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Appendix A Interval matrix method analysis and preparations

Notations. Cross this paper, ȧ(t) stands for the derivative of a(t) with respect to t, and Rn indicates n dimensional

Euclidean space. OT and O−1 denote the transpose of O and the inverse of O, respectively. ∗ implies a transposed term.

λmax(M) and λmin(M) represent the maximum and minimum eigenvalues of the matrix M , respectively. co[m,n] means

the convex combination of m and n.

IMM analysis. Below we take an example of the coefficient matrix A(t) with parameters varying over time. A(t) can

be analyzed as (akw(t))n×n ∈ co[Â, Ǎ], with k,w = {1, 2, . . . , n}. Here, ǎkw = max{akw(t)}, âkw = min{akw(t)},
∀t ∈ [t0, Tf ], âkw ⩽ akw(t) ⩽ ǎkw. Define Â = (âkw)n×n, Ǎ = (ǎkw)n×n. Due to convexity, it is natural to derive

akw(t) =
1

2
(ǎkw + âkw) +

λkw(t)

2
(ǎkw − âkw) = akw + λkw(t)ākw,

where akw = 1
2
(ǎkw + âkw), ākw = 1

2
(ǎkw − âkw). Also, it indicates A = (akw)n×n, ∆A(t) = (λkw(t)ākw)n×n, λkw(t) ∈

[−1, 1]. ∆A(t) is shown as a split of the matrices ∆A(t) = HaLa(t)Ma, LT
a (t)La(t) ⩽ In2×n2 . Obviously, one easily follows

that

A(t) ∈ co[Â, Ǎ] = A+HaLa(t)Ma,

with

La(t) = diag{λ11(t), ..., λ1n(t), ..., λn1(t), ..., λnn(t)}n2×n2 , Ha = [
√
ā11χ1, ...,

√
ā1nχ1, ...,

√
ān1χn, ...,

√
ānnχn]n×n2 ,

Ma = [
√
ā11χ

T
1 , ...,

√
ā1nχ

T
n , ...,

√
ān1χ

T
1 , ...,

√
ānnχ

T
n ]n2×n,

where χT
r = (0, ..., 1︸︷︷︸

rth

, ..., 0), which denotes a row vector wherein the rth element is 1 and all remaining elements assume

0. Therefore, we can re-express NDSs{
dx(t) ∈{co[Â, Ǎ]x(t) + co[Âd, Ǎd]x(t− ι(t)) + f(x(t), t) + g(x(t− ι(t)), t) + Bv(t) + Gu(t)}dt,

z(t) ∈co[Ê, Ě]x(t) +Wv(t).
(A1)

When focusing on the ith subsystem, one can express the subsystem coefficients below

Ai(t) ∈ co[Âi, Ǎi] = Ai +HaiLai(t)Mai;Adi(t) ∈ co[Âdi, Ǎdi] = Adi +HdiLdi(t)Mdi;

Ei(t) ∈ co[Êi, Ěi] = Ei +HeiLei(t)Mei.

Substituting the above equations into NDSSs yields{
dx(t) ∈{[Ai +HaiLai(t)Mai + GKi]x(t) + [Adi +HdiLdi(t)Mdi]x(t− ι(t)) + fi(x(t), t) + gi(x(t− ι(t)), t) + Bv(t)}dt,
z(t) ∈[Ei +HeiLei(t)Mei]x(t) +Wv(t).

(A2)
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Remark 1. Time-varying characteristics are typically viewed as detrimental in analyzing and designing control systems. [1]

exploited the DLMIs technique and state transition matrix to seek the optimal solution over the set of all permissible matrix-

valued functions, which caused a significant computational burden. [2] straightforwardly converting time-varying systems

into uncertain systems with time-varying parameters may introduce conservatism when confronted with sudden fluctuations

in time-varying parameters. With the proposed IMM in conjunction with switching analysis, one can further transform

time-varying systems into uncertain subsystems with time-varying parameters which can implement more accurate analysis

and control by considering the time-varying parameter control intervals of subsystems consisting of both their minimum

and maximum values, and representing the interval parameters as convex combinations, i.e., time-varying parameters of

the subsystems are contained in a closure.

Assumption 1. The time-varying exogenous disturbance v(t) ∈ Rv satisfies the following condition for scalar β ⩾ 0∫ Tf

0
vT (s)v(s)ds ⩽ β.

Assumption 2. For known nonlinear functions f(·, ·), g(·, ·), which are presumed to satisfy the global Lipschitz condition,

when focusing on σ(t) = i, there exist constants l1i, l2i ⩾ 0 such that inequalities below hold

|fi(ϱ1, t)− fi(ϱ2, t)|2 ⩽ l1i|ϱ1 − ϱ2|2; |gi(ϑ1, t)− gi(ϑ2, t)|2 ⩽ l2i|ϑ1 − ϑ2|2,

where fi(0, t) = 0, gi(0, t) = 0 are assumed to be satisfied.

