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Abstract The paper introduces an analytical framework for decomposing finite strategic games within the multi-potential
game (MPG) paradigm. Specifically, it partitions the finite non-cooperative game space into multi-potential subspace and
multi-harmonic subspace, uncovering the common interests and conflicts of player subsets. Additionally, this approach
provides a systematic methodology for calculating potential functions within MPGs. Within the MPG framework, a finite
non-cooperative game characterized by its minimal potential index gg can be considered as a gg-person non-cooperative
game. Furthermore, the Nash equilibrium of this gg-person non-cooperative game is examined. This analysis substantially
enhances our comprehension of Nash equilibrium in finite non-cooperative games in terms of group welfare. Finally, an
illustrative example is presented to demonstrate the theoretical results.
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1 Introduction

1.1 Background

Game theory, an essential framework for analyzing strategic interactions among rational decision-makers,
has undergone significant evolution [1-4]. In recent years, game theory has adapted to the intricacies of
diverse fields, including economics, political science, artificial intelligence, biology, and wireless engineer-
ing [5-8]. For instance, a Stackelberg game to optimize demand response management in smart grids was
proposed in [9], enhancing utility revenue and user payoff, and addressing security concerns. The problem
of how strategic interactions in international security impact global politics was investigated via a game
on signed graphs [10]. Finite games are broadly classified into cooperative and non-cooperative types,
with the latter focusing on scenarios where individuals act independently, without formal agreements,
highlighting the intricate decision-making of rational agents [11,12]. Among finite non-cooperative games,
potential games are recognized for their superior static and dynamic properties, which were introduced
in 1973 [13-16]. As Rosenthal demonstrated in [16], each finite potential game possesses pure Nash equi-
libria. Following one-sided better reply dynamics, any finite potential game converges to the pure Nash
equilibrium [17]. Moreover, it has been proved that a finite game is potential if and only if its potential
equation has a solution [18]. Recently, there has been a growing interest in potential games within the
game theory field [19-21].

Monderer’s pioneering introduction of multi-potential games (MPGs) in 2007 marked a significant ad-
vancement in the game field [22]. The concept of MPGs broadened the scope of traditional potential
(congestion) games by integrating player-specific facility cost functions. Additionally, it has been estab-
lished that every finite strategic form game corresponds to an MPG, each associated with a potential
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index. Recent research has shown that the j-saddle function is a special category within the class of
MPGs [23]. Despite these advancements, significant prospects remain to deepen our understanding of
MPGs [24]. In particular, the structural decomposition and equilibrium analysis of MPGs have received
limited attention, pointing to substantial areas for future research.

Finite games in strategic form involve a finite number of players, each with a finite set of strategies
[25,26]. Analyzing finite strategic games enables a deeper understanding of how players make rational
decisions within finite strategy spaces, shedding light on strategy selection and equilibrium points. A key
tool in this analysis is the orthogonality decomposition of the game space, which effectively describes the
linkages between players’ interests and assists in understanding the payoff structures across various game
types [27]. Recently, significant advances have been made in subspace decomposition analysis for finite
non-cooperative games [28-32]. Candogan et al. [28] articulated the division of finite non-cooperative
game space into three orthogonal subspaces: the pure potential subspace P, the non-strategic subspace NV,
and the pure harmonic subspaces H. Importantly, the harmonic component of the game encapsulates the
inherent conflicts stemming from the competing interests of the players, whereas the potential component
embodies their shared interests. Building on this framework, Cheng et al. [29] further investigated the
algebraic basis of subspaces P, N, and H, revealing deeper structural characteristics of the finite non-
cooperative game. A symmetry-based decomposition of finite non-cooperative games was explored in [30].

In the realm of finite non-cooperative games, the concept of Nash equilibrium plays a pivotal role in
understanding strategic interactions among game players [33-36]. Notably, Nash [37] revealed that each
finite non-cooperative game, in its mixed extension, possesses at least one Nash equilibrium. At Nash
equilibrium, no player can unilaterally deviate from their chosen strategy to achieve a better payoff.
Several studies have been introduced within the context of finite non-cooperative games, examining
various aspects of Nash equilibrium [38-40]. For instance, a concept of perfect equilibrium was introduced
in [38], and strong equilibrium was investigated in [39,40]. Drawing inspiration from the above, our
investigation will delve into pure Nash equilibrium within associated MPGs using the multi-potential
subspace theory, aiming to deepen our understanding of group welfare in finite non-cooperative games.

1.2 Comparison and contributions

In [22], Monderer primarily discussed the relationships among strategic form games, g-potential games,
and g-congestion games, demonstrating that every ¢g-congestion game is isomorphic to a g-potential game.
Building on this, subsequent research proved that strategic form games possessing a T -pseudo-potential
generalize the concept of MPGs [41]. Additionally, it is highlighted that the MPG can be considered a
kind of network congestion game with identical weights but differing cost functions [42]. However, existing
research on MPGs places limited attention on the strategic space’s structural decomposition. Meanwhile,
the research in [28] demonstrated, using Helmholtz decomposition theory, that the space of finite games in
strategic form can be orthogonally decomposed into a pure potential subspace P, a non-strategic subspace
N, and a pure harmonic subspace H. To deepen the understanding of the game structure, basis matrices
for these three subspaces — P, N, H — were constructed within a linear algebra framework in [29],
becoming significant mathematical tools for further research into the structural properties of strategic
game spaces. Building on this analysis, our study presents an explicit expression for the payoff vector
space basis of MPGs. Then, a canonical direct sum decomposition for finite non-cooperative games within
the framework of MPGs is established. Subsequently, a detailed exploration of the pure Nash equilibria of
associated MPGs, characterized as gg-person non-cooperative games, is conducted through the minimal
potential index gg and the potential functions of the MPGs.

The primary contributions of this paper are summarized as follows.

