given by

Ud
i =

{
ui(·)|ui(·) ∈ L2

Fi(0, T ;Rm)
}
.

According to the minimax control problem, we need to consider the possibility of the worst case scenario.
Thus, the social cost under the worst-case disturbance is defined as

Jwo
soc(u(·)) = sup

f∈L2
F
(0,T ;Rn)

Jsoc(u(·); f).

Then we can propose the following optimal control problem.

Problem 1. Find a strategy set ū = (ū1, · · · , ūN ) ∈ Uc =
⊗N

i=1 U
c
i , such that

Jwo
soc(ū(·)) = inf

u∈Uc
Jwo
soc(u(·)). (5)

Due to the framework of a large population system, it is intractable for the agents to find the optimal
centralized strategies. Therefore, we introduce our robust BLQ-MFT problem which focuses on the
decentralized strategies.

Problem 2. Find a strategy set ũ = (ũ1, · · · , ũN ), where ũi ∈ Ud
i , 1 6 i 6 N such that

1

N

(
Jwo
soc(ũ(·))− inf

u(·)∈Uc

Jwo
soc(u(·))

)
6 ε,

where ε = ε(N) > 0, limN→∞ ε(N) = 0.
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3 Mean-field BLQ problem for the disturbance

In this section, we will first seek the worst-case disturbance f̃(·); i.e., for any ui ∈ Uc
i , find f̃(·) such that

Jsoc(u(·); f̃(·)) = sup
f∈L2

F
(0,T ;Rn)

Jsoc(u(·); f(·)).

Clearly, the above problem is equivalent to minimize −Jsoc(u(·); f(·)) over f(·) ∈ L2
F(0, T ;R

n), where

−Jsoc(u(·); f(·)) =−
N∑

i=1

Ji(ui(·), u−i(·); f(·))

=−
1

2

N∑

i=1

E

[ ∫ T

0

(
‖ui‖

2
R1

+‖yi− Γ1y
(N)‖2Q +‖zi‖

2
H −‖f‖2R0

)
dt+ ‖yi(0)−Γ2y

(N)(0)‖2G

]
.

For further analysis, we make the following assumption.

Assumption 4. −Jsoc(u(·); f(·)) is uniformly convex respect to f .

We will apply the variation analysis to construct the worst disturbance f̃(·). For this, let (ỹi, z̃ij) and

(yθi , z
θ
ij) be the states corresponding to f̃(·) and f̃(·)+θf , respectively, where f ∈ L2

F(0, T ;R
n) and θ ∈ R.

That is, 




dỹi = −
(
Aỹi +Bui + Cỹ(N) + f̃

)
dt+ z̃idWi(t) +

N∑

j=1,j 6=i

z̃ijdWj(t),

ỹi(T ) = ξi

and 



dyθi = −
(
Ayθi +Bui + Cy(N),θ + f̃ + θf

)
dt+ zθi dWi(t) +

N∑

j=1,j 6=i

zθijdWj(t),

yθi (T ) = ξi,

where y(N),θ = 1
N

∑N

i=1 y
θ
i , ỹ

(N) = 1
N

∑N

i=1 ỹi. Therefore,

− Jsoc(u(·); f̃ + θf) + Jsoc(u(·); f̃)

= −
1

2

N∑

i=1

E

[ ∫ T

0

(
‖yθi − Γ1y

(N),θ‖2Q − ‖ỹi − Γ1ỹ
(N)‖2Q + ‖zθi ‖

2
H − ‖z̃i‖

2
H − ‖f̃ + θf‖2R0

+ ‖f̃‖2R0

)
dt

+ ‖yθi (0)− Γ2y
(N),θ(0)‖2G − ‖ỹi(0)− Γ2ỹ

(N)(0)‖2G

]

= −
1

2

N∑

i=1

{[
E

∫ T

0

(
‖Yi − Γ1Y

(N)‖2Q + ‖Zi‖
2
H − ‖f‖2R0

)
dt+ ‖Yi(0)− Γ2Y

(N)(0)‖2G

]
θ2

+ 2
[
E

∫ T

0

(〈
Q(Yi − Γ1Y

(N)), ỹi − Γ1ỹ
(N)
〉
+ 〈HZi, z̃i〉 − 〈R0f, f̃〉

)
dt

+
〈
G(Yi(0)− Γ2Y

(N)(0)), ỹi(0)− Γ2ỹ
(N)(0)

〉]
θ
}
,

(6)

where

Yi =
yθi − ỹi

θ
, Zi =

zθi − z̃i

θ
, Zij =

zθij − z̃ij

θ
, Y (N)(t) =

1

N

N∑

i=1

Yi(t)

and 



dYi = −
(
AYi + CY (N) + f

)
dt+ ZidWi(t) +

N∑

j=1,j 6=i

ZijdWj(t),

Yi(T ) = 0.
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Introducing the following adjoint equation:

{
dpi = αidt+ βidWi(t),

pi(0) = −Gỹi(0) + (GΓ2 − Γ⊤
2 GΓ2 + Γ⊤

2 G)ỹ(N)(0)

and p(N) = 1
N

∑N

i=1 pi. Applying Itô’s formula to 〈Yi, pi〉 and combining with (6), we have

− Jsoc(u(·); f̃ + θf) + Jsoc(u(·); f̃)

= −
1

2

N∑

i=1

[
E

∫ T

0

(
‖Yi − Γ1Y

(N)‖2Q + ‖Zi‖
2
H − ‖f‖2R0

)
dt+ ‖Yi(0)− Γ2Y

(N)(0)‖2G

]
θ2

−
N∑

i=1

[
E

∫ T

0

(
〈Q(Yi − Γ1Y

(N)), ỹi − Γ1ỹ
(N)〉+ 〈HZi, z̃i〉 − 〈R0f, f̃〉

)
dt

+
〈
G(Yi(0)− Γ2Y

(N)(0)), ỹi(0)− Γ2ỹ
(N)(0)

〉]
θ

= −
1

2

N∑

i=1

[
E

∫ T

0

(
‖Yi − Γ1Y

(N)‖2Q + ‖Zi‖
2
H − ‖f‖2R0

)
dt+ ‖Yi(0)− Γ2Y

(N)(0)‖2G

]
θ2

−
N∑

i=1

[
E

∫ T

0

(
〈QYi, ỹi − Γ1ỹ

(N)〉 − 〈Yi,Γ
⊤
1 Q(I − Γ1)ỹ

(N)〉+ 〈HZi, z̃i〉 − 〈R0f, f̃〉 − 〈AYi, pi〉

− 〈CYi, p
(N)〉 − 〈f, pi〉+ 〈Yi, αi〉+ 〈βi, Zi〉

)
dt
]
θ.

Let

αi = A⊤pi + C⊤p(N) −Qỹi + (QΓ1 − Γ⊤
1 QΓ1 + Γ⊤

1 Q)ỹ(N), βi = −Hz̃i.

We have

−Jsoc(u(·); f̃ + θf) + Jsoc(u(·); f̃) =
1

2

N∑

i=1

[
E

∫ T

0

(
− ‖Yi − Γ1Y

(N)‖2Q − ‖Zi‖
2
H + ‖f‖2R0

)
dt

− ‖Yi(0)− Γ2Y
(N)(0)‖2G

]
θ2 +

N∑

i=1

[
E

∫ T

0

〈f,R0f̃ + pi〉dt
]
θ.

Then f̃ is a minimizer of −Jsoc(u(·); f) if

N∑

i=1

[
E

∫ T

0

(
− ‖Yi − Γ1Y

(N)‖2Q − ‖Zi‖
2
H + ‖f‖2R0

)
dt− ‖Yi(0)− Γ2Y

(N)(0)‖2G

]
> 0

and
N∑

i=1

E

∫ T

0

〈f,R0f̃ + pi〉dt = 0.

Therefore, f̃ = − 1
N
R−1

0

∑N

i=1 pi = −R−1
0 p(N), where





dỹi = −
(
Aỹi +Bui + Cỹ(N) −R−1

0 p(N)
)
dt+ z̃idWi(t) +

N∑

j=1,j 6=i

z̃ijdWj(t),

dpi =
(
A⊤pi + C⊤p(N) −Qỹi + (QΓ1 − Γ⊤

1 QΓ1 + Γ⊤
1 Q)ỹ(N)

)
dt−Hz̃idWi(t),

ỹi(T ) = ξi, pi(0) = −Gỹi(0) + (GΓ2 − Γ⊤
2 GΓ2 + Γ⊤

2 G)ỹ(N)(0).
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4 Stochastic optimal control problem for the agents Ai

For simplicity, let

Γ̄1 = QΓ1 − Γ⊤
1 QΓ1 + Γ⊤

1 Q, Γ̄2 = GΓ2 − Γ⊤
2 GΓ2 + Γ⊤

2 G.

In Section 3, the robust disturbance is determined. Then the state equation of the agent can be written
as 




dyi = −
(
Ayi +Bui + Cy(N) −R−1

0 p(N)
)
dt+ zidWi(t) +

N∑

j=1,j 6=i

zijdWj(t), yi(T ) = ξi,

dpi =
(
A⊤pi + C⊤p(N) −Qyi + Γ̄1y

(N)
)
dt−HzidWi(t), pi(0) = −Gyi(0) + Γ̄2y

(N)(0),

(7)

and the corresponding cost functionals become

Ji(ui(·), u−i(·))=
1

2
E

[ ∫ T

0

(
‖ui‖

2
R1

+ ‖yi − Γ1y
(N)‖2Q + ‖zi‖

2
H − ‖p(N)‖2

R−1
0

)
dt+ ‖yi(0)− Γ2y

(N)(0)‖2G

]

and

Jwo
soc(u(·)) =

N∑

i=1

Ji(ui(·), u−i(·)).

Since the agents focus on minimizing the social cost instead of their individual costs, a variational analysis
is essential to quantify the total variation in social cost, δJwo

soc(δui), triggered by individual variation δui

of a generic agent Ai. This type of analysis is not necessary in a cooperative framework and highlights
the key distinction between MFG and MFT.

Remark 1. Based on Assumptions 1–4 and referring to Lemma 2.1 in [30], we can further establish
the uniform convexity of the social cost functional Jwo

soc(u(·)) with respect to u.

