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Appendix A Attempt to solve the strong converse property

An initial attempt to prove the exponentially strong converse property for two general channels, Z ® N and Z ® M, was
presented in the first arXiv submission (arXiv:2110.14842v1). However, a flaw has been identified in the original proof,
rendering it invalid and leaving the problem unresolved. Nevertheless, several preliminary results from our initial analysis
remain valid and may hold independent interest. These details are included in this appendix, and we hope they will
contribute to resolving the problem in future studies.

The first lemma is an analog of a result of Ogawa and Nagaoka [1] that was originally used to establish the strong
converse of quantum Stein’s lemma. A similar result was proved by Brandao and Plenio for tensor product states [2]. Here
we extend it further to permutation-symmetric states.

Lemma Al. Let u € R and pn,on € D(A™) be symmetric under permutations of the n subsystems such that supp(pn) C
supp(on). Then, for any r € R and s € [0, 1] the following relation holds

1+s

Tr (Pn _ 2una_n)+ < 2—nrs+log Tr[p,, "] + 2—ns(u—r)+s|A\ log(14n)+log Tr[pno,, °] . (Al)

Proof. Let II be the projection to the positive part of p, — 2#"¢, and II = Z‘IA:I: azIl; be a decomposition of IT
into orthogonal rank-one projectors, where a; € {0,1} and Y TI; = I4n (i.e. the set {II;} forms a von-Neumann rank-
one projective measurement). In general, this decomposition of II is not unique, and the precise choice of {II;} will be
determined later on in the proof. Finally, denote by py := Tr [ppIl:], gz = Tt [0, 1I;] (note that p, and g, depends on n),
and let J be the set of all « for which p; > 2#"¢g,. Since (pn — 2"“071)+ =1I(pn — 2™ 0y) 11, we have

Tr (Pn — 2””07L)+ = Zax (pz — 2”"‘11’) < Z (pw - Qang:) < pr = Pr(j) 5 (Ag)
x xz€TJ €T

where Pr(J) is the probability of the set J with respect to the probability distribution {p.}. Note that the set J can be
written as

1 1
J= {:1: : —logps >,u+flong} . (A3)
n n

We would like to replace the set J with two sets: one depends solely on p,, and the other only on g,. This can be done in
the following way. For any r € R define the two sets

1 1
71 = {x : —logpe > r} and 73 = {m : —loggz < r—u} . (A4)
n n
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Note that if « € J then either z € 31 or z € 3(2). We therefore conclude that
Tr (pn — 2" 0n), < Pr (:@) +Pr (3<2>) . (A5)

From Cramér’s theorem [3] it follows that

(1) s 1+s
log Pr (j ) > Szl[g)l] {nsr log EI Px } (A6)
_ (2) —_r) = —s

log Pr (j > > 321[1)}’)1] {ns(,u r) — log EI Dzdy } . (A7)

We first bound (A6) in terms of pn. For this purpose, let A € CPTP(A™ — A™) be the completely dephasing map (also
a pinching map) A(w) := > IIywIl; defined on all w € D(A™). Then, the density matrix A (pp) is diagonal (in the basis
that the operators {II;} project to) with components {p;} on its diagonal. Hence, denoting by man := I4n/|A|™ the
completely mixed state in D(A"™), and by a := 1+ s, we get by direct calculation that

710g2p;+s =n(a—1)log|A| — (o — 1)Da (A(pn)||7ran) . (A8)

Since D (A(pn)||7rAn) =D, (A(pn)”A(ﬂ'An)) < Do (pn||7rAn)7 we get

—log» piT* = n(a—1)log|A| — (o — 1)Da (pn||7an) = —log Tr [pf] = —log Tr [ppt*] . (A9)
x

Together with (A6), this gives the first term on the r.h.s. of (Al).
For the second term, observe that

> pedrt = Tr [A(pa) (A (00)) ] = Tr [pn (A (0n) ] - (A10)

