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Appendix A Preliminaries used in the body of the letter

Notations. Rn is the set of n-dimensional real vectors. Mp×q is the set of p× q real matrices. Coli(A) is the i-th column

of matrix A. D = {0, 1}. Ik is the k × k identity matrix. δik is the i-th column of Ik. ∆k is the set of columns of Ik. The

set of p× q logical matrices is denoted by L = {L ∈ Mp×q |Coli(L) ∈ ∆p}. N+ is the set of all positive integers. |S| is the

cardinality of set S. For i, j ∈ N+, i 6 j, denote [i : j] = {i, i + 1, . . . , j}, and k[i,j] =
∏j
p=i kp. 1k = [1, 1, . . . , 1]> ∈ Rn.

A> denotes the transpose of matrix A. Υp×q is the set of p× q random matrices.

Definition 1. [1] Let A ∈Mm×n, B ∈Mp×q . The STP of A and B is defined as

A nB := (A⊗ It/n)(B ⊗ It/p),

where ⊗ represents the Kronecker product, and t is the least common multiple of n and p.

Lemma A1. [1] For an n-ary logical function f(x1, x2, . . . , xn) : Dn → D, there exists a unique matrix Lf ∈ L2×2n ,

called the structure matrix, such that f can be expressed in its vector form, denoted by ~f , as

~f(x1, x2, . . . , xn) = Lf nni=1 ~xi.

Definition 2. [2] A finite normal game G = (N,S,C) is a triple, where,

1) N = {1, 2, . . . , n} is the set of agents;

2) S =
∏n
i=1Si is the profile set of the game with Si = {1, 2, . . . , ki} being the strategy set of agent i;

3) C = {c1, . . . , cn} is the set of cost functions of agents, where ci : S → R is agent i’s cost function.

The set of finite games with |N | = n, |Si| = ki, i ∈ N is denoted by G[n;k1,k2,...,kn]. Particularly, if k1 = · · · = kn = 2,

then G is called a Boolean game. Denote the vector form of the strategy x ∈ Si by ~x = δxki
. Then the algebraic expression

of the cost function is given as follows.

Lemma A2. [3] Consider a finite game G ∈ G[n;k1,k2,...,kn]. For each cost function ci, i ∈ N , there exists a unique row

vector V ci ∈ Rk with k =
∏n
i=1ki such that

ci(x1, x2, . . . , xn) = V ci nni=1 ~xi,

where V ci is called the structure vector of ci.

Definition 3. [2] A profile s∗ = (s∗i , s
∗
−i) is called a pure Nash equilibrium of G ∈ G[n;k1,k2,...,kn] if for any si ∈ Si, i ∈ N ,

ci(s
∗
i , s
∗
−i) 6 ci(si, s

∗
−i),

where s−i ∈ S−i, S−i =
∏
j 6=i Sj .

Definition 4. [4] A finite game G ∈ G[n;k1,k2,...,kn] is called a potential game if there exists a function P : S → R, called

the potential function, such that

ci(xi, s−i)− ci(yi, s−i) = P (xi, s−i)− P (yi, s−i)

holds for each pair of xi, yi ∈ Si, and each s−i ∈ S−i, i = 1, 2, . . . , n.
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Lemma A3. [3] A finite Boolean game G ∈ G[n;2,2,...,2] is a potential game if and only if, Ξξ = V >G is solvable, where

VG = [(V c2 − V c1 ) (V c3 − V c1 ) · · · (V cn − V c1 )], and Ξi = I2i−1 ⊗ 12 ⊗ I2n−i , i = 1, 2, . . . , n,

Ξ =


−Ξ1 Ξ2 0 · · · 0

−Ξ1 0 Ξ3 · · · 0

...
...

...
...

−Ξ1 0 0 · · · Ξn

 , ξ =


ξ1

ξ2

...

ξn

 . (A1)

Furthermore, if (A1) is solvable, the potential function P can be calculated by

(VP )> = (V c1 )> − (12 ⊗ I2n−1 )ξ1.

Remark 1. A modified potential equation method was proposed in [5], in which the number of verification equations

for testing potential games is O(nkn) +O(n2kn−1). Particularly, the number of verification equations required is O(nn+1)

when n = k, reaching the theoretically lowest computational complexity, whereas the number of equations required to be

validated for the closed-path condition [6] and the game decomposition method [7] is O(nn+2).

