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Abstract This article focuses on a type of stochastic McKean-Vlasov equation in the G-framework (G-SMVE) and addresses
the stability issue for delay stochastic McKean-Vlasov equations in the G-framework (G-SMVDEs). Distribution dependence and
uncertainty prevent us from directly applying the stochastic analysis method for stochastic McKean-Vlasov equations (SMVEs)
to G-SMVEs directly. To overcome this difficulty, we introduce definitions, including the derivative of a function with a law
under the G-expectation and the Lions derivatives. Then we construct a new G-It6 formula for G-SMVEs according to the
G-It6 formula for stochastic differential equations in the G-framework (G-SDEs) and the It6 formula for SMVEs. Using the
new G-It6 formula and the Lyapunov functional method, we investigate the moment exponential stability and almost sure
asymptotic stability of G-SMVDEs. To overcome the difficulty in obtaining the distribution dependence of the exact solution
to the G-SMVDE, we introduce the empirical measure and the corresponding interacting particle system, and then prove the
stability equivalence between the underlying G-SMVDE and the corresponding interacting particle system. Two examples are
used to confirm our theoretical results.
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1 Introduction

Stochastic differential equations driven by classical Brownian motion (b-SDEs) are often used to de-
scribe uncertain phenomena and play important roles in many science and industry fields. The most
vital assumption condition imposed on b-SDEs may be the distribution certainty in the sense that each
relevant random variable has a certain probability distribution. However, in the real world, it is diffi-
cult to find an ideal model that the probability can be exactly determined, and hence, the probability
uncertainty becomes a hard and interesting topic. In the economy and finance field, to model Knight-
ian uncertainty, which describes the probability uncertainty in events, Peng [1] introduced the theory of
sublinear expectation and developed the theory of G-expectation, and then he proved that it can well
characterize the Knightian uncertainty. Under the G-expectation framework, a new type of Brownian
motion, the so-called G-Brownian motion, has been introduced, and the stochastic calculus with respect
to the G-Brownian motion has been developed. More recently, stochastic differential equations in the
G-framework (G-SDEs) and their stabilities become the research highlight. See Peng [1] for the existence
and uniqueness of the solutions to G-SDEs, see Zhang et al. [2], Ren et al. [3], and Hu et al. [4] for the
stability analysis for G-SDEs, and see Ren et al. [3], Shen et al. [5], and Liu et al. [6] for the stabilization
of unstable G-SDEs with continuous and discrete-time feedback controls.

Stochastic McKean-Vlasov equations (SMVEs, also known as mean-field SDEs) play important roles
in various fields, such as game theory, mathematical finance, oil resources management, and complex
networked systems. They were first introduced by Kac [7,8] to study the Boltzmann equation for the
particle density in diluted monatomic gases and the stochastic toy model for the Vlasov kinetic equation
of plasma. Then, they were applied in Lasry et al. [9], Huang et al. [10], and Bensoussan et al. [11] to
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solve the existence of an approximate Nash equilibrium for differential games that had many players.
Recently, SMVE theory has renewed interest, and the following SMVEs:

dX(t) = f(X(t)vﬂt)dt+g(X(t)a,uft)dB(t)v (1)
pt = Lx ) = the probability law of X (t),
have been studied by increasingly more researchers. See [12] for more background on SMVEs, see Sznit-
man [13], Carmona et al. [14], Bahlali et al. [15], Wang [16,17], and Reis et al. [18,19] for existence and
uniqueness of the strong solutions to SMVEs, and see Bahlali et al. [15], Govindan et al. [20], and Ding
et al. [21] for various stability properties of SMVEs.

More recently, SMVEs have found applications in systemic risk modeling with Knightian uncertainty
(see [22,23]), and SMVEs with coefficients involving distribution uncertainty have evolved as a prospective
research highlight. However, to our knowledge, there is little study on the stability of this type of SMVE;,
particularly the SMVEs with coefficients dependent on not only the law of the current state but also the
law of the past state (SMVDEs). Consequently, in this paper, we study the SMVDEs in the frame of
G-expectation (G-SMVDEs) with the following form:

dX(t) :f(X(t)vX(t - T)a ,u'tautf'r)dt + g(X(t)vX(t - T)a ,U'tvutf‘r)dB(t)
+h(X(t)aX(t7T)7Nta,uft77')d<B>(t)v t 2 0; (2)

where p;y = Lx, represents the law of X (¢). B(t) is one-dimensional G-Brownian motion, and (B)(t)
is its quadratic variation process. f: RIx R x P xP — R% g: R* x R* x P x P — R%, and
h: R R*xP xP — R? are Borel measurable functions. P denotes a weakly compact set of
probability measures, which will be defined in Section 2.

