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Abstract Integrated sensing and communication (ISAC) has emerged as a promising solution to achieve high-rate commu-

nication and ultra-precise sensing for next-generation technologies. Existing studies primarily focus on trade-offs arising from

communication and sensing (C&S) functions competing for shared system resources, while often overlooking coupling effects

due to the co-location of communication users, sensing targets, and the base station, along with joint channel characteris-

tics. To bridge this gap, we establish a novel framework for analyzing uplink and downlink ISAC performance, accounting

for both trade-offs and coupling constraints. Specifically, we first investigate trade-offs through C&S performance regions

between the channel estimation error and the successful detection probability in the uplink process, as well as between the

transmission rate and Cramér-Rao lower bound in the downlink process. We derive theoretical formulations for these metrics

and explore their scaling laws, asymptotic behaviors, and monotonicity properties. Additionally, the fundamental coupling

effects can be examined by the joint ISAC coverage probability using stochastic geometry, which evaluates the likelihood

of C&S simultaneously meeting performance thresholds. Our theoretical results provide innovative union bounds for ISAC

systems, offering deep insights into the best achievable performance of one function under the coupling constraints inherently

imposed by the other function. Finally, numerical results verify the accuracy of all theoretical derivations, and highlight the

impact of trade-offs and coupling constraints on C&S performance regions.

Keywords integrated sensing and communication (ISAC), coupling effects, trade-offs, fundamental limits, stochastic ge-

ometry
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1 Introduction

Integrated sensing and communication (ISAC) [1] introduces an innovative paradigm by integrating sens-
ing capabilities into traditional communication systems, enabling beyond fifth-generation (B5G) and
sixth-generation (6G) wireless networks [2] to support built-in communications and ultra-precise sens-
ing [3,4]. It is anticipated to enhance communication and sensing (C&S) performance by leveraging shared
system resources, and is recognized as a key enabler for emerging wireless scenarios. Consequently, the
rapid development of ISAC is in urgent need of brand new technical solutions and analytical methods,
which are currently gaining widespread attention in both academia and industry [5–9]. This has driven
extensive research on ISAC across a broad range of areas, including waveform design [6], beamforming
strategies [7], and advanced signal processing techniques [8, 9].

Among various enabling technologies, the resource trade-offs between C&S functions serve as key
guidelines for system design. For instance, the work in [10] formulated an optimization problem to
minimize the transmit power at the base station (BS) while ensuring a performance trade-off between
the minimum probability of successful detection and the communication users’ achievable rate. In [11],
authors investigated the trade-off between the estimation Cramér-Rao lower bound (CRLB) for sensing
and date rate for communication by optimizing the transmit power to maximize the transmission rate
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under maximum CRLB constraint. Furthermore, Ref. [12] optimized the transmit power of each signal
path to maximize the communication rate while maintaining constraints on sensing performance, and
investigated the trade-off between the non-line-of-sight exploitation and reduction. These studies have
proposed the allocation schemes to reach the boundary of achievable regions by solving optimization
problems.

However, these system-specific design solutions lack a fundamental understanding of C&S in terms of
resource utilization and fail to provide general insights or guidelines for achieving efficient ISAC systems.
Fortunately, the underlying trade-offs are being progressively explored in depth [13–16]. In [13], the
deterministic-random trade-off and corresponding Pareto boundaries were derived to characterize the
two corner points of C&S performance, i.e., the maximum communication rate under the minimum
CRLB and the minimum CRLB under the maximum communication rate. In [14], the authors derived
the theoretical relationship among frequency domain subcarrier, time domain sensing symbols, and the
CRLB to provide time-frequency resource distribution. Additionally, Ref. [15] holistically investigated
both the time-frequency and spatial trade-offs by selecting the modulation order for data transmission
and optimizing beamforming designs. Moreover, Ref. [16] proposed a new framework to evaluate the
C&S using the communication and sensing mutual information, which served as performance metrics to
achieve the trade-offs between C&S.

Still, the coexistence of C&S functions not only poses resource trade-off challenges but also introduces
mutual coupling effects due to shared channel parameters, such as the locations of the BS, communication
users (CUs), sensing targets (STs), and the fading coefficients between them. The channel coupling
effects prevent C&S performance from independent analysis and design. Therefore, advancing ISAC
services requires considering both trade-offs and coupling effects for optimal resource allocation schemes,
however, which is little studied in current research. In particular, Ref. [17] considered the coupling
between transmitted dual-function signals and corresponding echo signals as C&S mutual interference.
On the other hand, Ref. [18] designed the reconfigurable intelligent surface (RIS)-assisted ISAC systems
to strengthen the coupling level between C&S channels and achieve more performance gains from the
joint design of ISAC signals. To provide more general insights into channel coupling effects on C&S
performance, we utilize the joint coverage probability of dual functions as the unified performance metric.
In fact, our previous studies have explored this area and produced preliminary results. Specifically, the
work in [19] presented fundamental limits for the coverage and rate analysis of the ISAC performance,
taking into account the coupling effects of dual functions in coexistence networks. Further, Ref. [20]
investigated the RIS-assisted ISAC networks and examined the impact of distributed RIS locations on
C&S coupling performance. Innovatively, these studies derived the joint ISAC coverage rate as the unified
performance metric considering inherent trade-offs and coupling effects, which inspires further research
on fundamental limits for ISAC systems.

This paper builds on this foundation to derive theoretical formulations for inherent performance con-
straint limits that exist between C&S due to channel coupling effects. Specifically, we first investigate
trade-offs through C&S performance regions between the channel estimation normalized mean squared
error (NMSE) and the successful detection probability in the uplink process, as well as between the
communication sum-rate and sum-root-CRLB in the downlink process. The theoretical analysis for these
metrics yields valuable insights into scaling laws, asymptotic behaviors, and monotonicity properties of
ISAC performance. Furthermore, we define and derive the analytical formulations for the joint ISAC
coverage, which evaluates the probability that C&S performance simultaneously exceeds the predefined
thresholds. Consequently, the union bounds of C&S performance can be established through theoretical
results of the joint ISAC coverage, which characterize the best achievable performance under coupling
constraints. The main results and contributions of this paper are listed as follows.

(1) The differences between the uplink and downlink ISAC analysis focus on the various performance
metrics. In particular, we model the uplink and downlink ISAC framework by seamlessly embedding
sensing functions into the time division duplexing mode of the 3GPP 5G NR standards [21] without com-
plex modifications to the pre-existing communication infrastructures. Specifically in the uplink process,
the BS performs channel estimation for CUs while transmitting pilot sequences and utilizing echoes for
target detection. During the subsequent downlink process, the BS transmits dual-function beams for
simultaneous data transmission to CUs and parameter estimation of STs. Based on this framework, we
investigate trade-offs through the achievable C&S performance regions between the channel estimation
NMSE and the successful detection probability, as well as between the communication sum-rate and
sensing sum-root-CRLB. These derived results reveal linear scaling laws between the transmit power of
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Figure 1 (Color online) Illustration of the considered ISAC systems.

the CUs and STs, and between the density of the CU distribution and the squared density of the ST
distribution.

(2) Next, we utilize stochastic geometry tools to model the locations of the BS, CUs, and STs, which
determine the large-scale fading coefficients. Combined with random small-scale fadings, these factors
jointly influence C&S performance and impose inherent channel coupling effects. To address this issue,
we define the joint ISAC coverage, which characterizes a unified metric to evaluate the performance of
both C&S. By analyzing theoretical results for the joint ISAC coverage, we derive the union bound of
C&S performance, which represents the best achievable performance bound of one function under the
constraints of the other. This boundary offers deeper insights into the coupling constraints inherent in
ISAC systems.