(1) This paper introduces a matrix framework for decomposing the finite non-cooperative game space
subject to MPGs. Specifically, the framework is represented as follows:

g[n§k17»~-,kn] = gch @ !ch

Multi-potential subspace  Multi-harmonic subspace

This decomposition framework serves as a pivotal tool for analyzing the intricacies of player payoff
interests in finite non-cooperative games. Within this context, the multi-potential subspace elucidates the
player subsets with shared payoff interests, while the multi-harmonic subspace delineates the conflicting
interests of the player subsets.
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Finite non-cooperative games subject to multi-potential games (MPGs)

Multi-potential subspace Multi-harmonic subspace
(Theorem 1 and Definition 7, Subsection 3.1) (Theorem 2, Subsection 3.2)

I |
v

Game decomposition of finite non-cooperative games subject to MPGs
(Theorem 3, Section 3)

A calculation method for potential functions of player subsets in MPGs
(Proposition 2, Section 4)

\

Pure Nash equilibrium of associated MPGs
(Proposition 3 and Theorem 4, Section 4)

'

An illustrative example (Section 5)

Figure 1 (Color online) Roadmap of the main results explored in this paper.

(2) By utilizing the algebraic vector basis of the multi-potential subspace, potential functions can be
constructed for specific subsets of players within MPGs. These functions provide an effective method for
conducting an analysis of pure Nash equilibria within the corresponding associated MPGs.

1.3 Organization and notations

The subsequent sections of this paper are organized as follows. Section 2 reviews concepts of MPGs
and the player partition of finite non-cooperative games subject to MPGs. In Section 3, the examination
centers on the game decomposition of finite non-cooperative games subject to MPGs. Section 4 delves into
the exploration of the pure Nash equilibrium of associated MPGs. Following this, Section 5 provides an
illustrative example to further elucidate the discussed concepts and obtained results. Finally, conclusion
is drawn in Section 6. The roadmap of the main results explored in this paper is presented in Figure 1.

Notations. R"” is the Euclidean space of all n-real vectors. M, is the set of m x n real matrices.
Col;(M) is the i-th column of matrix M. Col(M) is the set of columns of matrix M. Dy is the set
{leNy 1<k}, k>2 keN,. I, is the m x m identity matrix, where I; := 1. &’ is the i-th column of
I, ie., Coly(I,). dpmlit,- .., in) is the matrix [0%, ... 8] € Miyyxn. Ay is the set {84 :1=1,...,n}. 1,
is the vector [1,. .., 1]T € R!. 0 is the zero-matrix with an appropriate dimension. U@V is the orthogonal
sum of vector spaces U and V. B+ is the orthogonal complement of vector space B. Span(A4y,...,A,) is
the subspace spanned by {Col(4;) : i =1,...,7}. rank(A) is the column rank of matrix A (the dimension
of the vector space generated by its columns). Suppose a sequence of variables k; exists, indexed by the
integers i € Ni. Define k(,y), where if » < ¢, r,t € Ny, then k(. ;) = H'tL:r ki, 1 € Ni; otherwise,
k(r1) := 1. Define k ;'\, where if r < ¢, r,t € Ny and {i € Ny 17 <i <t} \ W # 0 with W C N, then

(ryt)
e . W
k(nt) = Hie{ieN+:r<i§t}\W k;; otherwise, k(nt) = 1.

2 Preliminaries and problem formulation

In this section, an introduction is provided to the concept of finite non-cooperative games, and the
principle of player partition within the framework of MPGs is discussed.
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A finite non-cooperative game can be
regarded as an MPG with a potential index

Finite non-cooperative games \ Multi-potential games (MPGs)
- - -
 — — — —>
- e e

Finite potential games
(Finite non-cooperative
games which possess
potential functions)

Finite potential games

An MPG is a kind of game expression of
finite non-cooperative game within the multi-
potential framework

(MPGs with potential
indices of 1)

Figure 2 (Color online) Relationships among finite non-cooperative games, finite potential games, and finite MPGs.

2.1 Finite non-cooperative games

Definition 1 ([29]). A finite non-cooperative game, denoted as G := (N, (S;)icn, (¢i)ien), consists of
three factors: (i) N = {1,...,n} is the player set; (ii) S; = {1,..., k;} is the set of strategies for player ;
(iii) ¢; : S — R is the payoff function for player i, where S := [\, S; with “[]” is the Cartesian product.

Based on Definition 1, the set of finite non-cooperative games with |[N| =n, |S;| =k, i =1,...,n, is
denoted by Gin:k, ... kn]-

In the following, the concept of potential games is presented.
Definition 2 ([17]). Consider a finite non-cooperative game G' € G, .. ,]- A function P: S — R is
a potential function for G if for any i € N, any e, f € S;, and any s~ ¢ € S~ := HJ—GN\{i} S;, it holds
that

cile,s ") —ci(f,s7") = Ple,s ") — P(f,s"). (1)

Additionally, game G is called a potential game if it admits a potential.

Remark 1. Monderer introduced four categories of potential functions [17]. In the present paper, the
term “potential” is utilized about the concept denoted as the “exact potential”.
Now, we present the concept of MPGs with potential index ¢ (g-potential games).

Definition 3 ([22]). A finite non-cooperative game G := (N, (S;)ien, (¢i)ien) is called an MPG with
potential index ¢ (¢g-potential game), ¢ € N, if the player set N can be partitioned into ¢ nonempty
and mutually disjoint subsets, denoted as Ny, ..., Ny, such that for any a € {1,...,q}, when fixing the
strategies of all players outside the player subset N,, the remaining sub-game, denoted as G, possesses
a potential function P,. Additionally, the minimal potential index of GG, denoted by g¢, is defined as the
minimal cardinality of set H, where H = {P, : a =1,...,q} is a set of real-valued functions defined on
S and for any ¢ € N, there exists P, € H such that P, is a potential function for player i.