T

We now estimate this term by utilizing the symmetry of p, and o,. Since p, and o, are symmetric under permutations of
the n subsystems they can be expressed as

pn = @ IBA®pf* and o, = @ IB*®JS’\ (A11)
AEIrr(Sy) AEIrr(Sy)

where X represents an irrep of the natural representation of the permutation group S, on A™, and py, oy > 0. We therefore
have

pn — 20, = @ Ix @ (pf* - 2“”05)‘) (A12)
AE€Irr(Sy,)

The condition supp(pn) C supp(oyn) implies that without loss of generality we can assume that oy, > 0 (otherwise we can
restrict our consideration to the subspace of supp(on) and embed p, in this space). Therefore, under this assumption we
4> and let Py = Z‘Ji*l‘ ay,;jPx,; be a
decomposition of Py into orthogonal rank-one projectors, where ay ; € {0,1} and Zj Py = ICx. Moreover, for each
X\ € Irr(Sp) decompose IBx = ZLB:)‘l‘ |1/1,\,k)<1p)\’k|BA, where {|1 )}, forms an orthonormal basis of By. Finally, we
denote by x := {\, j, k} and take II, := |’LZJ)\7]C><’$)\J€|B>\ ® PAC;‘ With this choice of II; we get that

have that each o) > 0. Let Py be the projector to the support of (py — 2H"cy)

Cy C C
Alon)= @ Dl Warl® ® PLo PO
AEIrr(Sy) I,k

D oY PP (A13)
AEIrr(Sy) J

D 175l (o)
Aelrr(Sy)

where each Ay (+) == Zj Py ;(-)Py,; is a completely dephasing map in CPTP(Cy — C}). Therefore,

> peait =Tr[pn (Ae) | = D0 BT [pa(Ba(02) 7] - (AL4)
T AeIrr(Sy)
From the pinching inequality, for each A € Irr(Sn) we have Ay (oy) > ﬁak. Moreover, since the function r — r® is

operator anti-monotone for o € [—1,0] we get that

(Ax(on)) ° < ( ! )75 . (A15)

B
|Cx|
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Substituting this into (A14) gives
Sopeart < Y IGFIBAITr [oaoy ] - (A16)
x AeIrr(Sy)

Now, since C can be viewed as a subspace of Sym™(A), its dimension cannot exceed that of Sym™(A) which itself is
bounded by (n + 1)/41. We therefore conclude that

> peart < (n+ 1A ST By Tr [ﬂwis] = (n+1)°*MI Tr [pnoy,*] (A17)
x AE€Irr(Sy)

Together with (A7), this gives the second term on the r.h.s. of (Al).

The next lemma shows that the eigenvalues of the output from n use of a positive definite channel ' > 0 (i.e., its Choi
matrix is a positive definite operator) are uniformly bounded by an exponential factor.

Lemma A2. Let N'€ CPTP(A — B) and N > 0. Then, there exists b € (0, 1) such that for any n € N

NO™ (ppn an <bm . Al8
Jeanax | (prman)|| (A18)

Proof.  Since N' > 0 we have its Choi matrix Jys > 0. Then there exists 7 € D(B) with [|7]|cc < 1 (e.g. the maximally
mixed state) and its associated replacer channel R, such that tJy > Jr_ for some t € (0,00). Equivalently, we have
tN > Rr. Set € := 1/t and then M = (N —eR;)/(1—¢) > 0; in particular, M € CPTP(A — B) and N = (1—e)M+eR~.
Observe that

N = 3 (M) = efen R (a19)

k=0

where Fy, , € CPTP(A™ — B™) is a uniform convex combination of (Z) channels all having the form M®F @ ROk up
to permutations of the n channels. Now, observe that

[ME*F@REH (o an)|| = | MO (ppn i) @7 H| < e K| = It (A20)

Note that the order that A/ and R, appear in the equation above does not effect this upper bound. Therefore, since Fnk
is a convex combination of such channels we conclude that also

[Fo i (ornam)|l o < lIlioe™ - (A21)

Hence, for any p € D(R™A™)

=

IVE™ (prnan)| <

()a-ote 7 (5]

o k oo
“ (n - - A22
<> (Pa-ere it (A22)

B
Il
o

n
= (1—c+1Irllce)
The proof is completed by taking b := 1 — € + ||7||coe which is clearly in (0, 1).