(3) Finally, we provide numerical results to validate the accuracy of the derived theoretical limits on the
trade-offs and coupling effects for uplink and downlink ISAC performance. The simulations illustrate the
impacts of key system parameters, such as transmit power and distribution density of CUs and STs, the
number of BS antennas and the Rician factor, on the C&S performance regions. These results also reveal
their scaling laws, asymptotic behaviors, and monotonicity properties. Moreover, the plotted joint ISAC
coverage offers a clear depiction of fundamental coupling constraints through analytical union bounds.

2 System model

We consider an ISAC multiple input multiple output (MIMO) system, where an N -antenna BS simul-
taneously serves K CUs and senses L device-free targets over the same time-frequency resources. As
depicted in Figure 1 within each coherent interval, Tu symbols are allocated for user channel estimation
and target detection during the uplink ISAC process, while Td symbols are dedicated to user data trans-
mission and target parameter sensing in the downlink ISAC process. In this unified system, the C&S
functions interact with each other in a coupling and trade-off manner. To explore their properties, we
first introduce the channel model and network topology.

With the increase in system operating frequency, the channel model tends to have a deterministic line-
of-sight (LoS) path in the scattering environment. Let hk ∈ CN×1 denote the channel from the k-th CU

to the BS, following [22, 23] as hk =
√

βu,kκu,k

1+κu,k
h̄k +

√
βu,k

1+κu,k
h̃k, where βu,k = C0d

−α
U,k denotes the large-

scale fading with C0, du,k, and α being the path-loss coefficient at the reference distance 1 m, the distance
between the k-th CU and the BS, and the path-loss exponential coefficient, respectively. Specifically, C0

and α can be considered constants that depend on the physical properties of the environment. h̄k accounts
for the LoS component, and h̃k follows CN (0, IN ). κu,k is the Rician factor denoting the power ratio

between h̄k and h̃k. For notational convenience, let µk =
βu,k

1+κu,k
, such that hk =

√
µkκu,kh̄k +

√
µkh̃k.

In practice, h̄k usually maintains constant for sufficient large intervals to be accurately estimated at the
BS. Therefore, it can be assumed that h̄k is perfectly known a priori in the communication theory.

Simultaneously, the BS senses targets with LoS channels from echo signals. Specifically, let Gl ∈
CN×N denote the composite channel from the BS to the l-th ST and then back to the BS, such as
Gl =

√
βt,lζlaN(θl)a

H
N (θl), where βt,l = C0d

−2α
T,l and ζl ∼ CN (0, 1) are the large-scale fading and radar

cross-section (RCS) coefficient for the l-th ST, respectively. aN(θl) = [1, ejπ sin(θl), . . . , ejπ(N−1) sin(θl)]T is
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the array steering vector. dt,l and θl are the distance and angle of arrival (AoA) from the l-th ST to the
BS, respectively.

On the other hand, the network topology is based on stochastic geometry and models associated
distances to determine the large-scale fadings in the ISAC systems. Instead of assuming fixed locations
of CUs and STs and deriving performance analyses under a specific network topology, the stochastic
geometry introduces an additional source of randomness in the locations of ISAC systems. Specifically,
the locations of CUs and STs are randomly generated and following the homogeneous Poisson point
process (PPP) ΦU and ΦT with the density of λU and λT , respectively. Given the limited time-frequency
resources, serving CUs and STs are confined to finite-sized geographic area SU and ST . For ease of
presentation, we sort the CUs and STs by their ascending distance from the BS and let dU,k and dT,l

denote the distance of the k-th nearest CU and the l-th nearest ST from the BS, respectively. As such, the
finite ISAC service areas can be expressed as SU = {(r, θ) : r ∈ (0, du,K ]} and ST = {(r, θ) : r ∈ (0, dt,L]}.
Specifically, the probability density function (PDF) of dχ,i for χ ∈ {U, T } can be referenced from [19]
and expressed as

fdχ,i
(r) = e−λχπr2 2(λχπr

2)i

r(i − 1)!
. (1)

Then, the average distance d̄χ,i = E[dχ,i] can be given by d̄χ,i =
∫∞
0

re−λχπr2 2(λχπr2)i

r(i−1)! dr =
Γ(i+ 1

2
)√

λχπ(i−1)!
,

where Γ(x) =
∫∞
0

tx−1e−tdt is the gamma function.

3 Uplink ISAC process

At this stage, CUs transmit uplink pilots to facilitate channel estimation, while the BS also transmits
pilots towards the directions of θl for l ∈ {1, . . . , L} to implement target detection. In view of the limited
number of orthogonal pilot sequences available, i.e., Tu < K + L, pilot reuse between C&S processes is
necessary. Let

√
TuvU,k and

√
TuvT,l denote the pilot sequence assigned to the k-th CU and l-th ST,

respectively, with ‖vU,k‖2 = ‖vT,l‖2 = 1. As such, we have

vH
χ,kvχ′,k′ =

{
1, k′ ∈ Pk,

0, otherwise,
(2)

where Pk denotes the set of indices of STs that share the same pilot sequence of the k-th CU. Then, the re-
ceived superimposed signal at the BS is given by YP =

∑K
k=1

√
PU,kTuhkv

H
U,k+

∑L
l=1

√
PT,lTuGlwlv

H
T,l+

NP , where PU,k and PT,l are the transmit power of the k-th CU and the power allocated for the l-th ST,
respectively. wl is the transmit beamforming of the BS towards the direction of θl, i.e., the maximum

ratio combining wl =
aN (θl)√

N
. NP denotes the additive white Gaussian noise (AWGN) with each element

following CN (0, N0) and N0 is the noise power. In order to derive tractable theoretical results, it is
assumed that the number of CUs and that of STs are equal, i.e., K = L, and that the i-th nearest CU
and the i-th nearest ST share the same pilot sequences. Theoretical results for other scenarios can also
develop through similar derivations.

In this considered scenario, we first project YP onto vk to realize the ISAC functions for the k-th group
of CU and ST, such as

yP,k = YPvk =
√
PU,kTuhk +

√
PT,kTuGkwk + nP,k, (3)

where nP,k ∼ CN (0, N0IN ).

3.1 Performance derivation of uplink ISAC process

In this part, we derive the C&S performance region by investigating the channel estimation NMSE and
successful detection probability. Following the minimum mean square error (MMSE) estimation technol-

ogy [24], the estimate ĥk of hk can be expressed as ĥk =
√
µkκu,kh̄k+

PU,kTuµk

PU,kTuµk+PT,kTuNβt,k+N0
(

yP,k√
PU,kTu

−
√
µkκu,kh̄k), and follows CN (

√
µkκu,kh̄k, φkIN ) with φk =

PU,kTuµ
2
k

PU,kTuµk+PT,kTuNβt,k+N0
.
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Besides, the MMSE estimator also indicates that the estimation error ek = hk − ĥk ∼ CN (0, (µk −
φk)IN ) and is independent with ĥk. Hence, the NMSE of the k-th CU channel estimation can be expressed
as

̺k = E

{ ‖ek‖2
‖hk‖2

}
=

µk − φk

µk

. (4)

Then, the BS proceeds with the detection of the k-th ST. Let rP,k denote the residual result as yP,k

minus the estimated communication part to solve the subsequent target detection problem. Specifically,
the existence or absence of the k-th ST can be converted into a binary hypothesis, i.e., H1 and H0, as

rP,k =

{√
PU,kTu(hk − ĥk) + nP,k, under H0,√
PU,kTu(hk − ĥk) +

√
PT,kTuGkwk + nP,k, under H1.