Remark 2. Finite MPGs can be seen as a kind of game expression of finite non-cooperative games within
the multi-potential framework. Specifically, according to Definition 3, for any finite non-cooperative game
G :={N,(S:)ien, (¢i)ien }, there exists a unique minimal potential index g¢ within the MPG framework.
Moreover, for any finite non-cooperative game G, when the payoff function ¢; for each player i € N of G
serves as a potential function, G is an n-potential game [22]. A finite MPG with g5 = 1 corresponds to
a finite potential game. Figure 2 illustrates the relationships among finite non-cooperative games, finite
potential games, and finite MPGs.
Remark 3. For a gg-potential game with go € {1,...,n — 1}, it can also be regarded as a (g + 1)-
potential game [22].

Consider a finite non-cooperative game G := (N, (S;)ien, (¢i)ien). Let the strategy s; = w € S; of
player i € N be represented in vector form as

5 € Ay, (2)
Then, the corresponding payoff function ¢; : S — R of player ¢ can be expressed by
ci(81,. ..y 8n) =V Ky s, (3)

where V¢ € RE, k= I 1 ki, is called the structure vector of ¢; and “x” is the semi-tensor product of

1=

matrices. Please refer to [18,43] for more details. Consequently, the structure vector of G is denoted as
VE = [VE, ...,V € R¥,
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Table 1 Prisoner’s dilemma payoff bi-matrix in Example 1.

P\ P Cooperate Defect
Cooperate (R,R) (S,T)
Defect (T,S) (P,P)

Remark 4. Recently, many excellent results of game theory have been achieved using the semi-tensor
product of matrices method [44,45]. The key idea behind the semi-tensor product of matrices is to
represent strategies in vector form and subsequently derive the algebraic expressions for games [46,47].
This approach provides a systematic and structured method for analyzing finite games. In the rest of this
paper, since the semi-tensor product of matrices extends the traditional matrix product, the notation
“x” is typically omitted except when it is necessary to distinguish it from the traditional matrix product.

Example 1. Counsider a prisoner’s dilemma game G := (N, S, (¢;)ien), where player set N = {1, 2},
strategy set Sp = {Cooperate, Defect}, and the payoff matrix is shown in Table 1. Assume that R = 3,
S =0,T =5, P = 1. Identify the strategy “Cooperate” and “Defect” by the vector 63 and 63,
respectively. Then, based on (2) and (3), the structure vector of G is V§ = [V¢, V], where V/° = [3,0,5,1]
and V¥ = [3,5,0,1].

Now, recall the structure decomposition of finite non-cooperative games [29]. As delineated in [28],
any finite non-cooperative game can be described by three fundamental components: pure potential,
pure harmonic, and non-strategic components. The class consisting of pure potential and non-strategic
components corresponds to potential games, whereas the pure harmonic component exhibits zero-sum
properties.

Lemma 1 ([28]). The set of finite non-cooperative games Gk, . k,] ~ R" can be orthogonally
decomposed into three subspaces, that is,

Glnskr,.kn] = PON ©H, (4)

where P is the pure potential subspace, A is the non-strategic subspace, and H is the pure harmonic
subspace. Additionally, P@N is called the potential subspace and H@®N is called the harmonic subspace.

2.2 Player partition of finite non-cooperative games subject to MPGs

To some extent, the pure harmonic game component of (4) symbolizes the conflicts stemming from the
payoff of the players, while the potential game component of (4) represents the shared interests among
the players [28]. In recent developments, the potential game subspace basis and the pure harmonic game
subspace basis have been introduced [29, 32], which are recalled as follows.

Lemma 2 ([32]). (i) The matrix representation for the pure harmonic game subspace basis of Gk, ... k]
can be expressed as

. 1 2 w2
DH = |:H(172), H(l-,g)’ e ,H(n_17n)j|,
where for any I < m (I, m € N), the column vector set of H(Tl myr T = %ﬂ +m—1,is
O0u—1)x
Al,m
O(m—i1—1)k| + 9 € D, \ {1}, im € Di,, \ {1}, iuw € Di,, Vuec{l,....,n}\{l,...,m} 7,
_Al,m
O(n—m)k
_ 1" Lm _ si -1 Ti Sipy sim in
ko= 1limy ks Ap™ =65, -0 0 -0 6,07 -6y
i = (8k, = 01L), 0y = (Oh = 64m), a1y yime1 = Lof 6070 6m 7t
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(ii) The matrix representation for the potential game subspace basis of Gj,,.1, ... 1] can be expressed as

.....

(0,1 By -+ 0]
Op_1 0 --- 0 .
Epi= | 11| € Mugass, o k= []R (5)
0p 1 O --- 0 =t
_6‘19—1 o - En_
where 0,1 := [Coly(I1), ..., Coly_1(I})] and E; = Ty @ 1, @ Iiy 0 € My £ l=1,.
Based on Lemma 2, let oy = (k1 — 1) (ko — Dks - kn, .oy ap = k1 - k1 (K — 1)(k — 1)/€m+1 ok
(r= %*12“ +m—=10,.., &nm- =ki - kpn_o(kn_1—1)(k,—1). Then, any finite non-cooperative
2

game G € Gk, ...k, can be linearly represented as

(Vé)T =cp1+---+ Chtyon, kii,lkarzzl:l k1 + E%I,Z)h%LQ) [‘(3‘112)]7,061 2) -+ E(l m) m)
Xn(n—1 Xnp(n—1

f f
t by T Ly My o Lt T T Pty » (6)

X p(n—1)

__1,5(172), ooyt ER pu=Coly(Ep) € R™, =1, .k+ 37", = -1,

i=1 k

where cq, .. 5 Chgyn

and for any integers I < m (r = W +m—I[) and any f = 1,...,,, it holds that h(fl my =
nk
COlE;;ll OLJ_Jrf(DH) € R™E,
According (6), let

Agi=A{m): bl #0,f=1,...,a,YI<m, l,me N} (7)

Building on this, we revisit the principle of player partition in finite non-cooperative games within the
scope of MPGs [48]. Consider a finite non-cooperative game G' € G, ..k, If (I,m) € Ag, where
I,m € N, then when the strategies of all players outside the player subset N; , := {l,m} are determined,
the remaining game, denoted as G ,,,}, does not possess a potential function.

