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Semi-Markov jump systems (S-MJMs) not only characterize

hybrid systems but also address the limitations of Markov

jump systems (MJMs) [1–3]. Due to their ability to ex-

hibit multi-time-scale features, singularly perturbed mod-

els (SPMs) effectively model practical systems influenced

by multiple time-scale phenomena [4]. In this study, the

observer-based output feedback controller is asynchronous

with the original system due to the time delay in the con-

troller mode switching. A nonlinear plant with singularly

perturbed parameters (SPPs) is represented using an inter-

val type-2 (IT2) fuzzy model [5].

Currently, most studies on nonlinear S-MJSPMs adopt

the traditional T-S fuzzy modeling approach, which neglects

the impact of uncertainty on modeling accuracy. Existing

research on IT2 fuzzy S-MJMs typically assumes an ideal

synchronous mechanism between the controller mode and

the system mode. However, no previous research has ad-

dressed observer-based control law design for discrete IT2

fuzzy S-MJSPMs while considering the mode-switching de-

lay. Therefore, this study aims to design a suitable observer-

based control strategy to enhance the dynamic performance

of IT2 fuzzy S-MJSPMs with incomplete semi-Markov ker-

nel (SMK). The main contributions are summarized be-

low. (i) Unlike previous IT2 fuzzy S-MJMs, which assume

synchronous switching between the controller and the sys-

tem, this study accounts for the asynchronous phenomenon

caused by the mode-switching delay in the controller.

(ii) Based on fuzzy rules, SPPs, and SMK method, suffi-

cient conditions for the existence of a fuzzy controller are

established to ensure mean-square stability.

Preliminaries. Consider the IT2 fuzzy S-MJSPMs as fol-

lows:

s(ℓ+ 1) =
∑mrℓ

γ=1
F γ(S(ℓ))[Aγ

rℓ
Eǫs(ℓ) + Bγ

rℓ
µ(ℓ)],

y(ℓ) =
∑mrℓ

γ=1
F γ(S(ℓ))Cγ

rℓ
Eǫs(ℓ),

(1)

where s(ℓ) = [sTs (ℓ) s
T
f
(ℓ)]T ∈ Rns , ss(ℓ) ∈ Rnss , sf (ℓ) ∈

R
nsf represent the slow and fast states, respectively. The

term Eǫ = diag{Inss , ǫI
nsf } and ǫ > 0 defines the SPP.

The variables µ(ℓ) ∈ Rnµ and y(ℓ) ∈ Rny represent the

control input and system output, respectively. The ma-

trices Aγ
rℓ , B

γ
rℓ and C

γ
rℓ are known and appropriately di-

mensional matrices, where the semi-Markov chain {rℓ}ℓ∈Z+

takes values in the set M , {1, 2, . . . ,M}. The evolu-

tion follows the SMK Π̃(ι) = [π̃oq(ι)]o,q∈M. The index

′ ∈ Ip , {1, 2, . . . , mo} denotes the fuzzy rule number,

where mo signifies the number of IF-THEN rules for oth

system mode when rℓ = o ∈ M. The firing strength of

the ′th fuzzy rule is defined as F ′
rℓ
(S(ℓ)). For all o, q ∈ M

and ι ∈ Z>1, define MA
p , {p ∈ M|if π̃pq(ι) is available},

MU
p , {p ∈ M|if π̃pq(ι) is unavailable}, where MA

ı ,

{MA
ı (1),MA

ı (2), . . . ,MA
ı (MA

ı )} with 1 6 M
A
ı (1) <

M
A
ı (2) < · · · < M

A
ı (MA

ı ) 6 M , MA
ı represents the to-

tal number of elements in MA
ı , and M

A
ı (n) denotes the

M
A
ı (n)th number of M and nth available element in MA

ı .

Next, the IT2 fuzzy observer-based feedback controller is

designed as follows:

ŝ(ℓ+ 1) =
∑mrℓ

γ=1
F γ(S(ℓ))[Aγ

r̃ℓ
Eǫŝ(ℓ) +B

γ
r̃ℓ
µ(ℓ)

+ L
γ
r̃ℓ
(y(ℓ) − ŷ(ℓ))],

ŷ(ℓ) =
∑mrℓ

γ=1
F γ(S(ℓ))Cγ

r̃ℓ
Eǫŝ(ℓ),

µ(ℓ) =
∑mrℓ

γ=1
F γ(S(ℓ))Kγ

r̃ℓ
Eǫŝ(ℓ),

(2)

where ŝ(ℓ) and ŷ(ℓ) denote the observer state and output,

respectively. The terms K ′
rℓ

and L′
rℓ

represent the con-

troller and observer gains, respectively. The notation r̃ℓ
indicates the observer and controller modes with a one-step
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mode delay relative to the system, where r̃ℓ = rℓ−1. Defin-

ing e(ℓ) = s(ℓ)− ŝ(ℓ) and S(ℓ) = [sT(ℓ) eT(ℓ)]T yields:

S(ℓ+ 1) =
∑mo

′=1
F ′(S(ℓ))A′

rℓ,r̃ℓ
EǫS(ℓ), (3)

where

A′
rℓ,r̃ℓ

=





A′
rℓ

+ B′
rℓ
K ′

r̃ℓ
−B′

rℓ
K ′

r̃ℓ

A′
rℓ

+ B′
rℓ
K ′

r̃ℓ
− L′

r̃ℓ
C′

rℓ
−D′

r̃ℓ
D′

r̃ℓ
−B′

rℓ
K ′

r̃ℓ



 ,

Eǫ =

[

Eǫ 0

0 Eǫ

]

, D′
r̃ℓ

= A′
r̃ℓ

+ B′
r̃ℓ
K ′

rℓ
− L′

r̃ℓ
C′

r̃ℓ
.