(5)

The detection test can be further converted to a comparison between the predefined threshold ǫd and
generalized likelihood ratio test (GLRT) [25] function as

Λ(rP,k) = ln
f(rP,k|H1)

f(rP,k|H0)
= −‖rP,k −

√
PT,kTuNβt,kζkaN (θk)‖2

N0 + PU,kTu(µk − φk)
+

‖rP,k‖2
N0 + PU,kTu(µk − φk)

, (6)

where f(rP,k|H1) and f(rP,k|H0) are the likelihood functions under two hypothesis. Then, we obtain the
unknown variable ̟k =

√
βt,kζk by maximum likelihood estimate, i.e.,

̟̂k = argmax
̟k

f(rP,k|H1) = argmin
̟k

‖rP,k −
√
PT,kTuNβt,kζkaN (θk)‖2 =

aH
N(θk)rP,k√
PU,kTuNN

. (7)

Taking the estimate ̟̂k into the GLRT function, it reduces to

Λ(rP,k) =
‖rP,k‖2 − ‖rP,k − 1

N
aN (θk)a

H
N (θk)rP,k|2

N0 + PU,kTu(µk − φk)
=

‖rH
P,kaN(θk)‖2

N [N0 + PU,kTu(µk − φk)]
.

The successful detection probability of the k-th ST is given by PD,k = P(Λ(rP,k) > ǫd |H1). Under
the hypothesis H1, the variable follows r

H
P,kaN (θk) ∼ CN (

√
PT,kTuNβt,kζ

∗
kN, [N0+PU,kTu(µk −φk)]N).

Thus, we have |
√
2rH

P,kaN (θk)√
[N0+PU,kTu(µk−φk)]N

|2 ∼ χ2
2(

2PT,kTuN
2βt,k|ζk|2

N0+PU,kTu(µk−φk)
). We can finally obtain the probability

of successful detection as

PD,k = P

(
2‖rH

P,kaN (θk)‖2
N [N0 + PU,kTu(µk − φk)]

> 2ǫd

∣∣∣H1

)
= Q1

(√
2PT,kTuN2βt,k|ζk|2

N0 + PU,kTu(µk − φk)
,
√
2ǫd

)
, (8)

where Q1(·, ·) is the Marcum Q-function of order 1.

3.2 Joint coverage analysis of uplink ISAC performance

Regarding the performance analysis in the uplink ISAC process, we focus on the accuracy of the channel
estimation for the CUs and the successful detection probability for the STs. Then, the joint coverage of
uplink C&S performance for the K-th group CU and ST is investigated with ‖ζK‖2 = 1, such as

PCS
u,cov(ǫ

C
u , ǫ

S
u) = P

{
̺K 6 ǫCu , PD,K > ǫSu

}
, (9)

which defines the joint probability that the channel estimation NMSE is not larger than the threshold
ǫCu and the successful detection probability is not smaller than the threshold ǫSu simultaneously. In order
to develop more critical theoretical results, the minor effects of N0 can be neglected in the subsequent
performance evaluation. We first study the coverage behaviors of the C&S processes separately, and have

PC
u,cov(ǫ

C
u ) = P

{
µK − φK

µK

6 ǫCu

}
= P

{
µK

βt,K

>
(1− ǫCu )PT,KN

ǫCuPU,K

}
. (10)
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As for the coverage performance of the sensing function, it is not tractable to deal with the Marcum
Q-function due to its non-closed formulation. Notice that Q1(a, b) is an increasing function with respect
to a. Hence, the sensing coverage probability can be converted into

PS
u,cov(ǫ

S
u) = P

{
2PT,KTuN

2βt,K

PU,KTu(µK − φK)
> ǭSu

}
=





P

{
µK

βt,K
6

2PT,KN2

ǭSuPU,K−2PU,KN

}
, ǭSu > 2N,

1, ǭSu 6 2N,
(11)

where ǭSu can be obtained from ǫSu = Q1(
√
ǭSu ,

√
2ǫd).

Remark 1. The condition for the probability of 1 in (11) indicates that the successful detection proba-
bility achieves at least Q1(

√
2N,

√
2ǫd) thanks to the spatial beamforming gain for the sensing function.

Combining the coverage analyses of the separate functions in (10) and (11), we derive the joint coverage
probability as

PCS
u,cov(ǫ

C
u , ǫ

S
u) =





P

{
(1−ǫCu )PT,KN

ǫCu PU,K
6

µK

βt,K
6

2PT,KN2

ǭSuPU,K−2PU,KN

}
, ǭSu > 2N and ǫCu > 1− 2N

ǭSu
,

P

{
µK

βt,K
>

(1−ǫCu )PT,KN

ǫCu PU,K

}
, ǭSu 6 2N and ǫCu > 1− 2N

ǭSu
,

0, ǫCu < 1− 2N
ǭSu

.

(12)

Remark 2. Based on the upper and lower bounds on the integral in (12), a linear scaling law between
PU,K and PT,K is established. This implies that when the transmit power of the CU and the power
allocated to the ST increase at the same rate, the coverage probabilities for communication, sensing, and
ISAC remain constant. Furthermore, a linear scaling law between λU and λ2

T is observed, as expressed

by µK

βt,K
↔ d

−α
U,K

d
−2α
T,K

and
d
−α
U,K

d
−2α
T,K

↔ (λU

λ2
T

)
α
2 from the derivation of (1), where a ↔ b means the linear relationship

between a and b.

Theorem 1. The joint coverage probability of the uplink ISAC process is given by

PCS
u,cov(ǫ

C
u , ǫ

S
u)=





FZ

((
ǫCu PU,K

(1−ǫCu )PT,KN(1+κu,K)

) 1
α

)
−FZ

((
(ǭSu−2N)PU,K

2PT,KN2(1+κu,K)

) 1
α

)
, ǭSu > 2N and ǫCu > 1− 2N

ǭSu
,

FZ

((
ǫCu PU,K

(1−ǫCu )PT,KN(1+κu,K)

) 1
α

)
, ǭSu 6 2N and ǫCu > 1− 2N

ǭSu
,

0, ǫCu < 1− 2N
ǭSu

,

(13)

where FZ(t) =
∫ t

0
fZ(z)dz is the cumulative distribution function (CDF) of

dU,K

d2
T,K

, fZ(z) is given by

fZ(z) =
2−3K+1(λUπz2)−

K
2 (3K−1)!(λTπ)K

z((K−1)!)2 U(3K2 , 1
2 ,

λ2
Tπ

4λUz2 ) and U(a, b, c) is the confluent hypergeometric fuc-

tion with U(a, b, c) = 1
Γ(a)

∫∞
0

e−ctta−1(1 + t)b−a−1dt. The derivation process can refer to

Appendix A.

The impact of key system parameters on the coverage probability reveals the fundamental trade-offs
among the power allocation and distribution density of the CUs and STs for ISAC performance. Specif-
ically, increasing PU,K enhances the communication performance, but weakens the sensing performance,
thereby affecting the associated coverage probability. The increase in PT,K has the opposite trend. In
a similar way, increasing λU and λT respectively improves the C&S coverage, as well as undermines the

S&C coverage, for µK ↔ λ
α
2

U and βt,K ↔ λα
T . The condition for the probability of 0 in Theorem 1 also

provides profound insights into the coupling effects as the following corollary.

Corollary 1. When the probability of successful detection reachesQ1(
√
ǭSu ,

√
2ǫd), the NMSE of channel

estimation cannot be lower than 1− 2N
ǭSu

.

