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Abstract In this paper, the type of general nonholonomic systems proposed in part 1 and part 2 is generalized into a
multi-vector form, for which the nonsingular condition is not assumed. First, by differentiating the first equation in the
system, and through stability analysis, the stabilization of the proposed system is firstly converted into the stabilization of
a sub-strict feedback system (sub-SFS), that is, a system in the form of a strict feedback system but with the gain matrices
not satisfying the nonsingular conditions. Second, using the fully actuated system (FAS) approach, the formulated sub-SFS
is further converted into a sub-FAS, for which the concepts of singular and feasible sets are defined. Finally, the problem
is solved by designing a sub-stabilizing controller of the obtained sub-FAS, which drives all the system responses starting
from a so-called region of exponential attraction to the origin exponentially, and the closed-loop response of the formulated
sub-SF'S controlled by the designed controller is also explicitly provided. Technically, an external parameter is introduced in
the designed controller. In general, the designed controller contains an integral term. In the case that the introduced two
sets of matrix functions in the proposed system are time-invariant, the controller turns out to be a continuous time-varying
one, but when the external parameter is particularly chosen, the controller takes a simpler form but becomes a discontinuous
time-invariant one.
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1 Introduction

In the celebrated work [1] of Brockett in 1983, two well-known example systems are presented (see
also [2-8]). Particularly, the second one, known as the Brockett integrator, is referred to as a “deceivingly
simple looking nonlinear system” [9]. As extended forms of these two example systems, the following two
types of chained systems:

To = uo,
i‘l = u,
Ty = ToT1, (1)

Lp = TOLn—1,

and
To = Ug,
.%"1 = u,
Ty = uo1, (2)

Lp = UQTn—1
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have been extensively studied in the literature (e.g., [5,10-12]). These typical chained form systems
arise from many applications such as car-type vehicles, mobile robots, surface vessels, and underwater
vehicles [8]. As a matter of fact, many nonholonomic systems can be represented by kinematic models
in these chained forms or are feedback equivalent to these chained forms [5,12]. Particularly, it has been
shown that the Brockett’s second chained form (2) is in fact a kind of canonical form for a wide class
of nonholonomic systems, and therefore has attracted the attention of numerous researchers (see the
comments in the Introduction Section of [10]). Closely related studies can also be found in [13,14].
Very recently, a type of generalized chained forms is considered in [10,11], which appears as follows:

&y = uo,

T = u,

By = 1 () w2 + p1 (w0, u0) 1 (+) 71,
&3 = @2 (*) 23 + p2 (To, uo) V2 (+) 2,

En = Pn—1 (") Tn + pn—1 (o, o) Yn—1 (*) Tn—1,

where x;, 1 = 0,1,2,...,n, are the system scalar state variables, ug and u are the scalar control variables,
i (1) £ @i (20, Ti1on, w0, t) 5 ¥i () 2 i (T0, Titrom, uost), 1= 1,2, m — 1, (4)

are two sets of scalar functions, and

pi (xo,up) € {xo,uo}, 1 =1,2,...,n— 1. (5)

Setting ¢; () =0, ¢; (1) =1,i=1,2,...,n— 1, in (3), gives the following set of 2"~ ! systems:

To = ug,
j?l =u,
&y = p1 (xo,uo) 21, (6)

j7n = Pn—1 (IOa UO) Tn—1-

Further, in the case of p; = xp, i = 1,2,...,n — 1, the above system (6) becomes system (1); and in the
case of p; =ug, i =1,2,...,n — 1, the above system (6) becomes system (2).

In [10,11], stabilizing controllers for system (3) are proposed based on the fully actuated system (FAS)
approach, which is originally proposed in the two sets of studies [15-17] and [18-27], and later generalized
to the time-varying and time-delay systems [28-33]. In both studies, the problem is converted into one
of stabilizing a FAS. Particularly, in [10], a discontinuous stabilizing controller is obtained, which turns
out to be time-invariant if the two series of nonlinear functions introduced are time-invariant. As a
consequence, the designed controller drives all the states of the designed system to zero exponentially
provided that the initial value of the first subsystem (the first equation) is restricted to be nonzero.
In [11], a continuous time-varying stabilizing controller is designed, which contains an almost arbitrarily
chosen design parameter, and is proven to guarantee the uniformly and globally exponential stability of
the closed-loop system.

Regarding the multivariable cases, most of the reported results are concentrated on the following two
types of systems:

To = U,
Ti1 = Uy,
Tig = UoTi1, (7)

wlnZ — uoxi,ni—la 1= 17 27 <., MM,
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and
Tio = U0,
Til = Ui,
in = Ui0x41, (8)
xlnz = Ui0Timn;—1, 1= 1, 2, o, m.

Specifically, the work of [34-39] falls into the scope of system (7), while the work of [40-48] falls into
the scope of (8). These are simply multiple duplications of chained system (2). Unfortunately, for
generalization of the chained systems (1) and (2), real multi-vector forms have seldom been proposed and
studied.

In this paper, the system (3) treated in [10,11] is generalized into a multi-vector form. The contributions
of the present paper are the following.

(1) A multi-vector version of system (3)—(5) is proposed, in which each state variable z; is an r-
dimensional vector, and both the two sets of functions ¢; () and ¥; (-), ¢ = 1,2,...,n — 1, become
r x r-dimensional matrix functions ®; (-) and ¥, (-), i =1,2,...,n — 1. The generalized system is shown
to be nonholonomic under very weak conditions on these nonlinear matrix functions, and can also be
naturally generalized to the time-delay system case.

(2) The set of functions ¥, (-), i = 1,2,...,n — 1, is not required to be nonsingular. In this case, the
concepts of singular and feasible sets of the system are defined. Through treatments of model conversion
and stability analysis, the stabilization problem is converted into one of stabilizing a sub-strict-feedback
system (sub-SFS), which is then further converted into a sub-FAS. Therefore, a stabilizing controller for
the original system is finally designed using the FAS approach. Technically, an external parameter vector
7o is introduced in the designed controller.

(3) When the parameter n is set to be a particular value, the designed controller is a discontinuous one,
which turns out to be time-invariant if the two series of nonlinear functions introduced are time-invariant,
and it drives all the states of the designed system to zero exponentially provided that the initial value of
the first subsystem is not chosen from a set of hyperplanes and that of the second subsystem is chosen
from the region of exponential abstraction (RoEA).

(4) When the parameter 7g is different from that particular value, the designed controller is a time-
varying continuous one, which contains an integral term. The response of the closed-loop system, which
starts from the RoEA, converges to the origin and can be explicitly represented. The convergence is
exponential under very mild conditions.

