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Abstract In this paper, the type of general nonholonomic systems proposed in part 1 and part 2 is generalized into a

multi-vector form, for which the nonsingular condition is not assumed. First, by differentiating the first equation in the

system, and through stability analysis, the stabilization of the proposed system is firstly converted into the stabilization of

a sub-strict feedback system (sub-SFS), that is, a system in the form of a strict feedback system but with the gain matrices

not satisfying the nonsingular conditions. Second, using the fully actuated system (FAS) approach, the formulated sub-SFS

is further converted into a sub-FAS, for which the concepts of singular and feasible sets are defined. Finally, the problem

is solved by designing a sub-stabilizing controller of the obtained sub-FAS, which drives all the system responses starting

from a so-called region of exponential attraction to the origin exponentially, and the closed-loop response of the formulated

sub-SFS controlled by the designed controller is also explicitly provided. Technically, an external parameter is introduced in

the designed controller. In general, the designed controller contains an integral term. In the case that the introduced two

sets of matrix functions in the proposed system are time-invariant, the controller turns out to be a continuous time-varying

one, but when the external parameter is particularly chosen, the controller takes a simpler form but becomes a discontinuous

time-invariant one.
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1 Introduction

In the celebrated work [1] of Brockett in 1983, two well-known example systems are presented (see
also [2–8]). Particularly, the second one, known as the Brockett integrator, is referred to as a “deceivingly
simple looking nonlinear system” [9]. As extended forms of these two example systems, the following two
types of chained systems:
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ẋ1 = u,
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have been extensively studied in the literature (e.g., [5, 10–12]). These typical chained form systems
arise from many applications such as car-type vehicles, mobile robots, surface vessels, and underwater
vehicles [8]. As a matter of fact, many nonholonomic systems can be represented by kinematic models
in these chained forms or are feedback equivalent to these chained forms [5,12]. Particularly, it has been
shown that the Brockett’s second chained form (2) is in fact a kind of canonical form for a wide class
of nonholonomic systems, and therefore has attracted the attention of numerous researchers (see the
comments in the Introduction Section of [10]). Closely related studies can also be found in [13, 14].

Very recently, a type of generalized chained forms is considered in [10, 11], which appears as follows:
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ẋ0 = u0,

ẋ1 = u,

ẋ2 = ϕ1 (·)x2 + ρ1 (x0, u0)ψ1 (·)x1,

ẋ3 = ϕ2 (·)x3 + ρ2 (x0, u0)ψ2 (·)x2,
...

ẋn = ϕn−1 (·)xn + ρn−1 (x0, u0)ψn−1 (·) xn−1,

(3)

where xi, i = 0, 1, 2, . . . , n, are the system scalar state variables, u0 and u are the scalar control variables,

ϕi (·) , ϕi (x0, xi+1∼n, u0, t) , ψi (·) , ψi (x0, xi+1∼n, u0, t) , i = 1, 2, . . . , n− 1, (4)

are two sets of scalar functions, and

ρi (x0, u0) ∈ {x0, u0}, i = 1, 2, . . . , n− 1. (5)

Setting ϕi (·) = 0, ψi (·) = 1, i = 1, 2, . . . , n− 1, in (3), gives the following set of 2n−1 systems:
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ẋn = ρn−1 (x0, u0)xn−1.

(6)

Further, in the case of ρi = x0, i = 1, 2, . . . , n− 1, the above system (6) becomes system (1); and in the
case of ρi = u0, i = 1, 2, . . . , n− 1, the above system (6) becomes system (2).

In [10,11], stabilizing controllers for system (3) are proposed based on the fully actuated system (FAS)
approach, which is originally proposed in the two sets of studies [15–17] and [18–27], and later generalized
to the time-varying and time-delay systems [28–33]. In both studies, the problem is converted into one
of stabilizing a FAS. Particularly, in [10], a discontinuous stabilizing controller is obtained, which turns
out to be time-invariant if the two series of nonlinear functions introduced are time-invariant. As a
consequence, the designed controller drives all the states of the designed system to zero exponentially
provided that the initial value of the first subsystem (the first equation) is restricted to be nonzero.
In [11], a continuous time-varying stabilizing controller is designed, which contains an almost arbitrarily
chosen design parameter, and is proven to guarantee the uniformly and globally exponential stability of
the closed-loop system.

Regarding the multivariable cases, most of the reported results are concentrated on the following two
types of systems:
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ẋi0 = ui0,
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ẋi2 = ui0xi1,
...

ẋini
= ui0xi,ni−1, i = 1, 2, . . . ,m.

(8)

Specifically, the work of [34–39] falls into the scope of system (7), while the work of [40–48] falls into
the scope of (8). These are simply multiple duplications of chained system (2). Unfortunately, for
generalization of the chained systems (1) and (2), real multi-vector forms have seldom been proposed and
studied.

In this paper, the system (3) treated in [10,11] is generalized into a multi-vector form. The contributions
of the present paper are the following.

(1) A multi-vector version of system (3)–(5) is proposed, in which each state variable xi is an r-
dimensional vector, and both the two sets of functions ϕi (·) and ψi (·) , i = 1, 2, . . . , n − 1, become
r× r-dimensional matrix functions Φi (·) and Ψi (·) , i = 1, 2, . . . , n− 1. The generalized system is shown
to be nonholonomic under very weak conditions on these nonlinear matrix functions, and can also be
naturally generalized to the time-delay system case.

(2) The set of functions Ψi (·) , i = 1, 2, . . . , n− 1, is not required to be nonsingular. In this case, the
concepts of singular and feasible sets of the system are defined. Through treatments of model conversion
and stability analysis, the stabilization problem is converted into one of stabilizing a sub-strict-feedback
system (sub-SFS), which is then further converted into a sub-FAS. Therefore, a stabilizing controller for
the original system is finally designed using the FAS approach. Technically, an external parameter vector
η0 is introduced in the designed controller.

(3) When the parameter η0 is set to be a particular value, the designed controller is a discontinuous one,
which turns out to be time-invariant if the two series of nonlinear functions introduced are time-invariant,
and it drives all the states of the designed system to zero exponentially provided that the initial value of
the first subsystem is not chosen from a set of hyperplanes and that of the second subsystem is chosen
from the region of exponential abstraction (RoEA).

(4) When the parameter η0 is different from that particular value, the designed controller is a time-
varying continuous one, which contains an integral term. The response of the closed-loop system, which
starts from the RoEA, converges to the origin and can be explicitly represented. The convergence is
exponential under very mild conditions.

It is also pointed out that the approach can also be extended to the time-delay system case as done
in [10].

In the subsequent sections, the n-dimensional vector space and the space of dimension m×n matrices
are defined as Rn and R

m×n, respectively. In denotes the identity matrix of order n, ∅ denotes the null
set, and Ω\Θ represents the complement of the set Θ in the set Ω. For a matrix A ∈ R

m×n, the notation
‖A‖ represents its spectral norm. For a square matrix A, the notations detA and A−1 represent its
determinant and inverse, respectively. Moreover, for x, xi ∈ R

m, and Ai ∈ R
m×m, i = 1, 2, . . . , n, the

following standard symbols for the FAS approach are used in the paper:
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
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A0∼n =
[

A0 A1 · · · An

]

, Φ (A0∼n) =
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
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.

The paper consists of 6 sections. Section 2 proposes the type of general multi-vector systems, and the
stabilization problem of the proposed system is converted and formulated in Section 3. Section 4 further
reduces the problem into one of stabilizing a sub-SFS. Section 5 presents the FAS approach, followed by
some concluding remarks given in Section 6.