The fundamental limits of C&S performance are due to the channel coupling effects in ISAC systems.
While improved channel estimation can mitigate the noise effect of the detection problem in (5), its
decreased NMSE also implies that the power of the communication part PU,Kµ2

K becomes stronger than
that of the sensing part PT,KNβt,K , as shown in (4). This imbalance can ultimately constrain the
successful detection probability in turn.
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4 Downlink ISAC process

During the downlink process, the BS transmits superimposed signals to simultaneously transmit data to
users and sense target parameters through echoes. To relieve the signal processing challenges, it is assumed
that the downlink transmission is divided into L intervals, with the l-th ST being sensed in the l-th inter-
val. Specifically, the transmitted signal in the l-th interval is written as Xd,l =

√
Pd,lρ

∑K
k=1 wU,ksU,k +√

Pd,l(1− ρ)wT,lsT,l, where Pd,l is the transmit power of the BS at the l-th interval, and ρ ∈ [0, 1] is
the allocation factor for the communication function. wU,k ∈ CN×1 and wT,l ∈ CN×1 are the beamform-
ing vectors for the k-th CU and l-th ST, respectively, satisfying E{‖wU,k‖2} 6 1 and E{‖wT,l‖2} 6 1.
sU,k ∈ C1×Td and sT,l ∈ C1×Td are the transmitted symbols to the k-th CU and l-th ST, respectively
and orthogonal to each other. Then, the received signal of the k-th CU is expressed as

yU,k =
√
Pd,lρ

K∑

k=1

hH
k wU,ksU,k +

√
Pd,l(1− ρ)hH

k wT,lsT,l + nd,k, (14)

where nd,k is the AWGN at the k-th CU. Since the users are not aware of the instantaneous channel
state information (CSI), the k-th CU treats the statistical CSI of E{hH

k wU,k} as the desired signal and
the corresponding signal to interference plus noise ratio (SINR) [26] can be expressed as

γk =
Pd,lρ‖E{hH

k wU,k}‖2
Pd,lρ

∑K
i=1 E

{
‖hH

k wU,i‖2
}
− Pd,lρ‖E{hH

k wU,k}‖2 + Pd,l(1− ρ)E
{
‖hH

k wT,l‖2
}
+N0

. (15)

On the other hand, the BS utilizes the echo signals to sense the target parameters, i.e., the direction
of AoA θl. The received signal at the BS is given by

YB,l = GlXd,l +NB,l =
√
βt,lζlaN (θl)a

H
N (θl)Xd,l +NB,l, (16)

where NB,l is the AWGN at the BS. Vectorize both sides of the equation and obtain

yB,l =
√
βt,lζlvec

(
aN(θl)a

H
N (θl)Xd,l

)
+ nB,l, (17)

where nB,l = vec(NB,l). The unknown parameter vector is written as ξl = [θl,Re(̟), Im(̟)]T and the
noiseless signal is uB,l = ̟lvec

(
aN (θl)a

H
N(θl)Xd,l

)
. Then, the estimation performance can be evaluated

by the CRLB as Cl(θl) = [(Fl)
−1]1,1, where the FIM can be written as in [24]

[Fl]ξi,ξj =
2

N0
Re

{
∂uH

B,l

∂ξi

∂uB,l

∂ξj

}
. (18)

We have [Fl]θl,θl =
2|̟|2
N0

tr(Ă(θl)Xd,lX
H
d,lĂ

H(θl)), [Fl]θl,̟ = 2
N0

Re{̟∗tr(A(θl)Xd,lX
H
d,lĂ

H(θl))}, and
[Fl]̟,̟ = 2

N0
tr(A(θl)Xd,lX

H
d,lA

H(θl))I, which are based on ∂vec(f(x))
∂x

= vec(∂f(x)
∂x

) and vecH(A)vec(B) =

tr(AHB), and let A(θl) = aN(θl)a
H
N (θl), Ă(θl) = ăN (θl)a

H
N (θl) + aN (θl)ă

H
N (θl), and ăN (θl) = [0,

jπ cos(θl)e
jπ sin(θl), . . . , jπ(N − 1) cos(θl)e

jπ(N−1) sin(θl)]T. Then, the MSE of θl is lower bounded by Cl(θl)
as [

F−1
l

]
1,1

=
[
[Fl]θl,θl − [Fl]θl,̟[Fl]

−1
̟,̟[Fl]

T
θl,̟

]−1

1,1

=
N0

2|̟l|2[tr(Ă(θl)Xd,lX
H
d,lĂ

H(θl))−
|tr(A(θl)Xd,lX

H
d,l

ĂH(θl))|2
tr(A(θl)Xd,lX

H
d,l

AH(θl))
]
.

(19)

4.1 Performance derivation of downlink ISAC process

In this part, we derive the C&S performance region by investigating the communication sum-rate and
sensing sum-root-CRLB. We select maximum ratio transmission precoding for ISAC functions due to its

low computational complexity and remarkable performance, which are given by wU,k = ĥk√
E{‖ĥk‖2}

and

wT,l =
aN (θl)√

N
.

Based on the developed precoding vectors, the SINR is given in the following lemma.
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Lemma 1. The SINR of the k-th CU in ISAC systems can be expressed as

γk =
ρ(µkκu,k‖h̄k‖2 + φkN)

ΣComm + (1 − ρ)(µkκu,k‖aH
N(θl)h̄k‖2 + µkN)/N + N0

Pd,l

, (20)

where ΣComm = ρ
∑K

i=1
µiµkκu,iκu,k‖h̄H

k h̄i‖2+µiµkκu,i‖h̄i‖2+φiµkκu,k‖h̄k‖2+φiµkN

µiκu,i‖h̄i‖2+φiN
− µ2

kκ
2
u,k‖h̄k‖4

µkκu,k‖h̄k‖2+φkN
is the

sum of multi-CU interference as well as the loss of using the statistical CSI.
Proof. Please refer to Appendix B.

The SINR expression can be further simplified when the LoS paths of CUs are all deterministic as
single paths, i.e., h̄k = aN(ϕk), where ϕk is the AoA from the k-th CU to the BS. In this case, there

exists 1
N
aH
N(ϕk)aN (ϕi)

N→∞−→ 0, for any ϕk 6= ϕi.

Lemma 2. When the number of BS antennas tends to infinity, the SINR of the k-th CU in the ISAC
systems can be further simplified as

γ̄k =
ρN (µkκu,k + φk)

ρ
∑K

i=1 (µiµkκu,i + φiµkκu,k + φiµk) /(µiκu,i + φi) + (1− ρ)µk + N0

Pd,l

. (21)

As for the CRLB derivation of the sensing process, the theoretical results are given as follows.

Lemma 3. The CRLB of the direction of the l-th ST is written as

Cl(θl) =
N0Π

l
AA

2|̟l|2Pd,lTd[Πl

ĂĂ
Πl

AA −Πl,square

AĂ
]
, (22)

where

Πl
AA = ρ

∑K

k=1

∑K

i=1

µkµiκu,kκu,itr
(
aH
N (θl)h̄kh̄

H
i aN(θl)

)
√
(µkκu,k + φk) (µiκu,i + φi)

+ ρ

K∑

k=1

φkN
2

µkκu,k + φk

+ (1− ρ)N2,

Πl

ĂĂ
= ρ

K∑

k=1

K∑

i=1

√
µkµiκu,kκu,i

(µkκu,k + φk) (µiκu,i + φi)

[
N − 1

2
jπ cos(θl)tr

(
aH
N(θl)h̄kh̄

H
i ăN (θl)

)

+
(N − 1)(2N − 1)

6
π
2 cos2(θl)tr(a

H
N(θl)h̄kh̄

H
i · aN (θl)) + tr

(
ăHN (θl)h̄kh̄

H
i ăN(θl)

)

− N − 1

2
jπ cos(θl)tr(ă

H
N (θl)h̄kh̄

H
i aN(θl))

]
+ ρ

N(N2 − 1)

6
π
2 cos2(θl) ·

K∑

k=1

φk

µkκu,k + φk

+ (1− ρ)
N2(N2 − 1)

12
π
2 cos2(θl),

and

Πl,square

AĂ
= ρ2

∣∣∣∣∣
K∑

k=1

K∑

i=1

√
µkµiκu,kκu,i

(
tr(aH

N (θl)h̄kh̄
H
i ăN (θl))− N−1

2 jπ cos(θl)tr(a
H
N (θl)h̄kh̄

H
i aN(θl))

)
√
(µkκu,k + φk) (µiκu,i + φi)

∣∣∣∣∣

2

.

