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Abstract Distinguishability is fundamental to information theory and extends naturally to quantum systems. While
quantum state discrimination is well understood, quantum channel discrimination remains challenging due to the dynamic
nature of channels and the variety of discrimination strategies. This work advances the understanding of quantum channel
discrimination and its fundamental limits. We develop new tools for quantum divergences, including sharper bounds on
the quantum hypothesis testing relative entropy and additivity results for channel divergences. We establish a quantum
Stein’s lemma for memoryless channel discrimination, and link the strong converse property to the asymptotic equipartition
property and continuity of divergences. Notably, we prove the equivalence of exponentially strong converse properties under
coherent and sequential strategies. We further explore the interplay among operational regimes, discrimination strategies, and
channel divergences, deriving exponents in various settings and contributing to a unified framework for channel discrimination.
Finally, we recast quantum communication tasks as discrimination problems, uncovering deep connections between channel
capacities, channel discrimination, and the mathematical structure of channel divergences. These results bridge two core
areas of quantum information theory and offer new insights for future exploration.
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1 Introduction

Distinguishability is a central topic in information theory from both theoretical and practical perspectives.
A fundamental framework for studying distinguishability is asymmetric hypothesis testing. In this setting,
a source generates a sample x from one of two probability distributions p = {p(x)}.cx or ¢ = {q(z)}zex-
The objective of asymmetric hypothesis testing is to minimize the Type-II error (decides p when the
fact is ¢) while keeping the Type-I error (decides ¢ when the fact is p) within a certain threshold. The
celebrated Chernoff-Stein’s lemma [1] states that, for any constant bound on the Type-I error, the optimal
Type-II error decays exponentially fast in the number of samples, and the decay rate is exactly the relative
entropy (Kullback-Leibler divergence),

D(pllg) =Y p(x)log,[p(z)/q(x)]. (1)

reX

In particular, this lemma also states the “strong converse property”, a desirable mathematical property
in information theory [2] that delineates a sharp boundary for the tradeoff between the Type-I and
Type-II errors in the asymptotic regime: any possible scheme with Type-II error decaying to zero with
an exponent larger than the relative entropy will result in the Type-I error converging to one in the
asymptotic limit. Therefore, the Chernoff-Stein’s lemma provides a rigorous operational interpretation
of the relative entropy and establishes a crucial connection between hypothesis testing and information
theory [3].
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A natural question is whether the above result generalizes to the quantum case. Substantial efforts
have been made to answer this fundamental question in quantum information community (see, e.g.,
[4-15]). The basic task is quantum state discrimination, in which we are given an independent and
identically distributed (i.i.d.) quantum state, which could be either p®™ or ¢®". We set that p®" is
the null hypothesis and ¢®" is the alternative hypothesis. The goal is to perform a binary measurement
{I1,,,I — 1I,,} on the state to determine which hypothesis is true. The corresponding error probabilities
are defined analogously to the classical case, as follows:

(Type-1)  a,(I1,) := Tr[(I —I1,,)p®"], (Type-1)  B,(11,) := Tr[IL,,0®"]. (2)

The quantum version of the Chernoff-Stein’s lemma (also known as quantum Stein’s lemma) states
that [4, 5]

: 1 € Kn ®ny\ _
Jim —Dj (p%"[|l0®") = D(pllo), Ve € (0,1), (3)
where D% (pllo) := —loginf{Tr[Ilo] : 0 < II < I,Tr[(I — II)p] < e} denotes the quantum hypothesis

testing relative entropy that characterizes the decay rate of the optimal Type-II error and D(p||o) =
Tr[p(log p—log o)] denotes the quantum relative entropy. This quantum Stein’s lemma delivers a rigorous
operational interpretation for the quantum relative entropy. Extended research on quantum Stein’s lemma
are presented in [6-9,14-18].

Although research in quantum hypothesis testing has largely focused on quantum states, there are
various situations in which quantum channels play the role of the main objects of study. The task of
channel discrimination is very similar to that of state discrimination. Here, we are given black-box access
to m uses of a channel G with the aim to identify it from candidates N' and M. However, quantum
channel discrimination has more diversities in terms of discrimination strategies (e.g., product strategy,
coherent strategy, sequential strategy) due to its nature as dynamic resources [10,13,19-25], which leads
to several variants of the quantum channel Stein’s lemma. In particular, for the coherent strategies (also
known as parallel strategies in some literature), the black box can be used n times in parallel to any state
with a reference system before performing a measurement at the final output to identify the channel.
Based on the recently developed resource theory of asymmetric distinguishability for quantum channels,
the state-of-the-art result [13] arrives at

lim lim D% (V" |ME™) = DFE (N M) (4)
e—=+0n—oon
with D%, (N||M) denotes the hypothesis testing relative entropy of quantum channels and D**8(N||M)
denotes the regularized quantum relative entropy. That is, for Type-I error bounded by ¢, the asymptotic
optimal rate of the Type-II error exponent is given by D™8&(N||M) when e goes to 0.

However, the condition of vanishing ¢ left a notable gap to achieve the quantum channel version of
Stein’s lemma. Unlike state discrimination, the dynamic feature of quantum channels raises challeng-
ing difficulties in determining the optimal discrimination scheme as we have to handle the additional
optimization of the input states and the non-i.i.d. structure of the testing states. To fill the gap, it
requires a deeper understanding and analysis on the error exponent in hypothesis testing of quantum
channels. The solution could promptly advance our understanding of quantum channel discrimination,
quantum communication [26-29], and the related field of quantum metrology [30-32]. Beyond the quan-
tum channel Stein’s lemma, various channel divergences have emerged to analyze different regimes of
quantum channel discrimination. Establishing a unified framework that encompasses these divergences
and discrimination regimes is a desirable step toward a deeper understanding of the manipulation and
operational characterization of quantum channels.

In this work, we provide a study towards the ultimate limits of quantum channel discrimination and
quantum communication. Our contributions are summarized as follows.

e In Section 2, we present several technical advancements in quantum divergences for quantum states
and channels. Specifically, we provide a quantitative improvement in lower bounding the quantum hy-
pothesis testing relative entropy using the Petz Rényi divergence, addressing an open question posed
by Nuradha and Wilde in [33, Remark 4]. Additionally, we demonstrate that the previously explored
amortized and regularized channel divergences are generally additive under the tensor product of dis-
tinct quantum channels. These technical results are expected to be of independent interest and provide
valuable tools for future research.



Fang K, et al. Sci China Inf Sci August 2025, Vol. 68, Iss. 8, 180509:3

e In Section 3, we investigate the limits of the unstabilized quantum channel divergences and prove a
quantum channel analog of Stein’s lemma without quantum memory assistance. To further strengthen
the result, we introduce the (exponentially) strong converse properties for channel discrimination and
establish its equivalence to the asymptotic equipartition property (AEP) of various quantum channel di-
vergences as well as the continuity of the quantum channel Rényi divergence. Leveraging these equivalent
characterizations, we demonstrate, rather surprisingly, that the exponentially strong converse properties
under coherent and sequential strategies are equivalent.

e In Section 4, we study the interplay between the strategies of channel discrimination (e.g., sequen-
tial, coherent, product), the operational regimes (e.g., error exponent, Stein exponent, strong converse
exponent), and three variants of channel divergences (e.g., Petz, Umegaki, sandwiched). We find a nice
correspondence that shows that the proper divergences to use (Petz, Umegaki, sandwiched) are deter-
mined by the operational regime of interest, while the types of channel extension (one-shot, regularized,
amortized) are determined by the discrimination strategies. We determine the exponents of quantum
channel discrimination in various regimes and contribute towards a complete picture of channel discrim-
ination in a unified framework.

e In Section 5, we present a new perspective by framing the study of quantum communication prob-
lems as quantum channel discrimination tasks. This offers deeper insights into the intricate relationships
between channel capacities, channel discrimination, and the mathematical properties of quantum chan-
nel divergences. Leveraging this connection, we demonstrate that the channel coherent information and
quantum channel capacity can be precisely characterized as Stein exponent for discriminating between
two quantum channels under product and coherent strategies without quantum memory assistance, re-
spectively. Furthermore, we show that the strong converse property of quantum channel capacity, a
long-standing open problem in quantum information theory, can be established if the channels being
discriminated exhibit the strong converse property.

Our technical results are primarily presented in terms of the unstabilized channel divergence, a versatile
yet less explored notion of channel divergence compared to the more commonly studied divergences in
the literature. This concept naturally arises in the context of quantum communication problems, offering
a broader framework for analysis. Given the extensive applications of quantum divergences and quantum
channel discrimination [13,24,26-28,34-42], this work contributes to a more comprehensive understanding
of the ultimate limits of quantum channel discrimination in various regimes. Moreover, it provides a
novel perspective on quantum communication problems by framing them as tasks of quantum channel
discrimination, thereby bridging two fundamental areas of quantum information science and paving the
way for addressing the remaining challenges in future studies.