It is also pointed out that the approach can also be extended to the time-delay system case as done
in [10].

In the subsequent sections, the n-dimensional vector space and the space of dimension m x n matrices
are defined as R™ and R™*™ respectively. I,, denotes the identity matrix of order n, () denotes the null
set, and Q\© represents the complement of the set © in the set . For a matrix A € R™*™, the notation
||A|| represents its spectral norm. For a square matrix A, the notations det A and A~! represent its
determinant and inverse, respectively. Moreover, for z,2; € R™, and A; € R™*™ ¢ = 1,2,...,n, the
following standard symbols for the FAS approach are used in the paper:

X €Z;
€T Li41
O~ . .
I( n) = . y Ling = . y g.]v
n
2 ”
(0~n)
T
(0~n)
x:
(0~n) i+1 . .
i~j T . AN
(0~m)
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Ao = [ Ag Ar -+ Ay |, ® (Agn) = .

—Ay —Ay - —A,
The paper consists of 6 sections. Section 2 proposes the type of general multi-vector systems, and the
stabilization problem of the proposed system is converted and formulated in Section 3. Section 4 further

reduces the problem into one of stabilizing a sub-SFS. Section 5 presents the FAS approach, followed by
some concluding remarks given in Section 6.

2 System model

2.1 Basic model

In this paper, the general type of nonholonomic systems proposed in [10] is further extended into the
following multi-vector form:

T = ug +d,

T = u,

dy = @y (-) 22 + p1 (w0, u0) ¥y (+) 21,
B3 = ®o () 23 + p2 (0, u0) Y2 (+) 22,

&n = Ppo1 () 2n + pp—1 (xo,u0) V1 (+) Tr-1,

where z; € R", ¢ = 0,1,2,...,n, are the system state variables, ug, u© € R" are the control variables,
d € R" is a constant disturbance, and

é ¢1 ('rO; Ii+l~n7u07t) S RTXT?

£ \Ijz (x07xi+1~n;u07t) GRTXT7 i:172a"'7n_1 (10)
are two sets of matrix functions, with ¥, (-) satisfying Assumption Al.

Assumption Al. There exists an 1., € R™ such that

det U; (20, Tit1m, uo,t) # 0 or 00, Vrg,ug € R", andt >0, i =1,2,...,n— 1.

Further,
Pi (,To,UQ):FlT (Ci,To-i-din), 1=1,2,....,n—1, (11)

with I'; e R", i =1,2,...,n—1, being a set of given vectors, and ¢; and d;, t = 1,2,...,n— 1, being two
sets of given scalars satisfying Assumption A2.
Assumption A2. ?+d?#0,;#0, i=1,2,...,n— 1.

Clearly, Assumption Al is necessary because otherwise system (9) contains at least one subsystem
which has no controls; and Assumption A2 ensures that each p; (zo,uo) is not identically zero, which
is required by the controllability of system (9). Furthermore, it is easily observed that the system is a
time-invariant one if and only if ®; (-) and ¥; (), 4 =1,2,...,n — 1, are all time-invariant.

The following result reveals some special features of the proposed system (9).

Proposition 1. Let Assumptions Al and A2 be met. Then the following conclusions hold:

(1) the linearized model of the nonlinear system (9)—(11) at the origin is uncontrollable, and is (uni-
formly) asymptotically unstabilizable if there exists an 4, satisfying 1 < i < n, such that the time-varying
linear system

=7 (0,0,0,t)x

is not (uniformly) asymptotically stable;
(2) the nonlinear system (9)—(11) does not have a smooth exponentially stabilizing controller; and
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(3) for the special case that both ®; (-) and ¥, (-) are time-invariant, system (9)—(11) does not have a
time-invariant continuous stabilizing controller if, for some integer i, 1 < i < n — 1, there holds

P (+) lup=0 = Vi () lup=0 =0, (12)
or
(I)l' () |u0:0 = O, and C; = 0. (13)
Proof.  Since, fori=1,2,...,n—1,
0, 1<k <,
5 [P () zigr + o5 () @] = ' , :
N T YO ACTA L 0 P S Y
8§;g)$i+1 + pi 83;,5')%7 k>i+1,
and 9
55 12 () zivs + 0¥ () 2] =0,
0 9 Opi ov; (+)
7 (D (1) iV ()] = 3 —Pi () 2 Vi) zi+pi i
8$0[ ()$+1+p ()‘T] 8$0 ()x+1+8170 ()‘T +p 8$0
9 0 Op; ow; (+)
7 (P (1) 2 iV (1) ai] = 53— Pi (1) 2 Vi) zi+pi i
auo[ ()x+1+p ()‘T] a’U,O ()x+1+6u0 ()‘T +p a’U,O
the linearized model of (9) at ; = 0,7 =0,1,2,...,n, and ug = u = 0, is obviously given by

T = ug +d,
11.71:’&, (14)
i; =@ (0,0,0,¢)x;, i =2,3,...,n,

which is clearly not controllable. Further, it can be easily seen that it is (uniformly) asymptotically
stabilizable if and only if
i; =@ 1(0,0,0,t)x, i =2,3,...,n

are (uniformly) asymptotically stable. Thus the first conclusion is proven.

Because of conclusion (1) of Proposition 1, the nonlinear system (9)—(11) does not have a smooth
time-invariant exponentially stabilizing controller.

To proceed with the proof of the third conclusion, let us define

Uo
U

J (Xo~n, uo, u) = @1 () 22 + p1 (w0, u0) U1 (+) 71

L (I)n,1 () Tn + Pn—1 (x()v UO) \Ijnfl () Tn—1 i

For a set of arbitrarily small positive scalars ;, i =1,2,...,n — 1, let us set

T
f(I0~n7u07u> = |:0 Oey -+ €pn . (15)

Then, we have ug = u =0, and
D, () wip1 + pi (wo,u0) Vi (g =4, i =1,2,...,n— 1. (16)
If condition (12) is met for some 1 < ¢ < n — 1, we immediately have

(@i (1) Zig1 + pi (x0,u0) Wi (+) ] yy—g = O,
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which, together with (16), produces

Similarly, when condition (13) is met for 1 < i < n — 1, we have
[©; (-) Ti1 + pi (w0, u0) Ws () il ,yy_o = [®i () @ig1 + diTF uoW; () ;] wo—o = [®i () i1, g = 0.

Again, Eq. (17) is produced from (16).

