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Appendix A Proof of Theorem 1

To facilitate the proof of Theorem 1, we present the following lemma:
Lemma 1. [1] For any constant p > 0, there are positive, definite matrix matrices A; € R"*" satisfying the following
condition:

N

There also exists a positive definite matrix P(A%~"~1) satisfying
<I>T(A0~nfl)P(AONn71) + P(AONn71)¢(AONn71) < —MP(AONn71)7
where P(A9~"=1) = [Py, Py,--- , P,], Pi € R""%".
For convenience, e(1~™) (t), e(0~n=1) () z(1~n) (1) 2(0~n=1) () [ (z(0~n=1)) and L(2(0~"=1) are simplified to e(1~™),

e(ON"*D, z<1~">, z<0N"’1>, H, and L, respectively. Based on the above, the proof is derived as follows:
Proof: Choose the following Lyapunov function:

1 1~ ~ 1 ~ .
V(t) = 5(e<°~n-1>)Tpe<0~"-1> + §0T(t)0(t) + 5tr[wT(t)W(t)]. (A1)
Taking derivative leads to:
V(t) =é(e<1~">)TPe<°~"*1> + %(G(ON"’D)TP6<1N") LT )A(t) + te[WT (W (1)]
~ “ T
:%{A(MOW—U)AOW—U = B{HTA(t) + [Af(zO"7D) = WT(0)S(~""D)] = A®)Lm + Lus ()} }
% Pe(0~n—1) + %(e(ONn—l))TP{A(k(ONn—l))e(0~n—1) _ B{HTé(t) _ [Af(z(ONn—l))

~WT(1)S(z~"= D) — X(t)Lm + ng(t)}} + 67 (H)0(t) + 1 [WT (&)W (1))
1
T2
+ (O TPL — BIHTO() + [Af(z0~"1) = WT () S(=0~"D)] = X(t) Lm + Lua(8)} }

(e(Oanl))T(AT(k(Oanl))P + PA(k(Ownfl)))e(Oanl)

LT + e[ WT (W (1)]. (A2)

Based on the condition Re);(A(k(~"~1))) < —% and Lemma 1, there exists the matrix P > 0, which makes the
following inequality hold:

1(e(ON’n/—l))T{AT(k(DN’n,—l))P + PA(k(Own—l))}e(ONn—l) < _E(e(Own—l))Tpe(ONn—l).
2

[\

Therefore, V(t) can be simplified as the following form:

V(1) < =5 (O PO Vi (1) + Vo () + Va(0), (A3)
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where
Vi) =[O~ ") T PBHT 407 ()]0,
Vo(t) = — (O~ T PBIAF(z0~"= D) = WT (£)S(= 0~ D)] 4+ tr[ W7 (&)W (2)],
Va(t) = — (O~ NT PBIA(t)Lm + Lus(t)].
Next, deal with the result of the derivatives. Adding and subtracting %éT(t)é(t) into Vi (t), further utilizing &(t) =

00 — B0 — O(t) = 0 yields:

Vi(t) =[O~ )T PBHT +5T(t)}5(t) = 50T (0A) + 9T(t) (1) + (u + DET ()O()

i
=[=( =) TPBHT +6,(t) - <2>}6(t> 07 (00 + £6T (10(0)
+ (D@ (1) — 07 () = 7 ()8()
=[=(O )T PBHT — §%(t) - (u+ DAL M6 + 0% (0A) — L6 0A) + L8T 0d)
+ (D@ (1) — 07 (1)8(0). (A1)
Therefore, using the adaptive control law (6) and Assumption 2, we have

u+2

Va () =02, ()0(t) — Eo =0T (00() + (1 + 105 (10(t) - géT(t)é(t)

g%\\év-o(t)llﬂé(t)n ptz + 2162 + #D + 1)

<517+ 10O + (a+ 1)(68 + ||é<t>>||2>] - B2 215012 - L0 i)

1870 (&) 116 — 5T(t)5(t)

1 o~ -
<5108+ G+ D) - BAT i), (A5)
Here, the following inequality holds:

Va(t) =0T PBI-WT (1)S (=0~ 1) — * (2O~ =D)] — e[ W7 (1) W (1)]
— (eO~n=INT ppe*(,(0~n=1)y 4 altr[WT(t)(W* —W(1))]
1 wWHTy+ o

< (e(O~n=DT(0~n—1) 4 T2 ||PB||2 +01tr(7)——1tr(V~VTW), (A6)
209 2 2

where o2 is an adjusted parameter. Note that in the property of hyperbolic tangent function, the following equality holds:
0<| 0| —otanh(?) < 0.2785¢,
€
where € > 0 and p € R. We can get

LT BT pe0~n—1m

€

Va(t) = — ("= NT pB{A(t)Lm + Lmtanh

LT BT pe0~n—1m
€

<0.2785¢. (A7)

< | (= NTpBLm | —(e°~"~NT PBLintanh

Combining the above results (A1)-(A7) yields:

V() <~ 2( 0= T pel0nn=h) 4~ [52 + (p+1)53) - GT(t) (®)

*Tw* -
+o— ( (O~n—1)T o(0~n=1) 4 72 ||PBH2 +o'1tr( ) — —tr(WTW)+O.2785e
02

<—BV(t)+C, (A8)

where 8 = min{u— m,al}, C =162+ (u+1)83]+ Z||PB|?+ 22£ +altr(W). To ensure 3 > 0, we chose
n— m > 0 when designing the parameters.