Lemma 1. ( [3]). If Ύ11, Ύ22 are invertible matrices for a symmetric matrix Ύ =

[
Ύ11 Ύ12

∗ Ύ22

]
, the following inequalities

stand as equivalent propositions

(1)Ύ < 0; (2)Ύ11 < 0, Ύ22 − ΎT
12Ύ

−1
11 Ύ12 < 0; (3)Ύ22 < 0, Ύ11 − Ύ12Ύ

−1
22 ΎT

12 < 0.

Lemma 2. ( [4]). For a given matrix U ∈ Rn×n which is symmetric, and real matrices M , H with appropriate dimensions,

for the following inequality

U +HL(t)M +MTLT (t)HT < 0,

if there exists LT (t)L(t) < I, then one has a scalar ϵ > 0 satisfying

U + ϵMTM + ϵ−1HHT < 0.

Definition 1. (Finite-time boundedness, FTB [5]). Given positive scalars Tf , d1, β, where d1 < d2, a switching signal

σ(t), a matrix R > 0 and v(t) following Assumption 1, the systems are considered to be FTB regarding (d1, d2, β, Tf , R,

σ) when u(t) ≡ 0, satisfying

sup
s∈[−ι,0]

{xT (s)Rx(s)} ⩽ d1 =⇒ xT (t)Rx(t) < d2, ∀t ∈ [0, Tf ]. (A3)

Definition 2. (Finite-time H∞ boundedness, H∞ FTB [6]) Given positive scalars Tf , d1, β, a switching signal σ(t), and

a matrix R > 0, the systems are deemed to be H∞ FTB regarding (d1, d2, β, Tf , R, σ) with u(t) ≡ 0, if the following

conditions hold

(i) The systems are FTB.

(ii) z(t) under zero initial condition satisfies below∫ Tf

0
zT (s)z(s)ds < γ2

∫ Tf

0
vT (s)v(s)ds, (A4)

with the disturbance input v(t) meets Assumption 1, and γ is a positive constant.

Definition 3. (Finite-time H∞ Control, H∞ FTC [6]). The systems are referred as finite-time H∞ controllable with

H∞ performance index, if there exists a control input u(t) on [0, Tf ], and the closed-loop systems being H∞ FTB.

Appendix B Proof of Theorem 1

Theorem 1. For given several positive constants d1, β, Tf , m, α, l1i, l2i and a matrix R > 0, the NDSSs achieve FTB

regarding (d1, d2, β, Tf , R, σ), if there exist positive scalars µi > 1, d2, ϵfi, ϵgi, and positive definite matrices Pi, Si,

satisfying[
Γ Ξ

∗ Θ

]
< 0, (B1)

Ω < 0, (B2)
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Pi < µiPj , Si < µiSj , j = i− 1, ∀i, j ∈ M, (B3)

where

Γ1,1 = PiAi(t) +AT
i (t)Pi + Si + ϵfP

2
i + ϵgP

2
i − αPi,Γ1,2 = PiAdi(t),Γ1,3 = PiB,Γ2,2 = −(1− h)eαιSi,Γ3,3 = −αI,

Ξ =

(√
l1iI 0 0

0
√
l2iI 0

)T

,Θ = diag{−ϵfiI,−ϵgiI},Ω1,1 = (λ1 + ιeαιλ2)d1 + αβ,Ω1,2 =
√

λ3d2,Ω2,2 = eαTf

m∏
i=2

µi.

Proof . The following multiple Lyapunov functions (MLFs) candidates are chosen for NDSSs

Vi(xt, t) =
2∑

κ=1

Vκi(xt, t), (B4)

with each Vκi(t) is given below

V1i(xt, t) = xT (t)Pix(t), V2i(xt, t) =

∫ t

t−ι(t)
eα(t−θ)xT (θ)Six(θ)dθ.

Then, the derivative of Vκi(t) along the NDSSs, it obtains

V̇1i(xt, t) =2xT (t)Pi[Ai(t)x(t) +Adi(t)x(t− ι(t)) + fi(x(t), t) + gi(x(t− ι(t)), t) + Bv(t)],

V̇2i(xt, t) =xT (t)Six(t)− eαι(t)(1− ι̇(t))xT (t− ι(t))Six(t− ι(t)) + α

∫ t

t−ι(t)
eα(t−θ)xT (θ)Six(θ)dθ.

The combination of Assumption 2 and Lemma 2, one easily acquires

2∑
κ=1

V̇κi(xt, t) ⩽xT (t)(PiAi(t) +AT
i (t)Pi + Si + ϵfiP

2
i + ϵgiP

2
i + ϵ−1

fi l1iI)x(t) + xT (t)PiAdi(t)x(t− ι(t))

+ xT (t− ι(t))AT
di(t)Pix(t) + xT (t− ι(t))(ϵ−1

gi l2iI − (1− h)eαιSi)x(t− ι(t)) + xT (t)PiBv(t)

+ vT (t)BTPix(t) + α

∫ t

t−ι(t)
eα(t−θ)xT (θ)Six(θ)dθ.