Recalling that €; is a positive scalar, the above equation (17) gives a contradiction which states that the
mapping f (Zon, o, u) : R+ x R™ x R” — R™*TD7 is not a surjection onto an open set containing 0.
Therefore, by the well-known Brockett Theorem [1], under either of the two conditions of Proposition 1,
the system does not have a time-invariant continuous stabilizing controller. The proof is completed.

The purpose of the paper is to design a stabilizing controller for the multi-vector nonholonomic system
(9) satisfying Assumptions Al and A2.

2.2 Special cases

Let
u10 Uy dy T4
U20 U2 ~ do L24 .
uo = . ; U= ], d= s i = . , 1 =0,1,...,n,
Um0 Um, dm Tmi
and

P, () = diag (9011' () ) P2i () ey Pmi ()) )
\I/i () = dlag(l/}h (),d)m (),,’L/}ml ()), = 1,2,...,71— 1.

Then system (9) can be written in the multi-scalar form:

i = wio + di,
Ti1 = Uy,
Tz = i1 (+) Ti2 + p1 (T10, w10) Yir (+) a1,

. 18
Tis = @iz (+) Tis + p2 (T20, u20) Yi2 (+) T2, (18)

Tin = Pin—1 () Tin + pr—-1 (Tn-1,0,Un-1,0) Yin—1 (-) Tijn—1, 1 =1,2,...,m.

Particularly choosing I'; to be a vector with the i-th element being 1 and all the rest being zero, gives
pi (Tio, Uin) = ¢iwio + diwio, 1 =1,2,...,n — 1. (19)

Clearly,

X0, if (¢, d;) = (1,0),

i (Ti0, Wio) = 1=1,2,...,n—1. 20
pi o, o) {Uio, if (ci,d;) ) (20)

I
—
<o

—_

Therefore, the system contains (8) as a special case.

Further, restricting x;0 = o, wjo = wo, di = d, i = 1,2,...,m, system (18) becomes
To = ug +d,
Tin = Ui,

Tz = i1 (+) T2 + p1 (To, wo) Yir (+) a1,
T3 = iz (+) i3 + p2 (To, u0) Va2 (+) 42,

Tin = Pin—1 (*) Tin + pn-1 (20, %0) Vip—1 () Tin—1, 1=1,2,...,m,
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where
Pi (Io,uO):Cixo—Fdin, 121,2,,71—1 (22)

Clearly, system (21)—(22) contains (7) as a special case.
Furthermore, restricting m = 1 in (21), gives system (3), which is studied in [10]. Particularly, letting
wi(-)=0,i=1,2,...,n — 1, the system becomes

T = U,
il = u,
T = p1 (zo,u0) Y1 (+) 1,

&3 = p2 (w0, uo) Y2 () x2,

Ty = pn—1 (T0,u0) Yn—1(-) Tn_1,
which further reduces, when ; () = 1 and (¢;,d;) = (1,0), 4 = 1,2,...,n — 1, to system (1), and when
¥; () =1and (¢,d;) =(0,1),i=1,2,...,n— 1, to system (2).
Finally, in the special case of
\I/i (:170,:171-+1Nn,u0,t):\112?, i:1,2,...,n—1, (24)

where U9 € R™*" ¢ =1,2,...,n — 1, are constant matrices, the above system (9) becomes

x.():uO—Fd,

j’:l =u,
By = @y (20, Tiy1m, Uo, ) T2 + p1 (0, uo) Vi1, (25)
i3 = @2 (%0, Tit1~n, U0, t) T3 + p2 (T0, uo) Vi72,
B = @1 (L0, Tig 1o, U0, 1) T+ pr—1 (2o, u0) ¥y _1Zn—1.
Corresponding to system (25), Assumption Al clearly becomes
det W9 #£0, i=1,2,...,n—1.
2.3 Extended cases
System (9)—(11) can be further extended to the following time-delay case:
To = ug +d,
x'l = u,
2 = ®F (-) 22 + p1 (x0,u0) ¥ () 21, (26)
ig = P (-) w3 + p2 (z0, u0) VG (+) 22,
in =P8y () n + pu—1 (o, u0) & _y () @1,
with
O () 2 @ (20 (t —7i0) s 25 (t = Tij) [jmitroms 0 (E = Ti) st = 73) (27)
\Ifld () é \Ifld (LL'Q (t — TiO) ,,Tj (t — Ui,j) |j:i+1~nu () (t — Uiu) ,t — O'i) 5 = 1, 2, P 1, (28)
where Ti)j = Ti,j (t), Ui)j = Ui)j (t), Tiu = Tiu (t), Oiu = Oju (t), and T = T; (t),oi = 0; (t),j =
0, +1,2+2,...,n,t=1,2,...,n — 1, are the time-varying time-delays in the system, which are all

bounded by a constant h, while the other variables are as stated before.
Corresponding to the above time-delay system, Assumption Al becomes the following.
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Assumption A1, There exist X; € RO §=1,2,...,n—1, such that
det U (yo, Xi,y,t) # 0 or oo, Yyo,y € R" and t > —h, i =1,2,...,n— 1.

This paper emphasizes on stabilization of the proposed system (9)—(11), while the proposed FAS
approach can also be extended to stabilization of the time-delay system (26)—(28) following the treatment
presented in the Section 7 of [10] for the FAS approach for time-delay systems with x;, i =1,2,...,n—1,
being scalar variables.

Please note that the functions ®¢ (-) and W¢ (-), i = 1,2,...,n — 1, possessing the forms in (27) and
(28) are simple in the sense that the variable ug and each z; have only simple delays. As is claimed
in [10], the proposed approach is also applicable to the cases where these two sets of functions possess
much more complicated delay terms, such as multiple delays and distributed delays.

As in [10], the multi-vector form (9)—(11) can also be extended to the following uncertain case, repre-
sented as

To = ug + d,

&1 = u+ Afo (Tomn, uo,st)

do = [®1 (1) + APy (1)] w2 + p1 (xo,uo) [1 () + APy ()] 21 + Afy (Zomn, uo, t)
i3 = [P (1) + AP (1)] x5 + p2 (zo,u0) [P2 () + AUy ()] 22 + Afa (Tomn, uo, t)

Ty = [Ppo1 (1) + AL,y ()] Tr + 1 (w0, u0) [Vro1 (1) + AV, 1 ()] Zn—1 + Afn1 (To~n, vo, 1),

(20)
where A®; (1), AU, (-) € R™", and Af; (xo~n,uo,t) € R, i = 1,2,...,n — 1, are the uncertainties,
and robust stabilization of the above system can also be solved with the proposed FAS approach (under
consideration).