Appendix B Proofs in the body of the letter

Appendix B.1 Proof of Theorem 1

Proof. (Necessity) Let

vt(Ex(t), u(t)) = E[gt(x(t), u(t)) +Wt+1(x(t+ 1))], (B1)

where t ∈ [0 : T ] and

EWt(x(t)) = min
u(t),...,u(T )

E[hT+1(x(T + 1)) +

T∑
l=t

gl(x(l), u(l))],

EWT+1(x(T + 1)) = EhT+1(x(T + 1)).

It follows that

vt(Ex(t), ui(t), u−i(t))− vt(Ex(t), ûi(t), u−i(t))

= E[gt(x(t), ui(t), u−i(t)) +Wt+1(x(t+ 1))]− E[gt(x(t), ûi(t), u−i(t)) +Wt+1(x(t+ 1))]

= J(x(0), Ht)− J(x(0), Ĥt).

For each subgame Gt(Ex(t)), t ∈ [0 : T ], one has

rit(Ex(t), ui(t), u−i(t))− rit(Ex(t), ûi(t), u−i(t))

= E[wi(x(t), ui(t), u−i(t)) + V it+1(x(t+ 1))]− E[wi(x(t), ûi(t), u−i(t)) + V it+1(x(t+ 1))]

= Ji(x(0), Ht)− Ji(x(0), Ĥt). (B2)

Since the PDBG described by (1) and (2) is an OL-PPDBG with (5) as its associated optimal control problem, then (6)

holds for all i ∈ N , ∀ûi(t), ui(t) ∈ Uti , t ∈ [0 : T ], ∀u−i(t) ∈ Ut−i, ∀u(0), . . . , u(t− 1). This means that

rit(Ex(t), ui(t), u−i(t))− rit(Ex(t), ûi(t), u−i(t))

=vt(Ex(t), ui(t), u−i(t))− vt(Ex(t), ûi(t), u−i(t))

holds, where t ∈ [0 : T ]. Hence, each subgame Gt(Ex(t)) is a potential game for every Ex(t) ∈ Xt with vt(Ex(t), u(t)) being

its potential function.

(Sufficiency) If Gt(Ex(t)) is a potential game for each Ex(t) ∈ Xt with vt(Ex(t), u(t)) being its potential function, then

rit(Ex(t), ui(t), u−i(t))− rit(Ex(t), ûi(t), u−i(t))

=vt(Ex(t), ui(t), u−i(t))− vt(Ex(t), ûi(t), u−i(t)) (B3)

holds for ∀Ex(t) ∈ Xt, ∀i ∈ N , ∀ui(t), ûi(t) ∈ Uti , and ∀u−i(t) ∈ Ut−i. Define ḡt(Ex(t), u(t)), t ∈ [0 : T ], h̄T+1(Ex(T + 1))

as

ḡt(Ex(t), u(t)) = vt(Ex(t), u(t))− min
u(t+1)

vt+1(Ex(t+ 1), u(t+ 1)),

h̄T+1(Ex(T + 1)) + ḡT (Ex(T ), u(T )) = vT (Ex(T ), u(T )),



Sci China Inf Sci 3

where t = 0, 1, . . . , T − 1. It is obvious that

vt(Ex(t), u(t)) = min
u(t+1),...,u(T )

[

T∑
l=t+1

ḡl(Ex(l), u(l)) + h̄T+1(Ex(T + 1))] + ḡt(Ex(t), u(t)) (B4)

holds for t ∈ [0 : T ], ∀Ex(t) ∈ Xt, ∀u(t) ∈ Ut. Taking gt = ḡt and hT+1 = h̄T+1, we obtain min
u(0)

v0(Ex(0), u(0)) =

min
u(0),...,u(T )

J(x(0), u(0), . . . , u(T )), which implies that a solvable optimal control problem (5) with u∗ = [u∗(0), . . . , u∗(T )]

being its solution is found. Combining (B2) with

J(x(0), Ht)− J(x(0), Ĥt) = vt(Ex(t), ui(t), u−i(t))− vt(Ex(t), ûi(t), u−i(t)),

one has

Ji(x(0), Ht)− Ji(x(0), Ĥt) = J(x(0), Ht)− J(x(0), Ĥt),

due to the fact that (B3) holds. Hence, PDBG (1)-(2) is an OL-PPDBG with (5) as its associated optimal control problem,

where gt = ḡt and hT+1 = h̄T+1.