2 Preliminaries

In this section, we introduce the notations to be employed throughout the paper. Subsequently, we inves-
tigate the mathematical tool of quantum divergences as applied to both states and channels. Following
this, we review the operational task of quantum channel discrimination under different strategies and
consider scenarios both with and without quantum memory assistance.

2.1 Notation

In this paper, we only consider finite-dimensional Hilbert spaces, which we denote with capital Latin
letters such as C'. The dimension of a Hilbert space C' is denoted by |C|. The set of linear operators
on Hilbert space C' is denoted by £(C') and the set of density matrices acting on it by ©(C'). Density
matrices are represented by small Greek letters such as pc, where the subscript indicates that p acts on
C'. For a state pap € D(AB) we will also use the convention that pa = Trp [pap] denotes the marginal
on system A. The support of an operator X is denoted by supp(X). The projector onto the subspace
spanned by the positive eigenvalues of X is represented as X,. The identity operator is denoted by I
and the maximally mixed state is denoted by 7. Quantum channels will be denoted by calligraphic large
Latin letters such as N and the set of all quantum channels from A to B by CPTP(A — B), which stands
for completely positive and trace-preserving maps. The identity channel is represented by Z, while the
replacer channel is denoted as R, which maps any input state to the fixed state 0. Throughout the
paper, we take the logarithm to be base two unless stated otherwise.
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2.2 Quantum divergences

A divergence between two quantum states is defined as a real-valued function D : ® x © — R U
{00} subject to the data processing inequality D(E(p)||E(0)) < D(pllo) for all quantum states p,o €
D(A) and quantum channel &€ € CPTP(A — B). Divergences serve as crucial tools for quantifying the
distinguishability of quantum states. In our discussion, we will frequently employ the following quantum
divergences, which hold particular relevance.

Definition 1 (Umegaki relative entropy). The Umegaki relative entropy (also called quantum relative
entropy) between two quantum states p,o € ©(A) is defined by [43]

D(pllo) == Tr[p(log p — log o), (5)

if supp(p) C supp(o) and 400 otherwise.

Definition 2 (Petz Rényi divergence). The Petz Rényi divergence of order o between two quantum
states p,o € D(A) is defined by [44]

1

Dalpllo) i= ——

log Tr [p%0' ], (6)

if a € (0,1) or v € (1, 4+00) with supp(p) C supp(c), and +oco otherwise.

Definition 3 (Sandwiched Rényi divergence). The sandwiched Rényi divergence of order o between
two quantum states p,o € D(A) is defined by [45,46]

1
a—1

Da(pllo) = — logTr [ 0% po s |, ™)
if a € (0,1) or av € (1, 4+00) with supp(p) C supp(o), and +oco otherwise.

Definition 4 (Max-relative entropy). The max-relative entropy between two quantum states p,o €
D(A) is defined by [47,48]

Diax(pllo) :=loginf {t e R : p<to}, (8)
if supp(p) C supp(c) and +oo otherwise. Let F(p,0) := ||/pv/alli + /(1 —Trp)(1 —Tro) be the
generalized fidelity and P(p,0) := /1 — F?(p,0) be the purified distance. Let ¢ € (0,1). Then the
smoothed max-relative entropy is defined by

D; . (pllo) == inf Diax (0 ||0), 9
slpll?) = inf | Dol o) )

where the infimum is taken over all subnormalized states that are e-close to the state p.

Definition 5 (Quantum hypothesis testing). Let € € [0,1]. The quantum hypothesis testing relative
entropy between two quantum state p,o € D(A) is defined by

D3 (pllo) := —loginf{Tr[llo] : 0 K T < I, Tx[Ilp] > 1 —¢}. (10)

The following result establishes an inequality relating the quantum hypothesis testing relative entropy
and the sandwiched Rényi divergence [10, Lemma 5]. For any o € (1,400) and € € (0, 1), it holds that

«
a—1

D5 (pllo) < Dalpllo) + log

(11)

1—¢

The quantum hypothesis testing relative entropy can also be lower bounded by the Petz Rényi diver-
gence [49, Proposition 3]. For any « € (0,1) and € € (0,1), it holds that

1

— «
Dy (pllo) = Dalpllo) — T8 (12)

Here we provide a tighter lower bound with a simple proof, addressing the open question posed by
Nuradha and Wilde in [33, Remark 4].
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Lemma 1. Let e € (0,1) and p,0 € D(A). For any a € (0,1),

Dir(pllo) > Dalpllo) + 12 (M2 —10g (1)) (13)

where h(a) = —aloga — (1 — a)log(1 — ) is the binary entropy.
Proof.  Recall a variational expression of the hypothesis testing relative entropy [50, Eq. (2)]

9D (¢l?) = max {t(l — &)~ Ta(tp — a)+}. (14)

>0

To bound the term Tr(tp — 0)4+ we use the quantum weighted geometric-mean inequality; i.e., for any
two positive semidefinite matrices M, N and any « € [0, 1]

%Tr{M—i—N— \M—NH < Tr [MN'°]. (15)

Since the term |M — N| can be expressed as |M — N| =2(M — N); — (M — N), the above inequality is
equivalent to
Te(M — N); > Te[M] — Tr [MON'~¢]. (16)

Taking M = tp and N = o, we have
Tr(tp — o)y =t — 1t Tr [pol 2] = ¢ — (2@~ DDalllr), (17)

Substituting this into (14) gives

—D% (pllo) — { o) _ }< {_ a<a71>Da<pno>}
2~ DPhu max t(l—e)—Tr(tp—o)+ < max te + 192 . (18)

It is straightforward to check that for fixed «, p, 0, ¢, the function ¢ — —te + te2(a=1Dalpllo) ghtains its
maximal value at

a
t— (2) =% 9—Da(pllo). (19)
5
Substituting this value into the optimization in (18) gives
2= Dir(olo) < (1— o) (%) T8 5~ Dapllo) (20)
€

By taking — log on both sides, we get (13) and conclude the proof.
2.3 Quantum channel divergences

The divergence between quantum states can be naturally extended to quantum channels. The key idea is
to quantify the worst-case divergence among the outputs produced by these channels. Depending on the
selection of input states, three distinct variants of quantum channel divergences arise, namely unstabilized,
stabilized, and amortized divergences. It is noteworthy that channel divergences have been served as
crucial tools in various fundamental areas, including the resource theory of quantum channels [13,34—
37,51], quantum communication [24,26-28, 38, 52], quantum coherence [39,40], fault-tolerant quantum
computing [41], and quantum thermodynamics [42]. We review their definitions here and provide several
general properties, which will be used in the later discussions and can be of independent interests for
future studies as well.

2.3.1  Unstabilized quantum channel divergence

Definition 6. Let D be a quantum state divergence. The unstabilized quantum channel divergence
between two quantum channels N, M € CPTP(A — B) is defined by

dN[|M) = sup DNasp(pa)llMasr(pa)), (21)
PED(A)

where the supremum is taken over all density operators p on system A.
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The term “unstabilized” arises from the observation that the divergence value typically varies when
appending an identity map, as expressed by the inequality

dN|IM) £ dN @ Z|M R T). (22)

This distinguishes it from the conventional channel divergence [53, Definition II.2].

In the following, we use d, CZ d,d;, .., d3 to represent the unstabilized channel divergences induced by

? “max’

D, ﬁ, D, Dt D%, respectively.

max?

Many properties of state divergence can be extended to channel divergences. For instance, the following
continuity property holds true.

Lemma 2. Let dy,d, and d be the unstabilized quantum channel divergences induced by the Petz
Rényi divergence, the sandwiched Rényi divergence and the Umegaki relative entropy, respectively. Then
for any V', M € CPTP(A — B), it holds that

lim 4, (VM) = lim da (VM) = dV[M). (23)

Proof.  The proof follows similarly as [10, Lemma 10].
A widely-studied unstabilized channel divergence is the min-output entropy [54]

h(N) := pé%i&)ﬂ(/\/(p)) = log|B| — d(NIRE), (24)

where N' € CPTP(A — B) and the maximally mixed state 7 € ©(B). It is known that this quantity is
not additive under the tensor product of quantum channels [54].

Given that an unstabilized quantum channel divergence is generally non-additive, it is natural to
introduce its regularized counterpart.

Definition 7. Let D be a quantum state divergence. For any N', M € CPTP(A — B), the regularized
version of the unstabilized channel divergence is defined by

dEN|M) = sup ~d(AE" | ME). (25)
neN T

If the quantum state divergence D is superadditive under tensor product, i.e.,
D(p1 @ p2|lor ® 02) = D(p1llor) + D(p2||o2), (26)
then it is easy to check that its unstabilized channel divergence is also superadditive, i.e.,
d(N1 @ No|[ M1 @ M3) > d(N1||[M1) + d(N2|| Ma). (27)

Using a standard argument, we also have
1
dEWN M) = Tim —d(NE"[ME), (28)

Later, as demonstrated in Theorem 12, we will see that the unstabilized channel divergence can exhibit
an extremely non-additive behavior. In other words, an unbounded number of channel uses may be
necessary to achieve its regularization.