(B5)

Thus, from inequalities (B4)-(B5), it’s obviously reached

V̇i(xt, t)− αVi(xt, t)− αvT (t)v(t) ⩽ χ̆T (t)Λχ̆(t),

where χ̆T (t) = [xT (t), xT (t− ι(t)), vT (t)], Λ =


φ11 PiAdi(t) PiB
∗ φ22 0

∗ ∗ −αI

,
with φ11 = PiAi(t) +AT

i (t)Pi + Si + ϵfiP
2
i + ϵgiP

2
i + ϵ−1

fi l1iI − αPi, φ22 = ϵ−1
gi l2iI − (1− h)eαιSi.

By considering Lemma 1, the condition (B1) implies that Λ < 0. Hence, we have

V̇i(xt, t) < αVi(xt, t) + αvT (t)v(t). (B6)

Integrating inequality (B6) for t ∈ [tp, tp+1)

Vσ(t)(xt, t) < eα(t−tp)Vσ(tp)(xt, t) +

∫ t

tp

αeα(t−s)vT (s)v(s)ds. (B7)

It follows from the condition (B3) that

Vi(xtp , tp) < µiVj(xt−p
, t−p ). (B8)

According to [7] and [8], one obtains that

Vi(xt, t) <
m∏
i=2

µie
α(t−0)Vσ(0)(x0, 0) + α

m∏
i=2

µi

∫ t

0
eα(t−s)vT (s)v(s)ds

<
m∏
i=2

µie
αTf [Vσ(0)(x0, 0) + α

∫ Tf

0
vT (s)v(s)ds] <

m∏
i=2

µie
αTf [Vσ(0)(x0, 0) + αβ].

(B9)

Then, let P̄i = R− 1
2 PiR

− 1
2 , S̄i = R− 1

2 SiR
− 1

2

Vσ(0)(x0, 0) = xT (0)Pσ(0)x(0) +

∫ 0

−ι(0)
e−αθxT (θ)Sσ(0)x(θ)dθ ⩽ (λ1 + ιeαιλ2)d1. (B10)
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From the other side, we have

Vi(xt, t) > xT (t)Pix(t) ⩾ λ3x
T (t)Rx(t), (B11)

where λ1 = max{λmax(P̄i)}, λ2 = max{λmax(S̄i)}, λ3 = min{λmin(P̄i)}, ∀i ∈ M.

By inequalities (B9)-(B11), it’s easily got

xT (t)Rx(t) <
Vi(xt, t)

λ3
<

eαTf
∏m

i=2 µi[(λ1 + ιeαιλ2)d1 + αβ]

λ3
. (B12)

Therefore, from (B2), we have the following inequality

xT (t)Rx(t) < d2. (B13)

From the above analysis and Definition 1, we conclude that NDSSs is FTB to (d1, d2, β, Tf , R, σ). This ends the proof.

Remark 2. It provides a series of matrix sufficient conditions for NDSSs in Theorem 1 to retain FTB from the perspective

of switching analysis. The construction of MLFs with time delays and the application of some inequality techniques yield

the sufficient condition (B1) for a more comprehensive discussion of subsystems, and the matrix condition (B3) to further

constrains MLFs. On the other hand, as switching subsystems considered in this paper are converted from time-varying

systems by performing switching analysis, therefore the switching number of each subsystem remains unique over [0, Tf ].

Consequently, the common switching strategies ADT [7], and MDADT [8] are not suitable for this work. Instead, we

introduce two switching strategies to compute the switching points in Appendix E.

Appendix C Proof of Theorem 2

A comprehensive exploration of the conditions is given to guarantee that the NDSSs achieve H∞ FTB, and H∞ performance

index is also derived following the results of Theorem 2.

Theorem 2. For given some positive constants d1, β, Tf , m, α, l1i, l2i, γ, the NDSSs achieve H∞ FTB with respect to

(d1, d2, β, Tf , R, σ) by setting H∞ performance index γ⋆ = (eαTf
∏m

i=2 µi)
1
2 γ, if there exist positive scalars µi > 1, d2,

ϵfi, ϵgi, and positive definite matrices Pi, Si, such that

[
Π Ξ́

∗ Θ

]
< 0, (C1)

Ω̃ < 0, (C2)

Pi < µiPj , Si < µiSj , j = i− 1, ∀i, j ∈ M, (C3)

where

Π1,1 = PiAi(t) +AT
i (t)Pi + Si + ϵfiP

2 + ϵgiP
2 − αPi,Π1,2 = PiAdi(t),Π1,3 = PiB,Π1,4 = ET

i (t),

Π2,2 = −(1− h)eαιSi,Π3,3 = −γ2I,Π3,4 = WT ,Π4,4 = −I, Ξ́ =

(√
l1iI 0 0 0

0
√
l2iI 0 0

)T

,

Θ = diag{−ϵfiI,−ϵgiI}, Ω̃1,1 = (λ1 + ιeαιλ2)d1 + γ2β, Ω̃1,2 =
√

λ3d2, Ω̃2,2 = eαTf

m∏
i=2

µi.