4.1 Person-by-person optimality

Let {ūi, ūi ∈ Uc
i }

N
i=1 be centralized optimal strategy of all agents. In order to quantify (total) variation

δJwo
soc(δui) owing to basic δui by a generic agentAi, we need to consider the perturbation that the agentAi

uses the strategy ui ∈ Uc
i and all the other agents use the strategy ū−i = (ū1, · · · , ūi−1, ūi+1, · · · , ūN). The

realized states (7) corresponding to (ui, ū−i) and (ūi, ū−i) are defined as (y1, · · · , yN) and (ȳ1, · · · , ȳN)
respectively. For j = 1, · · · , N , define the perturbation

δuj = uj− ūj, δyj = yj− ȳj, δzj = zj− z̄j, δzij = zij− z̄ij, δpj = pj− p̄j, δJj = Jj(ui, ū−i)−Jj(ūi, ū−i).

Defining δy(N) = 1
N

∑N

i=1 δyi, δp
(N) = 1

N

∑N

i=1 δpi, the variation of the state for Ai is given by






dδyi = −
(
Aδyi +Bδui + Cδy(N) −R−1

0 δp(N)
)
dt+ δzidWi(t) +

N∑

k=1,k 6=i

δzikdWk(t),

dδpi =
(
A⊤δpi + C⊤δp(N) −Qδyi + Γ̄1δy

(N)
)
dt−HδzidWi(t),

δyi(T ) = 0, δpi(0) = −Gδyi(0) + Γ̄2δy
(N)(0),

(8)

and for Aj , j 6= i,






dδyj = −
(
Aδyj + Cδy(N) −R−1

0 δp(N)
)
dt+ δzjdWj(t) +

N∑

k=1,k 6=j

δzjkdWk(t),

dδpj =
(
A⊤δpj + C⊤δp(N) −Qδyj + Γ̄1δy

(N)
)
dt−HδzjdWj(t),

δyj(T ) = 0, δpj(0) = −Gδyj(0) + Γ̄2δy
(N)(0).
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Defining δy−i =
∑N

j=1,j 6=i δyj and δp−i =
∑N

j=1,j 6=i δpj , thus





dδy−i=−
(
Aδy−i+(N−1)Cδy(N)−(N−1)R−1

0 δp(N)
)
dt+

N∑

j=1,j 6=i

δzjdWj(t) +

N∑

j=1,j 6=i

N∑

k=1,k 6=j

δzjkdWk(t),

dδp−i=
(
A⊤δp−i +(N−1)C⊤δp(N) −Qδy−i + (N−1)Γ̄1δy

(N)
)
dt−

N∑

j=1,j 6=i

HδzjdWj(t),

δy−i(T )= 0, δp−i(0) = −Gδy−i(0) + (N−1)Γ̄2δy
(N)(0).

(9)
By some elementary calculations, we can further obtain the variation of the cost functional of Ai as

δJi = E

[ ∫ T

0

(
〈R1ūi, δui〉+ 〈Q(ȳi − Γ1ȳ

(N)), δyi − Γ1δy
(N)〉+ 〈Hz̄i, δzi〉 − 〈R−1

0 p̄(N), δp(N)〉
)
dt

+ 〈G(ȳi(0)− Γ2ȳ
(N)(0)), δyi(0)− Γ2δy

(N)(0)〉
]
.

For j 6= i, the variation of the cost functional of Aj is given by

δJj = E

[ ∫ T

0

(
〈Q(ȳj − Γ1ȳ

(N)), δyj − Γ1δy
(N)〉+ 〈Hz̄j , δzj〉 − 〈R−1

0 p̄(N), δp(N)〉
)
dt

+ 〈G(ȳj(0)− Γ2ȳ
(N)(0)), δyj(0)− Γ2δy

(N)(0)〉
]
.

Therefore, the variation of the social cost satisfies

δJ wo
soc = E

[ ∫ T

0

(
〈R1ūi, δui〉+

N∑

j=1

〈Q(ȳj − Γ1ȳ
(N)), δyj − Γ1δy

(N)〉+
N∑

j=1

〈Hz̄j , δzj〉

−N〈R−1
0 p̄(N), δp(N)〉

)
dt+

N∑

j=1

〈G(ȳj(0)− Γ2ȳ
(N)(0)), δyj(0)− Γ2δy

(N)(0)〉
]
.

(10)

Replacing (ȳ(N), p̄(N)) in (10) by some mean-field term (ŷ, p̂) which will be determined later,

δJ (N)
soc = E

[ ∫ T

0

(
〈R1ūi, δui〉+ 〈Q(ȳi − Γ1ȳ

(N)), δyi − Γ1δy
(N)〉+

∑

j 6=i

〈Q(ȳj−Γ1ȳ
(N)), δyj−Γ1δy

(N)〉

+〈Hz̄i, δzi〉+
∑

j 6=i

〈Hz̄j, δzj〉−N〈R−1
0 p̄(N), δp(N)〉

)
dt+ 〈G(ȳi(0)−Γ2ȳ

(N)(0)), δyi(0)−Γ2δy
(N)(0)〉

+
∑

j 6=i

〈G(ȳj(0)− Γ2ȳ
(N)(0)), δyj(0)− Γ2δy

(N)(0)〉
]

= E

[ ∫ T

0

(
〈R1ūi, δui〉+ 〈Qȳi, δyi〉+ 〈(−QΓ1 − Γ⊤

1 Q+ Γ⊤
1 QΓ1)ŷ, δyi〉+

1

N

∑

j 6=i

〈Qȳj , Nδyj〉

+
∑

j 6=i

〈(−QΓ1 − Γ⊤
1 Q+ Γ⊤

1 QΓ1)ŷ, δyj〉+ 〈Hz̄i, δzi〉+
∑

j 6=i

〈Hz̄j , δzj〉 −N〈R−1
0 p̂, δp(N)〉

)
dt

+ 〈Gȳi(0), δyi(0)〉+ 〈(−GΓ2 − Γ⊤
2 G+ Γ⊤

2 GΓ2)ŷ(0), δyi(0)〉

+
1

N

∑

j 6=i

〈Gȳj(0), Nδyj(0)〉+
∑

j 6=i

〈(−GΓ2 − Γ⊤
2 G+ Γ⊤

2 GΓ2)ŷ(0), δyj(0)〉
]
+

3∑

l=1

εl,

where 




ε1 = E

∫ T

0

〈(QΓ1 + Γ⊤
1 Q− Γ⊤

1 QΓ1)(ŷ − ȳ(N)), Nδy(N)〉dt,

ε2 = E

∫ T

0

〈R−1
0 (p̂− p̄(N)), Nδp(N)〉dt,

ε3 = E〈(GΓ2 + Γ⊤
2 G− Γ⊤

2 GΓ2)(ŷ(0)− ȳ(N)(0)), Nδy(N)(0)〉.
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Introduce the limit (y∗∗, p∗∗) to replace (δy−i, δp−i), and for j 6= i, introduce the limit (y∗j , z
∗
j , z

∗
jk) to

replace (Nδyj, Nδzj , Nδzjk), where





dy∗∗ = −
[
(A+ C)y∗∗ −R−1

0 p∗∗ + Cδyi −R−1
0 δpi

]
dt+

N∑

k=1

z∗∗k dWk(t),

dp∗∗ =
[
(A+ C)⊤p∗∗ + (Γ̄1 −Q)y∗∗ + C⊤δpi + Γ̄1δyi

]
dt,

dy∗j = −
[
Ay∗j + Cy∗∗ −R−1

0 p∗∗ + Cδyi −R−1
0 δpi

]
dt+ z∗j dWj(t) +

N∑

k=1,k 6=j

z∗jkdWk(t),

y∗∗(T ) = 0, p∗∗(0) = −Gy∗∗(0) + Γ̄2δyi(0) + Γ̄2y
∗∗(0), y∗j (T ) = 0.

(11)

Therefore,

δJ (N)
soc = E

[ ∫ T

0

(
〈R1ūi, δui〉+ 〈Qȳi, δyi〉+ 〈(−QΓ1 − Γ⊤

1 Q+ Γ⊤
1 QΓ1)ŷ, δyi〉+

1

N

∑

j 6=i

〈Qȳj , Nδyj〉

+ 〈(−QΓ1 − Γ⊤
1 Q+ Γ⊤

1 QΓ1)ŷ, δy−i〉+ 〈Hz̄i, δzi〉+
1

N

∑

j 6=i

〈Hz̄j , Nδzj〉 − 〈R−1
0 p̂, δpi〉

−
∑

j 6=i

〈R−1
0 p̂, δpj

)
dt+ 〈Gȳi(0), δyi(0)〉+ 〈(−GΓ2 − Γ⊤

2 G+ Γ⊤
2 GΓ2)ŷ(0), δyi(0)〉

+
1

N

∑

j 6=i

〈Gȳj(0), Nδyj(0)〉+ 〈(−GΓ2 − Γ⊤
2 G+ Γ⊤

2 GΓ2)ŷ(0), δy−i(0)〉
]
+

3∑

l=1

εl

= E

[ ∫ T

0

(
〈R1ūi, δui〉+ 〈Qȳi, δyi〉+ 〈(−QΓ1 − Γ⊤

1 Q+ Γ⊤
1 QΓ1)ŷ, δyi〉+

1

N

∑

j 6=i

〈Qȳj , y
∗
j 〉,

+ 〈(−QΓ1 − Γ⊤
1 Q+ Γ⊤

1 QΓ1)ŷ, y
∗∗〉+ 〈Hz̄i, δzi〉+

1

N

∑

j 6=i

〈Hz̄j, z
∗
j 〉 − 〈R−1

0 p̂, δpi〉

− 〈R−1
0 p̂, p∗∗〉

)
dt+ 〈Gȳi(0), δyi(0)〉+ 〈(−GΓ2 − Γ⊤

2 G+ Γ⊤
2 GΓ2)ŷ(0), δyi(0)〉

+
1

N

∑

j 6=i

〈Gȳj(0), y
∗
j (0)〉+ 〈(−GΓ2 − Γ⊤

2 G+ Γ⊤
2 GΓ2)ŷ(0), y

∗∗(0)〉
]
+

9∑

l=1

εl,

where





ε4 = E

∫ T

0

〈(QΓ1 + Γ⊤
1 Q− Γ⊤

1 QΓ1)ŷ, y
∗∗ − δy−i〉dt,

ε5 = E

∫ T

0

1

N

∑

j 6=i

〈Qȳj , Nδyj − y∗j 〉dt,

ε6 = E

∫ T

0

1

N

∑

j 6=i

〈Hz̄j , Nδzj − z∗j 〉dt,

ε7 = E

∫ T

0

〈R−1
0 p̂, p∗∗ − δp−i〉dt,

ε8 = E〈(GΓ2 + Γ⊤
2 G− Γ⊤

2 GΓ2)ŷ(0), y
∗∗(0)− δy−i(0)〉,

ε9 = E
( 1
N

∑

j 6=i

〈Gȳj(0), Nδyj(0)− y∗j (0)〉
)
.
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For j 6= i, introducing the following adjoint equations (xj
1, x2, q2) to replace (y∗j , y