2.3.2  Stabilized quantum channel divergence

The unstabilized quantum channel divergence exhibits deviation when an identity map is appended. To
mitigate this, we can consider a stabilized version that allows the inclusion of an identity map.

Definition 8. Let D be a quantum state divergence. The (stabilized) quantum channel divergence
between two quantum channels N, M € CPTP(A — B) is defined by [53]

D(N||M) := sup d(Zr @ N||Zg @ M), (29)

|R|EN

where the supremum is taken over Hilbert space R of arbitrary dimension.
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Remark 1. As a consequence of purification, data processing, and the Schmidt decomposition, the
supremum can be constrained such that the reference system R is isomorphic to the channel input
system A [53]. Thus, D(N|M) = d(Zr ® N|Zr ® M), where R is isomorphic to A.

Similar to the unstabilized channel divergence, the stabilized version is non-additive [24] in general.
This observation motivates the introduction of their regularization.

Definition 9. Let D be a quantum state divergence. For any N';, M € CPTP(A — B), the regularized
version of the stabilized channel divergence is defined by

D*8(N||M) := sup 1 D (N[ Mm®™) . (30)
neN 1

2.3.3  Amortized quantum channel divergence

Both the unstabilized and stabilized channel divergences assess the distinguishability of channel outputs
using the same input state. Alternatively, a method for inducing channel divergence is amortization,
which uses different input states.

Definition 10. Let D be a quantum state divergence. The amortized quantum channel divergence
between two quantum channels N, M € CPTP(A — B) is defined by [38]

DAWN|M):=  sup | D(Za @ N(pra)|Zr ® M(0ra)) = D (prallona) |, (31)
p,0€D(RA)
where the supremum is taken over all quantum states p,o € D(RA) and R is of arbitrary dimension.

As previously mentioned, both unstabilized and stabilized channel divergences are generally non-
additive. In contrast, the amortized channel divergence can inherit the additivity property from the
corresponding state divergence.

Lemma 3. Let D be a quantum state divergence. Let Nj, M; € CPTP(4; — Bj) and Ny, My €
CPTP(Ay — Bs). If D is additive under the tensor product of quantum states, then

DA(N, @ Na| My @ My) = DANG||IM;) + DA(M; || My). (32)
Proof.  For any quantum state p,o € D(RA; As), it holds that

DM @ Na(p)[M1 @ Ma(0)) < DAN M) + D(Na2(p) | Ma(0)) (33)
< DAWN|My) + DA NG| Mz) + D (pllo), (34)

where the two inequalities follow by using the definition of the amortized channel divergence twice. Then
moving the term D(pl|o) to the Lh.s. and taking supremum over all input states p, o, we have one direction
of the stated result. On the other hand, for any input states p1,01 € D(R1A41) and pa, 00 € D(R2A2),
we have

DA(Nl ®N2HM1 ®M2) (35)
> sup [D(Nl Q@ Na(p1 ® p2)|| M1 @ Ma(o1 ® 02)) — D(p1 @ p2llo1 ® 02)} (36)

P1,P2,01,02

= s [DWi(p)l|Ma(02) = Diprllon) | + [ D(Na(p2) [Ma(02)) = Dipellos)|  (37)

= swp [ DN () Ma(01)) = Dpallos)] + sup [DNa(p2) |Ma(02) = Dipallon)]  (39)

= DA(N1HM1) +DA(N2||M2)7 (39)

where the inequality follows as tensor product states are particular choices of input states for D4 (N} ®
No|| M1 ® Ms), the first equality follows by the additivity assumption of D. This concludes the proof.

By the chain rules of Umegaki relative entropy [24, Corollary 3] and the sandwiched Rényi diver-
gence [55, Theorem 5.4], it follows that D™&(N||M) = DAN|M) and DXE(N|M) = DA(N||M) for
any quantum channels N, M € CPTP(A — B) and « > 1. Consequently, from Lemma 3, we can infer
that D™ and f)geg are also additive under the tensor product of distinct quantum channels. Establishing
this directly from their definitions can be challenging.
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Ay A By

A2 By

wn_

r F,

(a) (b) (c)

Figure 1 (Color online) Illustration depicting different classes of strategies for quantum channel discrimination. Each blue
box represents an unknown quantum channel G € {N, M} to discriminate, each yellow box represents a quantum measurement
{II,,,I —II,,}, and each green box represents an update channel P;. (a) Product strategy; (b) coherent strategy; (c) sequential
strategy.

Lemma 4. Let M7, M; € CPTP(4; — Bjy) and Na, My € CPTP(Ay; — Bs). For any a € (1,+00),
the following additivity properties hold

D8 (N1 @ Na|| My @ Ma) = D™8(N1[|My) + D™ (N2|| Ma), (40)
DEE(N @ No|| My @ M) = DEE(N M) + D5 (N[l Mo). (41)

The next result establishes the chain relation among different variants of channel divergences.

Lemma 5. Let D be a quantum state divergence that is superadditive under the tensor product of
quantum states. Then for any N, M € CPTP(A — B), it holds that

d(N||M) < DN M) < D*S(N M) < DAN|M). (42)

Proof.  The first two inequalities follow from their definitions. We also have that
1 1
CDVENMET) < S DAWE M) < DANIM), (43)

where the first inequality follows by definition and the second inequality follows from (34). Taking the
supremum over all integers n, we have D™8(N||M) < DA(N||M).

2.4 Quantum channel discrimination

The task of channel discrimination closely parallels that of state discrimination. In the case of an unknown
quantum channel G, the goal is to identify it among potential candidates A" or M. A standard approach
to discrimination involves hypothesis testing to distinguish between the null hypothesis G = A and the
alternative hypothesis G = M. What distinguishes channel discrimination is the varied selection of
discrimination strategies and whether the utilization of quantum memories is permitted.

Different classes of available strategies are illustrated in Figure 1. FEach strategy class comprises
two components, denoted as (S,,II,), where S, is a method for generating a testing state, and II,
(0 < II, < I) defines a quantum test, a binary quantum measurement {II,,, I — II,,} performed on this
state. For a given strategy (S,,I1,), let p,(S,) and 0, (S,) be the testing states generated by n uses of
the channel, depending on whether it is A" or M. Then the Type-I and Type-II errors are defined as

(Type-I)  a,(Sn,I1,) := Tr[(I — 11,)pn(Sn)], (44)
(Type-IT) 3, (Sn,11,) := Tr[Il,0,,(Sy)], (45)

respectively. As perfect discrimination (i.e., simultaneous elimination of both errors) is not always possi-
ble, the focus shifts to the asymptotic behavior of a,, and 3, for sufficiently large n, expecting a tradeoff
between minimizing o, and minimizing (3,

Product strategy. Let R; be the ancillary quantum system of a quantum memory for the i-th use
of the quantum channel. In a product strategy (Figure 1(a)), the testing state is created by selecting a
sequence of input states ¢; € D(R;A;) and sending the A; system to the unknown channel G individually.
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The generated testing state is then given by G®"(Q);-_; ¢i). The class of all product strategies is denoted
as PRO. It is important to note that the input states considered here are not restricted to having an
iid. structure (e.g., ®") but rather general tensor product states. In other words, we allow the choice
of different input states for different instances of G, distinguishing it from the product strategy discussed
in [10]. If the dimension of the ancillary quantum system reduces to 1, it corresponds to product strategies
without quantum memory assistance.

Coherent strategy. Let R be the ancillary quantum system of a quantum memory. In a coherent
strategy (Figure 1(b)), the testing state is created by choosing an input state ¢, € ©(RA™) and sending
the corresponding A; system to each copy of the channel. The generated testing state is then given by
G®"(1h,,). The class of all coherent strategies is denoted as COH. It is evident that if our choice of 1,
has a tensor product structure @', ¢; with ¢; € D(R;A;), we effectively obtain a product strategy.
Thus, we have the set inclusion PRO C COH. If the dimension of the reference systems reduces to 1, it
corresponds to coherent strategies without quantum memory assistance.

Sequential strategy. Let R; be the ancillary quantum system of a quantum memory for the i-th use
of the quantum channel. In a sequential strategy (Figure 1(c)), the testing state is created adaptively.
Initially, we choose an initial state 1,, € ©®(R1 A1) and send it through one copy of the channel G followed
by the application of an update channel P;. Subsequently, another copy of the channel G is applied,
followed by an update channel P;. This process is repeated n times, resulting in the final testing state
GoPp_10---0Py0GoProG(¢y,), where P; € CPTP(R;B; — R;11Ai+1). The class of all sequential
strategies is denoted as SEQ. It is evident that if all update channels P; are chosen as identity maps, the
sequential strategy reduces to a coherent strategy. Thus, we have COH C SEQ. If the dimension of the
ancillary quantum system reduces to 1, it corresponds to sequential strategies without quantum memory
assistance.