2 System model

2.1 Basic model

In this paper, the general type of nonholonomic systems proposed in [10] is further extended into the
following multi-vector form:
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ẋ0 = u0 + d,

ẋ1 = u,

ẋ2 = Φ1 (·)x2 + ρ1 (x0, u0)Ψ1 (·)x1,

ẋ3 = Φ2 (·)x3 + ρ2 (x0, u0)Ψ2 (·)x2,
...

ẋn = Φn−1 (·)xn + ρn−1 (x0, u0) Ψn−1 (·) xn−1,

(9)

where xi ∈ R
r, i = 0, 1, 2, . . . , n, are the system state variables, u0, u ∈ R

r are the control variables,
d ∈ R

r is a constant disturbance, and

Φi (·) , Φi (x0, xi+1∼n, u0, t) ∈ R
r×r,

Ψi (·) , Ψi (x0, xi+1∼n, u0, t) ∈ R
r×r, i = 1, 2, . . . , n− 1 (10)

are two sets of matrix functions, with Ψi (·) satisfying Assumption A1.
Assumption A1. There exists an x1∼n ∈ R

nr such that

detΨi (x0, xi+1∼n, u0, t) 6= 0 or ∞, ∀x0, u0 ∈ R
r, and t > 0, i = 1, 2, . . . , n− 1.

Further,
ρi (x0, u0) = ΓT

i (cix0 + diu0) , i = 1, 2, . . . , n− 1, (11)

with Γi ∈ R
r, i = 1, 2, . . . , n− 1, being a set of given vectors, and ci and di, i = 1, 2, . . . , n− 1, being two

sets of given scalars satisfying Assumption A2.
Assumption A2. c2i + d2i 6= 0, Γi 6= 0, i = 1, 2, . . . , n− 1.

Clearly, Assumption A1 is necessary because otherwise system (9) contains at least one subsystem
which has no controls; and Assumption A2 ensures that each ρi (x0, u0) is not identically zero, which
is required by the controllability of system (9). Furthermore, it is easily observed that the system is a
time-invariant one if and only if Φi (·) and Ψi (·) , i = 1, 2, . . . , n− 1, are all time-invariant.

The following result reveals some special features of the proposed system (9).

Proposition 1. Let Assumptions A1 and A2 be met. Then the following conclusions hold:
(1) the linearized model of the nonlinear system (9)–(11) at the origin is uncontrollable, and is (uni-

formly) asymptotically unstabilizable if there exists an i, satisfying 1 6 i < n, such that the time-varying
linear system

ẋ = ΦT
i (0, 0, 0, t)x

is not (uniformly) asymptotically stable;
(2) the nonlinear system (9)–(11) does not have a smooth exponentially stabilizing controller; and
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(3) for the special case that both Φi (·) and Ψi (·) are time-invariant, system (9)–(11) does not have a
time-invariant continuous stabilizing controller if, for some integer i, 1 6 i 6 n− 1, there holds

Φi (·) |u0=0 = Ψi (·) |u0=0 = 0, (12)

or
Φi (·) |u0=0 = 0, and ci = 0. (13)

Proof. Since, for i = 1, 2, . . . , n− 1,

∂

∂xk
[Φi (·)xi+1 + ρiΨi (·)xi] =




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
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
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



0, 1 6 k < i,

ρiΨ
T
i (·) , k = i,

ΦT
i (·) + ∂Φi(·)

∂xk

xi+1 + ρi
∂Ψi(·)
∂xk

xi, k = i+ 1,
∂Φi(·)
∂xk

xi+1 + ρi
∂Ψi(·)
∂xk

xi, k > i+ 1,

and
∂

∂u
[Φi (·) xi+1 + ρiΨi (·)xi] = 0,

∂

∂x0
[Φi (·)xi+1 + ρiΨi (·) xi] =

∂

∂x0
Φi (·)xi+1 +

∂ρi
∂x0

Ψi (·)xi + ρi
∂Ψi (·)

∂x0
xi,

∂

∂u0
[Φi (·)xi+1 + ρiΨi (·) xi] =

∂

∂u0
Φi (·)xi+1 +

∂ρi
∂u0

Ψi (·)xi + ρi
∂Ψi (·)

∂u0
xi,

the linearized model of (9) at xi = 0, i = 0, 1, 2, . . . , n, and u0 = u = 0, is obviously given by















ẋ0 = u0 + d,

ẋ1 = u,

ẋi = ΦT
i−1 (0, 0, 0, t)xi, i = 2, 3, . . . , n,

(14)

which is clearly not controllable. Further, it can be easily seen that it is (uniformly) asymptotically
stabilizable if and only if

ẋi = ΦT
i−1 (0, 0, 0, t)xi, i = 2, 3, . . . , n

are (uniformly) asymptotically stable. Thus the first conclusion is proven.
Because of conclusion (1) of Proposition 1, the nonlinear system (9)–(11) does not have a smooth

time-invariant exponentially stabilizing controller.
To proceed with the proof of the third conclusion, let us define

f (x0∼n, u0, u) =



















u0

u

Φ1 (·)x2 + ρ1 (x0, u0)Ψ1 (·)x1
...

Φn−1 (·)xn + ρn−1 (x0, u0)Ψn−1 (·)xn−1



















.

For a set of arbitrarily small positive scalars εi, i = 1, 2, . . . , n− 1, let us set

f (x0∼n, u0, u) =
[

0 0 ε1 · · · εn−1

]T

. (15)

Then, we have u0 = u = 0, and

Φi (·)xi+1 + ρi (x0, u0)Ψi (·)xi = εi, i = 1, 2, . . . , n− 1. (16)

If condition (12) is met for some 1 6 i 6 n− 1, we immediately have

[Φi (·)xi+1 + ρi (x0, u0)Ψi (·)xi]u0=0 = 0,
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which, together with (16), produces
0 = εi. (17)

Similarly, when condition (13) is met for 1 6 i 6 n− 1, we have

[Φi (·) xi+1 + ρi (x0, u0)Ψi (·)xi]u0=0 =
[

Φi (·)xi+1 + diΓ
T
i u0Ψi (·)xi

]

u0=0
= [Φi (·) xi+1]u0=0 = 0.

Again, Eq. (17) is produced from (16).
Recalling that εi is a positive scalar, the above equation (17) gives a contradiction which states that the

mapping f (x0∼n, u0, u) : R
(n+1)r×R

r×R
r 7−→ R

(n+1)r is not a surjection onto an open set containing 0.
Therefore, by the well-known Brockett Theorem [1], under either of the two conditions of Proposition 1,
the system does not have a time-invariant continuous stabilizing controller. The proof is completed.

The purpose of the paper is to design a stabilizing controller for the multi-vector nonholonomic system
(9) satisfying Assumptions A1 and A2.

2.2 Special cases

Let

u0 =


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
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



u10

u20
...

um0
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, u =








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u1

u2
...

um


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



, d̃ =


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









d̃1

d̃2
...

d̃m


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



, xi =















x1i

x2i
...

xmi















, i = 0, 1, . . . , n,

and

Φi (·) = diag (ϕ1i (·) , ϕ2i (·) , . . . , ϕmi (·)) ,

Ψi (·) = diag (ψ1i (·) , ψ2i (·) , . . . , ψmi (·)) , i = 1, 2, . . . , n− 1.

Then system (9) can be written in the multi-scalar form:
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
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ẋi0 = ui0 + d̃i,

ẋi1 = ui,

ẋi2 = ϕi1 (·) xi2 + ρ1 (x10, u10)ψi1 (·)xi1,

ẋi3 = ϕi2 (·) xi3 + ρ2 (x20, u20)ψi2 (·)xi2,
...