3 Problem conversion

The purpose of the paper is to present a stabilizing controller for the multi-vector generalized chained
form nonlinear system (9). Following the idea in [10], let us divide system (9) into the following two
subsystems:

To = Uo + du (30)
and
jl = u,
&g = D1 (+) x2 + p1 (w0, uo) U1 (+) 21,

i3 = Po (-) 23 + p2 (T0, u0) V2 (*) 72, (31)

Tpn =Pp_1 () xn + pr-1 (o, u0) Y1 (-) Tp—1.
3.1 Basic development
Differentiating the first subsystem (30), gives
Fo = . (32)
Thus we can design the following simple controller based on (32):
Uy = —apgxo — a1do, (33)
or equivalently, .
w0 () = a0 (5)ds = (an () = 0 0) + 0 0). (34)
where a;, i = 0,1, are two positive scalars. The closed-loop system is

jo + alio + apxg = 0. (35)
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Remark 1. Note that, when d is a constant disturbance, after differentiating, the first subsystem (30)
becomes system (32) which is independent on d. Since the controller g is designed based on (32) instead
of (30), all subsequent treatments have nothing to do with the constant disturbance d. Hence, with the
above controller (34), any constant disturbance d in the subsystem (30) is automatically decoupled.
Introduce the following assumption.
Assumption A3. a+p8=—-a1 <0, af =qap > 0.
Then, regarding the response of the above system (35), we have the following result [49].
Proposition 2. Let ag, a1, a, and 8 be scalars satisfying Assumption A3. Further, let {y = z (0) and
1o = &g (0) denote the initial values. Then the response of system (35) is given by

2o (t) = —doe " + goe 1P, (36)
io (t) = agoe ™ — Bpoe™ P, (37)
where 1 1
¢0:a_6(770+0&0)7 ¢0:m(ﬁo+[3<0)- (38)
Define

Pi={n|neR, If (n+ag)=0}, i=12,...,n—1,
n—1
P = UPi:{W |neR", T} (n+ad) =0, forsome 1 <i<n—1}.
i=1
Then each P; is a hyperplane in R", and P is a set of hyperplanes in R". Introduce the following
assumptions.
Assumption A4. [ # 2—:’_, when d; #20,i=1,2,...,n—1.
Assumption A5. 1y ¢ P.
Then, Assumptions A2 and A4 imply

Ci—ﬁdi#o, i=1,2,...,n—1,

and Assumption A5 implies

1 :
F;rgbO:mFiT(nO—l—aCO);éO, i=1,2,...,n—1

Further, in view of Proposition 2, we can derive

T
=1 {Ci (—ngefm + ¢0€7t5) +d; (a$0€7ta - ﬂ%eftﬁ)}
rf [(—Ci + ad;) poe ™" + (¢; — Bd;) (boe*tﬂ .

The above deduction yields the following result.
Proposition 3. Let Assumptions A2-A5 be met. Then

Pi (IOaitO):a}ie_ta'i_wie_tﬂv 7;:1527"'5”_15 (39)

where -
@i = (—¢i + adi) T go, wi = (¢; — Bd;) T ¢o # 0. (40)

Substituting the expressions in (36) and (37), and (39) and (40), turns subsystem (31) into the following
form:
j’:l = u,

= (1)1 () xro + ((:Jleita + wle’tﬁ)

x.g = (1)2 () xr3 + (d)ge_to‘ + WQe_tB)

x.g \?1 () X1,
s (1) 22, (41)

in = Ppo1 () Tn + (Gn_1e7" + wy_1e7P) Uy () e,
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where

£ i (a, 8,00, M0, Tit1mmst) = Bi (20, Tit1mms 0, 1) (42)
A () £ \Ijl (Oé, Bu C077707 :Ei-i-lwnat) = \I]i (,CCO, (Ei_;,_l,\,n,’U,O,t) ) 1= 17 27 cee, N — 1. (43)

Due to Proposition 3, Assumptions A2—-A5 can be substituted by the following assumption on system
(41)—(43).
Assumption B1. w; #0,i=1,2,...,n—1.

Further, for system (41), let us give the following definition.
Definition 1. Consider the nonlinear system in the form of (41)—(43). Define

SX (Oé, ﬂa COv 770) - U?;ll Sx’i (O[, ﬂv CO) 770) B

_ (44)
Sxi (a767<-07770) = {xlfvn det \I]i (04767C077707xi+1~n7t) =0or 00, Ti~n € RnTa t 2 0} .

Then Sy (v, 8, o, m0) is called the singular set of system (41), and Fy («, 3, Co, 10) = R™\Sx (v, B8, Co, o) 18
called the feasible set of system (41). Furthermore, system (41) is called abnormal if Sy (v, 3, o, 10) = R™"
or Fy (o, 8,¢o,m0) = 0, and is called sub-normal if Fy (cv, 3, Co,1m0) # 0. Particularly, it is called

(1) (globally) normal if S, (a, 3, Co, m0) = 0 or Fy (o, B, Co. 70) = R";

(2) rationally sub-normal or locally normal if there exists a ball By C R™" centered at x1.,, = 0, such
that By C F (a, ﬁ, <0, ’170).

By the above definition, it is clear that system (41) is globally normal if and only if for selected § € R
and (y € R", there holds

det U; (e, B,C0s M0y Tig1mm,t) # 0 Or 00, VXit10m € R and ¢t >0, i=1,2,...,n— 1,
and is sub-normal if and only if for chosen § € R and (p € R", there holds
det U; (av, B, Cos 10, Tig1rom,t) # 0 Or 00, Ixiq1om € R®=D" and V¢ >0, i=1,2,...,n— 1.

With the above concepts of singular and feasible sets, it is easily observed that Assumption A1 is satisfied
if and only if system (41)—(43) is sub-normal, that is, the following assumption is met.
Assumption B2. Fy (a, 3, Co,m0) # 0.

Based on the above discussion, it is clearly seen that, to solve the problem of stabilizing system (9), it
suffices to solve the following one.
Problem 1. Find a sub-stabilizing feedback controller for system (41)-(43) under Assumptions B1 and
B2.
Remark 2. Once a solution to above Problem 1, that is, a state feedback controller u = u(«, 3, (o, 7o,
Z1n,t) for system (41)—-(43), is found, a state feedback controller for the original system (9) is obtained
as

{ up = —ag f, xo (s)ds — ay (zo () — 0 (0)) + @0 (0), (45)

Uu=1u (0757<05770;Il~n;t) .