Proof . Building on the matrix conditions of Theorem 1 for further investigation, we will prove that the H∞ FTB and

solve H∞ performance index of NDSSs with the zero initial condition.

Denote S(vt, zt) = γ2vT (t)v(t)− zT (t)z(t). Similarly as the method of Theorem 1, one yields

V̇i(xt, t)− αVi(xt, t)− S(vt, zt) ⩽ χ̆T (t)Φχ̆(t),

where χ̆T (t) = [xT (t), xT (t− ι(t)), vT (t)], and employing Lemma 1, it’s got

Φ =


φ11 PiAdi(t) PiB ET

i (t)

∗ φ22 0 0

∗ ∗ −γ2I WT

∗ ∗ ∗ −I

,

with φ11 and φ22 have been described in Theorem 1.
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Along with the proof of Theorem 1, we obtain

Vi(t) < eαt
m∏
i=2

µiVσ(0)(x0, 0) +
m∏
i=2

µi

∫ t

0
eα(t−s)S(s)ds. (C4)

Following Vσ(0)(x0, 0) = 0, thus

m∏
i=2

µi

∫ t

0
eα(t−s)zT (s)z(s)ds <

m∏
i=2

µi

∫ t

0
eα(t−s)γ2vT (s)v(s)ds. (C5)

Noting that∫ t

0
zT (s)z(s)ds <

m∏
i=2

µi

∫ t

0
eα(t−s)zT (s)z(s)ds;

m∏
i=2

µi

∫ t

0
eα(t−s)γ2vT (s)v(s)ds <

m∏
i=2

µie
αt

∫ t

0
γ2vT (s)v(s)ds. (C6)

By setting t = Tf , it can be easily obtained∫ Tf

0
zT (s)z(s)ds < eαTf

m∏
i=2

µiγ
2

∫ Tf

0
vT (s)v(s)ds. (C7)

Therefore, the NDSSs are H∞ FTB with H∞ performance index γ⋆ =
√

eαTf
∏m

i=2 µiγ. The proof is completed.

Appendix D Proof of Theorem 3

In conjunction with the above analysis of the sufficient conditions for H∞ FTB, as discussed below, the matrix criteria for

the systems (A2) to reach the LMIs form of H∞ FTC are derived, and the piecewise state feedback controllers (PSFCs)

are designed as well.

Theorem 3. Combining PSFCs, for given some positive constants d1, β, Tf , m, α, l1i, l2i, γ, if there exist positive scalars

µi > 1, ϵfi, ϵgi, ϵai, ϵdi, ϵei, d2, and positive definite matrices Pi, Si, satisfying the following inequalities and the condition

(C2), the closed-loop systems (A2) will be H∞ FTC regarding (d1, d2, β, Tf , R, σ), with the same H∞ performance index.[
Ψ Σ

∗ Θ̃

]
< 0, (D1)

Xj < µiXi, Uj < µiUi, j = i− 1, ∀i, j ∈ M, (D2)

where

Ψ1,1 = AiXi +XiAT
i + GYi + Y T

i GT + ϵfiI + ϵgiI + ϵaiHaiH
T
ai + ϵdiHdiH

T
di − αXi,Ψ1,2 = AdiUi,Ψ1,3 = B,

Ψ1,4 = XiE
T
i ,Ψ2,2 = −(1− h)eαιUi,Ψ3,3 = −γ2I,Ψ3,4 = WT ,Ψ4,4 = −I + ϵeiHeiH

T
ei,Σ1,1 =

√
l1iXi,Σ1,3 = XiM

T
ai,

Σ1,5 = XiM
T
ei,Σ1,6 = Xi,Σ2,2 =

√
l2iUi,Σ2,4 = UiM

T
di, Θ̃ = diag{−ϵfiI,−ϵgiI,−εaiI,−ϵdiI,−ϵeiI,−Ui}.

By the design of PSFCs, the controllers’ gain matrices are taken into account as Ki = YiX
−1
i .