ẋin = ϕi,n−1 (·)xin + ρn−1 (xn−1,0, un−1,0)ψi,n−1 (·)xi,n−1, i = 1, 2, . . . ,m.

(18)

Particularly choosing Γi to be a vector with the i-th element being 1 and all the rest being zero, gives

ρi (xi0, ui0) = cixi0 + diui0, i = 1, 2, . . . , n− 1. (19)

Clearly,

ρi (xi0, ui0) =

{

xi0, if (ci, di) = (1, 0) ,

ui0, if (ci, di) = (0, 1) ,
i = 1, 2, . . . , n− 1. (20)

Therefore, the system contains (8) as a special case.
Further, restricting xi0 = x0, ui0 = u0, di = d, i = 1, 2, . . . ,m, system (18) becomes


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
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ẋ0 = u0 + d,

ẋi1 = ui,

ẋi2 = ϕi1 (·)xi2 + ρ1 (x0, u0)ψi1 (·)xi1,

ẋi3 = ϕi2 (·)xi3 + ρ2 (x0, u0)ψi2 (·)xi2,
...

ẋin = ϕi,n−1 (·)xin + ρn−1 (x0, u0)ψi,n−1 (·)xi,n−1, i = 1, 2, . . . ,m,

(21)
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where
ρi (x0, u0) = cix0 + diu0, i = 1, 2, . . . , n− 1. (22)

Clearly, system (21)–(22) contains (7) as a special case.
Furthermore, restricting m = 1 in (21), gives system (3), which is studied in [10]. Particularly, letting

ϕi (·) = 0, i = 1, 2, . . . , n− 1, the system becomes
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











ẋ0 = u0,

ẋ1 = u,

ẋ2 = ρ1 (x0, u0)ψ1 (·)x1,

ẋ3 = ρ2 (x0, u0)ψ2 (·)x2,
...

ẋn = ρn−1 (x0, u0)ψn−1 (·) xn−1,

(23)

which further reduces, when ψi (·) = 1 and (ci, di) = (1, 0), i = 1, 2, . . . , n − 1, to system (1), and when
ψi (·) = 1 and (ci, di) = (0, 1) , i = 1, 2, . . . , n− 1, to system (2).

Finally, in the special case of

Ψi (x0, xi+1∼n, u0, t) = Ψo
i , i = 1, 2, . . . , n− 1, (24)

where Ψo
i ∈ R

r×r, i = 1, 2, . . . , n− 1, are constant matrices, the above system (9) becomes















































ẋ0 = u0 + d,

ẋ1 = u,

ẋ2 = Φ1 (x0, xi+1∼n, u0, t)x2 + ρ1 (x0, u0)Ψ
o
1x1,

ẋ3 = Φ2 (x0, xi+1∼n, u0, t)x3 + ρ2 (x0, u0)Ψ
o
2x2,

...

ẋn = Φn−1 (x0, xi+1∼n, u0, t)xn + ρn−1 (x0, u0)Ψ
o
n−1xn−1.

(25)

Corresponding to system (25), Assumption A1 clearly becomes

detΨo
i 6= 0, i = 1, 2, . . . , n− 1.

2.3 Extended cases

System (9)–(11) can be further extended to the following time-delay case:















































ẋ0 = u0 + d,

ẋ1 = u,

ẋ2 = Φd
1 (·)x2 + ρ1 (x0, u0)Ψ

d
1 (·)x1,

ẋ3 = Φd
2 (·)x3 + ρ2 (x0, u0)Ψ

d
2 (·)x2,

...

ẋn = Φd
n−1 (·)xn + ρn−1 (x0, u0) Ψ

d
n−1 (·) xn−1,

(26)

with

Φd
i (·) , Φd

i (x0 (t− τi0) , xj (t− τi,j) |j=i+1∼n, u0 (t− τiu) , t− τi) , (27)

Ψd
i (·) , Ψd

i (x0 (t− τi0) , xj (t− σi,j) |j=i+1∼n, u0 (t− σiu) , t− σi) , i = 1, 2, . . . , n− 1, (28)

where τi,j = τi,j (t) , σi,j = σi,j (t) , τiu = τiu (t) , σiu = σiu (t) , and τi = τi (t) , σi = σi (t) , j =
0, i + 1, i + 2, . . . , n, i = 1, 2, . . . , n − 1, are the time-varying time-delays in the system, which are all
bounded by a constant h, while the other variables are as stated before.

Corresponding to the above time-delay system, Assumption A1 becomes the following.
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Assumption A1d. There exist Xi ∈ R
(n−i)r, i = 1, 2, . . . , n− 1, such that

detΨd
i (y0, Xi, y, t) 6= 0 or ∞, ∀y0, y ∈ R

r and t > −h, i = 1, 2, . . . , n− 1.

This paper emphasizes on stabilization of the proposed system (9)–(11), while the proposed FAS
approach can also be extended to stabilization of the time-delay system (26)–(28) following the treatment
presented in the Section 7 of [10] for the FAS approach for time-delay systems with xi, i = 1, 2, . . . , n− 1,
being scalar variables.

Please note that the functions Φd
i (·) and Ψd

i (·) , i = 1, 2, . . . , n − 1, possessing the forms in (27) and
(28) are simple in the sense that the variable u0 and each xi have only simple delays. As is claimed
in [10], the proposed approach is also applicable to the cases where these two sets of functions possess
much more complicated delay terms, such as multiple delays and distributed delays.

As in [10], the multi-vector form (9)–(11) can also be extended to the following uncertain case, repre-
sented as














































ẋ0 = u0 + d,

ẋ1 = u+∆f0 (x0∼n, u0, t) ,

ẋ2 = [Φ1 (·) + ∆Φ1 (·)]x2 + ρ1 (x0, u0) [Ψ1 (·) + ∆Ψ1 (·)]x1 +∆f1 (x0∼n, u0, t) ,

ẋ3 = [Φ2 (·) + ∆Φ2 (·)]x3 + ρ2 (x0, u0) [Ψ2 (·) + ∆Ψ2 (·)]x2 +∆f2 (x0∼n, u0, t) ,
...

ẋn = [Φn−1 (·) + ∆Φn−1 (·)]xn + ρn−1 (x0, u0) [Ψn−1 (·) + ∆Ψn−1 (·)]xn−1 +∆fn−1 (x0∼n, u0, t) ,

(29)
where ∆Φi (·) , ∆Ψi (·) ∈ R

r×r, and ∆fi (x0∼n, u0, t) ∈ R
r, i = 1, 2, . . . , n − 1, are the uncertainties,

and robust stabilization of the above system can also be solved with the proposed FAS approach (under
consideration).

3 Problem conversion

The purpose of the paper is to present a stabilizing controller for the multi-vector generalized chained
form nonlinear system (9). Following the idea in [10], let us divide system (9) into the following two
subsystems:

ẋ0 = u0 + d, (30)

and


































ẋ1 = u,

ẋ2 = Φ1 (·)x2 + ρ1 (x0, u0)Ψ1 (·)x1,

ẋ3 = Φ2 (·)x3 + ρ2 (x0, u0)Ψ2 (·)x2,
...

ẋn = Φn−1 (·)xn + ρn−1 (x0, u0) Ψn−1 (·) xn−1.