Appendix B.2 Proof of Proposition 1

Proof. Evidently, u∗(t) = [u∗1(t), . . . , u∗n(t)] is a pure Nash equilibrium of the subgame Gt(Ex(t)) if and only if u∗i (t) =

argminui(t)r
i
t(Ex(t), ui(t), u

∗
−i(t)) holds for i ∈ N , t ∈ [0 : T ]. It follows from EV it (x(t)) = minui(t) r

i
t(Ex(t), ui(t), u

∗
−i(t))

that u∗(t) is the solution of the dynamic programming equation (8). Since the dynamic programming equation (8) is derived

from the optimal control problem (4), u∗ is an OLNE of PDBG (1)-(2).

Remark 2. The proposed result is still valid for general PDBGs that do not admit a potential structure.

Appendix B.3 Proof of Theorem 2

Before proving the theorem, the calculation for the algebraic form of (1) is provided first. By Lemma A1, the probabilistic

Boolean networks (1) can be converted into the following algebraic form:

~x(t+ 1) = Lσ(t)~x(t)~u(t),

where ~x(t) = nmi=1~xi(t), ~u(t) = nni=1~ui(t), and Lσ(t) ∈ L2m×2m+n . Here, σ(t) ∈ [1 :
∏m
i=1 li] can be viewed as a stochastic

switching signal with probability Pr(σ(t) = j) := pj =
∏m
i=1 p

ji
i , with ji ∈ [1 : li] satisfying j =

∑m−1
i=1

∏m
s=i+1 ls(ji− 1) +

jm. Take L =
∑
j pjLj , then it can be derived that

E~x(t+ 1) = LE~x(t)~u(t), (B5)

where L ∈ Υ2m×2m+n .

Proof. According to Lemma A3, for each Ex(t) ∈ Xt, Gt(Ex(t)) is a potential game if and only if (11) is solvable. Let

vEx(t)(u(t)) = VEx(t)~u(t) be the potential function of subgame Gt(Ex(t)). For ∀Ex(t) ∈ Xt, ∀i ∈ N , ∀ui(t), ûi(t) ∈ Uti , and

∀u−i(t) ∈ Ut−i, one has

rit(Ex(t), ui(t), u−i(t))− rit(Ex(t), ûi(t), u−i(t))

=vEx(t)(ui(t), u−i(t))− vEx(t)(ûi(t), u−i(t)).

Let vt(Ex(t), u(t)) = VtE~x(t)~u(t). There exists an equivalence between the solvability of (12) and

rit(Ex(t), ui(t), u−i(t))− rit(Ex(t), ûi(t), u−i(t))

=vt(Ex(t), ui(t), u−i(t))− vt(Ex(t), ûi(t), u−i(t)).

Hence, the above conditions are equivalent to the fact that each subgame Gt(Ex(t)) is a potential game for every Ex(t) ∈ Xt
with vt(Ex(t), u(t)) being its potential function. It follows from Theorem 1 that the PDBG (1)-(2) is an OL-PPDBG.

Appendix B.4 Remark on the definition of OL-PPDBGs

Remark 3. In Definition 2, condition (6), called the potential structure, bridges the gap between a PDBG and its

associated optimal control problem, in which the cost function J can be regarded as the aligned cooperative objective for all

agents [9, 10]. When T = 0, Definition 2 degenerates to a static state-based potential game. When the state of the system

evolves according to a differential equation, it is an open-loop potential differential game [8].
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Appendix C Algorithm of identification of OL-PPDBGs

Algorithm C1 Identification of OL-PPDBGs

Input: n, φi(x), wi(x, u), T, U ;

Output: The PDBG is an OL-PPDBG;

1: XT = ∅;
2: for u ∈ U do

3: for t = 0 : T − 1 do

4: E~x(t+ 1) = LE~x(t)~u(t);

5: end for

6: XT = XT ∪ E~x(T );

7: end for

8: for ExT ∈ XT do

9: for i = 1 : n do

10: EV iT+1(x(T + 1)) = Vφi n E~x(T )~u(T );