Proof . Considering the systems, it follows from Theorem 2 that the matrix (C1) can be transformed into the following

inequality with PSFCs applied

Π̃ + ∆T
1 LT

ai(t)∆2 +∆T
2 Lai(t)∆1 +∆T

3 LT
di(t)∆4 +∆T

4 Ldi(t)∆3 +∆T
5 LT

ei(t)∆6 +∆T
6 Lei(t)∆5 < 0. (D3)

According to Lemma 2, we have

Π̃ + ϵ−1
ai ∆T

1 ∆1 + ϵai∆
T
2 ∆2 + ϵ−1

di ∆T
3 ∆3 + ϵdi∆

T
4 ∆4 + ϵ−1

ei ∆T
5 ∆5 + ϵei∆

T
6 ∆6 < 0, (D4)

where

Π̃1,1 = PiAi +AT
i Pi + PiGKi +KT

i GTPi + Si + ϵfP
2
i + ϵgP

2
i − αPi, Π̃1,2 = PiAdi, Π̃1,3 = PiB, Π̃1,4 = ET

i , Π̃1,5 =
√

l1iI,

Π̃2,2 = −(1− h)eαιSi, Π̃2,6 =
√

l2iI, Π̃3,3 = −γ2I, Π̃3,4 = WT , Π̃4,4 = −I, Π̃5,5 = diag{−ϵfiI,−ϵgiI},∆1 = (Mai, 0, ..., 0︸ ︷︷ ︸
5

),

∆2 = (HT
aiPi, 0, ..., 0︸ ︷︷ ︸

5

),∆3 = (0,Mdi, 0, ..., 0︸ ︷︷ ︸
4

),∆4 = (HT
diPi, 0, ..., 0︸ ︷︷ ︸

5

),∆5 = (Mei, 0, ..., 0︸ ︷︷ ︸
5

),∆6 = (0, ..., 0︸ ︷︷ ︸
3

, HT
ei, 0, ..., 0︸ ︷︷ ︸

2

).

Setting Xi = P−1
i , KiXi = Yi, Ui = S−1

i , then employing Lemma 1 and multiplying the inequality (D4) before and

after by diag{Xi, Ui, I7×7} and its transpose, the condition (D1) implies that the above inequality (D4) holds. Moreover,

the condition (D2) are similar as condition (C3). And the H∞ performance index can be obtained similar to Theorem 2,

so it’s omitted here. Thus, the systems (A2) are H∞ FTC with respect to (d1, d2, β, Tf , R, σ) via PSFCs.
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Appendix E Switching strategies and optimization algorithm

Strategy 1. Considering the division of systems into subsystems according to time-averaged partitioning, it is assumed

that the active time of the ith subsystem always equals that of the jth subsystem, which implies that δi = δj , ∀i, j ∈ M,

where i ̸= j. Consequently, the upper and lower bounds for each subsystem are determined. In combination with the

analysis of Theorem 3, the H∞ FTC problem for NDSs is achieved.

Strategy 2. Under Strategy 1, it is natural to contemplate whether the average segmentation strategy would yield the

minimum energy cost. Apparently, the reply is not certain. Therefore, this paper provides an optimization algorithm based

on Grid search algorithm (GSA), on which the optimal segment points are sought globally, as see Algorithm E1 below. In

contrast to Strategy 1, here δi ̸= δj , ∀i, j ∈ M, i ̸= j. Afterward, upon acquisition of the optimization segment points, the

delineation of the upper and lower bounds for each subsystem ensues, which in combination with Theorem 3 leads to the

minimum energy cost and the solution of the H∞ FTC problem.

An abbreviated algorithm is proposed in this paper that incorporates Strategy 2 and combines the Theorem 3, providing

a practical implementation guide for understanding the results obtained.

Algorithm E1 GSA-based for minimum energy cost

Input: Given the scalars Tf and J0 solved by 1-stage feedback controller, choose t1start = 0.1, t2start = 0.1 + ∆t and ∆t as the

accuracy.

Output: The optimal energy cost J1 and the optimal switching points t1, t2.

1: for t1 from t1start to Tf by ∆t. do

2: for t2 from t2start to Tf by ∆t. do

3: if LMIs (D1)-(D2) are feasible, and solved J1 < J0. then

4: J0 = J1, and go back to step 1.

5: else

6: Go back to step 1.

7: end if

8: end for

9: end for

10: return The optimal energy cost J1.

Appendix F Numerical Simulations

It proffers three numerical instances to elucidate the validity of the presented switching strategies and Theorems. As the

practical demonstrations, energy cost and performance of the controllers with different switching strategies can be evaluated

to further support the claims and conclusions of this research.

Example 1. Considering the NDSs with Strategy 1 and the given parameters are shown as follows:

A(t) =

[
0.5 cos(2t)− 1

1+t
−1.7

1.22 0.44 + 0.5 cos(0.2t)

]
,G =

[
0.5

0.15

]
,Ad(t) =

[
0.05 cos(t) + 0.05 0

0.1 0

]
,B =

[
−0.0366 0.0271

0.0482 −1.01

]
,

E(t) =

[
0 0.05 sin(0.4t) + 0.45

0.1 0

]
,W =

[
−0.02 0.01

0 −0.06

]
, v(t) =

[
0.1e−0.75t sin(t)

0.2e−0.2t cos(0.55t)

]
, ι(t) = 0.7 + 0.05 sin(t).

the nonlinear functions are selected as f(x(t), t)=0.1sin(x(t)), g(x(t− ι(t)), t)=0.05cos(x(t− ι(t)))-0.05, and l1i = l2i = 0.01,

∀i ∈ M. Considering ι = 0.75, h = 0.05, β = 0.057, α = 0.01, γ = 1, d1 = 0.37, t0 = 0 s, Tf = 10 s and R = I, through

Strategy 1, the solutions of Theorem 3 are calculated below.