We will soon find that, when the functions d, () and 0, (-),i=1,2,...,n—1, are not time-varying, the
control u («, 8, Co, Mo, T1~m, t) is also not time-varying. In this case, the above controller (45) turns out
to be a time-invariant state feedback controller for system (9).

3.2 SFS-like system

Let us introduce the following transformation:

2i = Tp_jy1, 1=1,2,...,n—1, (46)

and define
Gi () £ G’L (avﬂv CO) N0, 21~ t) - (i)nfi (avﬂv <07770; Tp—it+l~n; t) ’ (47)
Hz() £ H’L (a7ﬁ7<05770521~i;t):\pn7i (aaﬂaC()vT]O;Infz?Fan;t ) i:172a"'7n_17 (48)
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and

Vi = Wn—i = (Cn—i - Bdn—i) szi(bo 7é 0, (49)
Fi = @noi=—(cni —adn_i)TY .o, i=1,2,...,n—1. (50)

Then subsystem (41)—(43) can be rewritten as

f =G ()2 + (ne P 4+ F1e7) Hy () 2,
2y =G () 22+ (yae ™% 4 Foe ™) Hy () 23,

(51)
737171 - anl () Zp—1+ ('Ynfleitﬁ + ;?nfleita) anl () Zny
Zp = U
If let
Afi (21, t) = Fie H () zig1,i = 1,2,...,n — 1, (52)
then the above system (51) can also be written as
21=G1 ()21 +71e P H () 22 + Afi (21m, 1),
2o =G (") 22 + 72 P Hs (+) 23 + Afa (210m, 1),
(53)

737171 - anl () Zn—1 + '-Ynfleitﬁanl () Zn + A.fnfl (Zlfvn; t) )

Zn = U.

It follows from (49) that Assumption B1 for system (41) is equivalent to the following assumption for
the above system (51) or (53):
Assumption C1. ~;#0,i=1,2,...,n—1.

Parallel to Definition 1, we also have the following one for system (51) or (53).
Definition 2. Consider the nonlinear system in the form of (51) or (53). Define

{ SZ (avﬂv CO; 770) = U;:ll Sz’i (Oé, ﬂa COleO) )

54
SZ’i (aaﬂac()ano) = {Zan |det Hz (aaﬂaC()vnOleNivt) =0or 0, Zl~n € Rnrv t > O} . ( )

Then S, (o, 8, o, no) is called the singular set of system (51) or (53), and F, («, 8, (o, m0) = R™\S, (e, S,
Co,Mo) is called the feasible set of system (51). Furthermore, system (51) is called abnormal if S,(«, 3, (o,
no) = R™ or F, (a, 8, Co,m0) = 0, and is called sub-normal if F,, (c, 3, (g, m0) # 0. Particularly, it is called

(1) (globally) normal if S, (, 8, Co, o) = 0, or I, (v, B, Co, 7o) = R™;

(2) rationally sub-normal or locally normal if there exists a ball By C R™ centered at z1.,, = 0, such
that By C IF,, (a,ﬁ, Co, ’170).

Corresponding to Assumption B2 on the series of functions V; (e, 8, (o, 70, Tit1on,t), i =1,2,...,n—1,
we equivalently have the following assumption on the series of functions H; (a, 8, Co, 10, 21~ist), & =
1,2,...,n—1.

Assumption C2. F,(«,f,¢,n0) # 0.
This assumption means that, for some chosen 8 € R and (y € R", there holds

det H; (v, B, Co, Mo, 21~ir 1) # 0 0r 00, F210; ER7 and Vt >0, i =1,2,...,n — 1. (55)

According to the above discussion, Problem 1 can clearly be equivalently converted into the following
one.

Problem 2. Find a stabilizing controller for system (51) under Assumptions C1 and C2.

4 Solvability

In this subsection, let us further convert Problem 2 into a stabilization problem of a sub-SFS, which will
be defined soon.
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4.1 Case of ng = —(3¢o

In this case, following Propositions 2 and 3, we have

1 ~ 1
Po = —— 3 (0 + o) = o, ¢o = o (10 + BGo) =0, (56)
and therefore,
Zo (t) = <067t57 :1.70 (t) = _Bcoeitﬁv (57)
i = (—ei+ad)T g =0,i=1,2,...,n—1. (58)
Hence
pi (zo,20) =wie P, i=1,2,...,n—1. (59)
Furthermore, in this case, the sets P;, ¢ = 1,2,...,n — 1, and P become the following:
Si={C|¢CeR, T/¢=0},i=1,2,...,n—1,
and
n—1
S= USZ-:{C|CERT, I'F¢ =0, for some 1 <i<n—1},
i=1

respectively. Correspondingly, Assumption A5 becomes the following.
Assumption A5'. () ¢ S.

This assumption means that the initial value (j is not allowed to be on a specified series of hyperplanes
containing the origin. Under such an assumption, there hold

1
o = —ﬁr?(no+ago) =T/ ¢ #0,i=1,2,...,n—1,
o —
which give, together with Assumption A4,
wi = (c; = Bdi)TTpo #0, i =1,2,...,n— 1.

Eventually, system (51) reduces to

21 =G (-) 21 + e P Hy (¢) 29,
2y = Ga () 22+ v2e P Hy () 23,

(60)
2.577,71 = anl () Zn—1+ '-Ynfleitﬁanl () Zn,

Zn = U.

Recall that v; # 0,7 =1,2,...,n—1. The above system (60) is an SF'S when it is globally normal, that
is, S, (a, 8,C0,m0) = 0, or F, (a, 8, Co,m0) = R™. For strictness, let us further introduce the following
definition.

Definition 3. System (60) is called a sub-SFS if it is sub-normal, that is, F, («, 3, (o, n0) # . Fur-
thermore, S, (o, 8, Co,n0) and F, (o, 8, (o, no) are called the singular set and feasible set of system (60),
respectively.

It follows from the above discussion that, in the case of 179 = — 3y, Problem 2 becomes the following
one of stabilizing a sub-SFS (60).

Problem 3. Find a stabilizing controller for sub-SFS (60) under Assumptions C1 and C2.

To end up this subsection, let us finally point out an important fact.
Under the condition of 19 = —f¢p, we have (57). Through using the relations in (57), the controller
(34) is reduced to

ug (t) = —aoCo/O e Pds — ar1Coe™"? + (a1 — B) Co
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1, _ _
= apCo= (e 7" —1) —a1(oe " + aly

g
1 _
= (GOE - al> Goe w
= _Béhoeitﬁu
that is,
uo (t) = —PBo (). (61)
Therefore, this particular case of g = —5(p is actually a natural generalization of case treated in [10] to

the multi-vector case.