Proof. Please refer to Appendix C.
The CRLB expression in (22) can also be simplified in some special cases. Thus, we investigate the

scenario when the direction angles of the CUs and STs differ by more than 2/N , which is easily satisfied
for infinite antennas.

Lemma 4. When the number of BS antennas tends to infinity, the CRLB of the l-th ST in ISAC
systems can be expressed as

C̄l(θl) =
6N0

|̟l|2Pd,l(1− ρ)TdN2(N2 − 1)π2 cos2(θl)
. (23)
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Proof. Please refer to Appendix D.
Fundamental trade-offs can be revealed through the C&S performance region between the communi-

cation SINR in (21) and sensing CRLB in (23). We further investigate their mutual effects, such as the
ratio of the interference power caused by the sensing function against communication performance for the
k-th CU in (21) and the ratio of enhancement power brought by the communication function to sensing
performance for the k-th ST in (22), defined as

Ψk =
ρN (µkκu,k + φk)

(1− ρ)µk

=
ρ

1− ρ
N

(
κu,k +

PU,kµk

PU,kµk + PT,kNβt,k +N0

)
, (24)

and

Ωk =
1
12Pd,k(1 − ρ)N2(N2 − 1)π2 cos2(θk)

1
6Pd,kρN(N2 − 1)π2 cos2(θk)

φk

µkκu,k+φk

=
(1− ρ)N

2ρ

(
κu,K + 1 +

κu,K(PT,kNβt,k +N0)

PU,kµk

)
. (25)

Remark 3. When κu,k → ∞, i.e., in the LoS-dominated ISAC systems, the ratio factors become
Ψk → ∞ and Ωk → ∞, which means that ISAC mutual interference 1/Ψk and mutual benefit 1/Ωk

reduce to 0. On the other hand when the uplink channel estimation error is not considered, there can
be 1−ρ

ρ
1

N(1+κu,k)
interference power for the communication function, while 2 ρ

1−ρ
1

N(1+κu,k)
enhancement

power for the sensing function.

Lemma 5. The ergodic sensing interference ratio and communication enhancement ratio by considering
all possible locations of CUs and STs are converged to closed-form expressions as

Ω̄k = E{Ωk} =
(1− ρ)N

2ρ
(κu,k+1)

+
(1− ρ)N

2ρ
(λUπ)

−α
2

κu,k(1+κu,k)Γ(k + α
2 )

PU,kΓ(k)

(
N0

C0
+(λTπ)

αPT,kN
Γ(k − α)

Γ(k)

)
,

(26)

where Γ(x) is the Gamma function and under k > α, while

Ψ̄k = E{Ψk} =
ρNκu,k

1− ρ
+

ρN

(1− ρ)
·
(

λUπPU,kC0

(1 + κu,k) (PTNβt,k +N0)

)k

Ek

(
λUπPU,kC0

(1 + κu,k) (PTNβt,k +N0)

)

· exp
(

λUπPU,kC0

(1 + κu,k) (PTNβt,k +N0)

)
,

(27)
where Ek(x) =

∫∞
1 e−xt/tkdt is the exponential integral function and under the assumption α = 2.

Proof. Please refer to Appendix E.

4.2 Joint coverage analysis of downlink ISAC performance

Regarding the performance analysis in the downlink ISAC process, we focus on the maximum mutual
interference and minimum mutual benefits assurance and give the joint coverage probability as

PCS
d,cov(ǫ

C
d , ǫ

S
d ) = P

{
1

Ψk

6 ǫCd ,
1

Ωk

> ǫSd

}
, (28)

which defines the joint coverage probability that the mutual interference is not larger than the threshold
ǫCd and the mutual benefit is not smaller than the threshold ǫSd simultaneously. Similarly, we ignore the
minor noise effect and further give the joint coverage probability as

PCS
d,cov(ǫ

C
d , ǫ

S
d ) = P

{
ρ

1− ρ
N

(
κu,k +

PU,kµk

PU,kµk + PT,kNβt,k

)
>

1

ǫCd
, 2

ρ

(1− ρ)N

φk

µkκu,k + φk

> ǫSd

}

= P

{
PU,kµk

PU,kµk + PT,kNβt,k

>
1− ρ

ρǫCd N
− κu,k,

κu,kPT,kNβt,k

PU,kµk

6
2ρ

(1− ρ)NǫSd
− κu,k − 1

}
.

(29)
The following are categorized into three scenarios depending on the value of Rician factor κu,k. For

large Rician factor, i.e. κu,k > 2ρ
(1−ρ)NǫS

d

− 1, the joint coverage reduces to zero. For the case of 1−ρ

ρǫC
d
N

6
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κu,k 6
2ρ

(1−ρ)NǫS
d

− 1 when ǫSd <
2ρ2ǫCd

(1−ρ)(1−ρ+ρǫC
d
N)

, the joint coverage probability reduces to P{ dU,k

d2
T,k

6

(
PU,k

κu,k(1+κu,k)PT,kN
( 2ρ
(1−ρ)NǫS

d

− κu,k − 1))
1
α } and then to FZ((

PU,k

κu,k(1+κu,k)PT,kN
( 2ρ
(1−ρ)NǫS

d

− κu,k − 1))
1
α ).

The last case is for κu,k < min{ 1−ρ

ρǫC
d
N
, 2ρ
(1−ρ)ǫS

d

− 1}, where the joint coverage is give by

P

{
dU,k

d2T,k

6

(
PU,k

PT,kN(1 + κu,k)

ρǫCd N(1 + κu,k) + ρ− 1

1− ρ− κu,kρǫCd N

) 1
α

,

dU,k

d2T,k

6

(
PU,k

κu,k(1 + κu,k)PT,kN

(
2ρ

(1− ρ)NǫSd
− κu,k − 1

)) 1
α

}

and written as

FZ

(
min

{(
PU,k

PT,kN(1 + κu,k)

ρǫCd N(1 + κu,k) + ρ− 1

1− ρ− κu,kρǫCd N

) 1
α

,

(
PU,k

κu,k(1 + κu,k)PT,kN

(
2ρ

(1− ρ)NǫSd
− κu,k − 1

)) 1
α

})
.

Summarizing these scenarios yields

PCS
d,cov(ǫ

C
d , ǫ

S
d ) =



























FZ

(

min

{

(

PU,k(ρǫ
C
d N(1+κu,k)+ρ−1)

PT,kN(1+κu,k)(1−ρ−κu,kρǫ
C
d
N)

)

1
α

,

(

PU,k(2ρ−(κu,k+1)(1−ρ)NǫSd )

κu,k(1+κu,k)PT,kN
2(1−ρ)ǫS

d

)

1
α

})

, κu,k < min
{

1−ρ

ρǫC
d
N
,

2ρ

(1−ρ)NǫS
d

−1
}

,

FZ

(

(

PU,k

κu,k(1+κu,k)PT,kN

(

2ρ

(1−ρ)NǫS
d

− κu,k − 1
)) 1

α

)

, ǫSd <
2ρ2ǫCd

(1−ρ)(1−ρ+ρǫC
d
N)

and 1−ρ

ρǫC
d
N

6 κu,k 6
2ρ

(1−ρ)NǫS
d

− 1,

0, otherwise.

(30)

The condition for the joint downlink ISAC probability of 0 provides profound insights into the coupling
effects as the following corollary.