Case 1. By regarding NDSs as regular time-varying systems, a 1-stage state feedback controller is employed.

X =

[
46.6686 −0.6124

−0.6124 0.6899

]
, Y =

[
−163.8285 −75.6933

]
,K = Y X−1 =

[
−5.0084 −114.1559

]
, U =

[
56.2124 −1.1475

−1.1475 29.7050

]
,

γ⋆ =
√

eαTf γ = 1.0513, ϵa = 23.2206, ϵd = 30.7309, ϵe = 13.3375, ϵf = 4.5879, ϵg = 4.6210, λ1 = 1.4667, λ2 = 0.0337,

λ3 =0.0214, d2 = 31.4512.

Case 2. Average switching Strategy 1 is exploited to classify the NDSs into 2 subsystems relying on time-averaged

segmentation for investigation and analysis. The switching time and parameter are selected as t1 = 5 s and µ2 = 1.85,

respectively.

X1 =

[
24.4448 −0.8521

−0.8521 0.4957

]
, Y1 =

[
−69.2114 −41.6709

]
, X2 =

[
26.1886 −1.0090

−1.0090 0.9536

]
, Y2 =

[
−87.4021 −37.8048

]
,

K1 =
[
−6.1293 −94.6071

]
K2 =

[
−5.0717 −45.0121

]
, U1 =

[
29.9120 −0.7777

−0.7777 15.6927

]
, U2 =

[
27.3997 −0.7920

−0.7920 16.9439

]
,

λ1 =2.1487, λ2 = 0.0639, λ3 = 0.0381, γ⋆ = 1.4299, d2 = 46.6735, ϵa1 = 17.8725, ϵd1 = 16.7506, ϵe1 = 14.3422,

ϵf1 =3.8555, ϵg1 = 3.8683, ϵa2 = 13.9247, ϵd2 = 16.6578, ϵe2 = 12.0906, ϵf2 = 2.8417, ϵg2 = 2.8225.
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Case 3. Similar to Case 2, Strategy 1 is applied to partition the NDSs into 3 subsystems depending on the time-averaged

segmentation. The switching times and parameters are selected as t1 = 3.3 s, t2 = 6.6 s and µ2 = 1.9, µ3 = 1.8 respectively.

X1 =

[
23.3495 −0.8264

−0.8264 0.5238

]
, Y1 =

[
−65.9040 −39.4400

]
, X2 =

[
24.3559 −0.8936

−0.8936 0.8378

]
, Y2 =

[
−76.0201 −37.3956

]
,

X3 =

[
25.4560 −1.1438

−1.1438 1.1665

]
, Y3 =

[
−84.0809 −35.2437

]
,K1 =

[
−5.8119 −84.4586

]
,K2 =

[
−4.9526 −49.9171

]
,

K3 =
[
−4.8754 −34.9944

]
, U1 =

[
28.9372 −0.9431

−0.9431 14.8300

]
, U2 =

[
26.9084 −0.9485

−0.9485 15.5682

]
, U3 =

[
26.4166 −1.1650

−1.1650 16.6163

]
,

λ1 =2.0244, λ2 = 0.0677, λ3 = 0.0392, γ⋆ = 1.9441, d2 = 79.5303, ϵa1 = 18.4582, ϵd1 = 15.8417, ϵe1 = 13.6288,

ϵf1 =3.9569, ϵg1 = 3.9733, ϵa2 = 15.9712, ϵd2 = 15.7723, ϵe2 = 14.5249, ϵf2 = 3.0721, ϵg2 = 3.0549, ϵa3 = 15.1212,

ϵd3 =15.7513, ϵe3 = 12.5856, ϵf3 = 2.9168, ϵg3 = 2.8840.

Energy cost for the three cases of Example 1 is shown in the Table F1 below.

Table F1 Energy cost by switching Strategy 1 and no switching

Controllers 1-stage 2-stage 3-stage

Energy cost 141.084 108.5024 95.3178

Improve efficiency
23.09% 32.44%

(compared to 1-stage)
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Figure F1 2D phase trajectories of NDSs without controller. (a) Trajectories with initial condition x0 = [0, 0]T ; (b) Trajectories

with initial condition x0 = [−0.1, 0.6]T ; (c) Trajectories with initial condition x0 = [−2,−5]T ; (d) Trajectories with initial condition

x0 = [−4.1,−1.21]T .