It should be noted that, although in this case the partial controller given by (61) is very simple, the

derived overall controller for the original system in this case should be no longer a continuous one even
if the global normal condition, that is, S, (a, 8, Co,m0) = 0 or F, (, 8,0, m0) = R™", is assumed. The
reason lies in the fact that Assumption A5’ is needed, which restricts the system initial value ¢y = x¢ (0)
to be not on a series of hyperplanes in R".
Remark 3. Please note that, although 7o is an initial value of system (32), relative to the original
Problem 1, it is only an external design parameter. Hence it can be allowed to be set to any desired
value. From this point of view, choosing g = —/(y may just sufficiently and perfectly solve the problem
in the above sense of converting the problem into Problem 3. However, as an initial value of system (32),
after all, no may affect the response of system (32), that is, o (t) and ug(¢), and hence that of the whole
system.

4.2 Case of g # —3¢o

Due to the above Remark 3, let us now also give a treatment for the case of 1y # —/(p, which will
produce, when the system (60) is globally normal, a continuous controller for system (9).

Please note that, in this case, we have éo = ﬁ (no + B¢p) # 0; hence 4;, i = 1,2,...,n — 1, may not
be zero. Therefore, the terms Af; (1), ¢ =1,2,...,n — 1, may present in system (53). To cope with this
case, let us introduce the following assumption.

Assumption C3. There exist a series of positive functions pp; (t), i =1,2,...,n — 1, satisfying

| Hi (a, B,C0,M0s 21~is t) Zig1|] < pni (1) [|21~ml], 20, i =1,2,...,n— 1.

This assumption characterizes a big class of functions of H; (-) which we can handle. Such a type
requirement is commonly seen in (robust) stability analysis.

Define
[ G1 ()21 +me PHy () 22 1 [ A H ()2 ]
G2 (") 22+ 726 P Hy () 23 Foe ' Hy () 23
f (z1an,t) = E s Af (z1en,t) = E , (62)
Gno1(-)zn-1+vn-1e P Hy 1 () 2 n—1€""“Hp_1 (+) zn
L u (21on, t) ] i 0 |

and suppose now a feedback controller u = u (21, t) is found. When the controller is applied to sub-SFS
(60), the closed-loop system can be represented in the form of

Zlon = f (Zl~n; t) s (63)

and when the controller is applied to the SFS-like system (53), the closed-loop system can be represented
in the form of

731~n = f (len, t) + Af (len, t) . (64)

In order to analyze the stability of system (64), let us first quote the following result [11].
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Lemma 1. Consider the perturbed nonlinear system
&= f(z,t) + Af(x,t), (65)

where x € R" is the state vector. Suppose that
(1) there exists a continuous function V' (x,t) : R™ x R +— R that satisfies the inequalities:

el < Vi t) < ol (66)
O paty < ol (67)
" < po (1) I, (68)

with p;, i = 1,2, 3, being a set of positive scalars, and p, (¢) being a nonnegative scalar function;

(2) Af(z,t) € R™ satisfies
[Af (@, )] < pa(B)], (69)

with p, (t) being a nonnegative function satisfying

/000 po (8) pa(s)ds = M < 0. (70)

Then system (65) is uniformly globally exponentially stable.
Particularly, when p, (t) = p, is a nonnegative constant, condition (70) obviously reduces to

/000 pa(8)ds = M < 0. (71)

Under Assumption C3, we have, using the expression of Af; (¢) in (62), the following relations:

IAS OIF < il [1H; () ziga [ e
< il pni ®) e |zimanll, i=1,2,...,n — 1.
Therefore,
1

[Af() (Z %) llon (Ol e [lz1~all (72)
where .

pu ()= [ pua (6) pu2 (8) -+ prna (8)] (73)
This implies that inequality (69) is satisfied with = z1.,, and

pa () = llp, (B)] ™" (74)

With the above analysis, the following result can be immediately obtained using Lemma 1.

Theorem 1. Let Assumption C3 be satisfied, u = u (21n,t) be a uniformly globally exponentially
stabilizing controller for system (60) such that, with f (z1un,t) and Af (z1n,t) being given by (62),
respectively, there exist a continuous function V (z1p,t) : R" x R — R and a positive function p, (t)
satisfying the inequalities (66)—(68), with 2 = z1.,. Further, if

Amm@mmwew%—M<m, (75)

then u = u (z1p,t) is also a controller that uniformly globally exponentially stabilizes system (53).
Again, when p, (t) = p, is a nonnegative constant, condition (75) reduces to

| I @lesas = < o (76)
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Conditions (75) and (76) are not strict at all. They allow p, (¢) ||p, ()| or ||p, (¢)|| to diverge with
exponential rates. Specifically, Egs. (75) and (76) respectively allow

po (1) llp, ()l < e and p, (s)]] <.

For given functions H; (-) or 0, (-),4=1,2,...,n— 1, these two conditions are often satisfied or can be
satisfied by adjusting the design parameter ae. Therefore, roughly speaking, in most cases the stabilization
of system (51) can be realized by finding a uniformly globally exponentially stabilizing controller of system
(63).

With the above understanding, again, in order to solve Problem 1, under Assumption C3 and the mild
condition (75) or (76), it often suffices to solve Problem 3. Therefore, in Section 5, let us mainly give a
FAS approach for solution to Problem 3.

5 FAS approach

In this section, the FAS approach recently proposed in [18,22,24-27] is applied for stabilizing controller
design of the proposed system (9).

It is well-known that stabilization of SFSs can be readily solved by applying the well-known back-
stepping technique. Yet, as pointed out in [10,11], the method of backstepping has the following two
drawbacks:

(1) It suffers from the serious problem of “differential explosion”, which renders the application of the
method of backstepping extremely difficult or even impossible when the dimension of the system is large;

(2) It does not always provide, like the FAS approach does, a linear closed-loop system that guarantees
the uniform exponential stability of the designed system.

What is more, in our case where only Assumption A2 is required, system (60) is not an SFS but a
sub-SFS, and the backstepping technique fails to solve the problem.