∗∗, p∗∗),






dx
j
1 = α

j
1dt+ β

j
1dWj(t), x

j
1(0) = Gȳj(0),

dx2 = α2dt+

K∑

k=1

βk
2dWk(t), x2(0) = Γ̄2ŷ(0) +Gq2(0)− Γ̄2q2(0),

dq2 = γ2dt+
K∑

k=1

ηk2dWk(t), q2(T ) = 0.

(12)

Applying Itô’s formula to 〈xj
1, y

∗
j 〉, we have

− E〈Gȳj(0), y
∗
j (0)〉

= E

∫ T

0

[
〈−A⊤xj

1 + α
j
1, y

∗
j 〉+ 〈βj

1, z
∗
j 〉 − 〈C⊤xj

1, y
∗∗〉+ 〈R−1

0 x
j
1, p

∗∗〉 − 〈C⊤xj
1, δyi〉+ 〈R−1

0 x
j
1, δpi〉

]
dt.

Applying Itô’s formula to 〈x2, y
∗∗〉, we have

− E〈Γ̄2ŷ(0) +Gq2(0)− Γ̄2q2(0), y
∗∗(0)〉

= E

∫ T

0

[
− 〈x2, (A+ C)y∗∗〉+ 〈x2, R

−1
0 p∗∗〉 − 〈x2, Cδyi〉+ 〈x2, R

−1
0 δpi〉+ 〈α2, y

∗∗〉+
N∑

k=1

〈βk
2 , z

∗∗
k 〉
]
dt.

Applying Itô’s formula to 〈q2, p∗∗〉, we have

E〈q2(0), Gy∗∗(0)− Γ̄2δyi(0)− Γ̄2y
∗∗(0)〉

= E

∫ T

0

[
〈q2, (A+ C)⊤p∗∗〉+ 〈q2, (Γ̄1 −Q)y∗∗〉+ 〈q2, C

⊤δpi〉+ 〈q2, Γ̄1δyi〉+ 〈γ2, p
∗∗〉
]
dt.

Therefore,

δJ (N)
soc = E

[ ∫ T

0

(
〈R1ūi, δui〉+ 〈Qȳi, δyi〉+ 〈(−QΓ1 − Γ⊤

1 Q+ Γ⊤
1 QΓ1)ŷ, δyi〉+

1

N

∑

j 6=i

〈Qȳj , y
∗
j 〉

+ 〈(−QΓ1 − Γ⊤
1 Q+ Γ⊤

1 QΓ1)ŷ, y
∗∗〉+ 〈Hz̄i, δzi〉+

1

N

∑

j 6=i

〈Hz̄j, z
∗
j 〉 − 〈R−1

0 p̂, δpi〉

− 〈R−1
0 p̂, p∗∗〉

)
dt+ 〈Gȳi(0), δyi(0)〉 − 〈Γ̄2ŷ(0), δyi(0)〉+

1

N

∑

j 6=i

〈Gȳj(0), y
∗
j (0)〉

+ 〈Γ̄2ŷ(0), y
∗∗(0)〉

]
−

1

N

∑

j 6=i

E〈Gȳj(0), y
∗
j (0)〉

−
1

N

∑

j 6=i

E

∫ T

0

[
〈−A⊤xj

1 + α
j
1, y

∗
j 〉+ 〈βj

1 , z
∗
j 〉 − 〈C⊤xj

1, y
∗∗〉+ 〈R−1

0 x
j
1, p

∗∗〉 − 〈C⊤xj
1, δyi〉

+ 〈R−1
0 x

j
1, δpi〉

]
dt+ E〈Γ̄2ŷ(0) +Gq2(0)− Γ̄2q2(0), y

∗∗(0)〉

+ E

∫ T

0

[
− 〈x2, (A+ C)y∗∗〉+ 〈x2, R

−1
0 p∗∗〉 − 〈x2, Cδyi〉+ 〈x2, R

−1
0 δpi〉+ 〈α2, y

∗∗〉

+

N∑

k=1

〈βk
2 , z

∗∗
k 〉
]
dt+ E〈q2(0),−Gy∗∗(0) + Γ̄2δyi(0) + Γ̄2y

∗∗(0)〉+ E

∫ T

0

[
〈q2, (A+ C)⊤p∗∗〉

+ 〈q2, (Γ̄1 −Q)y∗∗〉+ 〈q2, C
⊤δpi〉+ 〈q2, Γ̄1δyi〉+ 〈γ2, p

∗∗〉
]
dt+

9∑

l=1

εl
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= E

[ ∫ T

0

(
〈R1ūi, δui〉+ 〈Qȳi, δyi〉+ 〈(−QΓ1 − Γ⊤

1 Q+ Γ⊤
1 QΓ1)ŷ, δyi〉+

1

N

∑

j 6=i

〈Qȳj, y
∗
j 〉

+ 〈(−QΓ1 − Γ⊤
1 Q+ Γ⊤

1 QΓ1)ŷ, y
∗∗〉+ 〈Hz̄i, δzi〉+

1

N

∑

j 6=i

〈Hz̄j, z
∗
j 〉 − 〈R−1

0 p̂, δpi〉

− 〈R−1
0 p̂, p∗∗〉

)
dt+ 〈Gȳi(0), δyi(0)〉 − 〈Γ̄2ŷ(0), δyi(0)〉+ 〈Γ̄2q2(0), δyi(0)〉

]

−
1

N

∑

j 6=i

E

∫ T

0

[
〈−A⊤xj

1 + α
j
1, y

∗
j 〉+ 〈βj

1 , z
∗
j 〉 − 〈C⊤xj

1, y
∗∗〉+ 〈R−1

0 x
j
1, p

∗∗〉

− 〈C⊤xj
1, δyi〉+ 〈R−1

0 x
j
1, δpi〉

]
dt+ E

∫ T

0

[
− 〈x2, (A+ C)y∗∗〉+ 〈x2, R

−1
0 p∗∗〉 − 〈x2, Cδyi〉

+ 〈x2, R
−1
0 δpi〉+ 〈α2, y

∗∗〉+
N∑

k=1

〈βk
2 , z

∗∗
k 〉
]
dt+ E

∫ T

0

[
〈q2, (A+ C)⊤p∗∗〉+ 〈q2, (Γ̄1 −Q)y∗∗〉

+ 〈q2, C
⊤δpi〉+ 〈q2, Γ̄1δyi〉+ 〈γ2, p

∗∗〉
]
dt+

9∑

l=1

εl.

Let 



α
j
1 = Qȳj +A⊤xj

1,

α2 = Γ̄1ŷ − C⊤
Ex1

1 + (A+ C)⊤x2 − (Γ̄1 −Q)⊤q2,

β
j
1 = Hz̄j ,

βk
2 = 0,

γ2 = R−1
0 p̂+R−1

0 Ex1
1 −R−1

0 x2 − (A+ C)q2,

(13)

then

δJ (N)
soc =E

[ ∫ T

0

(
〈R1ūi, δui〉+ 〈Qȳi, δyi〉+ 〈−Γ̄1ŷ + C⊤

Ex1
1 − C⊤x2 + Γ̄1q2, δyi〉+ 〈Hz̄i, δzi〉

+ 〈−R−1
0 p̂−R−1

0 Ex1
1 +R−1

0 x2 + Cq2, δpi〉
)
dt+ 〈Gȳi(0)− Γ̄2ŷ(0) + Γ̄2q2(0), δyi(0)〉

]
+

11∑

l=1

εl,

where




ε10 = E

∫ T

0




〈
C⊤



Ex1
1 −

1

N

∑

j 6=i

x
j
1



 , y∗∗
〉

+

〈
R−1

0



 1

N

∑

j 6=i

x
j
1 − Ex1

1



 , p∗∗
〉

 dt,

ε11 = E

∫ T

0



〈
C⊤


 1

N

∑

j 6=i

x
j
1 − Ex1

1


 , δyi

〉
+

〈
R−1

0


Ex1

1 −
1

N

∑

j 6=i

x
j
1


 , δpi

〉
 dt.

Note that x
j
1, j 6= i are exchangeable. Hence in the above notations we use x1

1 when we consider the
expectation. Moreover, following (13), the adjoint equation (12) becomes






dx
j
1 = (Qȳj +A⊤xj

1)dt+Hz̄jdWj(t), x
j
1(0) = Gȳj(0),

dx2 =
[
Γ̄1ŷ − C⊤x̂1 + (A+ C)⊤x2 − (Γ̄1 −Q)⊤q2

]
dt, x2(0) = Γ̄2ŷ(0) +Gq2(0)− Γ̄2q2(0),

dq2 =
[
R−1

0 p̂+R−1
0 x̂1 −R−1

0 x2 − (A+ C)q2

]
dt, q2(T ) = 0,

(14)

where ŷ, p̂, x̂1, x2, q2 will be determined by the consistency condition in Section 5. Consequently, we
introduce the variation of the decentralized auxiliary cost functional Ji as follows:

δJi = E

[ ∫ T

0

(
〈R1ūi, δui〉+ 〈Qȳi, δyi〉+ 〈−Γ̄1ŷ + C⊤x̂1 − C⊤x2 + Γ̄1q2, δyi〉+ 〈Hz̄i, δzi〉

+ 〈−R−1
0 p̂−R−1

0 x̂1 +R−1
0 x2 + Cq2, δpi〉

)
dt+ 〈Gȳi(0)− Γ̄2ŷ(0) + Γ̄2q2(0), δyi(0)〉

]
.