(31)

3.1 Basic development

Differentiating the first subsystem (30), gives

ẍ0 = u̇0. (32)

Thus we can design the following simple controller based on (32):

u̇0 = −a0x0 − a1ẋ0, (33)

or equivalently,

u0 (t) = −a0

∫ t

0

x0 (s) ds− a1 (x0 (t)− x0 (0)) + ẋ0 (0) , (34)

where ai, i = 0, 1, are two positive scalars. The closed-loop system is

ẍ0 + a1ẋ0 + a0x0 = 0. (35)
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Remark 1. Note that, when d is a constant disturbance, after differentiating, the first subsystem (30)
becomes system (32) which is independent on d. Since the controller u0 is designed based on (32) instead
of (30), all subsequent treatments have nothing to do with the constant disturbance d. Hence, with the
above controller (34), any constant disturbance d in the subsystem (30) is automatically decoupled.

Introduce the following assumption.
Assumption A3. α+ β = −a1 < 0, αβ = a0 > 0.

Then, regarding the response of the above system (35), we have the following result [49].

Proposition 2. Let a0, a1, α, and β be scalars satisfying Assumption A3. Further, let ζ0 = x0 (0) and
η0 = ẋ0 (0) denote the initial values. Then the response of system (35) is given by

x0 (t) = −φ̃0e
−tα + φ0e

−tβ , (36)

ẋ0 (t) = αφ̃0e
−tα − βφ0e

−tβ , (37)

where

φ0 =
1

α− β
(η0 + αζ0) , φ̃0 =

1

α− β
(η0 + βζ0) . (38)

Define

Pi = {η | η ∈ R
r, ΓT

i (η + αζ0) = 0}, i = 1, 2, . . . , n− 1,

P =

n−1
⋃

i=1

Pi = {η | η ∈ R
r, ΓT

i (η + αζ0) = 0, for some 1 6 i 6 n− 1}.

Then each Pi is a hyperplane in R
r, and P is a set of hyperplanes in R

r. Introduce the following
assumptions.
Assumption A4. β 6= ci

di
, when di 6= 0, i = 1, 2, . . . , n− 1.

Assumption A5. η0 /∈ P .
Then, Assumptions A2 and A4 imply

ci − βdi 6= 0, i = 1, 2, . . . , n− 1,

and Assumption A5 implies

ΓT
i φ0 =

1

α− β
ΓT
i (η0 + αζ0) 6= 0, i = 1, 2, . . . , n− 1.

Further, in view of Proposition 2, we can derive

ρi (x0, ẋ0) = ΓT
i (cix0 + diu0)

= ΓT
i

[

ci

(

−φ̃0e
−tα + φ0e

−tβ
)

+ di

(

αφ̃0e
−tα − βφ0e

−tβ
)]

= ΓT
i

[

(−ci + αdi) φ̃0e
−tα + (ci − βdi)φ0e

−tβ
]

.

The above deduction yields the following result.

Proposition 3. Let Assumptions A2–A5 be met. Then

ρi (x0, ẋ0) = ω̃ie
−tα + ωie

−tβ , i = 1, 2, . . . , n− 1, (39)

where
ω̃i = (−ci + αdi) Γ

T
i φ̃0, ωi = (ci − βdi) Γ

T
i φ0 6= 0. (40)

Substituting the expressions in (36) and (37), and (39) and (40), turns subsystem (31) into the following
form:



































ẋ1 = u,

ẋ2 = Φ̃1 (·)x2 +
(

ω̃1e
−tα + ω1e

−tβ
)

Ψ̃1 (·) x1,

ẋ3 = Φ̃2 (·)x3 +
(

ω̃2e
−tα + ω2e

−tβ
)

Ψ̃2 (·) x2,
...

ẋn = Φ̃n−1 (·)xn +
(

ω̃n−1e
−tα + ωn−1e

−tβ
)

Ψ̃n−1 (·)xn−1,

(41)
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where

Φ̃i (·) , Φ̃i (α, β, ζ0, η0, xi+1∼n, t) = Φi (x0, xi+1∼n, u0, t) , (42)

Ψ̃i (·) , Ψ̃i (α, β, ζ0, η0, xi+1∼n, t) = Ψi (x0, xi+1∼n, u0, t) , i = 1, 2, . . . , n− 1. (43)

Due to Proposition 3, Assumptions A2–A5 can be substituted by the following assumption on system
(41)–(43).
Assumption B1. ωi 6= 0, i = 1, 2, . . . , n− 1.

Further, for system (41), let us give the following definition.

Definition 1. Consider the nonlinear system in the form of (41)–(43). Define







Sx (α, β, ζ0, η0) =
⋃n−1

i=1 Sxi (α, β, ζ0, η0) ,

Sxi (α, β, ζ0, η0) =
{

x1∼n

∣

∣

∣
det Ψ̃i (α, β, ζ0, η0, xi+1∼n, t) = 0 or ∞, x1∼n ∈ R

nr, t > 0
}

.
(44)

Then Sx (α, β, ζ0, η0) is called the singular set of system (41), and Fx (α, β, ζ0, η0) = R
nr\Sx (α, β, ζ0, η0) is

called the feasible set of system (41). Furthermore, system (41) is called abnormal if Sx (α, β, ζ0, η0) = R
nr

or Fx (α, β, ζ0, η0) = ∅, and is called sub-normal if Fx (α, β, ζ0, η0) 6= ∅. Particularly, it is called
(1) (globally) normal if Sx (α, β, ζ0, η0) = ∅ or Fx (α, β, ζ0, η0) = R

nr;
(2) rationally sub-normal or locally normal if there exists a ball B0 ⊂ R

nr centered at x1∼n = 0, such
that B0 ⊂ F (α, β, ζ0, η0).

By the above definition, it is clear that system (41) is globally normal if and only if for selected β ∈ R

and ζ0 ∈ R
r, there holds

det Ψ̃i (α, β, ζ0, η0, xi+1∼n, t) 6= 0 or ∞, ∀xi+1∼n ∈ R
(n−i)r, and t > 0, i = 1, 2, . . . , n− 1,

and is sub-normal if and only if for chosen β ∈ R and ζ0 ∈ R
r, there holds

det Ψ̃i (α, β, ζ0, η0, xi+1∼n, t) 6= 0 or ∞, ∃xi+1∼n ∈ R
(n−i)r, and ∀t > 0, i = 1, 2, . . . , n− 1.

With the above concepts of singular and feasible sets, it is easily observed that Assumption A1 is satisfied
if and only if system (41)–(43) is sub-normal, that is, the following assumption is met.
Assumption B2. Fx (α, β, ζ0, η0) 6= ∅.

Based on the above discussion, it is clearly seen that, to solve the problem of stabilizing system (9), it
suffices to solve the following one.

Problem 1. Find a sub-stabilizing feedback controller for system (41)–(43) under Assumptions B1 and
B2.

Remark 2. Once a solution to above Problem 1, that is, a state feedback controller u = u(α, β, ζ0, η0,
x1∼n, t) for system (41)–(43), is found, a state feedback controller for the original system (9) is obtained
as

{

u0 = −a0
∫ t

0
x0 (s) ds− a1 (x0 (t)− x0 (0)) + ẋ0 (0) ,

u = u (α, β, ζ0, η0, x1∼n, t) .
(45)

We will soon find that, when the functions Φ̃i (·) and Ψ̃i (·) , i = 1, 2, . . . , n− 1, are not time-varying, the
control u (α, β, ζ0, η0, x1∼n, t) is also not time-varying. In this case, the above controller (45) turns out
to be a time-invariant state feedback controller for system (9).