11: riT (Ex(T ), u(T )) = Vwi n E~x(T )~u(T ) + EV iT+1(x(T + 1));

12: end for

13: if ΞξGT (Ex(T )) = V >GT (Ex(T )) has a solution then

14: VEx(T ) = V 1
GT (Ex(T )) − (ξ1GT (Ex(T )))

>(1>2 ⊗ I2n−1 );

15: else

16: Print: The PDBG is not an OL-PPDBG;

17: end if

18: end for

19: if VTE~x(T )~u(T ) = VEx(T )~u(T ) has a solution then

20: u∗(T ) = min
u(T )

vT (Ex(T ), u(T ));

21: EV it (x(T )) = E[wi(x(T ), u∗(T )) + V iT+1(x(T + 1))];

22: else

23: Print: The PDBG is not an OL-PPDBG;

24: end if

25: for t = T − 1 : 0 do

26: Xt = {Ex(t) | ∃u(t),Ef(x(t), u(t)) ∈ Xt+1};
27: for Ex(t) ∈ Xt do

28: for i = 1 : n do

29: rit(Ex(t), u(t)) = Vwi n E~x(t)~u(t) + EV iT+1(f(x(t), u(t)));

30: end for

31: if ΞξGt(Ex(t)) = V >Gt(Ex(t)) has a solution then

32: VEx(t) = V 1
Gt(Ex(t))

− (ξ1Gt(Ex(t)))
>(1>2 ⊗ I2n−1 );

33: else

34: Print: The PDBG is not an OL-PPDBG;

35: end if

36: if VtE~x(t)~u(t) = VEx(t)~u(t) has a solution then

37: u∗(t) = min
u(t)

vt(Ex(t), u(t));

38: EV it (x(t)) = E[wi(x(t), u∗(t)) + V it+1(x(T + 1))];

39: else

40: Print: The PDBG is not an OL-PPDBG;

41: end if

42: end for

43: end for

44: return

Appendix D Illustrative examples

Example 1. Consider a dynamic system evolving according to the following probabilistic Boolean dynamics{
x1(t+ 1) = f1(x1(t), x2(t), u1(t), u2(t)),

x2(t+ 1) = f2(x1(t), x2(t), u1(t), u2(t)),
(D1)

where fi, i = 1, 2 are chosen from the corresponding candidate sets, denoted by Fi = {f1i , f2i }, with

{
f11 = u1(t) ∨ (u2(t) ∧ x2(t)), f21 = x1(t),

f12 = u1(t) ∧ x1(t), f22 = x2(t),

the selection of the logical functions adheres to the following probability distribution:

Pr(f1 = f11 ) = 0.5,Pr(f1 = f21 ) = 0.5,

Pr(f2 = f12 ) = 0.8,Pr(f2 = f22 ) = 0.2.
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Given an initial state ~x(0) = δ24 and admissible strategy sets Uti = D, i = 1, 2, t = 0, 1. Assume that the objective function

of agent i is as follows

Ji(x(0), u) = E[wi(x(0), u(0)) + wi(x(1), u(1)) + φi(x(2))],

where the terminal cost functions φi(x), i = 1, 2 are

φ1(x) = [1 1 1 1] n ~x := Vφ1
n ~x,

φ2(x) = [2 2 2 2] n ~x := Vφ2
n ~x,

and the stage cost functions wi(x, u), i = 1, 2 are set in Tables D1-D4.

Table D1 Payoffs of agents for x = [1, 1]

u [1,1] [1,0] [0,1] [0,0]

w1 3 2 3 1

w2 4 3 2 0

Table D2 Payoffs of agents for x = [1, 0]

u [1,1] [1,0] [0,1] [0,0]

w1 3 2 1 1

w2 4 3 0 0

Table D3 Payoffs of agents for x = [0, 1]

u [1,1] [1,0] [0,1] [0,0]

w1 5 4 5 0

w2 4 4 0 1

Table D4 Payoffs of agents for x = [0, 0]

u [1,1] [1,0] [0,1] [0,0]

w1 3 2 1 1

w2 4 3 0 0

Step 1. Using STP, (D1) can be converted into the following algebraic form:

~x(t+ 1) = Lσ(t)~x(t)~u(t),

where ~x(t) = ~x1(t)~x2(t), ~u(t) = ~u1(t)~u2(t). σ(t) ∈ [1 : 4] is a stochastic switching signal with probability Pr(σ(t) = 1) =

Pr(σ(t) = 3) = 0.4, Pr(σ(t) = 2) = Pr(σ(t) = 4) = 0.1, and

L1 = δ4[1, 1, 2, 4, 1, 1, 4, 4, 2, 2, 2, 4, 2, 2, 4, 4],

L2 = δ4[1, 1, 1, 3, 2, 2, 4, 4, 1, 1, 1, 3, 2, 2, 4, 4],

L3 = δ4[1, 1, 2, 2, 1, 1, 2, 2, 4, 4, 4, 4, 4, 4, 4, 4],

L4 = δ4[1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 3, 4, 4, 4, 4].

Take L = 0.4L1 + 0.1L2 + 0.4L3 + 0.1L4, one has

E~x(t+ 1) = LE~x(t)~u(t), (D2)

where

L =


1 1 0.2 0.1 0.8 0.8 0 0 0.1 0.1 0.1 0 0 0 0 0

0 0 0.8 0.4 0.2 0.2 0.5 0.5 0.4 0.4 0.4 0 0.5 0.5 0 0

0 0 0 0.1 0 0 0 0 0.1 0.1 0.1 0.2 0 0 0 0

0 0 0 0.4 0 0 0.5 0.5 0.4 0.4 0.4 0.8 0.5 0.5 1 1

 .

Step 2. According to the system dynamics and admissible strategy sets, we can obtain

X1 = {[0.8, 0.2, 0, 0]>, [0, 0.5, 0, 0.5]>}.

For each Ex(1) ∈ X1, the cost of agent i can be calculated by

ri1(Ex(1), u(1)) = VwiE~x(1)~u(1) + VφiLE~x(1)~u(1),

based on which we can get its associated cost vector, denoted by Vri1(Ex(1),u(1))
, i = 1, 2. Combining with the potential

equation ΞξG1(Ex(1)) = V >
G1(Ex(1))

, we verify whether G1(Ex(1)) is a potential game (PG), as shown in Table D5, where

Nash equilibrium is abbreviated as NE.

Table D5 shows that each subgame G1(Ex(1)) is potential for all Ex(1) ∈ X1, based on which, a common potential

function v1(Ex(1), u(1)) with V1 = [3, 3, 4, 3, 3, 3, 9, 3, 3, 3, 3, 3, 3, 3, 1, 3] being its structure vector can be found.

Step 3. Similar to the analysis of G1(Ex(1)), for ~x(0) = δ24 , the cost vectors of the subgame G0(x(0)) are

Vr10(x(0),u(0))
= [5, 4, 3, 3], Vr20(x(0),u(0))

= [6, 5, 2, 2].
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Table D5 Verification of subgames G1(Ex(1))

E~x(1) V
r11(Ex(1),u(1)) V

r21(Ex(1),u(1)) If PG NE

[0.8, 0.2, 0, 0]> [4, 3, 3.6, 2]> [6, 5, 3.6, 2]> Yes [0, 0]

[0, 0.5, 0, 0.5]> [4, 3, 2, 2]> [6, 5, 2, 2]> Yes [0, 1]/[0, 0]

It is easy to verify that there exists a potential function v0(x(0), u(0)) with V0 = 1>4 ⊗ [2, 2, 3, 1] being its structure vector,

such that the subgame G0(x(0)) is a potential game with [0, 0] and [0, 1] being its Nash equilibrium. Therefore, the PDBG

(D1) is an OL-PPDBG, and there exist four OLNE strategies, denoted by u∗i , i = 1, 2, 3, 4, where u∗1 = {[0, 1], [0, 1]},
u∗2 = {[0, 1], [0, 0]}, u∗3 = {[0, 0], [0, 1]}, and u∗4 = {[0, 0], [0, 0]}.

The evolution between action profiles and states from initial states under the open-loop strategies is shown in Figure

D1, along with its accumulated costs.