3 Limits of quantum channel divergence

In this section, we investigate the limits of the unstabilized quantum channel divergences and prove a
quantum channel analog of Stein’s lemma without quantum memory assistance. To further strengthen
the result, we introduce the (exponentially) strong converse properties for channel discrimination and
establish its equivalence to the AEP of various quantum channel divergences as well as the continuity of the
quantum channel Rényi divergence. Leveraging these equivalent characterizations, we demonstrate, rather
surprisingly, that the exponentially strong converse properties under coherent and sequential strategies
are equivalent.

Given the widespread applications of quantum Stein’s lemma, our channel Stein’s lemma is antici-
pated to have significant implications once its strong converse version is completely solved. Our results
contribute to distinct perspectives towards establishing such a result and can serve as building blocks
for its applications. This includes facilitating a deeper understanding of the tasks of quantum channel
discrimination and quantum communication in subsequent sections.

3.1 A quantum channel Stein’s lemma without memory assistance

The following result establishes an analog of the Stein’s lemma for quantum channels.
Proposition 1. For any two quantum channels N/, M € CPTP(A — B), it holds that

lim lim %d;,(/\/mn/w@n) — IEN|M). (46)

e—0n—o0

Proof.  Recall that for any p,o € ©(A) and € € [0, 1), it holds that

1
Diz(plo) < ——[Dlpllo) + ha(e)], (47)
where ha(+) is the binary entropy (see e.g., [17]). Applying this to N®"(p,) and M®"(p,,) and taking
supremum over all input states p,, € D(A™), we have
1

A5y (V" M) < —— [dV =" ME") + ha(e)]. (48)
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Taking limits on both sides, we have

lim lim ds LNETME™) < d (N || M). (49)

e—0n—oo

For the other direction, suppose the optimal solution for d(A||M) is taken at ps. Then we have

T L5 (VT ME) > T sy (M () [ M(0)2") = AN (D) M(p) = dNTM), (50)
where the first inequality follows as p®™ is a particular choice for the unstabilized divergence, the first
equality follows by the quantum Stein’s Lemma, and the second equality follows by the optimality as-
sumption of p. Then for any fixed m, by replacing N with N®™ and M with M®™  we have

1

lim ——d5, (V2™ | MO > AN M), (51)

n—oo Mmn

Finally taking m — oo and then € — 0, we have the achievable part and conclude the proof.

3.2 Towards a strong converse version

Similar to the strong converse property of quantum state discrimination, an analog property can also be
defined for quantum channels.

Definition 11 (Strong converse property). Let N, M € CPTP(A — B) be two quantum channels.
These channels exhibit the strong converse property for coherent channel discrimination strategies without
quantum memory assistance if, for any sequence of strategies where the Type-II errors 3,, satisfy

lim inf —— 1og Bn =11 > dE(N[|IM), (52)

n—r00

there necessarily exists a subsequence of Type-I errors «,, that converges to 1 as ny — oo.

If the strong converse property holds, the Type-I error will typically converge to one exponentially fast.

Therefore, we introduce a stronger version by requiring exponential convergence and term this condition
as an exponentially strong converse property.
Definition 12 (Exponentially strong converse property). Let N, M € CPTP(A — B) be two quan-
tum channels. These channels exhibit the strong converse property for coherent channel discrimination
strategies without quantum memory assistance if, for any sequence of strategies where the Type-II errors
By, satisfy

lim inf —— log Bn =17 > d8(N||M), (53)
n—oo
there necessarily exists a subsequence of Type-I errors o, such that 1 —q,, < 27" for a constant ¢ > 0
and for sufficiently large ny.

The strong converse properties require the study of all suitable discrimination strategies, which can be
hard to validate in general. In the following, we provide several equivalent characterizations related to
the limits of unstabilized channel divergences.

From the proof of Proposition 1, we actually have a stronger statement that

lim —da (NEH|ME™) > d™8(N||M), Ve € (0,1). (54)

n—,oo N

The following result shows that the other direction is equivalent to the strong converse property in
Definition 11.

Theorem 1. Let N, M € CPTP(A — B) be two quantum channels. Then these channels exhibit the
strong converse property as defined in Definition 11 if and only if the following holds:

lim sup %d% (NEM|ME™) < dE(NM), Ve € (0,1). (55)
n—oo
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Proof.  Suppose the strong converse property as defined in Definition 11 holds and assume that

hrnsup dE (./V'®"HM®") > d"¢(N||M), (56)

n—roo

then there exists a subsequence ny, such that limy, oo =-d5; (M@ | M®@"4) > @8 (A||M). This implies

Nk
a sequence of strategies such that the Type-I error a,, < € and the Type-1I error lim,,, 00 — nlk log B, >
d™°8(N||M). By Definition 11, we know that the second condition implies a subsequence of a,, converges
to 1, which contradicts to the first condition a,, < e. So Eq. (55) holds. On the other hand, we prove
that Eq. (55) implies Definition 11. For any strategies such that liminf, . —log 3, > d"8(N|M).
We now show that there exists a subsequence of an converges to 1. Assume there exists 0 < € < 1 such
that o, < e. By the definition of dj;, we have —1 log 8, < df,(N®"||M®™). This implies

1
lim inf —— log §,, < limsup Ed% (NEH|ME™) < d™8(N]|M), (57)
n—oo

n—00 n

which forms a contradiction to the assumption that liminf, e —< log 8, > d™8(N||M).
The following shows that the AEP of max-relative entropy is also equivalent to Definition 11.

Theorem 2. Let N, M € CPTP(A — B) be two quantum channels. Then these channels exhibit the
strong converse property as defined in Definition 11 if and only if the following holds:

lim sup — dmax (NEH|ME™) < d™8(N||M), Ve € (0,1). (58)
n—oo
This is also equivalent to the following;:

lim lim sup — dm(Lx (NVEH|ME™) < d BN [M). (59)

e—=0 nseoo

Proof. By Theorem 1, we only need to prove that Eqs. (55), (58) and (59) are equivalent.
(i) (55) = (58): for any two quantum states p,o € D(A), any ¢ € (0,1), it is known that [56,
Proposition 4.1],

€ 1-3¢? 2
Drax (pllo) < Dy *~ (pllo) +1log | = ) - (60)
Applying this to channel divergence gives
1—— 2
s WIM) < 2 10 108 (5. (61)
Taking n copies of AV and M, we get
1 " " 1 1-1¢2 n n 1 2
T (W ME7) < 2015 ooy 4 L 1og (9) | (62)

Taking lim sup,, ., on both sides, we can see that Eq. (55) implies (58).

(i) (58) = (59): trivial.

(iii) (59) = (55): for any two quantum states p,o € D(A), any € € (0,1), and any ¢’ € (0,1 —¢), it
is known that [57, Theorem 11],

Dj; (pllo) +log (1 — & — &) < Dy (pllo) (63)
Applying this to channel divergence gives
diy (N M) +1og (1 — & — &) < dpae N M). (64)
Taking n copies of A" and M, we get
1 1 1
~dj (NVEH|ME™) + ~log(1—e - ) < i (NE | ME™) (65)
Taking limsup,, ., and lim._,o, we get
1
—dgy (N[ ME™) < d™8(N||M), (66)

which implies (55).



Fang K, et al. Sci China Inf Sci August 2025, Vol. 68, Iss. 8, 180509:12

It is interesting to see that Eqs. (58) and (59) are actually equivalent, despite the latter appearing much
weaker than the former. As Dy and Dy, are the two extreme cases of one-shot quantum divergences,
the above result would also apply to other intermediate divergences such as the information spectrum
relative entropies [58,59] and the recently introduced smoothed sandwiched Rényi divergence [60].

Besides the above AEPs, the strong converse properties also relate to the continuity of the regularized
(amortized) sandwiched Rényi channel divergence at o = 1.

Theorem 3. Let N, M € CPTP(A — B) be two quantum channels. Then the following continuitity:

lim, dE(N|M) = d°E(N | M) (67)

implies that these channels exhibit the exponentially strong converse property as defined in Definition 12.
Conversely, if the exponentially strong converse property as defined in Definition 12 holds true for channels
Z®N and T ® M with the identity channel Z € CPTP(A — A), then

lim, IB(ITN|T @ M) =d*$(IeN|ToM). (68)

Proof.  Note that by the monotonicity of sandwiched Rényi divergence with respect to «, the limits
in the above statement can be replaced with inf,~71. Suppose the continuity in (67) holds. Recall
that [10, Lemma 5] for any « € (1,400) and € € (0, 1), it holds that

~ @
Dy (pllo) < Dalpllo) + po— log < (69)
Applying this to the discrimination of n copies of the channels, it implies
1 1~ 1 « 1
——log fBp < —do(NE[|ME™) 4+ — ——1 . 70
108 n < 2 daNPP M) + o log - (70)

If liminf,, o0 —% log B, := 1 > d**8(N||M), then there exists a subsequence ny and § > 0 such that
—nik log Bn,, > 1 — 0 > d"8(N||M). Let v’ :=r — 5. We have

1~ 1 « 1

/ _da Rng RNy _ 1 . 71
e WO ME™) o ()

Since nikcja(/\/®"’“||/\/l®"") < dI¥5(N|| M), we have

~ 1 « 1
L < dee — 1 72
< AWM+ o o (72)
which is equivalent to

1—ay, < 9= =5t ni (" —dEWVIIM)) (73)

Since 1’ > d™&(N||M) = infas1 d™°&(N]| M) by assumption, there exists a > 1 such that 1/ > d=°&(\]| M).
We can choose ¢ := (o — 1)/a(r’ — d:*8(N||M)). This implies the exponentially strong converse property
in Definition 12.