(15)
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Note that in (15), the variation only depends on δui and δxi. Therefore we can construct the corre-
sponding auxiliary control problem, from which decentralized strategies can be derived. Furthermore,
in the above procedures we only ignore the error term εl, l = 1, · · · , 11. The asymptotic optimality can
be guaranteed as long as we can obtain the exact estimations of the error terms, which are provided in
Section 6.

4.2 Decentralized strategy

Motivated by (15), introduce the following auxiliary problem.

Problem 3. Minimize Ji(ui) over ui ∈ Ud
i where





dyi = −
(
Ayi +Bui + Cŷ −R−1

0 p̂
)
dt+ zidWi(t), yi(T ) = ξ,

dpi =
(
A⊤pi + C⊤p̂−Qyi + Γ̄1ŷ

)
dt−HzidWi(t), pi(0) = −Gyi(0) + Γ̄2ŷ(0),

and

Ji(ui) =
1

2
E

[∫ T

0

(
〈R1ui, ui〉+〈Qyi, yi〉+2〈Θ1, yi〉+〈Hzi, zi〉+2〈Θ2, pi〉

)
dt+〈Gyi(0), yi(0)〉+2〈Θ3, yi(0)〉

]

with Θ1 = −Γ̄1ŷ+C⊤x̂1 −C⊤x2 +Γ̄1q2,Θ2 = −R−1
0 p̂−R−1

0 x̂1 +R−1
0 x2 +Cq2,Θ3 = −Γ̄2ŷ(0)+ Γ̄2q2(0).

The above problem is a stochastic optimal control problem with the state being FBSDE. Similar to
Section 3, we will apply variation analysis to find the optimal control.

Proposition 1 (Decentralized optimality condition). Under Assumptions 1–4, ūi is the optimal control
of Problem 2 if and only if ūi satisfies

ūi = R−1
1 B⊤Xi,

where the adjoint variables (Xi, ρi) are governed by
{
dXi = (A⊤Xi −Qȳi −Θ1 +Qρi)dt−Hz̄idWi(t), Xi(0) = Gρi(0)−Gȳi(0)−Θ3,

dρi = −(Aρi +Θ2)dt, ρi(T ) = 0.

Proof. Let (ȳi, z̄i, p̄i) and (yθi , z
θ
i , p

θ
i ) denote the states corresponding to ūi and ūi + θui, respectively,

where ui ∈ Ud
i and θ ∈ R. Let Yi =

yθ

i
−ȳi

θ
, Zi =

zθ

i
−z̄i
θ

, Pi =
pθ

i
−p̄i

θ
, then






dYi = −
(
AYi +Bui

)
dt+ ZidWi(t), Yi(T ) = 0,

dPi =
(
A⊤Pi −QYi

)
dt−HZidWi(t), Pi(0) = −GYi(0).

Therefore,

J(ūi + θui)− J(ūi)

=
1

2

[
E

∫ T

0

(
〈R1ui, ui〉+ 〈QYi, Yi〉+ 〈HZi, Zi〉

)
dt+ 〈GYi(0), Yi(0)〉

]
θ2

+
[
E

∫ T

0

(
〈R1ūi, ui〉+ 〈QYi, ȳi〉+ 〈Θ1, Yi〉+ 〈HZi, z̄i〉+ 〈Θ2, Pi〉

)
dt+ 〈GYi(0), ȳi(0)〉+ 〈Θ3, Yi(0)〉

]
θ.

Introducing the following adjoint equation:
{
dXi = αidt+ βidWi(t), Xi(0) = Gρi(0)−Gȳi(0)−Θ3,

dρi = γidt, ρi(T ) = 0,

and applying Itô’s formula to 〈Xi, Yi〉 and 〈Pi, ρi〉, we have

J(ūi + θui)− J(ūi)

=
1

2

[
E

∫ T

0

(
〈R1ui, ui〉+ 〈QYi, Yi〉+ 〈HZi, Zi〉

)
dt+ 〈GYi(0), Yi(0)〉

]
θ2 +

[
E

∫ T

0

(
〈R1ūi −B⊤Xi, ui〉

+ 〈Yi, αi +Qȳi −A⊤Xi +Θ1 −Qρi〉+ 〈Zi, βi +Hz̄i〉+ 〈Aρi + γi +Θ2, Pi〉
)
dt
]
θ.
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Then ūi is the optimal control if and only if

E

∫ T

0

(
〈R1ui, ui〉+ 〈QYi, Yi〉+ 〈HZi, Zi〉

)
dt+ 〈GYi(0), Yi(0)〉 > 0

and

E

∫ T

0

(
〈R1ūi−B⊤Xi, ui〉+〈Yi, αi+Qȳi−A⊤Xi+Θ1−Qρi〉+〈Zi, βi+Hz̄i〉+〈Aρi+γi+Θ2, Pi〉

)
dt = 0.

Therefore, R1ūi − B⊤Xi = 0, αi +Qȳi − A⊤Xi +Θ1 −Qρi = 0, βi +Hz̄i = 0, Aρi + γi + Θ2 = 0. Then
the adjoint equation is






dXi =
(
A⊤Xi −Qȳi −Θ1 +Qρi

)
dt−Hz̄idWi(t), Xi(0) = Gρi(0)−Gȳi(0)−Θ3,

dρi = −
(
Aρi +Θ2

)
dt, ρi(T ) = 0.

For the optimal control ūi = R−1
1 B⊤Xi, the related Hamiltonian system becomes





dȳi = −
(
Aȳi +BR−1

1 B⊤Xi + Cŷ −R−1
0 p̂
)
dt+ z̄idWi(t), ȳi(T ) = ξ,

dp̄i =
(
A⊤p̄i −Qȳi + C⊤p̂+ Γ̄1ŷ

)
dt−Hz̄idWi(t), p̄i(0) = −Gȳi(0) + Γ̄2ŷ(0),

dρi = −
(
Aρi +Θ2

)
dt, ρi(T ) = 0,

dXi =
(
A⊤Xi +Qρi −Qȳi −Θ1

)
dt−Hz̄idWi(t), Xi(0) = Gρi(0)−Gȳi(0)−Θ3.

(16)

5 Consistency condition

Note that the optimal decentralized strategy for the auxiliary control problem involves some undetermined
terms. In this section, we will characterize these terms, particularly the frozen state-average limit ŷ,
using some consistency matching scheme or fixed-point principle. Under the standard assumption in the
mean-field framework that all agents are independent and identically distributed (i.i.d.), and governed
by the same dynamics and cost structures, the agents are statistically symmetric and exchangeable, and
therefore the empirical average over the population converges to the expected value of any single agent
as the population size tends to infinity. By combining the consistency condition and law of large number,
we can derive the limiting consistency condition system through identifying ŷ = Eȳi and integrating (16)
with (14) [50]. Given that all agents are statistically identical in the distribution sense, we will use a
generic Brownian motion W (·) to represent the consistency condition system in the following analysis.

Proposition 2. The parameters in problem 3 can be determined by

(ŷ, p̂, x̂1, x2, q2) =
(
Ey̌,Ep̌,Ex̌1, x̌2, q̌2

)
,

where (y̌, ž, p̌, X̌, ρ̌, q̌2, x̌1, x̌2) ∈ L2
F(Ω;C ([0, T ];Rn)) × L2

F(0, T ;R
n×d) × L2

F(Ω;C ([0, T ];Rn)) × L2
F(Ω;

C ([0, T ];Rn))×L2
F(0, T ;R

n)×L2
F(0, T ;R

n)×L2
F(Ω;C ([0, T ];Rn))×L2

F (0, T ;R
n) is the solution of the

following mean-field FBSDE:




dy̌ = −
(
Ay̌ +BR−1

1 B⊤X̌ + CEy̌ −R−1
0 Ep̌

)
dt+ ždW (t), y̌(T ) = ξ,

dp̌ =
(
A⊤p̌−Qy̌ + C⊤

Ep̌+ Γ̄1Ey̌
)
dt−HždW (t), p̌(0) = −Gy̌(0) + Γ̄2Ey̌(0),

dρ̌ = −
(
Aρ̌−R−1

0 Ep̌−R−1
0 Ex̌1 +R−1

0 x̌2 + Cq̌2

)
dt, ρ̌(T ) = 0,

dX̌ =
(
A⊤X̌ +Qρ̌−Qy̌ + Γ̄1Ey̌ − C⊤

Ex̌1 + C⊤x̌2 − Γ̄1q̌2

)
dt−HždW (t),

dx̌1 = (Qy̌ +A⊤x̌1)dt+HždW (t), x̌1(0) = Gy̌(0),

dx̌2 =
[
Γ̄1Ey̌ − C⊤

Ex̌1 + (A+ C)⊤x̌2 − (Γ̄1 −Q)⊤q̌2
]
dt,

dq̌2 =
[
R−1

0 Ep̌+R−1
0 Ex̌1 −R−1

0 x̌2 − (A+ C)q̌2

]
dt, q̌2(T ) = 0,

X̌(0) = Gρ̌(0)−Gy̌(0) + Γ̄2Ey̌(0)− Γ̄2q̌2(0), x̌2(0) = Γ̄2Ey̌(0) +Gq̌2(0)− Γ̄2q̌2(0).