2.3 Problem formulation

The focal point of this study is to investigate the following problems.

Problem 1 (A novel game decomposition framework). How to develop a canonical direct sum decom-
position of the finite non-cooperative game space within the framework of MPGs.
Remark 5. Problem 1 endeavors to investigate the intricate interplay of payoff interests among players
by multi-potential space basis derived from the decomposition of the finite non-cooperative game space.
A detailed analysis of this framework will be the main focus in Section 3.

An MPG, G, with its minimal potential index go can be interpreted as a gg-person non-cooperative
game. In this paper, this is referred to as the associated MPG, denoted as G'[qc]
Problem 2 (Nash equilibrium in associated MPGs). How can the payoff functions of player subsets be
constructed in associated MPGs? What is the Nash equilibrium of the associated MPGs?

3 Decomposition of finite non-cooperative games subject to MPGs

In this section, the game space decomposition of finite non-cooperative game space subject to the MPG
framework is discussed, including multi-potential subspace and multi-harmonic subspace.

3.1 Multi-potential subspace

Consider a game G' € Gjyk,,... k- Based on Definition 3, assuming that the player partition of G' €
Glnska,....k,) under the Immmal potential index g is

q
N = Lj N, (8)
a=1
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where N, := {if,...,i§ },a=1,...,qc, and A, is the cardinality for player subset N,.
Remark 6. For an MPG, when the minimal potential index ¢z = 1, it is a potential game, and the
player partition is N. In what follows, we just discuss MPGs with ¢ > 2.

Based on (8), we present the concept of the potential function for player subset N, of MPG, G.
Definition 4. Consider an MPG, G € Gjp.t,.....k,,) With player partition (8). For any a € {1,...,q¢},
function P, : S — R is said to be a potential function for player subset N,, if for any if € N, and any
s~ € ST it holds that

a
1

cie (e,s7) — o (f,s7%) = Py(e,s7 %) — Py(f,s70), Ve, fe Sig . 9)

Remark 7. In Definition 4, the function P, can be regarded as a parametric pseudo-logical function
defined based on the strategies of the player subsets N\ NV,. In particular, the parameters of the potential
function P, are determined by s; € S; for all i € N\ N,. When all strategies s; € S; for i € N\ N, are fixed,

the induced function, denoted by P;', becomes an potential function for N,, where 52, Na = XieN\N, Si-
(1,n)

Proposition 1. Consider a game G' € Gy, ... 1, that is an MPG with the player partition (8). Then,

forany a € {1,...,qc} and any i € N,, there exists a function d;s which is independent of s;« such that

cie (815, 8n) = Pa(s1,...,80) + dia(s1,...,5n), (10)

where P, is the potential function for player subset N,.
Proof.  Assume djg (s1,...,8n) = Cig(s1,...,8n) — Pa(s1,...,8n), a € {1,...,qc}, if € N,. Based on
Definition 4, for any e, f € Sja, it holds that

dis(e,571) = dig (f,571) = [eia (e, 7F) — cia (f, 57 )} - [Pa(e, sTI) = Py(f, s )} ~0.
Considering the arbitrariness of e, f € S;s, one can obtain that d;e is independent of s;a.
In the following, we convert (10) into an equivalent vector form, that is,

c n d
Via X s5:=Vp, X 55+ Via X s,
Ui=1 i=1 U itie
e
where Vi € RF (k =[[i-, ki), Vp, € R* and Vz? e R are row vectors.
Then, it holds that

_f/¢c _ y/4d Y
Vi, = V& — Vi My, (11)
where
15 ® I, it =1;
Mia - T a
1 Ik(l,i?—l) ®1ki'll’ ll 7& 1
Furthermore, it can be derived that
T T T T T
(V;z - V;;) - (Mia) X (Vﬂ) - (M) - (V;i) =2\, (12)
1 1 L i 1 1
which can be written in the potential equation form as follows:
T r T T T T
(s vi) ][ ) () a0 ()
2 1 2 2 1 {
. T T T T T
()] (o) ()" )" ()
Xa 1 L Aa Xa 1 1
r T T T
B () e ()] [()
2 1 1 1
= : =3 : : (13)
T T T
() )] )
L Xa Aa 1 1 Aa
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where the potential matrix

—_ ,La Ela 0
1 2
~Ei 0 0
P = : (14)
~Eix 0 0
—Eje O - Fje
L 1 Ag —

and F; = Ik(l,i—l) ® 1, ® Ik(

following results:

€ My, i € Noy k =][;_; k. Then, Eq. (13) shapes into the

it1,n)

_ (%‘;)T ]

T
c c
Ve — |/le1

)
Ve _Vi?f)T eSpan<[Ik NO

0 o

) . (15)
(v, 4%§)T_

Letting V," = [Vi&, ..., Vi¢ |", from (15), it holds that V. € Span(®®), where

Ii 0 0 - 0 (I, By 0 - 0
Iy —Ei¢ Eig -+ 0 Iy 0 Eg - 0
Iy =B 0 -+ 0 I 0 0 -~ 0
% = =l. . . .| EM : (16)
S : T /\akx(’“rz?ilﬁ)
‘l
Iy ~Ei 0 -+ 0 b 0 0 -~ 0
I —Ex 0 -~ B | |[Ix 0 0 - By |

Summarizing the above analysis, the potential subspace of player subset N, is defined as follows.
Definition 5. Consider an MPG, G € G,.1, ... k] With player partition (8). The potential subspace of
player subset N, is defined as P, = Span(®®), where matrix ®¢ is defined in (16).