We now prove the second statement. Suppose the exponentially strong converse property in Defini-
tion 12 holds true for Z@ N and Z® M. For any a > 1, we have DX8(N||M) > D*8(N||M). Thus it is
clear that inf,~1 D™&(N||M) > D™&(N||M). We now prove the other direction. If inf, <1 D&(N||M) >
D*8(N|| M), we can find r € R such that infy~; DPE(N||M) > r > D*8(N|M). Consider a sequence
of coherent channel discrimination strategies such that the Type-II error converges at an exponential
rate r. By the result [55, Theorem 5.5 and Remark 5.6], we know that the strong converse exponent is
zero since 1 < inf,>q f)gfg (N M), which means the Type-I error does not exponentially converge to one.
However, by Definition 12, the condition r > D'*8(N||M) implies that the Type-I error has to converge
exponentially to one, which forms a contradiction and concludes that infs1 D&(N| M) < D*8(N|M).
This proves (68).
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Note that the second statement above holds for the stabilized channel divergence, as its proof relies
on the results in [55, Theorem 5.5 and Remark 5.6]. It would be interesting to determine whether this
result also holds for the unstabilized channel divergence in general.

Corollary 1. Let N, M € CPTP(A — B) be two quantum channels. The exponentially strong converse

property as defined in Definition 12 holds true for channels Z® N and Z ® M with the identity channel
Z € CPTP(A — A) if and only if one of the following continuities holds

lim_ D3N M) = D"¥(N | M), (74)
a—
lim, DAN|M) = DAN|M). (75)
a—r
Proof. The first equation follows from Theorem 3. The second equation follows from the existing

results D™&(N||M) = DA(N| M) [55, Theorem 5.4] and D*8(N||M) = DA(N|M) [24, Corollary 3].

Note that the exponentially strong converse property in Definition 12 is defined for coherent strategies.
Here, we demonstrate that it is equivalent to the exponentially strong converse property under sequential
strategies. This is quite remarkable, as sequential strategies can be significantly more general than
coherent strategies.

Theorem 4. Let N, M € CPTP(A — B) be two quantum channels and Z € CPTP(A — A) be the
identity channel. The exponentially strong converse property in Definition 12 holds true under coherent
strategies for channels Z ® N and Z ® M if and only if it holds true under sequential strategies.

Proof. By the result in [23, Proposition 20], for any sequential strategies and « > 1 it holds that

a—1

Liog— a2 (—% log fvg‘wnM)) . (76)

By the exponentially strong converse property under sequential strategies, we assume lim inf,, ., — %Bn =
r > D"8(N||M) = DA(N|M) where the second equality follows by [24, Corollary 3]. This implies that
there exists > 0 and a subsequence £, such that —& log Bn, =1 — 3 > DAN||M) for sufficiently
large ny. By Corollary 1, the exponentially strong converse property in Definition 12 is equivalent to the
continuity of the amortized channel divergence lim,_,;+ DA(N||M) = DAN|M). As r > DAN|M),
there exists ap > 1 such that r — § > Eﬁo (N]JM). Then we have

L log i, — DL, NIM) > 7 — 6 — D, (VM) =2 > 0. (77)
k

Taking this into (76), we get

040—1

1
——1log(l —ay,) > b=:¢>0, (78)
n

g

which is equivalent to 1 — o, < 27", This establishes the exponentially strong converse property under
sequential strategies. Conversely, since any coherent strategy is a specific case of a sequential strategy, the
strong converse property under sequential strategies also implies the property under coherent strategies.

4 Quantum channel discrimination in different regimes

The task of channel discrimination aims to distinguish a quantum channel from the other under a given
type of strategy. A standard approach for discrimination is to perform hypothesis testing and make a
decision based on the testing result. However, two types of error (Type-I error and Type-II error) arise. In
the same spirit of state discrimination, one can study the asymptotic behavior of these errors in different
operational regimes (see Figure 2), particularly, (I) error exponent regime that studies the exponent
of the exponential convergence of the Type-I error given that the Type-II error exponentially decays;
(IT) Stein exponent regime that studies the exponent of the exponential decay of the Type-II error given
that the Type-I error is within a constant threshold; (IIT) strong converse exponent regime that studies
the exponent of the exponential convergence of the Type-I error given that the Type-II error exponentially
decays.
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Figure 2 (Color online) Illustration depicting different regimes of quantum channel discrimination. Each curve represents the
tradeoff between the Type-I and Type-II errors for varying block lengths, with darker lines corresponding to longer block lengths.
(I) represents the error exponent regime, (II) represents the Stein exponent regime, and (III) represents the strong converse exponent
regime.

Quantum state discrimination in different operational regimes has been well-studied. In particular,
there is a nice correspondence between the regime studied and the quantum divergence to use. More
precisely, the Stein exponent is given by the Umegaki relative entropy [4,5], the strong converse exponent
is determined by the sandwiched Rényi divergence [11], and the error exponent is determined by the Petz
Rényi divergence [7,8,61]. However, when it comes to channel discrimination, the situation becomes much
more involved due to the diverse range of discrimination strategies and different extensions of channel
divergence.

In this section, we study the interplay between the strategies of channel discrimination (e.g., sequen-
tial, coherent, product), the operational regimes (e.g., error exponent, Stein exponent, strong converse
exponent), and three variants of channel divergences (e.g., Petz, Umegaki, sandwiched). We find a nice
correspondence that shows that the proper divergences to use (Petz, Umegaki, sandwiched) are deter-
mined by the operational regime of interest, while the types of channel extension (one-shot, regularized,
amortized) are determined by the discrimination strategies. Our results contribute towards a complete
picture of channel discrimination in a unified framework.

4.1 Stein exponent

In this subsection, we consider minimizing the Type-II error probability, under the constraint that the
Type-1 error probability does not exceed a constant threshold ¢ € (0,1). We characterize the exact
exponent, named Stein exponent, with which the Type-II error exponentially decays.

Definition 13 (Stein exponent). Let N, M € CPTP(A — B) be two quantum channels and ¢ € (0,1)
be a fixed error. The Stein exponents of quantum channel discrimination by the strategy class Q €
{PRO, COH, SEQ} without quantum memory assistance are defined by

1
ESS{sup(dNHM) = hmsup ﬁdi[,Q(N(@nHM@n)v (79)
n— o0
st : : 1 = Rn n
Esz,int'(5|NHM) = hnnl)gf gdH,Q (N M=), (80)
where

1
d‘i{,Q(N(gnHM@n) = sup {__ IOan(Snann) : an(sna Hn) < 5} . (81)

(Sp,I,)EN n

The supremum is taken over all possible strategies (S,,II,) €  satisfying the condition and the type-I
and type-1I errors are defined in (44) and (45), respectively.

The non-asymptotic quantity in (81) can also be written as a notion of hypothesis testing relative
entropy between the testing states,

diy N M) = Sup Dy (pn(Sn)llon(Sn)), (82)
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where the hypothesis testing relative entropy on the r.h.s. is between two quantum states which is defined
in (10) and the supremum is taken over all strategies S,, € € that generate the testing states p,(Sy)
and 0, (Sy). More explicitly, when Q = PRO, we have p,,(S,) = N®"(®™, ¢;), 0, (Sn) = MP™"(&"_, ¢;)
and the supremum is taken over all ¢; € D(R;A;). When Q = COH, we have p,(S,) = N®"(¢,,),
0n(Sn) = M®"(¢,) and the supremum is taken over all ¥, € D(RA"). When Q = SEQ, we have
pn(Sp) =NoP,_10--0PyoNoPyoN(h,), 0,(Sp) =MoP,_10---0PyoMoP;oM(ih,) and the
supremum is taken over all ¢, € ®(R1A;) and P; € CPTP(R;B; — Riy1Ai41).

Theorem 5 (Product strategy). Let N, M € CPTP(A — B) be two quantum channels and ¢ € (0,1)
be a fixed error. Then it holds that

Elb;’tRO,sup(dNHM) = Ef’tRO,inf(ElN”M) = dWN[M). (83)
Proof. 1t suffices to show that
: 1 13 n n
nlgTolo ﬁdH,PRO(A/@ HM® ) = dN[M). (84)

For the achievable part, let ¢ € ©(A) be an optimal input state for d(N||M), i.e., D(N(p)||M(p)) =
d(N||M). Using ¢®" as the input state in the product strategy, we have

S e 1 n n
Eppo,int (e[ M) = liminf —dj; (N ()] *"[|[M(2)]*") = DN () [M(9)) = dNM),  (85)
where the first equality follows from the quantum Stein’s lemma [4,5] and the second equality follows from

the optimality assumption of . For the converse part, consider any input states ®7_; ¢; with ¢; € D(A;)
and o > 1 we have

1 - n - n - lN n - n - l a 1
203 (@ M| & M) < 250 (& M| & M) + 1 Ltos i (56)
1 e~ ~ 1 «a 1
= ﬁ;Da (N(%)HM(%))-FﬁmlOgl_E (87)
~ 1 «
<da(NHM)+Ea—1IOg1—a’ (88)

where the first inequality follows from (11), the first equality follows from the additivity of sandwiched
Rényi divergence under tensor product states, and the second inequality follows from the definition of
channel divergence. Taking the supremum of all input states ®7_; ¢; and taking the limit of n — oo, we
have

. . 1 e n n g
E;’tRO,sup(ElN”M) = h:;ri)solip ECZH,PRO('/\/’® HM® ) < da(NHM) (89)

Finally, taking a — 1 and applying Lemma 2, we have the converse part.