(17)
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In this subsection, we will use the Riccati decoupling method or four-step method to study the well-
posedness of FBSDE. To begin with, we give some new formulation of (17). Define X = (p̌⊤, X̌⊤, x̌⊤

1 , x̌
⊤
2 )

⊤,
Y = (y̌⊤, ρ̌⊤, 0, q̌⊤2 )

⊤, Z = (ž⊤, 0, 0, 0)⊤; then the mean-field FBSDE (17) take the following form:





dY = −
[
A1X+ Ā1E[X] + B1Y+ B̄1E[Y]

]
dt+ ZdW (t), X(0) = H1Y(0) +H2EY(0),

dX =
[
A2X+ Ā2E[X] + B2Y+ B̄2E[Y]

]
dt+ C3ZdW (t), Y(T ) = (ξ⊤, 0, 0, 0)⊤,

(18)

where

A1 =




0 BR−1
1 B⊤ 0 0

0 0 0 R−1
0

0 0 0 0

0 0 0 R−1
0



, Ā1 =




−R−1
0 0 0 0

−R−1
0 0 −R−1

0 0

0 0 0 0

−R−1
0 0 −R−1

0 0



,B1 =




A 0 0 0

0 A 0 C

0 0 0 0

0 0 C A+ C



, B̄1 =




C 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0



,

A2 =




A⊤ 0 0 0

0 A⊤ 0 C⊤

0 0 A⊤ 0

0 0 0 (A+ C)⊤



, Ā2 =




C⊤ 0 0 0

0 0 −C⊤ 0

0 0 0 0

0 0 −C⊤ 0



,B2 =




−Q 0 0 0

−Q Q 0 −Γ̄1

Q 0 0 0

0 0 0 −(Γ̄1 −Q)⊤



,

B̄2 =




Γ̄1 0 0 0

Γ̄1 0 0 0

0 0 0 0

Γ̄1 0 0 0



,C3 =




−H 0 0 0

−H 0 0 0

H 0 0 0

0 0 0 0



,H1 =




−G 0 0 0

−G G 0 −Γ̄2

G 0 0 0

0 0 0 G− Γ̄2



,H2 =




Γ̄2 0 0 0

Γ̄2 0 0 0

0 0 0 0

Γ̄2 0 0 0



,

and 0 denotes the zero vector or zero matrix with suitable dimensions.

Proposition 3. Let

A1 =

(
A1 + Ā1 0

0 A1

)
, B1 =

(
B1 + B̄1 0

0 B1

)
, H =

(
H1 + H̄1 0

0 0

)
,

A2 =

(
A2 + Ā2 0

0 A2

)
, B2 =

(
B2 + B̄2 0

0 B2

)
, C3 =

(
0 0

0 C3

)
.

Supposing the Ricatti equation
{
Φ̇ + Φ(A2 +HA1) + (B1 +A1H)Φ + Φ[HB1 + (A2 +HA1)H + B2]Φ +A1 = 0,

Φ(T ) = 0
(19)

admits a unique solution Φ(·) over [0, T ] such that I − Φ(C3 −H) is invertible, then the CC system (18)
admits a solution.
Proof. Taking the expectation of (18), we can get






dE[Y] = −
[(
A1 + Ā1

)
E[X] + B1E[Y]

]
dt, E[X(0)] = (H1 +H2)E[Y(0)],

dE[X] =
[(
A2 + Ā2

)
E[X] +

(
B2 + B̄2

)
E[Y]

]
dt, E[Y(T )] =

(
E[ξ]⊤ 0 0 0

)⊤
.

(20)

From (18) and (20), it follows that




d (Y− E[Y]) = − [A1 (X− E[X]) + B1 (Y− E[Y])] dt+ ZdW (t),

d (X− E[X]) = [A2 (X− E[X]) + B2 (Y− E[Y])] dt+ C3ZdW (t),

X(0)− E[X](0) = 0, (Y− E[Y])(T ) =
(
ξ⊤ − E[ξ]⊤0, 0, 0

)⊤
.

Let

Y =

(
E[Y]

Y− E[Y]

)
, X =

(
E[X]

X− E[X]

)
.
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Then mean-field FBSDE (18) is equivalent to the following FBSDE:

{
dY = − [A1X + B1Y] dt+ ZdW (t), X (0) = HY(0),

dX = [A2X + B2Y] dt+ C3ZdW (t), Y(T ) = Ξ,
(21)

where

Z =

(
0

Z

)
, Ξ =

(
Eξ⊤, 0, 0, 0, ξ⊤ − Eξ⊤, 0, 0, 0

)⊤
.

Defining
X̃ (t) = X (t)−HY(t), t ∈ [0, T ],

we have
{
dX̃ =

[
(A2 +HA1)X̃ + (HB1 + (A2 +HA1)H + B2)Y

]
dt+ (C3 −H)ZdW (t), X̃ (0) = 0,

dY = −
[
(B1 +A1H)Y +A1X̃

]
dt+ ZdW (t), Y(T ) = Ξ,

(22)

which is also a fully-coupled FBSDE while the initial condition is decoupled. We assume that X̃ and Y
are related by

Y(t) = φ(t)X̃ (t) + Ψ(t), t ∈ [0, T ], a.s,

where φ : [0, T ] → R
8n×8n is a deterministic matrix-valued function with φ(T ) = 0 and Ψ : [0, T ]× Ω →

R8n satisfies the following BSDE:

{
dΨ(t) = a(t)dt+Υ(t)dW (t),

Ψ(T ) = Ξ
(23)

with the generator a(·) being undetermined. Applying Itô’s formula and comparing the diffusions, we get

Z = [I − Φ(C3 −H)]−1Υ.

It then follows from the drifts that φ satisfies (19) and

Υ + Φ(C3 −H)Z = Z.

Then Eq. (23) has the following form:





dΨ = −
[
B1 +A1H+Φ(HB1 + (A2 +HA1)H + B2)

]
Ψdt+ΥdW (t),

Ψ(T ) = Ξ.
(24)

When Eq. (19) admits a unique solution Φ(·) such that I −Φ(C3 −H) is invertible, BSDE (24) admits a
unique adapted solution (Ψ(·),Υ(·)). Then the equation of X̃ becomes





dX̃ =
{[

A2 +HA1 +
(
HB1 + (A2 +HA1)H+ B2

)
Φ
]
X̃ +

(
HB1 + (A2 +HA1)H + B2

)
Ψ
}
dt

+ (C3 −H)(I − Φ(C3 −H))−1ΥdW (t),

X̃ (0) = 0,

which admits a unique solution X̃ (·). Furthermore, the second equation in (21) (BSDE) admits a unique
solution (Y(·),Z(·)). Then the existence of X (·) is obtained.

In Proposition 3, we obtain the solution of (17) through Riccati equation (19). Following [51, Theorem
5.3], we can give the existence and uniqueness of the solution to Riccati equation (17).

Proposition 4. For any s ∈ [0, T ], let Ψ(·, s) be the solutions of the following ordinary differential
equation (ODE): {

d
dt
Ψ1(t, s) = Â1(t)Ψ1(t, s), t ∈ [s, T ],

Ψ1(s, s) = I,
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where

Â1(·) =

(
A2(·) +HA1(·) HB1(·) + [A2(·) +HA1(·)]H + B2(·)

−A1(·) −[B1(·) +A1(·)H]

)
.

Supposing
[ (

0 I

)
Ψ1(T, t)

(
0

I

)−1 ]
∈ L1(0, T ;R8n×8n),

then Ricatti equation (19) admits a unique solution Φ(·), which is given by

Φ(t) = −

[(
0 I

)
Ψ1(T, t)

(
0

I

)]−1 (
0 I

)
Ψ1(T, t)

(
I

0

)
, t ∈ [0, T ]. (25)

To further verify the existence of solutions for the Riccati equation under specific conditions, we consider
a special case where the matrix Â1(·) is assumed to be a constant matrix (denoted as Λ). Under this
assumption, we obtained the following proposition, which explicitly demonstrates that, under the given
conditions, the solution to (19) can be expressed as follows (see [52]).

Proposition 5. Let Â1(·) be constant-valued matrices and Â1(t) ≡ Λ. Suppose ∀t ∈ [0, T ],

det
(
0 I

)
eΛt

(
0

I

)
> 0 holds. Then Eq. (25) admits a unique solution Φ(·), which has the following

representation:

Φ(t) = −




(
0 I

)
eΛ(T−t)

(
0

I

)−1 (
0 I

)
eΛ(T−t)

(
I

0

)

 , t ∈ [0, T ].

6 Asymptotic optimal

In this section, we assume the following.

Assumption 5. Q = Γ1 = 0, (A+ C)⊤(Γ̄2 −G) + (Γ̄2 −G)(A + C) − (Γ̄2 −G)R−1
0 (Γ̄2 −G) > 0. Let

ũ = (ũ1, · · · , ũN) denote the set of decentralized strategies given by

ũi(t) = R−1
1 B⊤Xi,

where 



dyi = −
(
Ayi +BR−1

1 B⊤Xi + CEy̌ −R−1
0 Ep̌

)
dt+ zidWi(t), yi(T ) = ξi,

dpi =
(
A⊤pi + C⊤

Ep̌
)
dt−HzidWi(t), pi(0) = −Gyi(0) + Γ̄2Ey̌(0),

dρi = −
(
Aρi −R−1

0 Ep̌−R−1
0 Ex̌1 +R−1

0 x̌2 + Cq̌2

)
dt, ρi(T ) = 0,

dXi =
(
A⊤Xi − C⊤

Ex̌1 + C⊤x̌2

)
dt−HzidWi(t),

Xi(0) = −Gyi(0) +Gρi(0) + Γ̄2Ey̌(0)− Γ̄2q̌2(0),

(26)

and the frozen terms (y̌, ρ̌, q̌2, ž, p̌, X̌, x̌1, x̌2) is the solution of (17). Correspondingly, the realized decen-
tralized state (ỹ1, p̃1, · · · , ỹN , p̃N) satisfies





dỹi = −
(
Aỹi +BR−1

1 B⊤Xi + Cỹ(N) −R−1
0 p̃(N)

)
dt+ z̃idWi(t), ỹi(T ) = ξi,

dp̃i =
(
A⊤p̃i + C⊤p̃(N)

)
dt−Hz̃idWi(t), p̃i(0) = −Gỹi(0) + Γ̄2ỹ

(N)(0)
(27)

with ỹ(N) = 1
N

∑N

i=1 ỹi and p̃(N) = 1
N

∑N

i=1 p̃i. Let us consider the case that the agent Ai uses an
alternative strategy ui while the other agents Aj , j 6= i apply the strategy ũ−i. The realized state with
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the i-th agent’s perturbation is




dýi = −
(
Aýi +Bui + Cý(N) −R−1

0 ṕ(N)
)
dt+ źidWi(t), ýi(T ) = ξi,

dṕi =
(
A⊤ṕi + C⊤ṕ(N)

)
dt−HźidWi(t), ṕi(0) = −Gýi(0) + Γ̄2ý

(N)(0),

and for j 6= i,




dýj = −
(
Aýj +BR−1

1 B⊤Xj + Cý(N) −R−1
0 ṕ(N)

)
dt+ źjdWj(t), ýj(T ) = ξj ,

dṕj =
(
A⊤ṕj + C⊤ṕ(N)

)
dt−HźjdWj(t), ṕj(0) = −Gŷj(0) + Γ̄2ý

(N)(0)

with ý(N) = 1
N

∑N

i=1 ýi and ṕ(N) = 1
N

∑N

i=1 ṕi. Define

δuj = uj − ũj, δyj = ýj − ỹj, δJj = Jj(ui, ũ−i)− Jj(ũi, ũ−i).