Stability analysis.

Theorem 1. For given δo > 0, To
max ∈ Z>1, o ∈ M,

q ∈ MA
o , system (3) is mean-square stable if there ex-

ist matrices Poτ > 0, o ∈ M, τ ∈ Z[1,To
max]

, such that

∀γ0, γ1, . . . , γτ ∈ Io, ∀τ ∈ Z[1,To
max−1] and ι ∈ Z[1,To

max]
,

(Aγτ
o,j)

T

(

∏τ−1

γ=1
A
γγ
o,o

)T

Po(τ+1)

∏τ−1

γ=1
A
γγ
o,oA

γτ
o,j

− δoPo1 < 0, (4)

∑T
o
max

ι=1
(Aγι

o,j)
T

(

∏ι−1

γ=1
A
γγ
o,o

)T Poι

ωo

∏ι−1

γ=1
A
γγ
o,oA

γι
o,j

+ (1−̟o)(A
γι
o,j)

T

(

∏ι−1

γ=1
A
γγ
o,o

)T

Pq1

∏ι−1

γ=1
A
γγ
o,oA

γι
o,j

− Po1 < 0, (5)

where Poι ,
∑

q∈MA
o
π̃oq(ι)Pq(0), ωo , ̟o+(1− ψ̃o)ρ with

̟o =
∑T

o
max

ι=1

∑

c∈MA
o
π̃oc(ι) and ψ̃o =

∑

q∈MA
o
ψoq.

Proof. See Appendix A.

By Theorem 1, we establish the mean-square stability

of system (3), which involves a power of the matrix A
γγ
o,o.

This stability result facilitates the controller design. Theo-

rem 2 introduces additional matrix variables to address this

problem.

Theorem 2. For given δo > 0, To
max ∈ Z>1, ∀o ∈ M,

q ∈ MU
o , system (3) is mean-square stable if there ex-

ist matrices Uoτı > 0 and Uoι > 0, ∀o ∈ M, q ∈ MU
o ,

τ ∈ Z[1,To
max−1], ∀ı ∈ Z[0,τ−1], ∀ι ∈ Z[1,To

max]
, ∀ ∈ Z[1,ι−1],

such that ∀o ∈ M, ∀ι ∈ Z[1,To
max]

,

(A
γτ−ı
o,o )TUo(τ+1)(ı+2)A

γτ−ı
o,o − Uo(τ+1)(ı+1) < 0, (6)

(Aγτ
o,j)

TUo(τ+1)2A
γτ
o,j − δoUo11 < 0, (7)

∑T
o
max

ι=+1
((A

γι−
o,o )TUoι(+1)A

γι−
o,o − Uoι) < 0, (8)

(Aγı
o,o)

TUq1(ι−ı)A
γı
o,o − Uq1(ι−ı+1) < 0, (9)

∑T
o
max

ι=1 (Aγι
o,j)

TUoι1A
γι
o,j

ωo

+ (1−̟o)(A
γι
o,j)

TUq1ιA
γι
o,j

− Uo11 < 0, (10)

where ωo and ̟o are defined in Theorem 1.

Proof. See Appendix B.

Controller design.

Theorem 3. For given δo > 0, To
max ∈ Z>1, ∀o ∈ M,

and ̥o, if we find matrices ko ∈ R2nS , Ooτı ∈ R2nS with

I3OoτıI
T
3 > 0, Ooι ∈ R2nS with I3OoιI

T
3 > 0, ∀o ∈ M,

q ∈ MU
o , τ ∈ Z[0,T o

max−1], ∀ı ∈ Z[0,τ ], ∀ι ∈ Z[1,T o
max]

,

∀ ∈ Z[0,ι] and sets of matrices Uγ
o , N

γ
o , N γ

j , such that

∀o, j ∈ M, q ∈ MU
o ,

[

∆1 (Λ
γτ−ı
o,o )T

∗ −Oo(τ+1)(ı+2)

]

< 0, (11)

[

∆2 (Λγτ
o,j)

T

∗ −Oo(τ+1)2

]

< 0, (12)





Θ1 LT
o(+1)

[(Λ
γι−
o,o )T ⊗ I

MA
o (MA

o )+1]

∗ −diag{Õo, Õo(+1)}



 < 0, (13)

[

Υ1 (Λγı
o,o)

T

−Oq1(ι−ı)

]

< 0, (14)









Ξ1 (Λγι
o,j)

T LT
o1[(Λ

γι
o,j)

T ⊗ I
MA

o (MA
o )+1]

∗ −U∗
q1ι 0

∗
−diag{Õo,Õo(+1)}

ωo









< 0, (15)

then system (3) is mean-square stable with the controller

gain and the observer gains given by K ′
p = U ′

pk
−1
p and

L′
p = N ′

pk
−1
p (C′

p)
−1.

Proof. See Appendix C.

Conclusion. The design of an observer-based output feed-

back controller has been proposed for IT2 fuzzy S-MJSPMs

under an incomplete SMK, incorporating a mode-switching

delay. The main contribution of this work is the formulation

of an observer-based feedback control scheme with modal de-

lays to improve dynamic performance. Nonlinear S-MJMs

have been derived using the IT2 fuzzy approach, and an

observer-based controller has been designed to establish the

stability criterion. Compared with the case in which the

SMK is fully available, the underlying mean-square stabil-

ity has been developed. Simulation results, presented in

Appendix D, demonstrate the effectiveness of the proposed

control strategy. In future work, these results will be ex-

tended to IT2 fuzzy S-MJSPMs with time-varying delays.
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