3.2 SFS-like system

Let us introduce the following transformation:

zi = xn−i+1, i = 1, 2, . . . , n− 1, (46)

and define

Gi (·) , Gi (α, β, ζ0, η0, z1∼i, t) = Φ̃n−i (α, β, ζ0, η0, xn−i+1∼n, t) , (47)

Hi (·) , Hi (α, β, ζ0, η0, z1∼i, t) = Ψ̃n−i (α, β, ζ0, η0, xn−i+1∼n, t) , i = 1, 2, . . . , n− 1, (48)
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and

γi = ωn−i = (cn−i − βdn−i) Γ
T
n−iφ0 6= 0, (49)

γ̃i = ω̃n−i = − (cn−i − αdn−i) Γ
T
n−iφ̃0, i = 1, 2, . . . , n− 1. (50)

Then subsystem (41)–(43) can be rewritten as



































ż1 = G1 (·) z1 +
(

γ1e
−tβ + γ̃1e

−tα
)

H1 (·) z2,

ż2 = G2 (·) z2 +
(

γ2e
−tβ + γ̃2e

−tα
)

H2 (·) z3,
...

żn−1 = Gn−1 (·) zn−1 +
(

γn−1e
−tβ + γ̃n−1e

−tα
)

Hn−1 (·) zn,

żn = u.

(51)

If let
∆fi (z1∼n, t) = γ̃ie

−tαHi (·) zi+1, i = 1, 2, . . . , n− 1, (52)

then the above system (51) can also be written as



































ż1 = G1 (·) z1 + γ1e
−tβH1 (·) z2 +∆f1 (z1∼n, t) ,

ż2 = G2 (·) z2 + γ2e
−tβH2 (·) z3 +∆f2 (z1∼n, t) ,

...

żn−1 = Gn−1 (·) zn−1 + γn−1e
−tβHn−1 (·) zn +∆fn−1 (z1∼n, t) ,

żn = u.

(53)

It follows from (49) that Assumption B1 for system (41) is equivalent to the following assumption for
the above system (51) or (53):
Assumption C1. γi 6= 0, i = 1, 2, . . . , n− 1.

Parallel to Definition 1, we also have the following one for system (51) or (53).

Definition 2. Consider the nonlinear system in the form of (51) or (53). Define
{

Sz (α, β, ζ0, η0) =
⋃n−1

i=1 Szi (α, β, ζ0, η0) ,

Szi (α, β, ζ0, η0) = {z1∼n |detHi (α, β, ζ0, η0, z1∼i, t) = 0 or ∞, z1∼n ∈ R
nr, t > 0} .

(54)

Then Sz (α, β, ζ0, η0) is called the singular set of system (51) or (53), and Fz (α, β, ζ0, η0) = R
nr\Sz(α, β,

ζ0, η0) is called the feasible set of system (51). Furthermore, system (51) is called abnormal if Sz(α, β, ζ0,
η0) = R

nr or Fz (α, β, ζ0, η0) = ∅, and is called sub-normal if Fz (α, β, ζ0, η0) 6= ∅. Particularly, it is called
(1) (globally) normal if Sz (α, β, ζ0, η0) = ∅, or Fz (α, β, ζ0, η0) = R

nr;
(2) rationally sub-normal or locally normal if there exists a ball B0 ⊂ R

nr centered at z1∼n = 0, such
that B0 ⊂ Fz (α, β, ζ0, η0).

Corresponding to Assumption B2 on the series of functions Ψ̃i (α, β, ζ0, η0, xi+1∼n, t) , i = 1, 2, . . . , n−1,
we equivalently have the following assumption on the series of functions Hi (α, β, ζ0, η0, z1∼i, t) , i =
1, 2, . . . , n− 1.
Assumption C2. Fz (α, β, ζ0, η0) 6= ∅.

This assumption means that, for some chosen β ∈ R and ζ0 ∈ R
r, there holds

detHi (α, β, ζ0, η0, z1∼i, t) 6= 0 or ∞, ∃z1∼i ∈ R
ir and ∀t > 0, i = 1, 2, . . . , n− 1. (55)

According to the above discussion, Problem 1 can clearly be equivalently converted into the following
one.

Problem 2. Find a stabilizing controller for system (51) under Assumptions C1 and C2.

4 Solvability

In this subsection, let us further convert Problem 2 into a stabilization problem of a sub-SFS, which will
be defined soon.
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4.1 Case of η0 = −βζ0

In this case, following Propositions 2 and 3, we have

φ0 =
1

α− β
(η0 + αζ0) = ζ0, φ̃0 =

1

α− β
(η0 + βζ0) = 0, (56)

and therefore,

x0 (t) = ζ0e
−tβ , ẋ0 (t) = −βζ0e

−tβ , (57)

ω̃i = (−ci + αdi) Γ
T
i φ̃0 = 0, i = 1, 2, . . . , n− 1. (58)

Hence
ρi (x0, ẋ0) = ωie

−tβ , i = 1, 2, . . . , n− 1. (59)

Furthermore, in this case, the sets Pi, i = 1, 2, . . . , n− 1, and P become the following:

Si = {ζ | ζ ∈ R
r, ΓT

i ζ = 0}, i = 1, 2, . . . , n− 1,

and

S =

n−1
⋃

i=1

Si = {ζ | ζ ∈ R
r, ΓT

i ζ = 0, for some 1 6 i 6 n− 1},

respectively. Correspondingly, Assumption A5 becomes the following.
Assumption A5′. ζ0 /∈ S.

This assumption means that the initial value ζ0 is not allowed to be on a specified series of hyperplanes
containing the origin. Under such an assumption, there hold

ΓT
i φ0 =

1

α− β
ΓT
i (η0 + αζ0) = ΓT

i ζ0 6= 0, i = 1, 2, . . . , n− 1,

which give, together with Assumption A4,

ωi = (ci − βdi) Γ
T
i φ0 6= 0, i = 1, 2, . . . , n− 1.

Eventually, system (51) reduces to



































ż1 = G1 (·) z1 + γ1e
−tβH1 (·) z2,

ż2 = G2 (·) z2 + γ2e
−tβH2 (·) z3,

...

żn−1 = Gn−1 (·) zn−1 + γn−1e
−tβHn−1 (·) zn,

żn = u.

(60)

Recall that γi 6= 0, i = 1, 2, . . . , n−1. The above system (60) is an SFS when it is globally normal, that
is, Sz (α, β, ζ0, η0) = ∅, or Fz (α, β, ζ0, η0) = R

nr. For strictness, let us further introduce the following
definition.

Definition 3. System (60) is called a sub-SFS if it is sub-normal, that is, Fz (α, β, ζ0, η0) 6= ∅. Fur-
thermore, Sz (α, β, ζ0, η0) and Fz (α, β, ζ0, η0) are called the singular set and feasible set of system (60),
respectively.

It follows from the above discussion that, in the case of η0 = −βζ0, Problem 2 becomes the following
one of stabilizing a sub-SFS (60).

Problem 3. Find a stabilizing controller for sub-SFS (60) under Assumptions C1 and C2.

To end up this subsection, let us finally point out an important fact.
Under the condition of η0 = −βζ0, we have (57). Through using the relations in (57), the controller

(34) is reduced to

u0 (t) = −a0ζ0

∫ t

0

e−βsds− a1ζ0e
−tβ + (a1 − β) ζ0
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= a0ζ0
1

β

(

e−βt − 1
)

− a1ζ0e
−tβ + αζ0

=

(

a0
1

β
− a1

)

ζ0e
−tβ

= −βζ0e
−tβ,

that is,

u0 (t) = −βx0 (t) . (61)

Therefore, this particular case of η0 = −βζ0 is actually a natural generalization of case treated in [10] to
the multi-vector case.