� = 0 � = 1 � = 2

�1(2) = 3
   �2(2) = 2

��(�):

�(�):
OLNE u1

∗

Accumulated 
costs

[0,1,0,0]T [0,0.5,0,0.5]T [0,0.25,0,0.75]T

�4
3 �4

3

�1(2) = 3
   �2(2) = 2

��(�):

�(�):
OLNE u2

∗

[0,1,0,0]T [0,0.5,0,0.5]T [0,0.25,0,0.75]T

�4
3 �4

4

�1(2) = 3
    �2(2) = 2

��(�):

�(�):
OLNE u3

∗

[0,1,0,0]T [0,0.5,0,0.5]T [0,0.25,0,0.75]T

�4
4 �4

3

�1(2) = 3
   �2(2) = 2

��(�):

�(�):
OLNE u4

∗

[0,1,0,0]T [0,0.5,0,0.5]T [0,0.25,0,0.75]T

�4
4 �4

4

Figure D1 Evolution between the action profile and state under OLNE strategies.

Example 2. Consider an apoptosis network [11], the dynamics of which can be described as
x1(t+ 1) = f1(x1(t), x2(t), x3(t), u1(t), u2(t)),

x2(t+ 1) = f2(x1(t), x2(t), x3(t), u1(t), u2(t)),

x3(t+ 1) = f3(x1(t), x2(t), x3(t), u1(t), u2(t)),

(D3)

where x1, x2, x3 ∈ D are state variables that represent the concentration level of apoptosis proteins (IAP), the active level

of caspase 3 (C3a), and the active level of caspase 8 (C8a), respectively. u1, u2 ∈ D are control inputs, which represent

the tumor necrosis factor (TNF) and Fas ligand, respectively. The logical functions fi, i = 1, 2, 3 are chosen from the

corresponding candidate sets, denoted by F1 = {f11 , f21 }, F2 = {f12 , f22 }, F3 = {f3}, where
f11 = ¬x2(t) ∧ u1(t), f21 = x1(t),

f12 = ¬x1(t) ∧ (¬x3(t)), f22 = x2(t),

f3 = x2(t) ∨ u1(t) ∧ u2(t),

the selection of the logical functions adheres to the following probability distribution:

Pr(f1 = f11 ) = 0.3,Pr(f1 = f21 ) = 0.7,

Pr(f2 = f12 ) = 0.9,Pr(f2 = f22 ) = 0.1,

Pr(f3 = f3) = 1.

To illustrate the tradeoff between the economy and the effectiveness of the biological system [12], it is assumed that each

control has its associated cost function. Given an initial state ~x(0) = δ38 and a strategy u, the objective function of agent i

is of the following form:

Ji(x(0), u) = E[wi(x(0), u(0)) + wi(x(1), u(1)) + φi(x(2))],

where the terminal cost functions φi(x), i = 1, 2 are φ1(x) = φ2(x) = [12 12 12 12] n ~x, and the stage cost functions

wi(x, u), i = 1, 2 are set in Tables D6-D13.
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Table D6 Payoffs of agents for x = [1, 1, 1]

u [1,1] [1,0] [0,1] [0,0]

w1 6 5 8 8

w2 7 6 7 4

Table D7 Payoffs of agents for x = [1, 1, 0]

u [1,1] [1,0] [0,1] [0,0]

w1 9 6 5 7

w2 7 9 2 8

Table D8 Payoffs of agents for x = [1, 0, 1]

u [1,1] [1,0] [0,1] [0,0]

w1 8 12 6 3

w2 7 8 8 2

Table D9 Payoffs of agents for x = [1, 0, 0]

u [1,1] [1,0] [0,1] [0,0]

w1 3 8 9 3

w2 2 4 11 2

Table D10 Payoffs of agents for x = [0, 1, 1]

u [1,1] [1,0] [0,1] [0,0]

w1 8 8 3 1

w2 7 6 4 5

Table D11 Payoffs of agents for x = [0, 1, 0]

u [1,1] [1,0] [0,1] [0,0]

w1 6 2 8 3

w2 4 5 2 4

Table D12 Payoffs of agents for x = [0, 0, 1]

u [1,1] [1,0] [0,1] [0,0]

w1 2 8 6 6

w2 4 3 4 7

Table D13 Payoffs of agents for x = [0, 0, 0]

u [1,1] [1,0] [0,1] [0,0]

w1 3 8 9 3

w2 2 4 11 2

Therefore, the simultaneous multiple optimizations for control inputs u1 and u2 can be characterized as a PDBG. In

the following, we aim to illustrate that such a PDBG is an OL-PPDBG, based on which, its open-loop Nash equilibrium

strategies are derived.