Note that we can actually extend the input choices of product strategy to a convex combination of
tensor product states Z;n:1 P (®7_; @i ;). In this case, Theorem 5 still holds by adding an extra step in
the proof of the converse part and using the joint quasi-convexity of the sandwiched Rényi divergence
(e.g., [11, Corollary 3.16]). This indicates that shared randomness between the input states for each use of
the channel will not help to get a faster convergence rate of the Type-II error for channel discrimination.

Theorem 6 (Coherent strategy). Let N, M € CPTP(A — B) be two quantum channels and ¢ € (0, 1)
be a fixed error. If these channels exhibit the strong converse property as defined in Definition 11, then
it implies that

EE;EOH,sup(dNHM) = E(S]tOH,inf(ElN”M) = d" S (N[|M). (90)

Proof.  The assertion is a combination of (54) (achievability) and a restatement of Theorem 1 (converse)
by noting that

d%,COH(N(gnHM@n) = diI(N(mHM@n)a (91)

where the Lh.s. is the operational definition and the r.h.s. is the mathematical definition.



Fang K, et al. Sci China Inf Sci August 2025, Vol. 68, Iss. 8, 180509:16

Theorem 7 (Sequential strategy). Let N, M € CPTP(A — B) be two quantum channels. Let Z €
CPTP(A — A) be the identity channel. Then if the exponentially strong converse property, as defined
in Definition 12, holds for the channels Z ® A" and Z ® M, this implies that

EgtEQ,sup(€|N||M) = EgtEQ,lnf(€|NHM) = DA(NHM) (92)

Proof. By definition it is clear that Eggq ;,¢(€|V]|M) is monotone increasing in . Thus for any fixed
e € (0,1) we have

EgtEQ,inf(E'NHM) > glg% EgtEQ,inf(ElN”M) = DA(NHM), (93)

where the equality follows from [13, Theorem 6].
Next we prove the converse part. For any v¢,, € D(RA™), P, € CPTP(R;B; — R;114i+1), denote

pn=NoP,_10---0PyoNoPyoN (), (94)
UnZMOPn—l0"'°P2OMOP10M(w")' (95)

Due to (11), it holds for any o > 1 that

1 . 1~ 1 « 1
- < —Lal\Pn n - .
~ D (pnllon) < =~ Dalpnllon) + ——— log 7— (96)
Note that for any quantum state p, o and quantum channels £, F, we have by definition
Da(E(p)|F(0)) < DL(ENF) + Dalpllo). (97)

By using this relation and the data-processing inequality of ﬁa iteratively, we have IN)a(anUn) <
nDA(N||M). This gives

1 ~ 1
~Dy(pullon) < DANIM) + - —"—log (98)

a—1 1—¢

Taking on both sides the supremum over all sequential strategies following by the limit n — oo gives
S s 1 n n n
ESpqsup(EWVIIM) = lim sup - Diy sq (NE|ME™) < DENM). (99)

Since the above inequality holds for all a > 1, by taking o« — 17 and using Corollary 1, we have

Combining (93) and (100), we have the complete proof.
Note that Theorems 6 and 7 have been proved in [13, Theorems 3 and 6] for vanishing . But the
above results are stronger as they hold for any fixed ¢ € (0, 1) without the need to take € — 0.

4.2 Strong converse exponent

In the task of state discrimination, the strong converse exponent is defined by

1 1
E*(r|p|lo) :== {iﬁlf} {— lim inf — log Tr p®"1I,, : limsup — log Tr ¢®"11,, < —r} , (101)
" n

n—r+o00 n—+oco T

where the infimum is taken over all possible sequences of quantum tests {II,, },cn satisfying the condition.
It has been shown in [11, Theorem 4.10] that this exponent is precisely characterized by

a—1

E*(rlpllo) = sup r = Da(pllo)] (102)

We aim to extend this result to the channel case.
Let us start by defining the strong converse exponent of channel discrimination.
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Definition 14 (Strong converse exponent). Let N, M € CPTP(A — B) and r > 0. The strong
converse exponents of channel discrimination by the strategy class Q@ € {PRO,COH,SEQ} without
quantum memory assistance are defined by

, 1
B OWIAM) = int_ f- i Diog(1 — a,(5,.11,)) smsup Liog 5, (5,,11,) < —r L (103)

where the infimum is taken over all possible strategies (S,,II,) € Q satisfying the condition.
Theorem 8 (Product strategy). Let N, M € CPTP(A — B) and r > 0. Then it holds that

Epro(rIV[IM) = SUP — daW[M)| . (104)

Proof. We first prove the converse part which closely follows the proof of its state analog in [11,
Lemma 4.7]. For any product strategy ({pi}r,,10,,) with input states ¢; € D(A4;) and measurement
operator 0 < II,, < I. Let p, := N®"(Q" | ¢;), 0 = M®(®_; ;) be the output states and p,, :=
(Tr pp 10, Tr p, (I —11,,)) and ¢y, := (Tr 0,10, Tr o, (I —I1,,)) be the post-measurement states. Then the
Type-1 error is v, = Tr[(I — I1,,)py] and the Type-II error is 3, = Tr[Il,0,]. By definition it suffices to
consider sequences ({;}i_;,1I,) such that limsup,,_,, % log 8, < —r. From the data-processing of the
sandwiched Rényi divergence, we have for any a > 1 that

ﬁa(anon) 2 ﬁa(anQn)

1
> log [(Tr p,IL,,)*(Tr o, I1,) %] = log(1 — ) — log B,. (105)
a—1 a—1
This can be equivalently written as
1 a—17] 1 1~
——log(1 — ) = ——10g B — =Dalpnllon)| - 106
Liog(1 — a) 21086, ~Dalpulon)] (106

By the assumption of ({¢;},1I,) and taking limsup,,_,., on both sides, we have

1 -1 1~
~liminf - log(1 — an) > & {r - 1iminf—Da(pn|an)] . (107)

n—+oo n [0 n—+oo n
By the additivity of sandwiched Rényi divergence under tensor product states and the definition of
channel divergence, we have Do (pn|on) = S Da(N (i) | M(ps)) < nda(N||M). Thus

1
—liminf —log(1 — av,) >

n—+oo n

a-l [~ daila)] (108)

Finally taking the infimum over all product strategies and the supremum over all « > 1 on both sides,
we can conclude the converse part

Epro (T|NHM)

-1 [r _ JQ(N||M)} . (109)

We then proceed to show the achievable part. Let ¢ € D(A) be an optimal quantum state such that
do(N|M) = Do(N(9)|[|M(p)). Consider the task of distinguishing quantum states A (¢) and M (¢p).
Suppose the optimal test in E5(r|N ()| M(p)) is given by the sequence {II,, },en. Then by the quantum
converse Hoeffiding theorem (see (102)) we have

lim sup ! log Tr[M ()9 11, < —, (110)
n—+4oo N

~ liminf + log TrIA ()] #"TT,, = sup & [~ DalW () IM(9))] (111)
n—+oc0 1 "« “ '

Note that ({¢}" ,,1I,) is a product strategy for the task of channel discrimination between N'®" and
ME" We have

; 1
EfRo (rN|IM) < — limJirnf —log Tr N®"(p®™)II,, (112)
n—+o0 M,
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= sup = [r = Da(N () IM(9)) (13)
:fgo‘_l [T—JQ(NHM)}, (114)

where the first equality follows from (111), the second equality follows from the optimality assumption
of ¢. Combining (109) and (114), we have the complete proof.

Note here that one can extend the input choices of product strategy to a convex combination of tensor
product states ET:l P (®7_; @i ;). In this case, Theorem 8 still holds by adding an additional step in
the proof of the converse part and using the joint quasi-convexity of the sandwiched Rényi divergence
(e.g., [11, Corollary 3.16]). This indicates that shared randomness between the input states for each use
of the channel will provide no advantage in reducing the convergence rate of the Type-I error.

Remark 2. The strong converse exponents under coherent and sequential strategies were established
in [55, Theorem 5.5]. However, regarding the exact threshold for exponential convergence, their result only
identifies the threshold as inf,~; f)gfg (N|IM). The continuity result in Theorem 3 could fully determine
this threshold as D*&(A/|| M) if the strong converse property can be proven.