The main contributions of this paper are as follows:

e We first establish the G-It6 formula for G-SMVEs by generalizing the G-1t6 formula for G-SDEs and
the It6 formula for SMVEs established in [21].

e The Lyapunov functionals used in this article contain not only the current and past state of variables
but also the laws of these variables, while the previous Lyapunov functions used for G-SDEs contain only
the current state variable. This feature is essential.

e We study three types of stability, the mean square exponential stability, the quasi sure exponential
stability, and the almost sure asymptotic stability of the G-SMVDE, by defining a new lower expectation
and a new It0’s operator.

e Because the distribution of the exact solution to the G-SMVDE is difficult to obtain, while the
empirical distribution can be observed more easily, we study the corresponding particle system. Moreover,
we show that the exponential stabilities of the G-SMVDE and the corresponding particle system are
equivalent.

The remaining article is arranged as follows. In Section 2, we introduce necessary notations, assump-
tions and lemmas, and then establish the G-Ito formula for G-SMVEs. In Section 3, we study two types
of exponential stability, the mean square exponential stability and the quasi sure exponential stability
of G-SMVDE (2). In Section 4, we study the almost sure asymptotic stability of G-SMVDE (2). In
Section 5, we introduce the interacting particle systems and show the stability equivalence between the
G-SMVDE and the corresponding interacting particle system. Finally, two examples are used to illustrate
our theoretical results.

Notations. Throughout this paper, we use the following notations. Let R?*™ denote the space of
d x n real matrices and R? denote the space of d-dimensional real column vectors. Let S(d) denote the
collection of all d x d symmetric matrices. Let | - | denote the Euclidean norm in R? or trace norm in
R%4 Tet Q= C’([O, 00); Rd) be the space of all R%-valued continuous paths (w¢);>0, endowed with the
distance pa(w', w?) = >0 5 (lw' — w?[e(o,0:r1) A 1), where |w! — w?|o(jo,7);Re) = maxyepo,7) Wi — Wi,
for T'> 0. Given any T > 0, we also define Qp = {(wiar)i>0 : w € Q}. B(Q) denotes the Borel o-algebra
over (€2, pqs) and H denotes a linear space of real-valued functions on . E denotes the linear expectation.
E denotes the G-expectation and G(A) = %E(A) for A € S(d). B(t) denotes the G-Brownian motion.
72 = E[B2(ty)] and 02 = —E[-B2(t)]. Let F; be the formal filtration. Assume that {F; : ¢ > 0}
assures the typical properties. Let Cp 1, (Rdxn) denote the space of bounded and Lipschitz functions
on R¥™™. Let L,(Q) denote the completion of L;,(€2) under the natural norm |- |, = (E| - |p)%, where
Lin() = U Lip(S,) and Lip(S,) = {@(B(t1)s- - B()) 1 0 <t < -+ < 5,6 € Cppy) (R},
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MP([0,T]) denotes the completion of M%°([0,T]) with the norm |77|Mg,0([0’T]) = (% fOT E|nt|Pdt)%, where
ME°([0,T) = {n: = Z;.V:_Ol & (W), 1,00 (8), & € LE(Q,)}. Let P(R?) denote the space of all proba-

bility measures over (R%, B(R?)) and P(R? x [0,T]) denote the space of all probability measures over
(R? % [0,T], B(R? x [0,T))).