Corollary 2. The mutual interference cannot be below 1−ρ
ρN(1+κu,k)

, and the mutual benefit cannot be

above 2ρ
(1−ρ)N(1+κu,k)

.

For the first case regarding the communication coverage, when simultaneously satisfying 1−ρ

ρǫC
d
N
−κu,k >

0 and
PU,k

PT,kN(1+κu,k)
ρǫCd N(1+κu,k)+ρ−1

1−ρ−κu,kρǫ
C
d
N

6 0, the joint coverage reduces to zero. For the second case regard-

ing the sensing coverage, when satisfying 2ρ
(1−ρ)NǫS

d

−κu,k−1 6 0, the joint coverage reduces to zero. These

cases mean that ǫCd 6
1−ρ

ρN(1+κu,k)
or ǫSd >

2ρ
(1−ρ)N(1+κu,k)

cannot occur, which are two ISAC analytical

bounds to indicate fundamental limits of C&S performance.

Remark 4. It should be noted that there still exist channel coupling effects between uplink and downlink
C&S performance when the ISAC network topology has not changed. In a similar way, we can derive
that when the probability of uplink successful detection reaches Q1(

√
ǭSu ,

√
2ǫd), the downlink mutual

interference cannot be below
ǭSu(1−ρ)

ρN(2N+κu,K ǭSu)
and the mutual benefit cannot be above 4ρ

(1−ρ)(ǭSuκu,K+2N) .

5 Numerical results

In this section, we present numerical results to demonstrate the fundamental trade-offs and coupling
effects for uplink and downlink ISAC functions. These results can well validate the accuracy of our derived
analytical expressions, including the successful detection probability and channel estimation NMSE for
the uplink process, the sensing CRLB and communication rate for the downlink process, as well as their
joint coverage probability. The results also illustrate the impact of various system parameters, such as the
number of BS antennas, transmit power allocated to the communication/sensing function, the number of
CUs/STs, and the Rician factor, on the C&S performance region and their joint coverage probability. The
simulation further delves into several insights into scaling laws, asymptotic behaviors, and monotonicity
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properties of ISAC systems. Additionally, they characterize analytical union bounds that establish the
performance limits under coupling effects, offering a comprehensive understanding of the ISAC systems’
practical capabilities.

5.1 Simulation settings

The densities of CUs and STs are λU = 102 km−2 and λT = 103 km−2, respectively. The numbers
of serving users and targets are K = 4 and L = 4, respectively. The BS is equipped with N = 64
antennas. The transmit power allocated to CUs and STs is PU,k = 0 dB and PT,l = −10 dB for ∀k, l,
respectively. The path-loss coefficients are set as C0 = −30 dB and α = 2.8. The noise power of the ISAC
process is N0 = −80 dBm. Unless otherwise mentioned, other system parameters are listed as follows:
Tu = Td = 64, ǫd = 18 dB, ρ = 0.5, κu,k = 1 for ∀k, Pd,l = 0 dB for ∀l.

5.2 Uplink ISAC performance

Figure 2 presents simulation results for the trade-off between the probability of missing detection 1−PD,K

and channel estimation NMSE ̺K , compared with Monte Carlo simulations under varying N and PT,K .
It demonstrates that the analytical results closely match the experimental outcomes, confirming the
accuracy of our theoretical formulations. Furthermore, it can be observed that an increase in sensing
power can decrease the probability of missing detection but also increase the channel estimation error.
Additionally, increasing N significantly enhances the sensing detection performance, while strong sensing
echo power adversely impairs channel estimation accuracy. In particular, when the number of BS antennas
grows from 16 to 32, the probability of missing detection can be reduced by 62.5% at the cost of 2.88 dB
increase in the channel estimation NMSE.

In Figure 3, we plot the coverage probability of C&S functions under different values of [λU , λT , PU,K ,
PT,K ]. The results indicate that raising the density and transmit power of CUs significantly enhances
the communication coverage probability but reduces the sensing coverage. Notably, it shows that these
configurations all ensure the probability of successful detection exceeds Q1(

√
2N,

√
2ǫd) attributed to

the spatial beamforming gain. Besides, the overlap between the first and third curves confirms the
linear scaling laws between λU and λ2

T , as well as between PU,K and PT,K , which demonstrates that
proportionally increasing the density and transmit power of CUs and STs yields the equivalent ISAC
performance.

Figure 4 illustrates the monotonic behaviors of the coverage probabilities for C&S functions versus
different numbers of BS antennas. An inverse trend is observed between C&S coverages, such as an
increase in N or a decrease in K leading to reduced communication coverage but enhanced sensing
coverage. This behavior is attributed to the spatial beamforming gain of order O(N) and squared path-
loss attenuation term corresponding to the STs. Moreover, the effects of increasing N on C&S coverage
probabilities are shown more pronounced at larger values of K.

Figure 5 depicts the joint ISAC coverage probability under various C&S thresholds. The Monte Carlo
simulations are observed to well overlap the analytical surface, verifying the accuracy of Theorem 1.
These results also provide critical insights into the inherent mutual effects between C&S performances.
Specifically, the “ISAC analytical bound” surface consists of all points satisfying ǫCu = 1− 2N

ǭS
d

as derived

in Corollary 1. The zero values within the ISAC bound in Figure 5 clearly indicate that the channel
estimation NMSE cannot be lower than 1− 2N

ǭS
d

. In particular, when the probability of successful detection

increases from 58.4% to 98.1%, the minimum NMSE of channel estimation deteriorates from −18.13 to
−5.64 dB in the ISAC systems.

5.3 Downlink ISAC performance

Subsequently, we examine the trade-off between uplink channel estimation NMSE and downlink commu-
nication throughput, and between uplink probability of missing detection and downlink root-CRLB for
the K-th CU and ST in Figure 6. It can be observed that an increase in uplink pilot length generally
improves the uplink C&S performance, but instead undermines the downlink C&S performance due to
the reduced data length. However, there is a rise and then a decline in the communication throughput,
which is due to an increase initially as the quality of uplink channel estimation improves, and later as
the downlink data length decreases. Therefore, it is essential to determine the optimal pilot length to
achieve a satisfactory trade-off between uplink and downlink C&S performance.
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Figure 2 (Color online) Trade-offs between the probability

of missing detection and channel estimation NMSE as PT,K

increases from −20 to 0 dB with dU,K = 25 m and dT,K =

10 m.

Figure 3 (Color online) Coverage probability of communica-

tion and sensing functions versus different density and transmit

power of CUs and STs.

Figure 4 (Color online) Coverage probability of communi-

cation and sensing functions versus different N and K with

ǫCu = −20 dB and ǫSu = 0.9275.

Figure 5 (Color online) Joint coverage probability of uplink

ISAC performance versus different communication and sensing

thresholds.

Figure 6 (Color online) Trade-offs between upink and down-

link C&S performance as Tu increases versus different N with

N0 = −80 dB and ǫd = 0 dB.

Figure 7 (Color online) Asymptotical behaviors of sum-rate

and sum-root-CRLB versus different N and ρ.

In Figure 7, the asymptotic behaviors of sum-rate and sum-root-CRLB are illustrated clearly. It can
be observed that asymptotic analytical results closely match the experimental results even at moderate
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Figure 8 (Color online) Sensing interference ratio and com-

munication enhancement ratio versus different Rician factors.

Figure 9 (Color online) Joint coverage probability of down-

link ISAC performance versus different communication and

sensing thresholds.

values of N , such as N = 32. Substantial improvements can be noted in the C&S performance from
the increase of N , specifically demonstrating an O(logN) gain in the sum-rate and an O(N−2) gain in
the sum-root-CRLB, as indicated previously. Moreover, the results reveal that excessively large or small
values of ρ lead to deteriorated sensing CRLB and communication rate, respectively. Consequently, a
value of ρ = 0.5 is recommended to achieve satisfactory ISAC performance.