It should be noted that, although in this case the partial controller given by (61) is very simple, the
derived overall controller for the original system in this case should be no longer a continuous one even
if the global normal condition, that is, Sz (α, β, ζ0, η0) = ∅ or Fz (α, β, ζ0, η0) = R

nr, is assumed. The
reason lies in the fact that Assumption A5′ is needed, which restricts the system initial value ζ0 = x0 (0)
to be not on a series of hyperplanes in R

r.

Remark 3. Please note that, although η0 is an initial value of system (32), relative to the original
Problem 1, it is only an external design parameter. Hence it can be allowed to be set to any desired
value. From this point of view, choosing η0 = −βζ0 may just sufficiently and perfectly solve the problem
in the above sense of converting the problem into Problem 3. However, as an initial value of system (32),
after all, η0 may affect the response of system (32), that is, x0 (t) and u0(t), and hence that of the whole
system.

4.2 Case of η0 6= −βζ0

Due to the above Remark 3, let us now also give a treatment for the case of η0 6= −βζ0, which will
produce, when the system (60) is globally normal, a continuous controller for system (9).

Please note that, in this case, we have φ̃0 = 1
α−β

(η0 + βζ0) 6= 0; hence γ̃i, i = 1, 2, . . . , n− 1, may not

be zero. Therefore, the terms ∆fi (·) , i = 1, 2, . . . , n− 1, may present in system (53). To cope with this
case, let us introduce the following assumption.

Assumption C3. There exist a series of positive functions ρhi (t) , i = 1, 2, . . . , n− 1, satisfying

‖Hi (α, β, ζ0, η0, z1∼i, t) zi+1‖ 6 ρhi (t) ‖z1∼n‖ , t > 0, i = 1, 2, . . . , n− 1.

This assumption characterizes a big class of functions of Hi (·) which we can handle. Such a type
requirement is commonly seen in (robust) stability analysis.

Define

f (z1∼n, t) =



















G1 (·) z1 + γ1e
−tβH1 (·) z2

G2 (·) z2 + γ2e
−tβH2 (·) z3

...

Gn−1 (·) zn−1 + γn−1e
−tβHn−1 (·) zn

u (z1∼n, t)



















, ∆f (z1∼n, t) =



















γ̃1e
−tαH1 (·) z2

γ̃2e
−tαH2 (·) z3

...

γ̃n−1e
−tαHn−1 (·) zn

0



















, (62)

and suppose now a feedback controller u = u (z1∼n, t) is found. When the controller is applied to sub-SFS
(60), the closed-loop system can be represented in the form of

ż1∼n = f (z1∼n, t) , (63)

and when the controller is applied to the SFS-like system (53), the closed-loop system can be represented
in the form of

ż1∼n = f (z1∼n, t) + ∆f (z1∼n, t) . (64)

In order to analyze the stability of system (64), let us first quote the following result [11].
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Lemma 1. Consider the perturbed nonlinear system

ẋ = f(x, t) + ∆f(x, t), (65)

where x ∈ R
n is the state vector. Suppose that

(1) there exists a continuous function V (x, t) : Rn × R 7→ R that satisfies the inequalities:

µ1‖x‖
2 6 V (x, t) 6 µ2‖x‖

2, (66)

∂V

∂t
+
∂V

∂x
f(x, t) 6 −µ3‖x‖

2, (67)
∥

∥

∥

∥

∂V

∂x

∥

∥

∥

∥

6 ρv (t) ‖x‖, (68)

with µi, i = 1, 2, 3, being a set of positive scalars, and ρv (t) being a nonnegative scalar function;
(2) ∆f(x, t) ∈ R

n satisfies
‖∆f(x, t)‖ 6 ρ

∆
(t)‖x‖, (69)

with ρ
∆
(t) being a nonnegative function satisfying

∫ ∞

0

ρv (s) ρ∆
(s)ds =M <∞. (70)

Then system (65) is uniformly globally exponentially stable.

Particularly, when ρv (t) = ρv is a nonnegative constant, condition (70) obviously reduces to

∫ ∞

0

ρ
∆
(s)ds =M <∞. (71)

Under Assumption C3, we have, using the expression of ∆fi (t) in (62), the following relations:

‖∆fi (·)‖ 6 |γ̃i| ‖Hi (·) zi+1‖ e
−αt

6 |γ̃i| ρhi (t) e
−αt ‖z1∼n‖ , i = 1, 2, . . . , n− 1.

Therefore,

‖∆f (·)‖ 6

(

n−1
∑

i=1

γ̃2i

)

1

2

‖ρh (t)‖ e
−αt ‖z1∼n‖ , (72)

where

ρ
h
(t) =

[

ρh1 (t) ρh2 (t) · · · ρh,n−1 (t)
]T

. (73)

This implies that inequality (69) is satisfied with x = z1∼n and

ρ
∆
(t) = ‖ρ

h
(t)‖ e−αt. (74)

With the above analysis, the following result can be immediately obtained using Lemma 1.

Theorem 1. Let Assumption C3 be satisfied, u = u (z1∼n, t) be a uniformly globally exponentially
stabilizing controller for system (60) such that, with f (z1∼n, t) and ∆f (z1∼n, t) being given by (62),
respectively, there exist a continuous function V (z1∼n, t) : Rn × R 7→ R and a positive function ρv (t)
satisfying the inequalities (66)–(68), with x = z1∼n. Further, if

∫ ∞

0

ρv (s) ‖ρh
(s)‖ e−αsds =M <∞, (75)

then u = u (z1∼n, t) is also a controller that uniformly globally exponentially stabilizes system (53).

Again, when ρv (t) = ρv is a nonnegative constant, condition (75) reduces to

∫ ∞

0

‖ρ
h
(s)‖ e−αsds =M <∞. (76)



Duan G-R Sci China Inf Sci June 2025, Vol. 68, Iss. 6, 162201:15

Conditions (75) and (76) are not strict at all. They allow ρv (t) ‖ρh
(t)‖ or ‖ρ

h
(t)‖ to diverge with

exponential rates. Specifically, Eqs. (75) and (76) respectively allow

ρv (t) ‖ρh
(t)‖ < eαt and ‖ρ

h
(s)‖ < eαt.

For given functions Hi (·) or Ψ̃i (·) , i = 1, 2, . . . , n− 1, these two conditions are often satisfied or can be
satisfied by adjusting the design parameter α. Therefore, roughly speaking, in most cases the stabilization
of system (51) can be realized by finding a uniformly globally exponentially stabilizing controller of system
(63).

With the above understanding, again, in order to solve Problem 1, under Assumption C3 and the mild
condition (75) or (76), it often suffices to solve Problem 3. Therefore, in Section 5, let us mainly give a
FAS approach for solution to Problem 3.

5 FAS approach

In this section, the FAS approach recently proposed in [18, 22, 24–27] is applied for stabilizing controller
design of the proposed system (9).

It is well-known that stabilization of SFSs can be readily solved by applying the well-known back-
stepping technique. Yet, as pointed out in [10, 11], the method of backstepping has the following two
drawbacks:

(1) It suffers from the serious problem of “differential explosion”, which renders the application of the
method of backstepping extremely difficult or even impossible when the dimension of the system is large;

(2) It does not always provide, like the FAS approach does, a linear closed-loop system that guarantees
the uniform exponential stability of the designed system.

What is more, in our case where only Assumption A2 is required, system (60) is not an SFS but a
sub-SFS, and the backstepping technique fails to solve the problem.