2 Preliminaries

For p > 1, let P,(R?) denote the subspace of P(R?) as follows:
P,(RY) = {u e P(RY): / |z|Pu(dz) < oo}.
Rd

For p,v € Pp(RY) with u = Lx, v = Ly, we define the 2-Wasserstein distance Wa(j1,v) by

%
Waluv) = inf / & — yPr(de,dy)) b,
TeEZL (p,v) Rix R

where . (1, v) denotes all probability measure couplings between y and v on R? x R? i.e., 7 € £ (u,v)
if and only if 7(- x R?) = p and n(R? x -) = v.
Proposition 1. It can be easily deduced that

Wa(p,v)> = inf / |z — y|?m(da, dy)
TeZ () | JRdx R

<[ o= PR (o)
Rix R?
<E|X -YP]. (3)
2.1 Upper expectation and upper probability

We introduce the following results in [1,24] to define the derivative of a function with a law under the
G-expectation.

Theorem 1 ([1,24]). Let
P = {P probability on (Q, B(Q)) : Ep[X] < E[X], for all X € LL()}.

Then, P # @ is a convex, weakly compact subset of the space P(R? x [0,T]) endowed with the topology
of weak convergence, and

E[¢] = sup Epl¢], for all € € LE(Q).
PeP
The set P is said to represent E.
Proposition 2 ([1,24]). The supremum in Theorem 1 is in fact a maximum: For all £ € L}, (2), there
exists a probability measure P € P such that E [€] = Ep[£]. Consequently, the set

Py = (P € P: Bl = Eplé]}

is nonempty.

Let ’P%E} denote the subset of Py with the probability measures having a finite second order moment,
that is, for any p € 7){26}’ fRd |z|?p(dz) < oco. To avoid symbol confusion, we henceforth use Piey to
denote Pfg}.

The following lemma is introduced to ensure the weak compactness of Pye;.

Theorem 2 ([24]). Let &,n € L§(Q) and 0 < ¢ L 0 (I — 00), and let P, € Pyepeyny, | > 1, then, we
have the following results:

(1) There exist a subsequence of (P,), denoted by (P, ), and a probability measure P € P, such that
P, — P, as I, — oo (weak convergence of probability measures);

(2)If P, — P,as e L0 (I = c0), for some P € P, then P € Pyg;.
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Corollary 1. Py is in fact a weakly compact subset.

Remark 1. For any £ € L§,(2), we can find a weakly compact set of probability measures in which the
nonlinear expectation of £ is equal to its linear expectation.

Lemma 1 ([24]). Let &, € LL(Q) and define F(\) = E[¢ + M, A € R. Thus, F is convex and

E[¢ + M| — E[¢]

/ 1 _ K
FL(0) = lim 3 = Ep[¢] = Eg[nl,
. ElE— ] — B[ 3
F'(0)=1 = Epl¢] = —Efgy =
~(0) ol Y e pl¢] ey [=nl,
where E{g}[n] = SUPpep,, Ep[n] is a new sublinear expectation called upper expectation. E'{g} is
dominated by E, i.e., E{g}H < E[]. F()) is said to be differentiable at A = 0 if and only if E{g}[n] =

~Eg[-n).
Now, we define the upper probability, which is important in the stochastic stability analysis.
Definition 1. We define

@{5}(3) = sup P(B) for B € B(Q).
PG'P{g}

Then, the set function @{5} is called an upper probability (or a capacity) associated with Piey. For
symbol consistency, we henceforth use C to represent @{5}.

If @(B) =0, B is called a polar set, and if a characteristic exists outside a polar set, it is called quasi
surely (q.s.).
Corollary 2. It follows from the weak compactness of P(¢y and Theorem 2 that there exists a probability
Pe P¢) such that C(B) = P(B) for B € B(Q).

2.2 Lions derivatives

Now, we proceed to define the Lions derivatives.
Definition 2. We say that h : P+ R is differentiable at p € P, if there exist some ¢ € L?(Q; R?) such
that £¢ = g and the lifted function h which has the form h(¢) = h(L¢), is Fréchet differentiable at ¢.

Recall that I is Fréchet differentiable at ¢, which means that there exists a linear continuous mapping
Dh(¢) : L*(9; RY) — R such that for any n € L?(Q; R?),

B¢ +n) — h(C) = DR(C)(n) + o(nlL2), |nlzz — 0.