Figure 8 presents the ergodic ratios Ψ̄K and Ω̄K across all possible locations of CU and ST under
varying Rician factors. It can be observed from the overlap of the first and third curves that a linear
scaling law between λU and λ2

T exists, consistent with the uplink process. Additionally, increasing the
density and power factor of the CUs reduces the mutual interference 1/Ψ̄K while increasing the mutual
benefit 1/Ω̄K . The results also indicate that both Ψ̄K and Ω̄K keep growing with the Rician factor
κu,K , implying that the mutual interference and benefits diminish as the ISAC channels become more
deterministic as noted in Remark 3.

In Figure 9, the joint coverage probability of downlink ISAC performance is demonstrated versus
different C&S thresholds, verifying the accuracy of Theorem 2. It also provides two “ISAC analytical
bound” surfaces to highlight the fundamental limits of inherent mutual interference and benefits in
dual-function coexisting systems. Specifically, these two surfaces are composed of all points satisfying
ǫCd = 1−ρ

ρN(1+κu,k)
and ǫSd = 2ρ

(1−ρ)N(1+κu,k)
, respectively. It can be observed that the coverage probability

within these two bounds drops to zero, further confirming fundamental limits for ISAC systems under
coupling effects.

6 Conclusion

In this paper, we have established a comprehensive framework to analyze the fundamental coupling
constraints and trade-offs in ISAC systems. In particular, we first investigated the trade-offs through
C&S performance regions between the channel estimation error and the successful detection probability
in the uplink process, as well as between the transmission rate and CRLB in the downlink process.
The theoretical derivations for these metrics provided valuable insights into the scaling laws, asymptotic
behaviors, and monotonicity properties of ISAC performance. Additionally, we employed stochastic
geometry tools and random matrix theory to characterize the channel coupling effects of large-scale and
small-scale fadings on the joint ISAC coverage probabilities. These analyses yield some useful findings into
the union bounds for ISAC system designs. Specifically for the uplink process, our results indicated that
the channel estimation NMSE cannot be lower than 1 − 2N

ǭSu
when the successful detection probability

reaches Q1(
√
ǭSu ,

√
2ǫd). In the downlink process, we found that the mutual interference and mutual

benefit are bounded above by 1−ρ
ρN(1+κ) and below by 2ρ

(1−ρ)N(1+κ) , respectively. These derived analytical

bounds revealed the fundamental limits for practical ISAC systems imposed by coupling constraints,
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which were further validated and illustrated through simulations.
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Appendix A Derivation of the PDF of
dU,K

d2

T,K

According to the given PDF in (1), we have fdU,K
(x) = e−λUπx2 2(λUπx2)K

x(K−1)!
and fdT,K

(x̄) = e−λT πx̄2 2(λT πx̄2)K

x̄(K−1)!
.

Let Ȳ = X̄2 for X̄ > 0 and employ the conversion relationship fY (y) = fX̄(
√
y) 1

2
√

y
, yielding fd2

T,K
(y) = e−λT πy (λTπy)K

y(K−1)!
.

Furthermore, we obtain the PDF of Z = X
Y

for X = dU,K and Y = d2T,K , such as

fZ (z) =

∫ ∞

0
yfX(yz)fY (y)dy =

∫ ∞

0
e−λUπy2z2−λTπy 2(λUπz2)K(λT π)Ky3K−1

z ((K − 1)!)2
dy

=
2−3K+1(λUπz2)−

K
2 (3K − 1)!(λT π)K

z ((K − 1)!)2
U
(

3K

2
,
1

2
,

λ2
T π

2λUz2

)

.
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Appendix B Derivation of the SINR

Substituting the precoding vectors to (15), the SINR expression is written as

γk =
ρ‖E{hH

k ĥk}‖2/E{‖ĥk‖2}
ρ
∑K

i=1 E

{

‖hH
k
ĥi‖2

}

/E{‖ĥi‖2} − ρ‖E{hH
k
ĥk}‖2/E{‖ĥk‖2 + (1 − ρ)E

{

‖hH
k
aN (θl)‖2

}

/N +
Pd,l

N0

. (B1)

We first compute the term

E{‖ĥk‖2} = µkκu,kh̄
H
k h̄k + φkN, (B2)

for the equation E{xHAx} = tr{A(Σ + µµH)} if x ∼ CN (µ,Σ) for any matrix A.

The numerator term is expressed as

‖E{(ĥk + ek)
Hĥk}‖2 = ‖E{ĥH

k ĥk}‖2 = µkκu,kh̄
H
k h̄k + φkN, (B3)

where the estimate ĥk and the error ek are independent with each other.

The first denominator term for i 6= k as

E

{

hH
k ĥiĥ

H
i hk

}

= E

{

tr
(

ĥiĥ
H
i

(

µkκu,kh̄
H
k h̄k + µkI

))}

= tr
((

µiκu,ih̄
H
i h̄i + φiI

)(

µkκu,kh̄
H
k h̄k + µkI

))

= µiµkκu,iκu,k‖h̄H
k h̄i‖2 + µiµkκu,i‖h̄i‖2 + φiµkκu,k‖h̄k‖2 + φiµkN,

(B4)

and for i = k as

E

{

hH
k ĥkĥ

H
k hk

}

= E

{

(ĥk + ek)
Hĥkĥ

H
k (ĥk + ek)

}

= E

{

ĥH
k ĥkĥ

H
k ĥk

}

+ E

{

eHk ĥkĥ
H
k ek

}

= φ2
kN + 2µkκu,kφkh̄

H
k h̄k +

(

φkN + µkκu,k‖h̄k‖2
)2

+ tr
{

ĥkĥ
H
k (µk − φk) I

}

= φkµkN + µkκu,k(µk + φk)‖h̄k‖2 +
(

φkN + µkκu,k‖h̄k‖2
)2

.

(B5)

Then, the sensing interference power can be expressed as

E

{

hH
k aN (θl)a

H
N (θl)hk

}

= tr
{

aN (θl)a
H
N (θl)

(

µkκu,kh̄kh̄
H
k + µkI

)}

= µkκu,k‖aH
N (θl)h̄k‖2 + µkN. (B6)

Appendix C Derivation process of C(θl)

The data correlation matrix can be expressed as

Xd,lX
H
d,l = Pd,lTdρ

K
∑

k=1

K
∑

i=1

ĥkĥ
H
i

√

E{‖ĥk‖2}
√

E{‖ĥi‖2}
+ Pd,lTd(1− ρ)aN (θl)a

H
N (θl)/N

= Pd,lTdρ
K
∑

k=1

K
∑

i=1

√
µkµiκu,kκu,ih̄kh̄

H
i

√

(

µkκu,k‖h̄k‖2 + φkN
) (

µiκu,i‖h̄i‖2 + φiN
)

+ Pd,lTdρ
K
∑

k=1

φkI

µkκu,k‖h̄k‖2 + φkN

+ Pd,lTd(1− ρ)aN (θl)a
H
N (θl)/N.

(C1)

Then, the term can be written as

tr
(

A(θl)Xd,lX
H
d,lA

H(θl)
)

= NPd,lρTd

K
∑

k=1

K
∑

i=1

√
µkµiκu,kκu,itr

(

aH
N (θl)h̄kh̄

H
i aN (θl)

)

√

(

µkκu,k‖h̄k‖2 + φkN
) (

µiκu,i‖h̄i‖2 + φiN
)

+ Pd,lρTd

K
∑

k=1

φkN
2

µkκu,k‖h̄k‖2 + φkN
+ Pd,l(1 − ρ)TdN

2.