5.1 FAS model

The Theorem 2.1 in [19] converts an SFS into a FAS, and the result has been applied in [10,11] to obtain
the FAS model. In this subsection, let us convert the sub-SFS (60) into a sub-FAS model following the
standard procedure provided in [50]. To do this, the following two sets of variables need to be firstly
defined:

Bk (α, β, ζ0, η0, z1∼k, t) =

(

k
∏

i=1

γiHi (α, β, ζ0, η0, z1∼i, t)

)

e−kβt, k = 1, 2, . . . , n− 1, (77)

Bn (α, β, ζ0, η0, z1∼n, t) = Bn−1 (α, β, ζ0, η0, z1∼n−1, t) , (78)

and

fk(α, β, ζ0, η0, z1∼k, t) = ḟk−1(α, β, ζ0, η0, z1∼k−1, t) + Ḃk−1(α, β, ζ0, η0, z1∼k−1, t)zk

+Bk−1(α, β, ζ0, η0, z1∼k−1, t)Gk (α, β, ζ0, η0, z1∼k, t) zk, k = 2, 3, . . . , n, (79)

with the initial value

f1 (α, β, ζ0, η0, z1, t) = G1 (α, β, ζ0, η0, z1, t) z1. (80)

Next, based on the above Bk (·) and fk (·) , k = 1, 2, . . . , n, we can define the following transformation
(z1∼n 7−→ z(0∼n−1)):

z(0∼n−1) =



















z1

f1 (α, β, ζ0, η0, z1, t) +B1 (α, β, ζ0, η0, z1, t) z2

f2(α, β, ζ0, η0, z1∼2, t) +B2(α, β, ζ0, η0, z1∼2, t)z3
...

fn−1(α, β, ζ0, η0, z1∼n−1, t) +Bn−1(α, β, ζ0, η0, z1∼n−1, t)zn



















, (81)
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Figure 1 Illustration of transformation (81).

which can be compactly written as

z(0∼n−1) = fe(α, β, ζ0, η0, z1∼n−1, t) +Be(α, β, ζ0, η0, z1∼n−1, t)z1∼n,

where

fe(α, β, ζ0, η0, z1∼n−1, t) =



















0

f1 (α, β, ζ0, η0, z1, t)

f2(α, β, ζ0, η0, z1∼2, t)
...

fn−1(α, β, ζ0, η0, z1∼n−1, t)



















,

Be(α, β, ζ0, η0, z1∼n−1, t)

= diag (Ir, B1 (α, β, ζ0, η0, z1, t) , B2(α, β, ζ0, η0, z1∼2, t), . . . , Bn−1(α, β, ζ0, η0, z1∼n−1, t)) .

An illustration of transformation (81) is given in Figure 1. From (81) we immediately have

z1 = z. (82)

Hence, we can define

f̌1 (α, β, ζ0, η0, z, t) , f1 (α, β, ζ0, η0, z1, t) , (83)

B̌1 (α, β, ζ0, η0, z, t) , B1 (α, β, ζ0, η0, z1, t) . (84)

Using (81)–(84) and the condition of z1∼n ∈ Fz (α, β, ζ0, η0), further gives

z2 = B̌−1
1 (α, β, ζ0, η0, z, t)

(

ż − f̌1 (α, β, ζ0, η0, z, t)
)

.

Hence, we can define

f̌2(α, β, ζ0, η0, z
(0∼1), t) , f2(α, β, ζ0, η0, z1∼2, t), (85)

B̌2(α, β, ζ0, η0, z
(0∼1), t) , B2(α, β, ζ0, η0, z1∼2, t). (86)

Continuing with the above procedure, we get

f̌i(α, β, ζ0, η0, z
(0∼i−1), t) , fi(α, β, ζ0, η0, z1∼i, t), (87)

B̌i(α, β, ζ0, η0, z
(0∼i−1), t) , Bi(α, β, ζ0, η0, z1∼i, t), i = 1, 2, . . . , n, (88)

and under the condition of z1∼n ∈ Fz (α, β, ζ0, η0), there holds

zi+1 = B̌−1
i (α, β, ζ0, η0, z

(0∼i−1), t)
(

z(i) − f̌ i(α, β, ζ0, η0, z
(0∼i−1), t)

)

, i = 1, 2, . . . , n− 1. (89)

Summing up the above, yields the following conclusion.
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Proposition 4. Let Assumptions C1 and C2 be satisfied. Then, with the restriction of z1∼n ∈ Fz(α, β,
ζ0, η0), the transformation (81) is one-to-one, and keeps the origin unchanged. Furthermore, the inverse
transformation of (81) is given by

z1∼n = B̌−1
e (α, β, ζ0, η0, z

(0∼n−1), t)
(

z(0∼n−1) − f̌e(α, β, ζ0, η0, z
(0∼n−1), t)

)

,

where

B̌e(α, β, ζ0, η0, z
(0∼n−1), t)

= diag
(

Ir , B̌1 (α, β, ζ0, η0, z, t) , B̌2(α, β, ζ0, η0, z
(0∼1), t), . . . , B̌n−1(α, β, ζ0, η0, z

(0∼n−2), t)
)

,

and

f̌e(α, β, ζ0, η0, z
(0∼n−1), t) =



















0

f̌1 (α, β, ζ0, η0, z, t)

f̌2(α, β, ζ0, η0, z
(0∼1), t)

...

f̌n−1(α, β, ζ0, η0, z
(0∼n−2), t)



















.

Finally, regarding the FAS model of SFS (60), we have the following result.

Theorem 2. Let Assumptions C1 and C2 be satisfied, and z1∼n ∈ Fz (α, β, ζ0, η0). Then, under the
transformation (81), the sub-SFS (60) is equivalently transformed into the following sub-FAS:

z(n) = f̌n(α, β, ζ0, η0, z
(0∼n−1), t) + B̌n(α, β, ζ0, η0, z

(0∼n−1), t)u. (90)

5.2 Stabilizing system (90)

By the FAS theories [24, 30, 31], the singular set of the sub-FAS (90) is defined to be

S (α, β, ζ0, η0) =
{

X
∣

∣det B̌n (α, β, ζ0, η0, X, t) = 0 or ∞, X ∈ R
nr, t > 0

}

,

and the feasible set of sub-FAS (90) is then given by

F (α, β, ζ0, η0) = R
nr\S (α, β, ζ0, η0) .

Furthermore, system (90) is called a sub-FAS if F (α, β, ζ0, η0) 6= ∅, and is particularly called a (globally)
FAS if F (α, β, ζ0, η0) = R

nr.
It can be easily recognized from Proposition 4 that

S (α, β, ζ0, η0) = Sz (α, β, ζ0, η0) , F (α, β, ζ0, η0) = Fz (α, β, ζ0, η0) . (91)

For sub-stabilization of the sub-FAS (90), we have the following standard result [15, 19, 33].

Theorem 3. Let Assumptions C1 and C2 be met, and A0∼n−1 be an arbitrary matrix making Φ(A0∼n−1)
Hurwitz. Then a sub-stabilizing controller for system (60) is given by

u = −B̌−1
n (α, β, ζ0, η0, z

(0∼n−1), t)
[

f̌n(α, β, ζ0, η0, z
(0∼n−1), t) +A0∼n−1z

(0∼n−1)
]

. (92)

Furthermore, the corresponding closed-loop system is

z(n) +A0∼n−1z
(0∼n−1) = 0, (93)

with the following state constraint:

z(0∼n−1) ∈ F (α, β, ζ0, η0) , (94)

or, equivalently, the state initial value constraint

z(0∼n−1) (0) ∈ Řs (α, β, ζ0, η0) = {X0| exp (Φ(A0∼n−1)t)X0 ∈ F (α, β, ζ0, η0)} . (95)
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Please note that the closed-loop system (93) can be equivalently written in the following state-space
form:

ż(0∼n−1) = Φ(A0∼n−1)z
(0∼n−1), (96)

whose solution is given by

z(0∼n−1) (t) = exp (Φ(A0∼n−1)t) z
(0∼n−1) (0) . (97)

Obviously, the well-known technique of pole assignment can be applied to solve the matrix A0∼n−1.
Particularly, the complete parametric approach proposed in [15] (see also the Proposition 2 in [18]) can
be readily applied. This matrix parameter A0∼n−1 can be properly selected to ensure the dynamical
properties of the closed-loop system (96).