From inequality (A8) and the Lyapunov stability, it was verified that the tracking error of the closed-loop system is
uniformly ultimately bounded, which indicated that the tracking error ultimately converges to nearly zero.

In the following, we will verify that the proposed event-triggered mechanism is Zeno-free. Recalling £(t) = w(t) —u(t) for

t € [tk,tk+1), we have: % T d (¢ x¢) 3= = sign(§)¢ < |w|. Noting that f(-), H(-), and L(-) have the first-order continuous

partial derivatives, we find that w is continuous. Additionally, because all signals of the closed-loop system are bounded,
there must exist a positive constant, x, such that |&| < k. By noting that £(tx) = 0 and lim(t)t—+¢,, = m, we obtain the
lower boundaries of inter-execution intervals ¢t*, which must satisfy t* > m/k > 0. Therefore, Zeno behavior is avoided.
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Figure B1 Responses of z, 2 and Z. Figure B2 Tracking responses. Figure B3 Trajectory of w.

Appendix B Simulation Studies

In this section, two examples are used to verify the effectiveness of the proposed method.
Example 1. In this example, we consider the following system:

1 = 92% + x2
To = 3 R (B1)

I3 =u

which was presented in [2]. Duan [3] converted the parameter 0 into a time-varying parameter. Therefore, the following
form is presented:

203 = 252 4 25)0(t) + Af(z(O™?) + Lu(t), (B2)

where 0(t) = 2 + 0.2sin(0.1¢), Af(2(°~2)) = 0.01(322 + 222 + 98), and L = 1. The initial values are arranged as
[z, %, %,0(0),00(t),0(0)] = [3,1,2,—1,1,2]. Based on [4], to make the matrix A(k(0~2) have the eigenvalues —a =+ jb
and —c, we chose a = 2,b = 1,c = 4 for K = [c(a? + b?), a® + 2ca + b2,2a + ¢]T. After combining this with Lemma 1 and
the aforementioned conditions, the parameter vector K and the positive definite symmetric matrix P were chosen as

20 18.3235 9.6176 0.9412
K= |21}, P = 196176 8.5662 0.8897
8 0.9412 0.8897 0.1985

In addition, other parameters were selected as p = 2, ¢ = 0.01, ¢ = 0.01, m = 2, m = 2.5, and y4(t) = sin(t). The
simulation results are shown in Figures B1, B2, and B3, which illustrate the effectiveness of the controller scheme proposed
in this article. Figure B2 shows the trajectory of tracking responses, which demonstrates that the proposed method has good
tracking performance. Figure B3 displays the trajectory of the controller, in which event-triggered strategy is significant in
practical production, especially in energy conservation.

Example 2. In this example, the RLC circuit system was used to verify the effectiveness of the proposed method. Based
on the Kirchhoff’s Law of Voltage and Current, the RLC circuit can be modeled as

LCZ + Az, 2) + RC% = u,

dt

where x = u.V, & = duc V/t, & = d;:ff V/t2, u = u, V. Other parameters were chosen as L = 0.5H, C = 1F, R = 0.5Q,
A(z, &) = —(0.25sin(2?) + 0.522). The above expression can be transferred into the following HOFA form:

£ = fO0V @) + AFEOD @) + HT (20D (1))0(t) + L0V (1)u(t),

where f(z(0~D (1)) = —22, Af(20~D (1)) = 0.5sin(22) + 22, H(z(O~D(t)) = 22, 0(t) = 1, L(2(°~V)(t)) = 2. The objective
of this example is for all signals of the closed-loop system to approach zero. Therefore, we set the desired output as yq; = 0.
The initial values were arranged as [z, 2,0(0), 0o(t),(0)] = [20,—3,—1,1,0]. Figure B4 shows the triggering times, from
which it is apparent that the controller is triggered at different times. The state responses are shown in Figure B5, which
shows that all signals of the closed-loop system approach zero. Figure B6 shows that the parameter estimation error 6
converges to zero, which reflects the good performance of the proposed method.

This simulation was run on a version of MATLAB R2018b with Simulink 9.2. Based on the program tic-operation-toc, the
time required for the code’s execution was obtained as 1.1 s and 11.8 s based on an asymmetric tan-type barrier Lyapunov
function in [5], respectively. In contrast, the method based on the HOFA significantly reduces the computational burden.
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Figure B4 Trigger times. Figure B5 Responses of z, 2. Figure B6 Trajectory of 6.
References

1 Duan G R. High-order fully actuated system approaches: Part V. Robust adaptive control. International Journal of Systems
Science, 2021, 52: 2129-2143.

2 Kokotovi P, Arcak M. Constructive nonlinear control: a historical perspective. Automatica, 2001, 37: 637-662.

3 Duan G R. High-order fully actuated system approaches: Part V. Robust adaptive control. International Journal of Systems
Science, 2021, 52: 2129-2143.

4 Duan G R. High-order fully actuated system approaches: Part IV. Adaptive control and high-order backstepping. International
Journal of Systems Science, 2021, 52: 972-989.

5 Qiu X C, Hua C C, Event-triggered based adaptive neural network control of a robotic manipulator with output constraints
and disturbance. International Journal of Systems Science, 2021, 52: 2415-2426.



	Proof of Theorem 1
	Simulation Studies