Step 1. Using STP, the algebraic form of (D3) can be derived as

E~x(t+ 1) = LE~x(t)~u(t),

where

L =



0.07 0 0.07 0 0.07 0 0.07 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.27 0 0 0

0 0.07 0 0.07 0 0.07 0 0.07 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.27 0 0

0.63 0 0.63 0 0.63 0 0.63 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0.3 0 0 0 0.03 0 0 0

0 0.63 0 0.63 0 0.63 0 0.63 0 1 0.7 0.7 0 1 0.7 0.7 0 0 0 0 0 0 0 0 0 0.3 0 0 0 0.03 0 0

0.03 0 0.03 0 0.03 0 0.03 0 0 0 0 0 0 0 0 0 0.1 0 0.1 0 1 0 1 0 0 0 0 0 0.63 0 0 0

0 0.03 0 0.03 0 0.03 0 0.03 0 0 0 0 0 0 0 0 0 0.1 0 0.1 0 1 0 1 0 0 0 0 0 0.63 0.9 0.9

0.27 0 0.27 0 0.27 0 0.27 0 0 0 0 0 0 0 0 0 0.9 0 0.9 0 0 0 0 0 0.7 0 0 0 0.07 0 0 0

0 0.27 0 0.27 0 0.27 0 0.27 0 0 0.3 0.3 0 0 0.3 0.3 0 0.9 0 0.9 0 0 0 0 0 0.7 1 1 0 0.07 0.1 0.1


.

Step 2. According to the system dynamics and admissible strategy sets, we can obtain

X1 = {δ38 , δ48 , [0, 0, 0, 0.7, 0, 0, 0, 0.3]>}.

Combining with the potential equation ΞξG1(Ex(1)) = V >
G1(Ex(1))

, we verify whether G1(Ex(1)) is a PG, as shown in Table

D14.

Table D14 Verification of subgames G1(Ex(1))

E~x(1) V
r11(Ex(1),u(1)) V

r21(Ex(1),u(1)) If PG NE

δ38 [20, 24, 18, 15]> [19, 20, 20, 14]> Yes [0, 0]

δ48 [15, 20, 21, 15]> [14, 16, 23, 14]> Yes [1, 1]/[0, 0]

[0, 0, 0, 0.7, 0, 0, 0, 0.3]> [15, 20, 21, 15]> [14, 16, 23, 14]> Yes [1, 1]/[0, 0]

Table D14 shows that each subgame G1(Ex(1)) is potential for all Ex(1) ∈ X1, based on which, a common potential

function v1(Ex(1), u(1)) with V1 = 1>8 ⊗ [4, 7, 3, 6] being its structure vector can be found.

Step 3. For ~x(0) = δ38 , the cost vectors of the subgame G0(x(0)) are

Vr10(x(0),u(0))
= [23, 27, 21, 18], Vr20(x(0),u(0))

= [21, 22, 22, 16].

It follows that there exists a potential function v0(x(0), u(0)) with V0 = 1>8 ⊗ [3, 6, 1, 4] being its structure vector, such

that the subgame G0(x(0)) is a potential game with [0, 0] being its Nash equilibrium. Therefore, the PDBG (D3) is an

OL-PPDBG, and there exist two OLNE strategies, denoted by u∗i , i = 1, 2, where u∗1 = {[0, 0], [1, 1]}, and u∗2 = {[0, 0], [0, 0]}.
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The evolution between action profiles and states from initial states under the open-loop strategies is shown in Figure

D2, along with its accumulated costs.

� = 0 � = 1 � = 2

��(�):

�(�):

�8
3 [0,0,0,0.7,0,0,0,0.3]T [0.081,0,0.709,0,0.189,0,0.021,0]T

�4
4 �4

1

�1(2) = 18
   �2(2) = 16

�1(2) = 18
   �2(2) = 16

OLNE u1
∗

Accumulated 
costs

OLNE u2
∗

��(�):

�(�):

�8
3 [0,0,0,0.7,0,0,0,0.3]T [0,0,0,0.49,0,0.27,0,0.24]T

�4
4 �4

4

Figure D2 Evolution between the action profile and state under OLNE strategies.
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