The region Řs (α, β, ζ0, η0) is actually the RoEA for this sub-stabilization [33]. When the system initial
values are chosen within the RoEA Řs (α, β, ζ0, η0), the trajectories of the system obey (97) and go to the
origin uniformly exponentially. Regarding the stability of the closed-loop system, we have the following
three circumstances.

(1) When system (60) is globally normal, or equivalently, system (90) is a global FAS, we have
F (α, β, ζ0, η0) = Řs (α, β, ζ0, η0) = R

nr. Thus the constraints (94) and (95) vanish. In this case, the
closed-loop system is clearly globally uniformly exponentially stable, and the controller (92) is a globally
uniformly exponentially stabilizing controller for system (90).

(2) When system (60) is locally normal, or equivalently, system (90) is a rational FAS, that is,
F (α, β, ζ0, η0) and Řs (α, β, ζ0, η0) contain the origin as an inner point, the closed-loop system is locally
uniformly exponentially stable, and the controller (92) is a locally uniformly exponentially stabilizing
controller for the system (90).

(3) When system (60) is abnormal, or equivalently, system (90) is an irrational FAS, that is, F(α, β, ζ0,
η0) and Řs (α, β, ζ0, η0) contain the origin as a boundary point, the closed-loop system is only sub-stable
in the sense that all trajectories of the system starting from Řs (α, β, ζ0, η0) converge exponentially to
zero within F (α, β, ζ0, η0). However, the system can by no means be stable in the Lyapunov sense. In
this case, the controller (92) is a sub-stabilizing controller for system (90).

In many practical applications, the feasible set F (α, β, ζ0, η0) or the corresponding RoEA Řs(α, β, ζ0,
η0), is sufficiently large such that the singular case seldom or even never happens. In such cases, although
the designed controller is not even a local stabilizing one in the Lyapunov sense, it does work practically.

When the initial values are inevitably chosen out of the RoEA Řs (α, β, ζ0, η0), a pre-controller can
be easily designed (see also [1, 8, 51]), to drive the trajectory of the closed-loop system into the RoEA
Řs (α, β, ζ0, η0) first, and then let the above controller (92) take over. Clearly, the design of such a pre-
controller is much easier than solving a stabilizing controller because the RoEA is generally a very large
region, while the stabilization in the Lyapunov sense requires convergence of the states to a single point,
which is usually the origin.

5.3 Stabilizing system (60)

In view of transformation (81), we can define

Rs (α, β, ζ0, η0)

=
{

z1∼n|fe(α, β, ζ0, η0, z1∼n−1, 0) +Be(α, β, ζ0, η0, z1∼n−1, 0)z1∼n ∈ Řs (α, β, ζ0, η0)
}

. (98)

Further, in view of the relations in (87) and (88), the controller (92) can be written as

u = −B−1
n (α, β, ζ0, η0, z1∼n, t)

[

fn(α, β, ζ0, η0, z1∼n, t) +A0∼n−1z
(0∼n−1)

]

= −B−1
n (α, β, ζ0, η0, z1∼n, t) [fn(α, β, ζ0, η0, z1∼n, t) +A0∼n−1fe(α, β, ζ0, η0, z1∼n−1, t)]

−B−1
n (α, β, ζ0, η0, z1∼n, t)A0∼n−1Be(α, β, ζ0, η0, z1∼n−1, t)z1∼n, (99)

which turns to be a controller for system (60). Therefore, a solution to Problem 3 can be given as follows.

Theorem 4. Let Assumptions C1 and C2 be met, and A0∼n−1 be an arbitrary matrix making Φ(A0∼n−1)
Hurwitz. Then we have the following:

(1) a sub-stabilizing controller for system (60) is given by (99) which has a region of attraction
Rs (α, β, ζ0, η0); and
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(2) the response of the closed-loop system starting from Rs (α, β, ζ0, η0) is given by















z1∼n (t) = B̌−1
e (α, β, ζ0, η0, z

(0∼n−1), t)
[

z(0∼n−1) − f̌e(α, β, ζ0, η0, z
(0∼n−1), t)

]

,

z(0∼n−1) (t) = exp (Φ(A0∼n−1)t) z
(0∼n−1) (0) ,

z(0∼n−1) (0) ∈ Řs (α, β, ζ0, η0) .

(100)

It is easily observed that, when the open-loop system (9) is time-invariant, that is, when all the functions
Gi (·) and Hi (·) , i = 1, 2, . . . , n− 1, are time-invariant, the above controller (99) is also time-invariant.

Since z(0∼n−1) (t) is globally and uniformly exponentially converging to zero, it follows from (100)
that, under very mild conditions on B̌e(·) and f̌e(·), the system response z1∼n (t) also tends to zero
exponentially.

6 Concluding remarks

Although there have been several types of multivariable nonholonomic systems in the literature, there still
lacks a real multi-vector form representation. In this paper, the general type of nonholonomic systems
proposed and treated in [10, 11] is generalized into a real multi-vector form, and the corresponding
stabilization problem is tackled with the FAS approach, and it is shown that the approaches proposed
in [10,11] for the stabilization of the multi-scalar systems can be generalized to the multi-vector systems
in a unified way.

The original stabilization problem is converted into the stabilization of a sub-SFS system. It is well-
known that an SFS can be stabilized by the well-known backstepping method, but a sub-SFS generally
cannot. Yet it is shown that the FAS approach does effectively solve the problem. With the FAS approach,
the sub-SFS is further converted equivalently into a sub-FAS, based on which a stabilizing controller is
derived. The controller, when applied to the sub-FAS, drives the closed-loop trajectories of the designed
system to the origin exponentially when the initial values of the system are chosen from the RoEA. When
the corresponding controller is applied to the converted sub-SFS, the trajectory of the closed-loop system
can be explicitly represented. Technically, an external parameter is introduced in the designed controller.
In general, the designed controller contains an integral term, and this corresponds to a generalization of
the approach in [11], but when this external parameter is particularly chosen, the integral term in the
controller vanishes and the approach becomes a generalization of the one in [10].

The FAS approach proposed for this type of nonholonomic systems can be further generalized in
several directions. Particularly, the proposed approach can be generalized to the time-delay case and the
uncertain case as stated in Section 2.

It is worth pointing out that the general theory of sub-FAS provides a general framework for dealing
with nonholonomic systems. As a matter of fact, sub-FASs describe a larger category covering nonholo-
nomic systems. Eventually, the nonholonomic constraints generally produce a singular set containing
the origin, often as a boundary point. The FAS approach provides a general approach for dealing with
systems possessing constraints on states and their derivatives.
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Boston: Birkhäuser, 1990. 61–81
3 Bacciotti A. Local Stabilizability of Nonlinear Control Systems. Singapore: World Scientific, 1992
4 Zabczyk J. Mathematical Control Theory: An Introduction. 2nd ed. Cham: Birkhäuser, 2020
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