Similar to Subsection 4.1, we have

δJ wo
soc = E

[ ∫ T

0

(
〈R1ũi, δui〉+ 〈C⊤

Ex̌1 − C⊤x̌2, δyi〉+ 〈−R−1
0 p̂−R−1

0 Ex̌1 +R−1
0 x̌2 + Cq̌2, δpi〉

+ 〈Hz̃i, δzi〉
)
dt+ 〈Gỹi(0)− Γ̄2Ey̌(0) + Γ̄2q̌2(0), δyi(0)〉

]
+

8∑

l=1

εl,

(28)

where 



ε1 = E

∫ T

0

N〈R−1
0 (Ep̌− p̃(N)), δp(N)〉dt,

ε2 = E〈(GΓ2 + Γ⊤
2 G− Γ⊤

2 GΓ2)(Ey̌(0)− ỹ(N)(0)), Nδy(N)(0)〉,

ε3 = E

∫ T

0

1

N

∑

j 6=i

〈Hz̃j, Nδzj − z∗j 〉dt,

ε4 = E

∫ T

0

〈R−1
0 Ep̌, p∗∗ − δp−i〉dt,

ε5 = E

∫ T

0

〈(GΓ2 + Γ⊤
2 G− Γ⊤

2 GΓ2)Ey̌(0), y
∗∗(0)− δy−i(0)〉,

ε6 = E

∫ T

0

1

N

∑

j 6=i

〈Gỹj(0), Nδyj(0)− y∗j (0)〉,

ε7 = E

∫ T

0

(
C⊤(Ex1

1 −
1

N

∑

j 6=i

x
j
1), y

∗∗〉+ 〈R−1
0 (

1

N

∑

j 6=i

x
j
1 − Ex1

1), p
∗∗〉
)
dt,

ε8 = E

∫ T

0

(
〈C⊤(

1

N

∑

j 6=i

x
j
1 − Ex1

1), δyi〉+ 〈R−1
0 (Ex1

1 −
1

N

∑

j 6=i

x
j
1), δpi〉

)
dt.

(29)

Let a∗ = sup
06s6T

Λmax(−
1
2 (A(s) +A(s)⊤)), where Λmax(M) is the largest eigenvalue of the matrix M . In

order to verify the asymptotic optimality, first we need to give some estimations on the error terms in
(29). In the proofs, K will denote a constant whose value may change from line to line. It follows from
Proposition 3 that Eq. (17) has a solution. Therefore, there exists a constant K independent of N such
that

E sup
06t6T

[
|y̌(t)|2 + |p̌(t)|2 + |ρ̌(t)|2 + |X̌(t)|2 + |x̌1(t)|

2 + |x̌2(t)|
2 + |q̌2(t)|

2
]
+ E

∫ T

0

|ž(t)|2dt 6 K. (30)

Lemma 1. Under Assumptions 1–5, let a∗ < 0. There exists some δ > 0 depending on a∗ such that
when ‖B‖, ‖G‖, ‖R−1

1 ‖, ‖H‖ ∈ [0, δ),

sup
16i6N

E sup
06t6T

[
|ỹi(t)|

2 + |p̃i(t)|
2 + |ýi(t)|

2 + |ṕi(t)|
2
]
6 K. (31)
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Proof. For simplicity, let

Θ1 = CEy̌ −R−1
0 Ep̌, Θ2 = −C⊤

Ex̌1 + C⊤x̌2, Θ3 = Gρi(0) + Γ̄2Ey̌(0)− Γ̄2q̌2(0).

First, for some λ ∈ R, applying Itô’s formula to e−λt|Xi(t)|2, we have

E[e−λt|Xi(t)|
2] + λ̄1E

∫ t

0

e−λs|Xi(s)|
2ds 6 K + 2‖G‖2E|yi(0)|

2 + ‖H‖2E

∫ t

0

e−λs|zi(s)|
2ds,

where λ̄1 = λ− 2a∗ − 1
k1

for some k1 > 0. Similarly, applying Itô’s formula to e−λ̄1(t−s)−λs|Xi(s)|2,

E
[
e−λt|Xi(t)|

2
]
6 Ke−λ̄1t + 2‖G‖2|yi(0)|

2e−λ̄1t + ‖H‖2E

∫ t

0

e−λ̄1(t−s)−λs|zi(s)|
2ds.

Integrating on [0, T ] and noting 1−e−λ̄1(T−s)

λ̄1
6

1−e−λ̄1T

λ̄1
for s ∈ [0, T ], we obtain

E

∫ T

0

e−λt|Xi(t)|
2dt 6 K

1− e−λ̄1T

λ̄1
+

1− e−λ̄1T

λ̄1
2‖G‖2|yi(0)|

2 +
1− e−λ̄1T

λ̄1
‖H‖2E

∫ T

0

e−λt|zi(t)|
2dt.

Especially, if λ̄1 > 0, we have

E

∫ T

0

e−λt|Xi(t)|
2dt 6

K

λ̄1
+

2‖G‖2

λ̄1
|yi(0)|

2 +
‖H‖2

λ̄1
E

∫ T

0

e−λt|zi(t)|
2dt. (32)

Next, for some λ ∈ R, applying Itô’s formula to e−λt|yi(t)|2, we have

E
[
e−λt|yi(t)|

2
]
+λ̄2E

∫ T

t

e−λs|yi(s)|
2ds+ E

∫ T

t

e−λs|zi(s)|
2ds 6 K + k2‖BR−1

1 B⊤‖E

∫ T

t

e−λs|Xi(s)|
2ds,

(33)

where λ̄2 = −λ − 2a∗ −
‖BR

−1
1 B⊤‖
k2

− 1
k3

for some k2, k3 > 0. Similarly, applying Itô’s formula to

e−λ̄1(s−t)−λt|Xi(s)|2 and integrating on [0, T ], we have

E

∫ T

0

e−λs|yi(s)|
2ds 6

1− e−λ̄2T

λ̄2

[
K + k2‖BR−1

1 B⊤‖E

∫ T

t

e−λs|Xi(s)|
2ds
]
.

Especially, if λ̄2 > 0, letting t = 0 in (33), we have

|yi(0)|
2 + E

∫ T

t

e−λs|zi(s)|
2ds 6 K + k2‖BR−1

1 B⊤‖E

∫ T

t

e−λs|Xi(s)|
2ds. (34)

Since a∗ < 0, we can choose sufficiently large k1, k2, k3 such that

4a∗ +
1

k1
+

‖BR−1
1 B⊤‖

k2
+

1

k3
< 0.

Therefore, there exists λ ∈ R such λ̄1, λ̄2 > 0. Combining (32) and (34),

|yi(0)|
2+E

∫ T

t

e−λs|zi(s)|
2ds 6 K +

2k2‖G‖2‖BR−1
1 B⊤‖

λ̄1
|yi(0)|

2+
k2‖H‖2‖BR−1

1 B⊤‖

λ̄1
E

∫ T

t

eλs|zi(s)|
2ds.

Note that there exists δ > 0 depending on a∗ such that when ‖B‖, ‖G‖, ‖R−1
1 ‖, ‖H‖ ∈ [0, δ),

2k2‖G‖2‖BR−1
1 B⊤‖

λ̄1
∨

k2‖H‖2‖BR−1
1 B⊤‖

λ̄1
< 1.

Therefore,

|yi(0)|
2 + E

∫ T

0

e−λs|zi(t)|
2dt 6 K.
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It then follows from Burkholder-Davis-Gundy inequality that

E sup
06t6T

|Xi(t)|
2
6 K.

Consequently,

E sup
06t6T

|X(N)(t)|2 6
1

N
E sup

06t6T

|Xi(t)|
2
6 K. (35)

Finally, it follows from (27) that





dỹ(N) = −
[
(A+ C)ỹ(N) +BR−1

1 B⊤X(N) −R−1
0 p̃(N)

]
dt+

1

N

N∑

j=1

z̃jdWj(t),

dp̃(N) = (A+ C)⊤p̃(N)dt−
H

N

N∑

j=1

z̃jdWj(t),

ỹ(N)(T ) =
1

N

N∑

j=1

ξj , p̃(N)(0) = (Γ̄2 −G)ỹ(N)(0).

(36)

Defining p̂(N) = p̃(N) − (Γ̄2 −G)ỹ(N), then

dp̂(N) =(A+ C)⊤p̃(N)dt−
H

N

N∑

j=1

z̃jdWj(t) + (Γ̄2 −G)
[
(A+ C)ỹ(N) +BR−1

1 B⊤X(N) −R−1
0 p̃(N)

]
dt

− (Γ̄2 −G)
1

N

N∑

j=1

z̃jdWj(t)

=
[
(A+ C)⊤p̃(N) + (Γ̄2 −G)(A + C)ỹ(N) + (Γ̄2 −G)BR−1

1 B⊤X(N) − (Γ̄2 −G)R−1
0 p̃(N)

]
dt

−
N∑

j=1

[H
N

+ (Γ̄2 −G)
1

N

]
z̃jdWj(t)

=
[
(A+ C)⊤p̂(N) + (A+ C)⊤(Γ̄2 −G)ỹ(N) + (Γ̄2 −G)(A + C)ỹ(N) + (Γ̄2 −G)BR−1

1 B⊤X(N)

− (Γ̄2 −G)R−1
0 p̂(N) − (Γ̄2 −G)R−1

0 (Γ̄2 −G)ỹ(N)
]
dt−

N∑

j=1

H + Γ̄2 −G

N
z̃jdWj(t).