Table F1 demonstrates the results of energy cost for two types of PSFCs exploiting Strategy 1 and 1-stage feedback con-

troller. Presented outcomes reveal the effectiveness of Strategy 1 and satisfactory results achieved in energy conservation.

Figure F1 visualizes the state diagrams with different initial conditions when NDSs remain uncontrolled. Figure F2(a) illus-
trates the state curves under the three types of controllers, while Figure F2(b) indicates that under three types of controllers,

xT (t)Rx(t) < d2, which ensures that NDSs are FTB. Additionally, Figure F3(a) exhibits the curves of controllers. Figure

F3(b) showcases the validity of H∞ performance index under the zero initial value condition by 3-stage PSFC, assuring the

system is H∞ FTC.

Example 2. Set the same system conditions above in this example, which applies Strategy 2 and Algorithm E1 to derive

the optimal switching points. Thereafter, the resolutions of Theorem 3 also can be computed below.

Case 1. Optimization Strategy 2 and Algorithm E1 are implemented to classify the NDSs into 2 subsystems. The optimized

switching time parameter is assigned as t1 = 5.7 s.

X1 =

[
25.7530 −0.8322

−0.8322 0.5498

]
, Y1 =

[
−73.7351 −43.4801

]
, X2 =

[
26.7827 −1.0385

−1.0385 1.0311

]
, Y2 =

[
−89.4430 −38.3447

]
,

K1 =
[
−5.6973 −87.7042

]
,K2 =

[
−4.9758 −42.1982

]
, U1 =

[
31.3612 −0.6962

−0.6962 15.8392

]
, U2 =

[
28.1568 −0.8764

−0.8764 17.1860

]
,

λ1 =1.9144, λ2 = 0.0633, λ3 = 0.0373, γ⋆ = 1.4299, d2 = 42.9142, ϵa1 = 17.6023, ϵd1 = 16.9878, ϵe1 = 14.3061,

ϵf1 =3.7738, ϵg1 = 3.7962, ϵa2 = 14.8524, ϵd2 = 16.8828, ϵe2 = 12.3535, ϵf2 = 2.9599, ϵg2 = 2.9409.
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Figure F2 Simulation results with controllers. (a) State responses of x(t) employing Strategy 1 under three types of controllers

with x0 = [−0.1, 0.6]T ; (b) Simulation results of xT (t)Rx(t) with Strategy 1.
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Figure F3 Controllers and H∞ performance index curves. (a) The trajectories of different controllers with Strategy 1; (b)

Simulation results of γ(t) =

√ ∫ t
0 zT (s)z(s)ds∫ t
0 vT (s)v(s)ds

, and γ⋆ = 1.9441 with zero initial value by 3-stage average PSFC.
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Case 2. As similar to Case 1, combining Strategy 2 with Algorithm E1 splits the NDSs into 3 subsystems. The optimized

switching time parameters are quoted as t1 = 3.1 s and t2 = 7.1 s.

X1 =

[
23.3438 −0.7812

−0.7812 0.5629

]
, Y1 =

[
−65.7405 −39.3616

]
, X2 =

[
24.7218 −0.8521

−0.8521 0.8533

]
, Y2 =

[
−78.1367 −37.6091

]
,

X3 =

[
25.1448 −1.1525

−1.1525 1.2170

]
, Y3 =

[
−82.9303 −34.4624

]
,K1 =

[
−5.4074 −77.4313

]
,K2 =

[
−4.8466 −48.9124

]
,

K3 =
[
−4.8045 −32.8662

]
, U1 =

[
28.8317 −0.9542

−0.9542 14.4811

]
, U2 =

[
26.9567 −0.9929

−0.9929 15.1911

]
, U3 =

[
26.1413 −1.2283

−1.2283 16.2360

]
,

λ1 =1.8652, λ2 = 0.0694, λ3 = 0.0397, γ⋆ = 1.9441, d2 = 72.9667, ϵa1 = 18.2694, ϵd1 = 15.4600, ϵe1 = 13.2694,

ϵf1 =3.8996, ϵg1 = 3.9166, ϵa2 = 14.9990, ϵd2 = 15.3914, ϵe2 = 13.6692, ϵf2 = 2.9037, ϵg2 = 2.8887, ϵa3 = 15.4217,

ϵd3 =15.3366, ϵe3 = 12.6627, ϵf3 = 2.9415, ϵg3 = 2.9064.

Energy cost and program running time for Example 2 are exhibited in Table F2 as follows.

Table F2 Energy cost by switching Strategy 2 and no switching

Controllers 1-stage 2-stage 3-stage

Energy cost 141.084 100.274 86.9794

Improve efficiency
28.93% 38.34%

(compared to 1-stage)

Improve efficiency
5.84% 5.9%

(compared to Strategy 1)

Running time 0.0019 h 0.2362 h 3.449 h
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Figure F4 Energy cost simulation diagrams. (a) J (t1) versus switching time t1; (b) J (t1, t2) versus switching times t1 and t2.