To study the algebraic topology structure of potential subspace P,, it is necessary to obtain the
potential subspace basis of P,. To this end, the following notations are presented.

(1) Let
Ikia Z¢ Na7

Qa :771®®77n€/\/lkxk(71%, nz—{lk” ie N, (17)

(2) Based on (17), let Q, == {v : v = (1 — Dk@n) + -+ (Wn—1 — Dkn + vy, if i € Ny, vy =
1; otherwise, v; =1,...,k;}.
Remove Col, (®%), V v € Q, from & and denote the remaining matrix by

glal Ej -+ 0
el 0 ... Fe
Aa

Based on this operation, it will be proved that Col(®%) is the basis of subspace P,,.

player subset Ny, a € {1,...,q¢}, is P, = Span(®%) and Col(®) is the basis of subspace Pj.

Theorem 1. Consider an MPG, G € Gj,.1,,....k,] With player partition (8). The potential subspace of
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Proof. Taking linear transformation for ®“, it holds that

BgB: By O
! 0 0
Pt = (19)
1
T
Iy — ™ EiiaflEiia,l 0O --- 0
Ag—1
) T oo Ba
In— —FEg By 0 - By
L "Na _
Then, for any I € {1,...,\,}, one can obtain
1 T
Ik - k_iaEifEif Qa
l
1 T R .
= \Ir = o BBy (Qif ® Lgo @ Qif)
Y
1 R .
(Ik(l ca_yy © I, o ® Ik(l pom o Ik(l’i?,l) ® Lo xhze @ Ik(ifﬂ,n)) (Qz‘g ® 1y © Qz‘f)
l
. 1 y
= Ik}(l,i?—l)qif ® Iki? - sz 17%;1 ing 1’%‘? ® Ik(i?+1,7l)qi? (20)
=0, ~, 21
kxk;ha (21)
where (jz? =m Q- ®ni?71 € Mk(l ig—1) Xk(l i —1) and an a 77'LQ+1 © ®77n € Mk(za+1 n)Xk(t F+1, n) - Based

n (17) and (20), one can obtain that rank(®g) = rank(®*). Furthermore, since the cardmahty of Q, is

—4INa 3 a >‘a —4Va
k(i it holds that rank(®®) <k + 3, ki — kb
If
2k
rank(®?) < k + P k@]\ff), (22)
=1 "
based on the connection between ®¢ and ®*, one has
Aa
rank(®®) Z (1]\;‘1) (23)

l

On one hand, by combining (23) with (13), one can conclude that the cardinality of the fundamental
system of solutions for (13) is greater than k(_lj\; - Without loss of generality, assume that there exists an

integer @ € N+ such that T is a set of k ) + « linearly 1ndependent solutions to (13).

On the other hand, from Remark 7, for any A € {1,.. )} where X;¢n, s; 1= o there exists

Ng
k)

a function P : Ay, — R, where ky, := [T;cn, ki, satlsfylng P} xien, si) = Pu(x"™_; s;), where P,
is the potential function for player subset N,. Similar to Theorem 17 in [18], the function P} can be
expressed as

A d> 3 1A
Vpr =Via = Vi M, VIe{l,... A}, (24)
where N
Vi x s =V [>< siv Vg M x s = Vi Mg >< s, X 8 =0 n,, (25)
L jEN, =1 L " jeN, =1 j&Na (1,m)
and
T . .
Hiig @ g i =1,
M = a4 ia
K Iy (i, ig ) 2 P kNa\{zl, S8} T H ki, i #1S



Liu A X, et al. Sci China Inf Sci October 2025, Vol. 68, Iss. 10, 202203:10

Based on the above analysis, use 71, 72 € Y to denote two linearly independent solutions in (13).
k
Sipen,
By (25), there exists A € {1,..., k(zjfl‘a} such that the corresponding 79 and 43 € R™ 7" " | ky. =
[Licn, ki, are linearly independent, where
> a> T A a> T
= [V%l,...,vid 7= [V%Z,...,Viii .

3 3

According to (24), the potential functions corresponding to v;' and 72 can be expressed as
dy dy
Via = Vit = Vi Mz, Vi =Vid = Vil Mz, Vie{l,..., A} (26)

Based on the proof in [17], it can be derived that the potential function P} of (24) is unique up to a
constant number, that is, V1 VI.?A = ¢ € R. Combining this with (26), the contradiction appears.

Thus, Egs. (22) and (23) do not hold, that is,

>\a
rank(®?) =k +
=1

kq. n) = rank(®g).

l

Therefore, matrix ®§ is full column rank. The proof is completed.

For any L € My, xn, let Row|y g) = [(Rowa (L))", ..., (Rowg(L)T]T, 1 <a< B <m, o, € Ny.
Definition 6. Consider the finite non-cooperative game space G, ...k
The multi-potential subspace of Gk, ...k, 18

with player partition (8).

k]

Py = Span(Po),

where &, € M ) and

nkx(qak+327, %*chl k(ll\;a)
Blk e o) (®0) = 01, Blk(js ge4ie)(P0) = Eie, a=1,...,q6, L =1,..., \a.