As for Dh(¢) € L*(L*(Q; RY)R), by the Riesz representation theorem and the representation of G-
expectation, there exist a weakly compact set Prey and a variable e € L2(Q;Rd) such that for all

n € LA RY), )

Dh(C)(n) = (e,m)z2 = Ele - n].
Cardaliaguet [25] proved that there exists a Borel measurable function hy : R? — R? that depends on
the law L¢ rather than on ( itself, such that e = hq(¢). Therefore, for n € L*(Q; R?),

h(Ly) = h(Le) = Elha(¢)(n = Q)] + olln — (] 2)-

We call hq(y) = 9,h(L¢)(y) the derivative of h: P — R at L¢, ¢ € L?(; RY).

The following spaces will be used later.

Let C}''(P) denote the space of differentiable functions h : P — R with 9,h(-)(-) bounded and
Lipschitz continuous, i.e., there exists a positive constant C' > 0 such that

(1) [0uh(1)(w)] < C.p € Py € R

(2) [0uh (1) (y) — Ouh(u) () < CWalp, 1) + ly = y'|)s s 1" € Py, y' € RY

Let C"'(P) denote the space of all functions h € Cp' (P) such that

(1) (Ouh)(-,y) € 05’1(77) for all y € R?, and 9%h : P x R* x R* — R? x R" is bounded and Lipschitz
continuous;
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(2) 9uh(p, ) : RY — R?is differentiable for every u € P, and its derivative 9,9, h(P x RY) — R* x R¢
is bounded and Lipschitz continuous.

Let 03’2;1(73 x R?) denote the space of all functions = € Cy" (P) such that

(1) E is bicontinuous in (u, y);

(2) E(-,y) € CPH(P) for any y € R%, and Z(u,-) € C*(R?) for any p € P;

(3) 9y=(p,-) is bounded for any p € P.

2.3 Ito formula

Define the segment X; by X:(0) = {X(t+60) : —7 < 6 < 0} and denote X; = X;(0) = X (¢), and then
define a projection operator

for § € [~7,0] and ¢ € C([—T,0]; R?). Define
U(¢) = (Yo(¢), ¥—r(9)) and Ly(g) = (Lwy(g), Lu_, (4)):
for ¢ € C([—,0); RY). Then G-SMVDE (2) can be rewritten as
dX; = f(U(Xt), Ly(x,))dt + g(U(Xe), Lo(x,))dB(t) + (¥ (X)), Ly(x,))d(B)(t), t =0, (4)

with the initial data {Xo(6):60 €[—7,0]} =£€C([—7,0]; R*) and the uniform norm || =sup_, <y« [£(0)]-
Let y® = (y1,92), 2(2) = (21, 22) for y;, z; € R? with i = 1,2. Let u® = (1, p2), v2) = (v1,vg) for
Wj,v; € P with j =1,2.
We impose the following assumptions.
Assumption 1. There exists a constant K7 such that

2
€W, 1) = ¢ 0P <KUY (lyi — 2if” + W3 (i, vi)), ¢ = fr9.h,
i=1
for all y;, z; € R?, p;,v; € P with i = 1, 2.
Assumption 2. There exists a constant Ko such that

2
P PP <KoY (lil® + W3 (i 60)) +k, ¢ = frg,hy (5)

i=1

for any y; € R? and p; € P with i = 1,2, where
k= 2K, <|f 0(2) 5(2) | \/| 0(2) 5(2) ‘ \/|h 0(2) 5(2))‘ )

and
0 = (0,0), 6 = (0, 60),

where Jp denotes the Dirac measure at 0.
Assumption 3. There exists some p > 2 such that f,g, and h are in MZ([—7,T]; R%).
Remark 2. Under Assumptions 1-3, it follows from Theorem 2.1 in [16] and Theorem 2.2 in [1] that
G-SMVDE (2) with the initial data £ admits a unique solution X (¢; &) (X (¢) for short), which belongs to
MC%([*Tv Tl Rd)'

The following lemmas are crucial in stochastic calculus.
Lemma 2 ([26]). For any 0 <r < T <oo,p=1,

D BLJ, mdB()] = 0; By m >< >] <@B(fy Ineldr], o, € ME(0,T)),
2) B( f, n:dB(r)"] = B[ n2d(B)(r)].Vn, € ME([0.T).
3) EUL Inar] < [ Bl Pl \m € MP([o 7).