The energy cost and program running time of the controllers at different stages with Strategy 2 are summarized in Table

F2. Figures F4(a) and F4(b) simulate the result graphs for different switching times and energy cost in the effects of Strategy

2 and Algorithm E1, in which the global optimal points of energy cost are found. Figure F5 signifies the states with different

initial conditions subjected to the optimized two types of controllers.

Remark 3. Noticeably, Tables F1 and F2 reveal that Strategy 2 is superior to Strategy 1, with more energy cost reductions

for Strategy 2. It is clear from Table F2 that the more subsystems of NDSs are classified into, the lower energy cost will

be. Besides, more subsystems make the implementation of the controller more complex and the program runtime more

redundant. This implies that in practice the combination of control performance and complexity should be taken into

account. For this application example, the optimized 2-stage PSFC is sufficiently suitable.

Example 3. From the analysis above, an example of the energy storing circuit is discussed below where we consider

the application of the optimized 2-stage PSFC and 1-stage state feedback controller. A schematic diagram of the energy

storing electrical circuit is presented as follows.

Figure F6 incorporates capacitance C, inductance L, variable resistors R1(t) and R2(t). Suppose that the state variables

and the control input are taken as x(t) = [vc, iL]
T and u(t) = V in which vc and iL indicate electric tension and electric cur-

rent through the element, respectively. By considering C = 1.4706, L = 5.556, R1(t) =
1+t

0.5294(1+t) cos(0.13t)+2.132
, R2(t) =
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Figure F5 State responses of x(t) adopting Strategy 2 for 20 sets of different initial values. (a) State responses under the

optimized 2-stage PSFC. (b) State responses under the optimized 3-stage PSFC.

Figure F6 Schema of energy storing electrical circuit.

2.445 + 1.389 cos(0.2t), for t ∈ [0, 10], and the effects of time delays, nonlinear perturbations and the external disturbance,

employing Kirchhoff laws, the following model is obtained.

ẋ(t) = A(t)x(t) +Ad(t)x(t− ι(t)) + f(x(t), t) + g(x(t− ι(t)), t) + Bv(t) + Gu(t),

where

A(t) =

[
−0.36 cos(0.13t)− 0.45

1+t
0.68

−0.18 −0.44− 0.25 cos(0.2t)

]
,G =

[
0

0.18

]
,

with the other parameters are the same as in Example 1. Combining Strategy 2 and Algorithm E1, the optimized switching

time parameter and switching parameter are chosen as t1 = 2.3 s and µ2 = 1.85.

X =

[
1.9162 −1.4829

−1.4829 2.3034

]
, Y =

[
−2.2027 −20.8395

]
, X1 =

[
4.0559 −1.9786

−1.9786 2.8506

]
, Y1 =

[
−7.2177 −34.1244

]
,

X2 =

[
2.8829 −1.7419

−1.7419 4.1834

]
, Y2 =

[
−2.1209 −41.2336

]
,K =

[
−16.2430 −19.5040

]
,K1 =

[
−11.5202 −19.9670

]
,

K2 =
[
−8.9403 −13.5791

]
, U =

[
7.7451 −3.1191

−3.1191 6.2653

]
, U1 =

[
14.2734 −3.8846

−3.8846 9.9029

]
, U2 =

[
15.1115 −4.8646

−4.8646 11.1892

]
,

ϵa =2.3929, ϵd = 3.1466, ϵe = 3.5424, ϵf = 0.4199, ϵg = 0.4154, ϵa1 = 6.3522, ϵd1 = 7.2969, ϵe1 = 7.1954,

ϵf1 =1.5231, ϵg1 = 1.5033, ϵa2 = 3.9596, ϵd2 = 4.7194, ϵe2 = 4.8573, ϵf2 = 0.4327, ϵg2 = 0.4279.

Energy cost for Example 3 is indicated in Table F3 below.

Table F3 Energy cost by the optimized 2-stage PSFC and 1-stage controller

Controllers 1-stage 2-stage

Energy cost 2.1939 0.91933

Improve efficiency
58.096%

(compared to 1-stage)
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Figure F7 State trajectories of Example 3 without controller by x0 = [−1, 0.6]T .
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Figure F8 State trajectories of Example 3 with two types of controllers by x0 = [−1, 0.6]T .

Table F3 demonstrates that the optimized 2-stage PSFC also contributes to reduced energy cost on the energy storing

circuit example. Figure F7 illustrates the state diagram without controller, while Figure F8 shows state responses with

the state feedback controller and the optimized 2-stage PSFC. Figure F9 depicts the trajectories of the optimized 2-stage

controller and the state-feedback controller.
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