Let ỹ(N) = Φp̂(N) + φ, where

dφ = φ̇dt+

N∑

j=1

ϑjdWj , φ(T ) =
1

N

N∑

j=1

ξj ,

then

dỹ(N) =Φ̇p̂(N)dt+Φ
[
(A+ C)⊤p̂(N) + (A+ C)⊤(Γ̄2 −G)ỹ(N) + (Γ̄2 −G)(A + C)ỹ(N)

+ (Γ̄2 −G)BR−1
1 B⊤X(N) − (Γ̄2 −G)R−1

0 p̂(N) − (Γ̄2 −G)R−1
0 (Γ̄2 −G)ỹ(N)

]
dt+ φ̇dt

+

N∑

j=1

(
ϑj − Φ

H + Γ̄2 −G

N
z̃j

)
dWj(t)

=Φ̇p̂(N)dt+Φ
[
(A+ C)⊤p̂(N) + (A+ C)⊤(Γ̄2 −G)Φp̂(N) + (A+ C)⊤(Γ̄2 −G)φ

+ (Γ̄2 −G)(A + C)Φp̂(N) + (Γ̄2 −G)(A+ C)φ + (Γ̄2 −G)BR−1
1 B⊤X(N)

− (Γ̄2 −G)R−1
0 p̂(N) − (Γ̄2 −G)R−1

0 (Γ̄2 −G)Φp̂(N) − (Γ̄2 −G)R−1
0 (Γ̄2 −G)φ+ φ̇

]
dt
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+
N∑

j=1

(
ϑj − Φ

H + Γ̄2 −G

N
z̃j

)
dWj(t).

Therefore,




Φ̇p̂(N) +Φ(A+ C)⊤p̂(N) +Φ(A+ C)⊤(Γ̄2 −G)Φp̂(N) +Φ(A+ C)⊤(Γ̄2 −G)φ

+Φ(Γ̄2 −G)(A+ C)Φp̂(N) +Φ(Γ̄2 −G)(A+ C)φ + (Γ̄2 −G)BR−1
1 B⊤X(N)

− Φ(Γ̄2 −G)R−1
0 p̂(N) − Φ(Γ̄2 −G)R−1

0 (Γ̄2 −G)Φp̂(N) − Φ(Γ̄2 −G)R−1
0 (Γ̄2 −G)φ+ φ̇

+
[
(A+ C)Φp̂(N) + (A+ C)φ+BR−1

1 B⊤X(N) −R−1
0 p̂(N) −R−1

0 (Γ̄2 −G)Φp̂(N)

−R−1
0 (Γ̄2 −G)φ

]
= 0,

ϑj − Φ
H + Γ̄2 −G

N
z̃j −

1

N
z̃j = 0

and





Φ̇ + Φ(A+ C)⊤ +Φ(A+ C)⊤(Γ̄2 −G)Φ + Φ(Γ̄2 −G)(A+ C)Φ

− Φ(Γ̄2 −G)R−1
0 − Φ(Γ̄2 −G)R−1

0 (Γ̄2 −G)Φ + (A+ C)Φ−R−1
0 −R−1

0 (Γ̄2 −G)Φ = 0,

Φ(A+ C)⊤(Γ̄2 −G)φ+Φ(Γ̄2 −G)(A+ C)φ + (Γ̄2 −G)BR−1
1 B⊤X(N)

− Φ(Γ̄2 −G)R−1
0 (Γ̄2 −G)φ+ φ̇+ (A+ C)φ +BR−1

1 B⊤X(N) −R−1
0 (Γ̄2 −G)φ = 0,

ϑj = Φ
H + Γ̄2 −G

N
z̃j +

1

N
z̃j.

Therefore, the Riccati equation and BSDE take the following forms:




Φ̇ + Φ
[
(A+ C)⊤ − (Γ̄2 −G)R−1

0

]
+
[
(A+ C)−R−1

0 (Γ̄2 −G)
]
Φ

+ Φ
[
(A+ C)⊤(Γ̄2 −G) + (Γ̄2 −G)(A+ C)− (Γ̄2 −G)R−1

0 (Γ̄2 −G)
]
Φ− R−1

0 = 0,

Φ(T ) = 0

(37)

and





dφ = −
[
Φ(A+ C)⊤(Γ̄2 −G)φ+Φ(Γ̄2 −G)(A + C)φ+ (Γ̄2 −G)BR−1

1 B⊤X(N)

− Φ(Γ̄2 −G)R−1
0 (Γ̄2 −G)φ+ (A+ C)φ +BR−1

1 B⊤X(N) −R−1
0 (Γ̄2 −G)φ

]
dt+

N∑

j=1

ϑjdWj ,

φ(T ) =
1

N

N∑

j=1

ξj .

(38)

Under Assumption 4, Riccati equation (37) admits a unique solution. Then BSDE (38) admits a unique
solution. Recalling (35), it follows from the standard estimation of BSDE and SDE that

E sup
06t6T

|ỹ(N)(t)|2 + E sup
06t6T

|p̂(N)(t)|2 6 K.

Consequently,
E sup

06t6T

|ỹ(N)(t)|2 + E sup
06t6T

|p̃(N)(t)|2 6 K.

Finally, it follows from the equation of ỹi and p̃i that

E sup
06t6T

|ỹi(t)|
2 + E sup

06t6T

|p̃i(t)|
2
6 K.

Similarly, we have
E sup

06t6T

|ýi(t)|
2 + E sup

06t6T

|ṕi(t)|
2
6 K.

In the following, we will assume the conditions in Lemma 1 hold.
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Lemma 2. Under Assumptions 1–5, there exists a constant K independent of N such that

E sup
06t6T

[
|δp(N)(t)|2 + δy(N)(t)|2

]
6

K

N2

(
1 + E

∫ T

0

|δui|
2ds
)
. (39)

Proof. It follows from (8) and (9) that




dδp(N) = (A+ C)⊤δp(N)dt−
1

N

N∑

j=1

HδzjdWj(t),

dδy(N) = −
[
(A+ C)δy(N) −R−1

0 δp(N) +
B

N
δui

]
dt+

1

N

N∑

j=1

δzjdWj(t) +
1

N

N∑

j=1

N∑

k=1,k 6=j

δzjkdWk(t),

δp(N)(0) = (Γ̄2 −G)δy(N)(0), δy(N)(T ) = 0.

Similar to (36), we can decompose the above FBSDE. Therefore, it follows from the standard estimation
of BSDE and SDE that

E sup
06t6T

|δy(N)(t)|2 + E sup
06t6T

|δp(N)(t)|2 6
K

N2

(
1 + E

∫ T

0

|δui|
2ds
)
.

Remark 2. In Lemma 1, in order to decouple FBSDE (36), first we do some linear transformation
such that the transformed FBSDE is not coupled at the initial time 0. Similarly, we can do this linear
transformation, decouple the transformed FBSDE and then obtain the required estimations (39). Actually

we can also decouple FBSDE directly without the transformation. For this, letting ỹ(N) = Φ̃p̃(N) + φ̃,
applying Itô’s formula and comparing the coefficients, we have

˙̃
Φ + Φ̃(A+ C)⊤ + (A+ C)Φ̃−R−1

0 = 0, Φ̃(T ) = 0 (40)

and

dφ̃ = −
[
(A+ C)φ̃ +

B

N
δui

]
dt+

N∑

j=1

θjdWj , φ̃(T ) =
1

N

N∑

j=1

ξj . (41)

Note that the above equation (40) admits a unique solution, so does (41). Therefore, if I − (Γ̄2 −G)Φ̃ is
invertible, from the initial condition δp(N)(0) = (Γ̄2 − G)δy(N)(0) we get that δp(N)(0) = (Γ̄2 − G)[I −

(Γ̄2 −G)Φ̃]−1φ̃(0). Then from the standard estimations of SDE and BSDE, we can also get (39).

Lemma 3. Under Assumptions 1–5, there exists a constant K independent of N such that

E sup
06t6T

|ỹ(N)(t)− Ey̌(t)|2 + E sup
06t6T

|p̃(N)(t)− Ep̌(t)|2 6
K

N
.

Proof. First, similar to Lemma 1, we have yi(0) = y̌(0). Therefore, it follows from (26) and (17) that




d(X(N) − EX̌) = A⊤(X(N) − EX̌)dt−
1

N

N∑

j=1

HzjdWj(t),

(X(N) − EX̌)(0) = 0.

(42)

It follows from the equation of X(N)(t)− EX̌(t) that

E sup
06t6T

|X(N)(t)− EX̌(t)|2 6
K

N
.

Note that




d(ỹ(N)− Ey̌) =−
[
(A+ C)(ỹ(N)− Ey̌) +BR−1

1 B⊤(X(N)− EX̌)−R−1
0 (p̃(N) −Ep̌)

]
dt+

1

N

N∑

j=1

zjdWj(t),

d(p̃(N)− Ep̌) = (A+ C)⊤(p̃(N) − Ep̌)dt−H
1

N

N∑

j=1

zjdWj(t),

(ỹ(N)− Ey̌)(T ) =
1

N

N∑

j=1

ξj − Eξ1, (p̃(N) − Ep̌)(0) = (Γ̄2 −G)(ỹ(N) − Ey̌)(0).
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Similar to (36), we have

E sup
06t6T

|ỹ(N)(t)− Ey̌(t)|2 + E sup
06t6T

|p̃(N)(t)− Ep̌(t)|2 6
K

N
.