5.1 FAS model

The Theorem 2.1 in [19] converts an SFS into a FAS, and the result has been applied in [10,11] to obtain
the FAS model. In this subsection, let us convert the sub-SFS (60) into a sub-FAS model following the
standard procedure provided in [50]. To do this, the following two sets of variables need to be firstly
defined:

k

Bk (OC,B,CQ,’I’]Q,Zl,\,]C,t) = (HWZHl (a7ﬁ7<07n0721~i7t)> e_kﬂtu k= 1727 cee, 17 (77)
i=1

Bn (04767C07770721~n7t) = Bn—l (04767C07770721~n—17t) 3 (78)

and

fk(a7ﬁ7<07n0721~k7t) = f.k—l(a767<-07n0721~k—17t) + Bk—l(auBuCOa/r]OaZlNk—lat)Zk
+Bk*1(a7ﬂ7 <07770; Zl~k—1, t)Gk (avﬂv CO) Mo ZlNkvt) %k k= 25 37 sy N (79)

with the initial value

fl (O[, Bv CO) Mo, 21, t) = Gl (Oé, ﬂa COv Mo, 21, t) <1- (80)
Next, based on the above By, (-) and f; (), K =1,2,...,n, we can define the following transformation
(21om — 20~=D):
_ . _
fl (aaﬂaC()vnO;Zlvt) +B1 (a7ﬁ7<05770721;t) z2

Z(ONn_l) = f2(0757<07770521~25t)+B2(aaﬂa<07n0521~25t)23 s (81)

_fn—l(au Bu COu 705 Z1~m—1, t) + Bn—l(aaﬁa <07 70, Z21~m—1, t)zn h
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z — Zj
Y
z — £
Y Y
z > I3
Y Y l
(n—l) Y Y l R
z > Z,

Figure 1 Illustration of transformation (81).

which can be compactly written as

Z(ONn_l) = fc(au Bu C077707 Zlfvn—lat) + BE(au Bu C077707 len—lat)zlfvna

where ) )
0
fl (04767C077707217t)
fe(a7ﬁ7<07770721~n—17t) = f2(04=6740=770721~27f) s

_.fnfl(o‘a ﬂa CO) 705 Z1~n—1, t) i

BE(au Bu C07 705 Z1~n—1, t)

= dla'g (I’I‘7 Bl (Oé, Bu C077707 Zl7t) 732(047 Bu C077707 Z1~2, t)7 ey Bn_l(Oé, Bu COu 70, Z1~m—1, t)) .

An illustration of transformation (81) is given in Figure 1. From (81) we immediately have
zZ1 = Z.

Hence, we can define

fl (a7ﬁ7<07770727t) £ fl (a7ﬁ7<077707217t)7
Bl (O[,ﬁ,CO,ﬁo,Z,t) £ Bl (aaﬂaC()vnOaZlvt)'

Using (81)—(84) and the condition of z1~,, € F, (o, 8, o, 10), further gives
Z2 = Bl_l (aaﬂac()vn()azat) (Z - fl (aaﬂaC()vnOvzvt)) .
Hence, we can define

fQ(aaﬂa<07n052(0N1)at) £ f?(a757<05770521~27t)5
B2(a767C077707Z(0N1)7t) = B2(a7ﬁ7<07770721~27t)'

Continuing with the above procedure, we get

fi(a7ﬁ7<077707z(0Ni_1)7t) £ fi(a767<—07n0721~i7t)7
Bi(a757<07n052(0Ni_1)7t) £ B’i(a757<057707’21~i7t)5 1= 1,2,...,”,

and under the condition of z1.., € F, (a, 8, o, m0), there holds
Zi+1 = Bi_l(au Bu COu Mo, Z(ONi_l)u t) (Z(l) - .]Ei(au Bu C077707 Z(ONi_l)at)) y 1= 17 27 Y 1.

Summing up the above, yields the following conclusion.
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Proposition 4. Let Assumptions C1 and C2 be satisfied. Then, with the restriction of z1.,, € F,(«, 3,
€0, M0), the transformation (81) is one-to-one, and keeps the origin unchanged. Furthermore, the inverse
transformation of (81) is given by

S1n = B0 8, Gomo, 2770, 1) (2077 = foa, B, Goymo, 2 ,1))
where

Bc(aaﬂa<07n052(own71),t)
= dlag (I'm Bl (aaﬁa <07 Mo, Z7t) ) B2(047 Bu C077707 Z(O"’l),t)7 cey Bn—l(a7ﬁ7 <077707 Z<0~n_2), t)) ,
and
0
fl (O‘767C07770727t)
fE(O‘767C077707Z(0Nn71)7t) = f?(a767C07n072(0N1)7t)

_.]E’n,fl(o‘a ﬂa CO) Mo, Z(ONn72)7t)

Finally, regarding the FAS model of SFS (60), we have the following result.

Theorem 2. Let Assumptions C1 and C2 be satisfied, and z1~,, € F, («, 3,0, 10). Then, under the
transformation (81), the sub-SFS (60) is equivalently transformed into the following sub-FAS:

Z(n) = fn(av ﬂv COv Mo, Z(Ownil)a t) + Bn(a; ﬂa CO) Mo, Z<0Nn71)7 t)’LL (90)

5.2 Stabilizing system (90)

By the FAS theories [24,30,31], the singular set of the sub-FAS (90) is defined to be
S(a7ﬁ7<07n0) = {X ’detBn (a767C07n07X7t) =0 or o0, X S ]Rnra t > O} )
and the feasible set of sub-FAS (90) is then given by

F (a7 Bu C07770) = RnT\S (Oé, Bu C07770) .

Furthermore, system (90) is called a sub-FAS if F («, 3, (o, 10) # 0, and is particularly called a (globally)
FASif F (O[, ﬂv CO) 770) =R"".
It can be easily recognized from Proposition 4 that

S(aaﬂa<07n0) - SZ (a7ﬂ7<05770)7 F (aaﬂaC()vnO) = FZ (a7ﬁ7<05770) . (91)

For sub-stabilization of the sub-FAS (90), we have the following standard result [15,19, 33].

Theorem 3. Let Assumptions C1 and C2 be met, and Ag~,,—1 be an arbitrary matrix making ®(Ap~,—1)
Hurwitz. Then a sub-stabilizing controller for system (60) is given by

u=—B,"(a,B,C0,m0, 2"V 1) [fn(au B, G010, 201 ) + Agp 120D (92)
Furthermore, the corresponding closed-loop system is
2 4 Agon_1200~D =0, (93)
with the following state constraint:

Z(ONn_l) € ]F(Oéaﬂacfhno)? (94)

or, equivalently, the state initial value constraint

207D (0) € Ry (e, B, Coy o) = { Xo| exp (®(Aomn—1)t) Xo € F (o, B,C0,70)} - (95)
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Please note that the closed-loop system (93) can be equivalently written in the following state-space
form:

2(0~n—1) _ (I)(AOanl)Z(ONn_l), (96)

whose solution is given by
20~=D (1) = exp (B(Agun_1)t) 20~V (0). (97)

Obviously, the well-known technique of pole assignment can be applied to solve the matrix Ag.,_1.
Particularly, the complete parametric approach proposed in [15] (see also the Proposition 2 in [18]) can
be readily applied. This matrix parameter Ag.,_1 can be properly selected to ensure the dynamical
properties of the closed-loop system (96).