4.3 Error exponent

In the task of state discrimination, the error exponent is defined by

1 1
E(r|p|lo) := sup {— limsup — log Tr[(I — I1,,)p®"] : lim sup — log Tr[I1,,0®"] < —r} ) (115)

{IL,,} n—+oo N n—+oo N

where the supremum is taken over all possible sequences of quantum tests {II,, },en satisfying the condi-
tion. It has been shown in [7,8,61] that the error exponent is precisely given by

or a—1 ~

E*(r|pflo) = sup |7 = Da(pllo)] . (116)
0<a<l1

We aim to extend this result to the channel case.

Definition 15 (Error exponent). Let N, M € CPTP(A — B) and r > 0. The error exponents of
quantum channel discrimination by the strategy class Q € {PRO, COH, SEQ} without quantum memory
assistance are defined by

EJ(rIN|M) :=  sup {— lim sup 1 log v, (Sp, I1,,) @ lim sup 1 log 3, (Sn, I1,,) < —r} , (117)

(Sn,I,)EQ n—+4oo N n—+4oo N

where the supremum is taken over all possible strategies (S, IL,) € € satisfying the condition.
Theorem 9 (Product strategy). Let N, M € CPTP(A — B) and r > 0. Then it holds that

-1

Epgo (rNV[IM) = sup
O<a<l

r— Da(/\/nM)} . (118)

Proof.  Let ¢ € ®(A) an optimal input state such that dn, (N[ M) = Da(N ()| M(g)). Consider the
task of distinguishing quantum states N () and M(yp). Suppose the optimal test in E° (r|N (¢)||M(p))
is given by the sequence {II,, } ,en. Then by the quantum Hoeffding theorem (116) we have

lim sup % log Tr[M(p)]®"1,, < -7, (119)
n—-+oo
. 1 " -1 _
~limsup > log(1 - TEW(@)*" M) = sup S [r — Du(N (@) M())] (120)
n—+oo T 0<a<l &

Note that ({¢}",11I,,) is a product strategy for the task of channel discrimination between N'®" and
M®™, Then we have

1
Egro (rN]|M) = —limsup — log(1 — Tr N®™ (p®™)11,,) (121)

n—+oo N
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= ~limsup Llog(1 - TeN ()] 71, (122)
= sup S [ = Da(N() I M(p)] (123)
~ s - dIM)] (124)

where the second equality follows from (120), the third equality follows from the optimality assumption
of . This completes the proof.

Theorem 10 (Coherent strategy). Let N, M € CPTP(A — B) and r > 0. Then it holds that

-1 _
Econ(rV[IM) = sup [r = dZEWNIM)] . (125)

0<a<1
Proof.  For any given m € N, let b, € D(A™) an optimal input state such that d, (N[ M®™) =
Do (NE™ () | ME™ (). Denote pp, = N®™(3,,) and o, 1= M®™(¢),,). Consider the task of
distinguishing quantum states p,, and o,,. Suppose the optimal test in E®(r|py||om) is given by the
sequence {II,;, » tnen. Then by the quantum Hoeffding theorem (see (116)) we have

lim sup — log Tr[o ] My < -1, (126)

n—+oo N

a—1

~ lim sup — log(1 — Telpp] ®" ) = sup [ = Dalpmllom)] (127)

n—+4oo T O<a<l @&

Note that (2" 11,,.,) is a coherent strategy for the task of channel discrimination between N'®™" and
MEmn - satisfying

lim sup — logTr./\/l®m"(w®”) mn < . (128)
n—+4oo MN m
Then we have
1
Eeon (VM) > —limsup — log(1 — TeN&™ (155" Ty, 1) (129)
m n—+oo TN
= — limsup — log(l — Tr[ppm] " ) (130)
n—+oo TN
a—1 _
= — su 7 — Do(pmllom 131
— s L= Du(pulon)] 31)
1 a—1 -
= su 7 — do (NET || ME™ 132
s L d e e (132)
-1 1 -
= sup 2 F - —da(N®m|M®m)] : (133)
O<a<l « m m

where the second equality follows from (127), the third equality follows from the optimality assumption
of ¥,,. Replacing r/m as r, we have

—1 1
Egou (rIN|M) > sup & {7‘ -— (N®m||/\/l®m)} - (134)
0<a<l & m
Since Eq. (134) holds for any integer m € N, we have
a—1 1 -
Eton (IVIM) > sup sup ©L 1= L d, 0 )| (135)
meNO<a<l & m ]
—1 1
= sup sup a { — (./\/®m||./\/l®m) (136)
0<a<lmeN & m ]
—1
— sup & [r — sup —d (N®m||/\/l®m) (137)
0<a<l & meN T J
1 _
— sup = [r—dEW|IM)] . (138)
O<a<l &

This completes the proof.
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Figure 3 (Color online) Coding scheme for entanglement transmission over n uses of a channel N' € CPTP(A — B). The systems
E and K are isomorphic. The encoder €& € CPTP(K — A™) encodes the part K of the maximally entangled state ® g into the
channel input systems. Later, the decoder D € CPTP(B™ — K) recovers the state from the channel output systems. The map
Z € CPTP(E — E) is the identity map. The final state after the coding strategy is denoted as ppk [£, D] and the performance of
the code is quantified using the fidelity F (®Prx, pex [E, D]).

5 Quantum communication as quantum channel discrimination

Quantum communication via quantum channels forms the cornerstone of future quantum networks [62]
and the quantum channel capacity is a central question in quantum Shannon theory [26-29]. In this
section, we present a perspective by framing the study of quantum communication problems as quantum
channel discrimination tasks. This perspective offers deeper insights into the intricate relationships be-
tween channel capacities, channel discrimination, and the mathematical properties of quantum channel
divergences. On one hand, leveraging this connection, we demonstrate that the channel coherent informa-
tion and quantum channel capacity can be precisely characterized as Stein exponent for discriminating
between two quantum channels under the product and coherent strategies without quantum memory
assistance, respectively. Furthermore, we show that the strong converse property of quantum channel
capacity can be established if the channels being discriminated exhibit the strong converse property. On
the other hand, the extreme non-additivity of quantum channel capacity implies a similar fundamental
property for the unstabilized channel divergence, which can be of independent interest for future studies.

5.1 Operational interpretation of quantum channel capacity

In this subsection, we discuss quantum channel communication and its operational interpretation in the
context of quantum channel discrimination. The coding scheme for n uses of the channel is depicted in
Figure 3. We are given a quantum channel A" € CPTP(A — B) and denote by N®™ the n-fold parallel
repetition of this channel. An entanglement transmission code for N®™ is given by a triplet {|K|, &, D},
where | K| is the local dimension of a maximally entangled state Ppx := ﬁ Zﬁ‘:l [i4)(jj| that is to
be transmitted over N®". The quantum channels & € CPTP(K — A™) and D € CPTP(B" — K) are
encoding and decoding operations, respectively. Denote the outcome state after the coding strategy by

pEK|E, D] =T ® Dpsg oNasp o Ex—a(PEK). (139)

With this in hand, we now say that a triplet {r,n,e} is achievable on the channel A if there exists an
entanglement transmission code satisfying

1
—log|K| >=r and F(®gk,pexl€,D])) 21 —c¢, (140)
n

where F(p,0) := (||\/pv/7]|1)? is the quantum fidelity and || - [|; is the trace norm. If one of the states is
pure, we have the simplification F(|9)(¢], o) = Tr[|¢) (¥|o].

When considering a single use of the channel, the one-shot quantum capacity, which establishes the
boundary of all achievable triples {r, 1, ¢}, is defined as follows.

Definition 16. Let N’ € CPTP(A — B) be a quantum channel and ¢ € (0,1) be a fixed error. The
one-shot quantum capacity of N is defined by

QYN e) := sup {log|K| :Tr (pek[€,D] - Pek) > 1—5}. (141)
|K|=|E|eN
EECPTP(K —A)
DeCPTP(B—K)
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Then the quantum capacity is defined as the asymptotic limit

Q) = lim lim lQ“)(J\/@",a). (142)

e—+0n—oon

The well-established Lloyd-Shor-Devetak theorem [63-65] states that the quantum capacity of a channel
can be expressed in terms of a regularized channel coherent information:

QW) = lim lIc(/\/@") = sup lIc(/\/®"), (143)

n—oon neN
where the channel coherent information is defined by

IC(N) = sup —H(E|B)p with  pgpp :IE®NA—>B(pEA)7 (144)
pED(EA)

and the supremum is taken over all density matrices p on system F ® A and E is isomorphic to A.
Based on the notion of unstabilized channel divergence, we can rewrite the channel coherent information
and quantum capacity as follows.

Theorem 11. For any quantum channel N' € CPTP(A — B), it holds that
I.(N) =d(Zp ® Na,||RE ® Nassp ) — log |E|, (145)
Q(N)deg (IE ®NA—>BHR% ®NA_>B)—10g|E|, (146)

where E is isomorphic to A and RY, € CPTP(E — FE) represents a replacer channel that maps any input
state to a maximally mixed state m € D(F).