By Lemma 3, it is easy to see that

sup
16j6N

E sup
06t6T

|yj(t)− ỹj(t)|
2 + sup

16j6N

E sup
06t6T

|pj(t)− p̃j(t)|
2
6

K

N
. (43)

Lemma 4. Under Assumptions 1–5, there exists a constant K independent of N such that

E sup
06t6T

|δy−i(t)− y∗∗(t)|2 + E sup
06t6T

|δp−i(t)− p∗∗(t)|2 6
K

N2

(
1 + E

∫ T

0

|δui|
2ds
)
. (44)

Proof. It follows from (9) and (11) that




d(δy−i − y∗∗) = −
[
(A+ C)(δy−i − y∗∗) +R−1

0 (δp−i − p∗∗)− Cδy(N) −R−1
0 δp(N)

]
dt

+

N∑

j=1,j 6=i

δzjdWj(t) +

N∑

j=1,j 6=i

N∑

k=1,k 6=j

δzjkdWk(t)−
N∑

j=1

z∗∗j dWj(t),

d(δp−i − p∗∗) =
[
(A+ C)⊤(δp−i − p∗∗)− C⊤δp(N) − Γ̄1δy

(N)
]
dt−

∑

j=1,j 6=i

HδzjdWj(t),

(δy−i − y∗∗)(T ) = 0, (δp−i − p∗∗)(0) = (Γ̄2 −G)(δy−i − y∗∗)− Γ̄2δy
(N)(0).

Similar to (36), we can get (44).

Lemma 5. Under Assumptions 1–5, there exists a constant K independent of N such that

E sup
06t6T

|Nδyj(t)− y∗j (t)|
2 + E

∫ T

0

|Nδzj(t)− z∗j (t)|
2dt 6

K

N2

(
1 + E

∫ T

0

|δui|
2ds
)
, j 6= i.

Proof. Note that




d(Nδyj − y∗j ) = −
[
A(Nδyj − y∗j ) + C(δy−i − y∗∗)−R−1

0 (δp−i − p∗∗)
]
dt+ (Nδzj − z∗j )dWj(t)

+
N∑

k=1,k 6=j

(Nδzjk − z∗jk)dWk(t),

(Nδyj − y∗j )(T ) = 0.

Applying Itô’s formula to |Nδyj − y∗j |
2, we have

E|Nδyj(t)− y∗j (t)|
2 + E

∫ T

t

|Nδzj − z∗j |
2ds

6 (2‖A‖+ ‖C‖+ ‖R−1
0 ‖)E

∫ T

t

|Nδyj − y∗j |
2ds+ E

∫ T

t

|δy−i − y∗∗|2ds+ E

∫ T

t

|δp−i − p∗∗|2ds.

Therefore, the result follows from Gronwall inequality with (44).

Lemma 6. Under Assumption 1–5, there exists a constant K independent of N such that

E sup
06t6T

|
1

N

∑

j 6=i

x
j
1 − Ex1

1|
2
6

K

N
.

Proof. First, note that





d


 1

N

∑

j 6=i

ρj − ρ1


 = −


A
(

1

N

∑

j 6=i

ρj − ρ1

)
+

−R−1
0 Ep̌−R−1

0 Ex̌1 +R−1
0 x̌2 + Cq̌2

N


 dt,

1

N

∑

j 6=i

ρj(T )− ρ1(T ) = 0.
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We have

sup
06t6T

∣∣∣∣∣∣
1

N

∑

j 6=i

ρj(t)− ρ1(t)

∣∣∣∣∣∣
6

K

N
. (45)

Therefore,






d


1

N

∑

j 6=i

yj−Ey1


=−

[
A

(
1

N

∑

j 6=i
yj−Ey1

)
+BR−1

1 B⊤
(

1

N

∑

j 6=i

Xj−EX1

)
−
CEy̌−R−1

0 Ep̌

N

]
dt

+
1

N

∑

j 6=i
zjdWj(t),

d

(
1

N

∑

j 6=i
Xj −EX1

)
=

[
A⊤
(

1

N

∑

j 6=i

Xj − EX1

)
−

Γ̄1Ey̌ − C⊤Ex̌1 + C⊤x̌2 − Γ̄1q̌2

N

]
dt

−
1

N

∑

j 6=i

HzjdWj(t),

(
1

N

∑

j 6=i

yj − Ey1

)
(T )=

1

N

∑

j 6=i

ξj − Eξ,

(
1

N

∑

j 6=i

Xj − EX1

)
(0)=G

(
1

N

∑

j 6=i

ρj(0)− Eρ1(0)

)
−

Gy1(0) + Γ̄2Ey̌(0)− Γ̄2Ey̌1(0)− Γ̄2q̌2(0)

N
.

By (45), it follows from the equation of 1
N

∑
j 6=i Xj − EX1 that

E sup
06t6T

∣∣∣∣∣
1

N

∑

j 6=i

Xj(t)− EX1(t)

∣∣∣∣∣ 6
K

N
.

Then, from the equation of 1
N

∑
j 6=i yj(t)− Ey1(t),

E sup
06t6T

∣∣∣∣∣
1

N

∑

j 6=i

yj(t)− Ey1(t)

∣∣∣∣∣ 6
K

N
.

Therefore, combining (43) and the above inequality,

E

∣∣∣∣∣
1

N

∑

j 6=i

ỹj − Eỹ1

∣∣∣∣∣

2

63E

∣∣∣∣∣
1

N

∑

j 6=i

(ỹj − yj)

∣∣∣∣∣

2

+ 3E

∣∣∣∣∣
1

N

∑

j 6=i

yj − Ey1

∣∣∣∣∣

2

+ 3|Ey1 − Eỹ1|
2

63
N − 1

N2

∑

j 6=i

E|(ỹj − yj)|
2 + 3E

∣∣∣∣∣
1

N

∑

j 6=i

yj − Ey1

∣∣∣∣∣

2

+ 3|Ey1 − Eỹ1|
2
6

K

N
.

Finally, note that





d

(
1

N

∑

j 6=i

x
j
1 − Ex1

1

)
= A⊤

(
1

N

∑

j 6=i

x
j
1 − Ex1

1

)
dt+

1

N

∑

j 6=i

Hz̃jdWj(t),

(
1

N

∑

j 6=i

x
j
1 − Ex1

1

)
(0) = G

(
1

N

∑

j 6=i

ỹj − Eỹ1

)
(0).

Therefore, by the standard estimation of SDE,

E sup
06t6T

∣∣∣∣∣
1

N

∑

j 6=i

x
j
1 − Ex1

1

∣∣∣∣∣

2

6
K

N
.
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Since the representation of the social cost is very complicated, we will rewrite the social cost with an
abstract operator. Note that the main purpose of the new representation is just to simplify the proof of
the asymptotic optimality. We will only give the following formulation without the explicit form of the
operators:

2Jwo
soc(u(·)) = 〈M2u(·), u(·)〉+ 2〈M1, u(·)〉+M0, (46)

where M2 is an L2 bounded self-adjoint linear operator, M1 is an L2 bounded operator and M0 ∈ R.
Please refer to [24, 53] for more information. The main result of this section is the following asymptotic
optimality result.

Theorem 1. Let Assumptions 1–5 hold. Then ũ = (ũ1, · · · , ũN) is a
(

1√
N

)
-optimal strategy for the

agents.
Proof. In order to prove asymptotic optimality, it suffices to consider the perturbations ui ∈ Uc

i such
that J wo

soc(u1, · · · , uN ) 6 J wo
soc(ũ1, · · · , ũN ). It is easy to check that

J wo
soc(ũ1, · · · , ũN) 6 KN,

where K is a constant independent of N . Therefore, in the following we only consider the perturbations
ui ∈ Uc

i satisfying
N∑

i=1

E

∫ T

0

|ui|
2dt 6 KN. (47)

Now consider a perturbation u = ũ + (δu1, · · · , δuN ) := ũ + δu, where δui = ui − ũi. Therefore, by
Lemma 2 and (47), there exists a constant K independent of N such that

sup
16j6N,j 6=i

[
E sup

06t6T

|δyj(t)|
2 + E sup

06t6T

|δpj(t)|
2

]
6

K

N
.

Furthermore, by (46), we have

2J wo
soc(ũ + δu) = 〈M2(ũ+ δu), ũ+ δu〉+ 2〈M1, ũ+ δu〉+M0

= 2J wo
soc(ũ) + 2

N∑

i=1

〈M2ũ+M1, δui〉+ 〈M2δu, δu〉,

where 〈M2ũ+M1, ·〉 is the Fréchet differential of J wo
soc with ũ. Moreover, by (28) we know that

〈M2ũ+M1, δui〉 =E

[ ∫ T

0

(
〈R1ũi, δui〉+ 〈C⊤

Ex̌1 − C⊤x̌2, δyi〉+ 〈Hz̃i, δzi〉

+ 〈−R−1
0 p̂+R−1

0 Ex̌1 −R−1
0 x̌2 + C⊤q̌2, δpi〉

)
dt

+ 〈Gỹi(0)− Γ̄2Ey̌(0) + Γ̄2q̌2(0), δyi(0)〉

]
+

8∑

l=1

εl.

(48)

Applying the Cauchy-Schwarz inequality, we obtain that

J wo
soc(ũ+ δu)− J wo

soc(ũ) > −

√√√√
N∑

i=1

|M2ũ+M1|2
N∑

i=1

|δui|2 +
1

2
〈M2δu, δu〉 > −|M2ũ+M1|O(N).

7 Conclusion

This study investigates robust control in large-population systems through LQ mean-field teams under
drift uncertainty, where agent dynamics is modeled by BSDEs. Unlike forward SDE frameworks, our
BSDE-based formulation yields a coupled forward-backward Hamiltonian system with distinctive fea-
tures. The BSDE approach incorporates terminal constraints and adapted processes (y(·), z(·)), making
it suitable for problems with predefined terminal targets. To address drift uncertainty, we introduce a
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negative quadratic penalty on the adversarial disturbance f in the cost function and derive the worst-
case scenario. By applying the person-by-person optimality principle in a forward-backward Hamiltonian
system, we derive a robust decentralized strategy and establish the well-posedness of the consistency
condition system via Riccati decoupling. The distinct formulation of the adjoint equations leads to an
alternative convergence analysis for establishing asymptotic optimality. Theoretical contributions include
an extension of mean-field team theory to backward stochastic frameworks and a general robust control
structure for cooperative large population systems.
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