The region R (a, 3, (o, 10) is actually the RoEA for this sub-stabilization [33]. When the system initial
values are chosen within the RoEA R, (o, 8, Co,1m0), the trajectories of the system obey (97) and go to the
origin uniformly exponentially. Regarding the stability of the closed-loop system, we have the following
three circumstances.

(1) When system (60) is globally normal, or equivalently, system (90) is a global FAS, we have
F(c, B,C0,m0) = Rs (v, B,C0,m0) = R™. Thus the constraints (94) and (95) vanish. In this case, the
closed-loop system is clearly globally uniformly exponentially stable, and the controller (92) is a globally
uniformly exponentially stabilizing controller for system (90).

(2) When system (60) is locally normal, or equivalently, system (90) is a rational FAS, that is,
F (a, 3, <o, 1m0) and R (e, B, Co,mo) contain the origin as an inner point, the closed-loop system is locally
uniformly exponentially stable, and the controller (92) is a locally uniformly exponentially stabilizing
controller for the system (90).

(3) When system (60) is abnormal, or equivalently, system (90) is an irrational FAS, that is, F(«, 8, (o,
no) and R (a, B, Co,m0) contain the origin as a boundary point, the closed-loop system is only sub-stable
in the sense that all trajectories of the system starting from R (o, B, Co,mo) converge exponentially to
zero within F («, 3, (o, n0). However, the system can by no means be stable in the Lyapunov sense. In
this case, the controller (92) is a sub-stabilizing controller for system (90).

In many practical applications, the feasible set T (cv, 3, (o, 7o) or the corresponding RoEA R (v, 3, Co,
7o), is sufficiently large such that the singular case seldom or even never happens. In such cases, although
the designed controller is not even a local stabilizing one in the Lyapunov sense, it does work practically.

When the initial values are inevitably chosen out of the RoOEA R, (c, B, CosMo), a pre-controller can
be easily designed (see also [1,8,51]), to drive the trajectory of the closed-loop system into the RoEA
R (v, B, Co,mo) first, and then let the above controller (92) take over. Clearly, the design of such a pre-
controller is much easier than solving a stabilizing controller because the RoEA is generally a very large
region, while the stabilization in the Lyapunov sense requires convergence of the states to a single point,
which is usually the origin.

5.3 Stabilizing system (60)
In view of transformation (81), we can define

Rs (a7ﬁ7<07770)
= {z1nlfe(e, B, C0, M0, 21em—1,0) + Bele, B, Co, M0, Z1on—1,0)21~m € R (o, 8,C0,m0) } - (98)

Further, in view of the relations in (87) and (88), the controller (92) can be written as

u= =B, (8o, 0, 21ms 1) [fn(a,ﬂ,co,no,zlwn,t) + Apmp—1207Y

_Bgl(a7 ﬁ7 <07 70, Z1~m» t) [fn(au Bu C07 70, Z1~mn> t) + AONn—le(au Bu C07 M0y Z1~n—1, t)]
—B;l(a, ﬁa <07 705 Z1~m» t)AOwn—lBe(aa ﬁa <07 10y Z1~n—1, t)21~n, (99)

which turns to be a controller for system (60). Therefore, a solution to Problem 3 can be given as follows.
Theorem 4. Let Assumptions C1 and C2 be met, and Ag~,,—1 be an arbitrary matrix making ®(Ag~,—1)
Hurwitz. Then we have the following:

(1) a sub-stabilizing controller for system (60) is given by (99) which has a region of attraction

Rs (avﬁv CO) 770)7 and
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(2) the response of the closed-loop system starting from R («, 3, (o, 10) is given by

Zl~n (t) = Be_l (047 Bu C07 Mo, Z(ONn—l), t) [Z(Own_l) - fe(a7 ﬁ7 <07 Mo, Z(ONn_1)7 t)} ’
20D (£) = exp (@(Agn—1)t) 2O (0) "
2O~=1(0) € Ry (e, B, o, m0) -

It is easily observed that, when the open-loop system (9) is time-invariant, that is, when all the functions
G;(-)and H; (-),i=1,2,...,n — 1, are time-invariant, the above controller (99) is also time-invariant.
Since z(0~"=1) (¢) is globally and uniformly exponentially converging to zero, it follows from (100)

that, under very mild conditions on B,(-) and fe(-), the system response z., (t) also tends to zero
exponentially.

6 Concluding remarks

Although there have been several types of multivariable nonholonomic systems in the literature, there still
lacks a real multi-vector form representation. In this paper, the general type of nonholonomic systems
proposed and treated in [10,11] is generalized into a real multi-vector form, and the corresponding
stabilization problem is tackled with the FAS approach, and it is shown that the approaches proposed
in [10,11] for the stabilization of the multi-scalar systems can be generalized to the multi-vector systems
in a unified way.

The original stabilization problem is converted into the stabilization of a sub-SFS system. It is well-
known that an SEF'S can be stabilized by the well-known backstepping method, but a sub-SFS generally
cannot. Yet it is shown that the FAS approach does effectively solve the problem. With the FAS approach,
the sub-SFS is further converted equivalently into a sub-FAS, based on which a stabilizing controller is
derived. The controller, when applied to the sub-FAS, drives the closed-loop trajectories of the designed
system to the origin exponentially when the initial values of the system are chosen from the RoEA. When
the corresponding controller is applied to the converted sub-SFS, the trajectory of the closed-loop system
can be explicitly represented. Technically, an external parameter is introduced in the designed controller.
In general, the designed controller contains an integral term, and this corresponds to a generalization of
the approach in [11], but when this external parameter is particularly chosen, the integral term in the
controller vanishes and the approach becomes a generalization of the one in [10].

The FAS approach proposed for this type of nonholonomic systems can be further generalized in
several directions. Particularly, the proposed approach can be generalized to the time-delay case and the
uncertain case as stated in Section 2.

It is worth pointing out that the general theory of sub-FAS provides a general framework for dealing
with nonholonomic systems. As a matter of fact, sub-FASs describe a larger category covering nonholo-
nomic systems. Eventually, the nonholonomic constraints generally produce a singular set containing
the origin, often as a boundary point. The FAS approach provides a general approach for dealing with
systems possessing constraints on states and their derivatives.
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