(C2)

Besides, the equation that is often used can be expressed as

aH
N (θl)ăN (θl) =

N(N − 1)

2
jπ cos(θl), ăHN (θl)aN (θl)

=−N(N − 1)

2
jπ cos(θl), ăHN (θl)ăN (θl)=

N(N − 1)(2N − 1)

6
π
2 cos2(θl).

(C3)

The second term is written as

tr
(

A(θl)Xd,lX
H
d,lĂ

H(θl)
)

= tr
(

aN (θl)a
H
N (θl)Xd,lX

H
d,lăN (θl)a

H
N (θl)

)

+ tr
(

aN (θl)a
H
N (θl)Xd,lX

H
d,laN (θl)ă

H
N (θl)

)

= Pd,lρTd

K
∑

k=1

K
∑

i=1

√
µkµiκu,kκu,i

(

Ntr
(

aH
N (θl)h̄kh̄

H
i ăN (θl)

)

− N(N−1)
2

jπ cos(θl)tr
(

aH
N (θl)h̄kh̄

H
i aN (θl)

)

)

√

(

µkκu,k‖h̄k‖2 + φkN
) (

µiκu,i‖h̄i‖2 + φiN
)

.

(C4)
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The third term can be computed by

tr
(

Ă(θl)Xd,lX
H
d,lĂ

H(θl)
)

= tr
(

ăN (θl)a
H
N (θl)Xd,lX

H
d,lăN (θl)a

H
N (θl)

)

+ tr
(

ăN (θl)a
H
N (θl)Xd,lX

H
d,laN (θl)ă

H
N (θl)

)

+ tr
(

aN (θl)ă
H
N (θl)Xd,lX

H
d,lăN (θl)a

H
N (θl)

)

+ tr
(

aN (θl)ă
H
N (θl)Xd,lX

H
d,laN (θl)ă

H
N (θl)

)

= Pd,lρTd

·
K
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k=1

K
∑

i=1

√
µkµiκu,kκu,i

(

N(N−1)
2

jπ cos(θl)tr
(

aH
N (θl)h̄kh̄

H
i ăN (θl)

)

+ N(N−1)(2N−1)
6

π
2 cos2(θl)tr

(

aH
N (θl)h̄kh̄

H
i aN (θl)

)

)

√

(

µkκu,k‖h̄k‖2 + φkN
) (

µiκu,i‖h̄i‖2 + φiN
)

·
√
µkµiκu,kκu,i

(

Ntr
(

ăHN (θl)h̄k h̄
H
i ăN (θl)

)

− N(N−1)
2

jπ cos(θl)tr
(

ăHN (θl)h̄kh̄
H
i aN (θl)

)

)

√

(

µkκu,k‖h̄k‖2 + φkN
) (

µiκu,i‖h̄i‖2 + φiN
)

+ Pd,lρTd

N2(N2 − 1)

6
π
2 cos2(θl)

K
∑

k=1

φk

µkκu,k‖h̄k‖2 + φkN
+ Pd,l(1 − ρ)Td

N2(N2 − 1)

12
π
2 cos2(θl).

(C5)

Appendix D Derivation of C̄(θl)

For the infinite antenna systems, we have

Πl
AA

N→∞−→ ρ
K
∑

k=1

φkN
2

µkκu,k + φk

+ (1− ρ)N2. (D1)

Then, we investigate the asympototic behavior of aH
N (ϕk)ăN (θl) as

aH
N (ϕk)ăN (θl) =

N−1
∑

n=1

njπ cos(θl)e
njπ∆s

=
jπ cos(θl)

(ejπ∆s − 1)2

[

N
(

ejπ(N+1)∆s − ejπN∆s
)

− ejπ(N+1)∆s + ejπ∆s
]

=
jπ cos(θl)N

ejπ∆s − 1
ejπN∆s +

jπ cos(θl)

1− ejπ∆s
ejπ∆s 1− ejπN∆s

1− ejπ∆s

=
π cos(θl)N

2 sin(π
2
∆s)

ejπ(N− 1
2
)∆s − π cos(θl)

2 sin(π
2
∆s)

ejπ
N
2
∆s

sin(πN∆s
2

)

sin(π∆s
2

)
.

(D2)

Since sin(π
2
Nǫ) 6 | sin(π

2
∆s)| 6 1, we have

π cos(θl)N

2 sin(π
2
∆s)

ejπ(N− 1
2
)∆s/N2 N→∞−→ 0. (D3)

Besides, as for Nǫ > 2
N
, it can be derived

sin(πN∆s
2

)

sin(π∆s
2

)
/N

N→∞−→ 0 and further

π cos(θl)

2 sin(π
2
∆s)

ejπ
N
2
∆s

sin(πN∆s
2

)

sin(π∆s
2

)
/N2 N→∞−→ 0. (D4)

Hence, combining the asympototic behavior in (D3) and (D4), we have

aH
N (ϕk)ăN (θl)/N

2 N→∞−→ 0. (D5)

Then, we have

Πl

ĂĂ

N→∞−→ ρ
N2(N2 − 1)

6
π
2 cos2(θl)

K
∑

k=1

φk

µkκu,k + φk

+ (1− ρ)
N2(N2 − 1)

12
π
2 cos2(θl). (D6)

As for the term Πsquare

AĂ
, we have

tr
(

aH
N (θl)h̄kh̄

H
i ăN (θl)

)

/N3 N→∞−→ 0, (D7)

and

tr
(

aH
N (θl)h̄k h̄

H
i aN (θl)

)

/N2 N→∞−→ 0, (D8)

which deduce that

Πl,square

AĂ
/N6 N→∞−→ 0. (D9)

Combining the asympototic behaviors in (D1), (D6), and (D9), we have

Πl

ĂĂ
−

Πl,square

AĂ

Πl
AA

N→∞−→ Πl

ĂĂ
. (D10)
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Appendix E Derivation process of Ψ̄k and Ω̄k

The statistical communication enhancement ratio can be expressed as

Ω̄k = Eµk,βt,k

{

(1− ρ)N

2ρ

(

κu,K + 1 +
κu,K(PT,kNβt,k +N0)

PU,kµk

)}

=
(1− ρ)N

2ρ
(κu,K + 1) + Eβt,k

{

(1− ρ)N

2ρ
κu,K(PT,kNβt,k +N0)

∫ ∞

0

1

PU,kC0r
−α
U

e−λUπr2U
2(λUπr2U )k

rU (k − 1)!
drU

}

=
(1− ρ)N

2ρ
(κu,k+1) +

(1 − ρ)N

2ρ
(λUπ)−

α
2

κu,k(1+κu,k)Γ(k + α
2
)

PU,kΓ(k)C0

(

N0 + PT,kNC0(rT )−2αe−λT πr2T
2(λT πr2T )k

rT (k − 1)!
drT

)

=
(1− ρ)N

2ρ
(κu,k+1) +

(1 − ρ)N

2ρ
(λUπ)−

α
2

κu,k(1+κu,k)Γ(k + α
2
)

PU,kΓ(k)

(

N0

C0
+(λT π)αPT,kN

Γ(k − α)

Γ(k)

)

.

(E1)

Besides, the statistical Ψk can be expressed as

Ψ̄k =
ρNκu,k

1− ρ
+

ρN

1− ρ
·
∫ ∞

0

(

PU,kC0r
−2
U

PU,kC0r
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)

e−λUπr2U
2(λUπr2U )k
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drU

a
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ρNκu,k
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+

2ρN(λUπ)k
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·
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(
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)
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ρN
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(

λUπPU,kC0
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Ek
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(
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)

)

· exp
(

λUπPU,kC0

(1 + κu,k)
(

PTNβt,k +N0

)

)

,

(E2)

where Eq. (a) is obtained by u = r2U and then using Laplace transform of
PU,kC0u

k−1

PU,kC0+u(1+κu,k)(PT Nβt,k+N0)
.
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