Proof.  For any given state p € D(EB), we have
—H(E|B), = D(pes|le @ [Trg pep]) = D(pesl|RE ® Zp(pEB)) — log|E|. (147)

Let ppp =Zp @ Na_p(pra) and take supremum over all p € D(EA). We get

I.(NV) = ;%pA) D (Zg ® Nasp(ppa)||(RE © Ip) o (e ® Nasp)(pea)) — log|E| (148)
pED(E
=d(Zg @ Nasp||RE ® Nasg) — log|E|. (149)

Eq. (146) directly follows from (145) by taking a regularization on both sides. That is,

QW) = lim L") (150)
1
= lim ~d (Zer ® NasB]®"||Rren @ Nao5]®") —log |E| (151)
1 n n
= lim ~d ([Z5® Nass]"[[[Re © Nacss] " ) — log || (152)
— J¥°8 (IE ®NA—>B||RE ®NA—>B) _10g|E|7 (153)

which completes the proof.

Remark 3 (Operational interpretation). From the operational meaning of d"¢, we can understand
quantum capacity as the Stein exponent of channel discrimination between the ideal case Zp ® Na_p
and the worst case R, ® Na_,p. Noting that d*°8(Zg||RT,) = log|E|, we can also write

QW) = d**(Zp @ NawB|RE ® Nawg) — d*(Isl|RE), (154)

indicating that the quantum capacity of a channel A" can be understood as the “power” of this channel
as a catalyst to discriminate the perfect channel Zg and the completely useless channel R%, for quantum
communication.

Drawing upon the correspondence established in Theorem 11 and the extreme non-additivity of channel
coherent information as shown in [66] (where an unbounded number of channel uses may be necessary
to detect quantum capacity), we can infer that the unstabilized quantum channel divergence can also
exhibit extreme non-additivity.
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Figure 4 (Color online) Conceptual process that replaces Zg in Figure 3 with the CP map RIE, and gives the final state opx [€, D).

Theorem 12. Let d be the unstabilized quantum channel divergence induced by the Umegaki relative
entropy. Then d is extremely non-additive. That is, for any n € N, there exists quantum channels
N, M € CPTP(A — B) such that

AN | ME™) < dE (N M). (155)

Proof. It has been shown in [66] that for any n € N, there exists quantum channels & € CPTP(A — B)
such that I.(€®%") = 0 < Q(£). Then by the relation in Theorem 11, we can take N' = Z ® £ and
M =TRTE ® E. This gives AN ||M®™) = log |A] < d"8(N||M).

5.2 One-shot converse bound for quantum channel capacity

Here we establish a converse bound for one-shot quantum capacity, which can be seen as a smoothed
analogue of channel coherent information. The one-shot converse bound is mostly inspired by the channel
divergence formula of coherent information (146). That is, the channel coherent information as well as
quantum capacity characterize the distinguishability between the channel Zp ® N4_, 3 and the CP map
RL ® Na_p (here we use the identity operator I instead of 7 to absorb the constant factor log |E|). It
is thus convenient for us to consider a conceptual process in Figure 4 which replaces the identity map Zg
in Figure 3 with the CP map RL. Its final state is denoted as

ork|€, D] :==RL®Dp x oNapoExa(®Prr) = RE @ Ik (prk(E, D). (156)
Theorem 13 (One-shot converse bound). For any N' € CPTP(A — B) and ¢ € (0,1), it holds that

QW (N, e) < sup d5; (Zp @ Nassp||RE @ Nassg) (157)
|E|eN
where the supremum is taken over E of arbitrary dimension.

Proof.  For any entanglement transmission code {|K|,&, D} such that Tr Pprprr[E,D] > 1 —c. We
have a key observation that

Tt ®propklE, D] = Tr @px {RE @ Ik (pek[E, D))} (158)
=Tr®pk {Iz ® Tre(pex(E, D))} (159)
=Tr{Trp(®ex)} {Tre(pex (€, D))} (160)
=Tr{Ix/|K[}{Tre(peK[E, D))} (161)
=1/|K|, (162)

where the first line follows by (156), the second line follows by definition of R%, the third line follows by

the identity Tr X ap(I4a ®Yp) = Tr{Tra Xap}{Y5}, the last line follows by the fact that Trg(prx[E, D])
is a normalized quantum state. Then we have

10g|K|:—10gTI“I)EKO'EK[5,D] ( )

D (pex €, Dl||osk[E, D)) (164)

Dy (ZTp ® Nassp) © (Exk—»a(PEk))||(RE ©® Nasp) 0 (Ex—a(Pek))) (165)

(166)

sup D5 (Ig ® Nasp(ppa)||RE ® Nasss(ppa))
pED(EA)

NN N
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where the first inequality follows because ®py is a particular choice of quantum test for hypothesis
testing relative entropy that satisfies Tr ® g pri[E, D] = 1 —¢, the second inequality follows by the data-
processing inequality of D% under the action of Zrp ® Dp_, g, the third inequality follows by relaxing
Ex—a(PrK) to all density matrices on system E ® A. Finally taking supremum over all possible codes
{|K|, &, D}, we have the desired result.

Corollary 2. For any N € CPTP(A — B) and ¢ € (0,1), 6 € (0,1) and ¢ + § < 1, it holds that

1
QYW e) < &y (Tr ® Nassp||RE @ Nasg) + log TP

3 —log|E|, (167)

where F is isomorphic to A.
Proof.  Combining Theorem 13 and (63) we have

1
Q(l)(/\/, g) < |s1|1p Dl (IE ®NA_>B(pEA)HR§5 ®NA_>B(pEA)) + log [P (168)
E|eN e
pPED(EA)

Since Dfnax is jointly quasi-convex [57, Lemma 7], the optimization can be restricted to pure states.
Furthermore, due to the isometry invariance property of Dfnax, we can, without loss of generality, assume
that F is isomorphic to A. Finally, noting that RL(-) = |E|R%(-) and D3, (pllac) = DS .. (pllo) —loga,

max
we have the asserted result.
5.3 Towards the strong converse property of quantum channel capacity

Consider any entanglement transmission code with an achievable triplet {r,n,e}. The strong converse
property of channel A/ is that if the communication rate r > Q(N/), then the communication error &
converges to one as n goes to infinity. Similar to the proof of Theorem 1, this can be equivalently
expressed by

lim sup lQ“)(/\/@",a) <QWN), Vee(0,1). (169)
n—oo N

The strong converse property of quantum capacity is a long-standing open problem in quantum infor-
mation theory. Upon the connection between quantum communication and channel discrimination, we
show that the strong converser property for channel discrimination implies the strong converse property
of quantum capacity.

Theorem 14 (Strong converse property). Let N' € CPTP(A — B) be a quantum channel, Z €
CPTP(E — E) be the identity channel with E isomorphic to A and R}, € CPTP(E — E) be the replacer
channel. Then if the channels Zp ® Na_p and RE ® Na_.p exhibit the strong converse property, as
defined in Definition 11, this implies the strong converse property of the channel capacity for N.

Proof.  For any € € (0,1), let § € (0,1) such that e + 6 < 1. Then

1 1
lim sup EQ(l)(N@",E) < lim sup Edfwx (Ze @ Naw)®"||(RE @ Na,5)®™) — log |E]| (170)
n—oo n—oo
< d*8 (Ig ® Nas,B||RE ® Na,g) — log |E| (171)
=QW), (172)

where the first inequality follows from Corollary 2, the second inequality follows from Theorem 2 and the
equality follows from Theorem 11. This completes the proof.

6 Discussion

In conclusion, this work advances the understanding of the ultimate limits of quantum channel discrimi-
nation and quantum communication by developing versatile tools and frameworks rooted in unstabilized
channel divergence. We address key open problems, such as improving bounds on hypothesis testing
relative entropy, proving additivity for channel divergences, and establishing a quantum channel analog
of Stein’s lemma. Our unified approach links channel discrimination strategies with operational regimes
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and mathematical divergences, providing a comprehensive perspective on quantum channel discrimination
across various settings. Furthermore, by framing quantum communication problems as quantum channel
discrimination tasks, we uncover connections between channel capacities, channel discrimination, and
operational exponents. These results bridge two core areas of quantum information theory and offer new
insights for future exploration.

An initial attempt to prove the exponentially strong converse property for two general channels was
presented in the first arXiv submission of this work (arXiv:2110.14842v1). However, this effort triggers
the discovery of a gap in a technical lemma from [9], which undermines the validity of the original
proof and leaves the problem unresolved. Notably, this gap has drawn great attention in the quantum
information community since then and the generalized quantum Stein’s lemma, originally proposed in [9],
has been recently reproved in [67,68]. Given our findings in this work that the strong converse property is a
pivotal element for achieving a complete understanding of quantum channel discrimination, we encourage
interested readers to give further investigations into this important problem. Several results from our
initial analysis remain valid and could hold independent interest. These details are included in Appendix
A, and we hope they will inspire and support future efforts to resolve this challenging issue.
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