Here, for any ¢ € {1,...,qc}, Blk4,,)(A), associated with the matrix A, is denoted as

n 0
7Nm pp—
Rowi(o-yi1.60) (Colip 1yt i 1k Tl ). k:Ulk z_:lk(l’") 0

For any ¢ € {gqg +1,...,q9c +n}, Blk(y ) (A), associated with the matrix A, is denoted as

0
e-ag %](A)), T =qgk — Zk(ln)7 ZI% _

m=1 m=1

Row{(g—1)k+1,6H (COI[T_,_E*’*GG*l &

Example 2. Consider a game G € J[5,2,2,3,2,3) under the minimal potential index gg = 2 with player
partition Ny = {2,4,5}, Ny = {1, 3}.
For the player subset Ny, it holds that

Iy By 0 0
Q=LelLel;®l®1l;, O ={1,7,13,37,43,49}, &' = (I, 0 E, 0
I.o 0 0 Es5

Remove COL,((I)l), forall v € Ql from (I)l, where E2 = I2®12®118; E4 = 112®12 ®Ig, and E5 = 124®13.
Denote the remaining matrix by

o Ey, 0 0
o= |61 0 E, O
ol 0 0 E;
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Thus, the potential subspace of Ny is P; = Span(®}). Similarly, for the player subset Na, it holds that

02 B, 0
2l 0 Ey

Iy By 0O
P2 = 172 OlE L Oy ={1,...,6,19,...,24}, B2 =
72 3

)

where E1 = 12 ® I3 and B3 = I ® 13 ® Ig. Thus, the potential subspace of Ny is Py = Span(®3).
Based on Definition 6, the multi-potential subspace of Gj5.2.2 32,3 With player partition Ny = {2,4,5},
Ny, ={1,3} is @, = Span(®y), where

[0 02 E, 0 0 0 0
o 0 0 E; 0 0 O
0

do=10 602 0 0 E; O € Magoxas2-
o 0 0 0 0 E, 0
0 0 0 0 0 0 Es
3.2 Multi-harmonic subspace
In this subsection, the orthogonal complement of the multi-potential subspace within Gn;kq, ..., k)
under a specific player partition is constructed. This complement subspace is identified as the multi-
harmonic subspace of G[n;ky,...,k,]. Following this construction, the decomposition of finite non-

cooperative game space subject to the MPG framework is presented.

Definition 7. Consider the finite non-cooperative game space Gk, ... x,] With player partition (8).
The multi-harmonic subspace of Gk, ...k, 1S

1
Voo = Dy, (27)
Now, we construct the basis of the multi-harmonic subspace ¥, .

For any a € {1,...,q¢}, any if,i%, € Ng, if < i%, define the matrix H,(if,%,), where the column
vector set of Hg (i, 1%,) is

mk
T T T
[OT,--- 07, (ha(if,ifn)) ,oT,...,oT,—(ha(if,ifn)) 07, ,OT} :
~ ES

for i € Ny N {i% +1,...,i% — 1}, ji = 1; fori € {i%,i%}, j; = 2,... ki

fori ¢ Ny orie No\{if,....i% % ji=1,... ki

and
ca - i ~Jie Jit 41 Jig, —1 $Jig, in ~Jig L 1 Jia tdig, 1 Jig,
ha (i}, i) = 5& T 51@1-21 61@1}“ "'51@%,151@1-% ""%nv 5ki} = (5ki§1 - 5kil§z)’ 6k% " (5ki‘}n - 6ki%)'

One can obtain the following result based on (28).

Theorem 2. Consider the finite non-cooperative game space Gj,.x,,.. x,] With player partition (8).
The basis of multi-harmonic subspace ¥, is ¥4, = [Hu, ..., Hy,], where the column vector set of H,,
a=1,...,qa,is

U Col(Hu(if.is)).
i <ig,, i ,i% ENg

Proof.  On one hand, we demonstrate that

(‘I)O)Tq}qc =0.
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For any a € {1,...,qc} and any if,i?, € N, it holds that

Jia Jia 41

T T j = Jig, —1 §Jia, in\
( i ) ha (Zl ) m) = Ik(l,ia—l) ® 1 ® Ik@ a41,n) 5{911 e 5191[(1 51@1111 L .6161'@ ,1151%11 o '(%n =0.
l 1 Tt m m

Similarly, (Eis )Thq(if,i%,) = 0 is also satisfied. Considering the arbitrariness of a € {1,...,qg} and
if,i%, € Ng, one can obtain (®o)T¥,, = 0.

On the other hand, based on the construction of ¥, it is easy to verify that the column vectors in
U, are linearly independent. Moreover, one can calculate that rank(®g) +rank(V,,) = nk, k =[], k.
The proof is completed.

Combining Theorem 1 with Theorem 2, the decomposition of finite non-cooperative game space
Ginsky,... .k, Subject to the MPG framework is presented.

Theorem 3. The finite non-cooperative game space Gj,.x, ...k, With player partition (8) has the fol-
lowing orthogonal decomposition:

g[n§k17~~~;kn] = ¢qG’ @ WQG . (29)

multi-potential subspace  multi-harmonic subspace

Remark 8. When the minimal potential index gg = 1 for an MPG, G' € G,,.1, ... k], the multi-potential
subspace and multi-harmonic subspace degenerate to the potential subspace and pure harmonic subspace
proposed in [29, 32], respectively.

Remark 9. The multi-potential subspaces capture interactions that reflect common interests among
players within the same player subset, as defined by a given player partition. Conversely, the multi-
harmonic subspaces represent conflicts between the payoff interests of any two players within the same
player subset.

4 Pure Nash equilibria of associated MPGs

In this section, the potential function for each player subset is formulated using the multi-potential
subspace. Subsequently, the analysis of pure Nash equilibria in associated MPGs is addressed.

Recalling the concept in [37], a strategy proﬁle s* = (sf,...,s!) € Sis called a pure Nash equilibrium
of a finite non-cooperative game G € G,

* * * * * * .
Ci(8T,..,80) = i8], 85 1,86,85410---580), V8; €84, i=1,...,n.