The next lemma shows that by utilizing the permutation symmetry of tensor product channels we can restrict the optimal
input states in the discrimination strategies to be symmetric states. This reduces the problem from the most general form
to a particular one that can be tackled more easily. A general result is given in [4, Proposition II.4]. Here, we give an
alternative proof for the hypothesis testing relative entropy.

Lemma A3. Let N, M € CPTP(A — B). For any n € N there exists a pure state |¢) € Sym™(RA) such that

: 7 (VO™ (hgn an)[[ME™ (hgnan)) = D (NC™ (@ an 4n) [ME™ (9 n 4n)) - (A23)

pe (hn An
Proof.  First recall a variational expression of the hypothesis testing relative entropy [5, Eq.(2)]
u(pllo) = —logrglgg{(l —e)t = Tr(tp — o)+ } . (A24)
Therefore, we have

D5 (N3 | M®) = —log max {(1 —e)t — Tr IN®" (Ygnan) — M®n(¢,RnAn))+} , (A25)
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for some state Yrn gn € @(R"An) Let

1
WX RN AN = E Z |7T><7T|X ®Pﬂ-1[)RnAnP;; (A26)

CmESR
where X is a ‘flag’ system of dimension |X| = n!. By construction, the marginal state wgn 4» is symmetric under permu-
tations (i.e. has support on Sym”(RA)), so there exists a symmetric purification of wgrn 4» which we denote by wcngn an,

where C' = RA [6, Lemma 4.2.2]. Let wpx rn an be a purification of wx gn an and thus also a purification of wgn an. Since
all purifications of a density matrix are related via isometries, there exists an isometry Von_, px such that

WDX RN AN = (VCn %DX)SOC"R"A" (VC” %DX)T (A27)

Taking a partial trace of the system D on both sides gives

wxgran = Ecn o x (ponpnan) (A28)

where £(-) = Trp V(-)VT € CPTP(C™ — X). Let R := CR, then [P fn an) € Sym”™(RA) and

Tr (tN®"(s0RnAn) - M®”(¢an)>

+
> Tr (t_/\/@n (wXRnAn) — M®n (wXR"A”))‘F (A29)
1
= = D T (N7 (Prppnan P7) = ME™ (Prtbnan p;;))+ (A30)

T TeS,

=Tr (tN®n(1/JRnAn) —M®n(d}RnAn))+ (A31)
where the first inequality follows from the data processing inequality of Tr(-)y 1) the first equality follows from the block
diagonal structure of N'®™ (wXRnAn) — MO (wXRnAn)7 the second equality follows because Tr(-)4 is unitary invariant
and N®" M®" commute with permutations. Together with (A25), we can conclude that

DY (N® | MO™) < —logrgleaﬂé( {(1 — &)t — Tt ((N®" (P an) — M®"(g0RnAn))+}

(A32)
= D5 W (¢gnan) [M®" (05nan))-

This completes the proof.

Remark 1. We say that a quantum divergence, D, satisfies the direct sum property if there exists a one-to-one func-
tion f : Ry — Ry such that for any pair of cg-states p,o € D(XA) of the form pxa = 3, polz)(z|X ® p2 and
o XA =3 pal|z)(z|X ® 02 where {pz} is a probability distribution and pz,0x € D(A), we have f~1 (D (pxalloxa)) =
>w P f T (D (p;? ||a;c4)) The direct sum property is essentially equivalent to the general mean property used by Rényi and
Miiller-Lennert et al. for its generalization to the quantum case and holds for almost all the quantum divergences studied
in the literature. Following a similar proof, we can show that Lemma A3 holds for any quantum divergence with the direct
sum property.
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1) This can be easily seen from the equation Tr(X); = (|| X||1 + Tr X)/2 and the data processing inequality of trace norm.
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