As was proposed in [22], an MPG, G € Gj,.1, ... .k,) With the player partition (8) can be treated as a
ga-person game (referred to in this paper as the associated MPG, denoted by G[qc]), where the payoff
function of the associated player N,, a € {1,...,qc}, is the function P,.
Remark 10. An essential distinction between MPG, G and associated MPG, G'[qc] is that the payoff
function of the player subset N, (the associated player N,), a € {1,...,qg}, in G[QG] is given by the
function P,, whereas the payoff function of player 7 in G is ¢;, i € N.
Definition 8. Consider an MPG, G := (N, (Si)ien, (¢i)ien) € Gk,
The corresponding associated MPG , denoted as G[QG] = (N, (Sia))acq,....q6}> (Pa)ae{i,....q0})> consists
of three factors:

o N ={Ny,..., Ny} is the associated player set;

® S} = [ien, Sis a € {1,...,qc}, is the strategy set of the associated player N,, and S = [12, S

eP,: SR, ae{l,...,qz}, is the payoff function of the associated player N,.

Now, the pure Nash equilibrium in associated MPGs will be defined as follows.
Definition 9. Consider an MPG, G := (N, (Si)ien, (¢i)ien) € Gk,
A strategy profile 5 = (5[], .., 3[4y)) € S is called a pure Nash equilibrium of associated MPG, G[qc], if

.....

k) With player partition (8).

.....

Pa(g[l],...,g[qc]) > Pa(g[l],...,g[a,l] S[a]s S [a+1]7"'7‘§[qc])7 v S[a] € S[a], a=1,...,q9q-
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A pure Nash equilibrium in associated MPGs can be viewed as a stable strategy profile under the
subset perspective. To examine the pure Nash equilibria of associated MPGs, the calculation of potential
functions for player subsets in MPGs with the player partition (8) will be discussed.

For the player subset N, (the associated player N,), a € {1,...,qg}, the corresponding function P,
can be calculated by (11). Particularly, it holds that

_ V¢ dar.
VPa = ‘/;% - ‘/;%Mz‘ll- (30)

Considering that Vl‘é and M;e are known, our aim is to figure out ‘/1? by finding a particular solution of
potential equation (13). y
According to the connection between ®* and ®%, one can obtain

)\ak

ko O

rank( <I>“

- (31)

=1
In order to find linearly independent column vectors in %, we need to remove k( column vectors from
®“. Similar to the definition of Q,, a € {1,...,qq}, for the player subset N, and player if € Ng, let
Qi = viv= Zie{l igﬂ}(”i - 1)k(i+2,n) + Zie{igﬂ
1; otherwise, v; =1,..., k;}. Then, remove Col, (é“), v € Qg from ®* and denote the remaining matrix
by ®&. A particular solution of the potential equation (13) is as follows.

Proposition 2. Consider an MPG, G € G,
the row vector Vl‘% of (30) is determined by

0, jeQu,
Col; (V) = JE (32)
! UT] ) j ¢ lel ?

w1y Wi = Dkgin) +va, if i € Ny, vy =

..........

k,] With player partition (8). For any a € {1,...,ag},

.....

where r; = j — [{i € Qi< J}, v" = Col,, (Vod), ri=1,..., kk k(l n)» and

o) = (') )|
(7 -v)

3

Based on Proposition 2, the function P, of player subset N, can be figured out by (30) and (32). Then,
the following result on pure Nash equilibria of associated MPGs is presented.
For each a € {1,...,q¢} and each ¢, € {1, .. k_N“} let

Ole .= Py(s) 1 s = x99, 811, Sia] € S, X 815 = 6% }
o { (s) =150 Slal € Slaly X 85 = 0w,

Proposition 3. Consider an MPG, G € G, &
rium set of associated MPG, G[qc], denoted by x, is x = (2, B4, where

with player partition (8). The pure Nash equilib-

n]

ﬁa:{s: 4 Sy ¢ S = arg max (Of), x sm—é bo=1,...k; N}

j=1 8(a) € S[a) j#a ks T
Proof. For any 5 = (5],...,5[qs]) € X # 0, one can obtain 5 € 8,, V a € {1,...,qg}. Then, for
any a € {1,...,qc}, it holds that P,(5) = max{Pa(Em, -3 8[a—1]5 S[a]s S[a+1]s - - -5 §[qc]) DSl € S[a]}
Considering the arbitrariness of a € {1,...,qc}, 5 € S is a pure Nash equilibrium of G/,.). Moreover,

for any pure Nash equilibrium § € S of G one obtains

lgc]s

P,(5) > P, (5[1], -3 8[a—1]5 S[a]s S[a+1]s - - -5 E[QG]), v S[a] € S[a], a=1,...,qa.
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Then, for any a € {1,...,qc}, it holds that 5, = argmax;, es, (Of ), where X jq 5[] = = §ls which

Na7
ke

shows 5 € ,. Considering the arbitrariness of a € {1,...,qg}, it holds that § € ¥. The proof is
completed.
One can obtain the following result based on Proposition 3.

Theorem 4. Consider an MPG, G' € Gp,.1,

associated MPG, G[qc]. For any pure Nash equilibrium 5 € y of G[qc] and any a € {1,...,qa}, it holds
that

k,] With player partition (8) and the corresponding

.....

ci(5) = ci(si,5"), Vs, €8, Vi€ N,.

Proof. Forany 5 € y and any a € {1,...,qq}, since function P, is a parametric pseudo-logical function
of associated player N,, that is, when 3; € S;, for all i € N\ N, are determined, the function P’ is
potential, where 5£,NQ = X;eN\N,5i- Thus, based on Definition 9 and Remark 7, it holds that

(1,n)
Pf (5[,1]) > Pz(sl7 [a) Vs €8, ViéeN,. (33)

Because Pf is a potential function of player subset IV,, one obtains

P! (51a)) — Pé(sz,s[ ]) 0 ci(5) —ci(si,5 ) =0, Vs €8;,VieN,. (34)

The proof is completed.

5 An illustrative example

Consider a network game G := ((NV, F),Gy), where the network structure (N, E) is defined by N =
{1,2,3,4,5} and E = {(1,2),(2,3),(3,4),(4,5)}, and the payoff matrix of G represents the Hawk-Dove

game, as shown in the following matrix:

Hawk(Strategy 1) Dove(Strategy 2)

G — Hawk(Strategy 1) -2 2
O™ Dove(Strategy 2) 0 1 '

Assume that there is a payoff matrix perturbation affecting players 1 and 2 in the network game G.
Denote the perturbed network game as G’. Specifically, the payoff matrices corresponding to players 1
and 2 have been changed into the following:

0 2 -1 2
Gy, = 0, = 35
(1) an () .

where G and Gj, represent the perturbed payoff matrices of player 1 and player 2, respectively (see
Figure 3).

Then, the structure vector of G' is V§, = [V, ..., V] € R5*2° where V¢ = [0,0,0,...,1,1,1], ..., V¢ =
[-2,0,2,...,0,2,1]. Based on Lemma 2, the coefficients vector in (6) is

[cl,...,6111,6%172),...,6?4)5)} = [e1, .. e111,0.125,0.125,0.125, ..., 0,0,0], c1,...,cin € R

Then, it is deduced that Agr = {(1,2),(2,3)}, indicating the presence of payoff interest conflicts between
player 1 with player 2, and player 2 with player 3. Furthermore, it can be obtained that G’ is an MPG
with the minimal potential index gg» = 2. According to Definition 3, assume that the player partition of
G’ under g is Ny = {2,4,5} and Ny = {1, 3}.
Based on the structure vector V5 of G', one can verify that the pure Nash equilibrium set x of G’ is
= {055, 005, 0a8, 032, 022, 623 311 that is,

v ={(1,1,2,1,2),(1,1,2,2,1),(1,2,1,2,1),(1,2,2,1,2),(2,1,2,1,2),(2,1,2,2,1)}.

1) https://github.com/aixinliu-SJTU/Example.git.
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player 2 are perturbed

Y Ry

Figure 3 (Color online) Payoff matrices of the perturbed network game G’.

The payoff matrices of player 1 and l

Player 1 payoff heatmap Player 2 payoff heatmap Player 3 payoff heatmap Player 4 payoff heatmap Player 5 payoff heatmap

Q

~JNEoN 1 1 -0 1|1 @2 11

o 4

o2 2 1 1 0 1 1 2 2 2 3

o

>=

N

o 2 2 1 1 0 1 1 2 0 0 5
=d
FZNONEEN 1 (1| -0 (11 e 9 | =2 -1
Ja410 0o o JER 1.-0 1 o1 11 N1 EE 1111 0
§= 1
VN:- 0 0 0 0 -2 1 1 * -0 1 0 1 -0 1 0 1 -2 2 2 2

= F—2

o

—- 0 0 0 m -2 1 1 ﬁ n -0 0 0 m

>:< S -3

—- 0 0 0 0 -2 1 1 0 4202 22 4

L) 12 @D 22 1,02 @) E2) 0L 02 @) @2 0L, 02) @) 2 (1) (12) @1 22)
(51,53) in N> (s1,53) in N> (51,53) in N> (s1,53) in N> (51,53) in N,

Figure 4 (Color online) Payoff heatmaps for MPG, G’, where the X-axis represents the strategies adopted by player subset No
and the Y-axis corresponds to the strategies of player subset Ni. The payoff of the strategy profile marked with a star represents
the pure Nash equilibrium of MPG, G’, and the payoff of the strategy profile marked with a black box represents the pure Nash

equilibrium of the associated MPG, é/[qG]'

According to (30), the potential functions Vp, and Vp, of the player subsets Ny and Nj are
Vp, = V5 = V3'Ms, Vp, =V = V{'My,

where V5 and V/¢ are the structure vectors corresponding to the functions c2 and ¢y, V4! and V¢ are cal-
culated using Proposition 2, and My = da[1, 1,2, 2], M1 = d»[1,2,1,2], respectively Based on Proposition
3, the pure Nash equilibrium set y of assomated MPG, G lqc] 18 X {525, 25, 25, } that is,

x={(1,1,2,1,2),(1,2,1,2,1),(1,2,2,1,2),(2,1,2,1,2)}.

Based on the sets x and ¥, it holds that x N x = x (see Figure 4). Then, according to Theorem 4, one
can calculate that the pure Nash equilibria s of G'(,.) generally ensure that each player receives payoffs
that are at least as favorable as those from related strategy profiles (s;,57%),V s; € S;, Vi € N,.

6 Conclusion

Our developed framework for finite non-cooperative games establishes a structured game decomposition
under the MPG framework, presenting the space of finite non-cooperative games as a direct sum of the
multi-potential subspace and multi-harmonic subspace. By modeling an MPG with the minimal potential
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index ¢¢ as a gg-person non-cooperative game (referred to as the associated MPG), we have analyzed the
pure Nash equilibria of these associated MPGs using potential functions derived from the multi-potential
subspace basis. These findings established a theoretical foundation for the decision-making analysis of
game players.

The decomposition of finite non-cooperative games subject to MPGs opens up numerous promising
research orientations. In the game theory, anonymous acts of selflessness challenge traditional self-interest-
focused theories [49]. Can an individual’s selfless act in a specific player subset of an MPG positively
impact others? Future work can explore the connection between individual and collective interests within
the MPG framework, deepening our understanding of altruistic behaviors and harmonizing personal and
group welfare in strategic game settings. Furthermore, in the linear representation of MPGs using the
finite game subspace basis, a potential game can be derived by nullifying the coefficients associated with
the pure harmonic subspace basis. Investigating the “approximation” level between MPGs and their near
potential games can enhance our understanding of their similarities and differences in terms of pure Nash
equilibria and evolutionary dynamics [50,51].
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