Lemma 3 ([27]). For any p > 1 and n € ME([0,T]),

E[ sup
0<u<T

] <o [ " Bl par

/ " n(r)a(B) (r)
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Lemma 4 ([27]). For any p > 2 and n € MZ([0,T7),

P T
E( sup > ngTgfl/ E[|n(r)P]dr.
0<u<T 0

| )

We introduce the following notations and lemmas to establish the G-It6 formula for G-SMVEs.
Let zp = X(t), fo = f(V(Xe), Lu(x,)), 9 = 9(V(Xe), Lu(x,)), be = h(¥(Xe), Ly (x,)) and By = B(1).
Then, system (4) can be rewritten as

da; = fidt + gdBy + hyd(B)y, x0 € LE(Fo; Rd)a (6)

which satisfies z; € R for all ¢ a.s.
Lemma 5. Under Assumption 2, it holds that EfOT(|ft|2 + ]g¢|* + |he|*)dt < oo for any T > 0.

Proof. Let z; be the solution of (6). It follows from the Holder inequality, Lemmas 3 and 4 and
Assumption 2 that for any 0 <t < T,

S 2 S 2 s 2
E sup |:L'5|2 <4E|x0|2 +4E sup / frdr| + 4E sup / g-dF,.| + 4E sup / h,.d(B),
0<s<t 0<s<t |JO 0<s<t |JO 0<s<t |JOo
. ot gt gt
<4E|z0? +4tE/ |fr|2dr+452E/ |g,«|2dr+4ﬁ4tE/ |h,[2dr
0 0 0
<(4 4 4Kot? + 4Ko5%t + 4K %) B | 4 4k(t + 72 + 7)1
¢
+8Ky(t +7° +T')E sup |zs|*dr
0 0<s<r
ot
+AK(t + 32+ E | sup [WE(us, 0o) + Wi (s, 5o)]dr. (7)
0 0<s<r
Eq. (7) together with (3) yields
E sup |z.)? <(4 + 8Kat? + 8Kyt + 8Ky5 1) E|xo|? + 4k(t + 72 + 7 1)t
0<s<t
ot
+ 16Ky(t+3> +a't)E sup |zg)?dr. (8)
0 0<s<r
The Gronwall formula gives
E sup |z:f* <[(4 + 8K>T? + 8K25°T + 8K»5 T?) Elo|?
0<t<T
+4K(T + 52 +TT)T] - e!0K(THT° 4T DT, 9)
Similarly, we can derive
E sup |zt <O, (10)

0<t<T

where C' is a constant dependent on K», 7, and T. Thus, it follows from Assumption 2 and (9) that
T T
B [P+ o + It KB [ [l i+ W3 80) + W3 s o) + K]
0 0
T
+ 10K22E/ [2e|* + |e—r|* + Wi (1, 0) + W (pe—r, 60) + k2] dt
0
<o0.

Lemma 6. Let EfOT(|ft|2 + |ge|* + [he|*)dt < oo hold. Let v € CH(P) such that for any compact
subset k C P,

sup / 10,00 + 18,80 () ()[2] (dy) < 0.
Rd

HERK
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Then, for y; = L,,, it holds that

o(pt) =v(uo)+/0 /Rd fr@uv(ur)(y)u(dy)dwr/o /Rd he 8,0 () () p(dy)d (B),
+%/O /m 9rgy 0y (0,0) (1) (y)p(dy)A(B),.. )

Proof. Let ((aci)go) /1 Pe a sequence of independent and identically distributed (i.i.d.) copies of
(x¢)e>0. That is, for any [ > 1,

da} = fldt + gjdB} + hid(B}), t >0,

where ((ftl,gi, hi,Bé)@o,le)Do are i.i.d. copies of ((ft,gt,ht,Bt)t>o,xo). Recall the definition of the
flow of marginal empirical measures:

1 N
~N
My = N § 6155
=1

Denote u™N (z},27,....2)) = v(i)) = v(+ Zfil 65¢). The G-It6 formula together with Proposition 3.1
in [28] yields

Nt
1 _
uN (ot 22, xl) =uN (@h, 22, xl) N E /0 fﬁaﬂv(ufy)(xi)dr
1=1
N

1 t 1 N t -
PN L ECSESIIEE S oy R RESEAES
1= =1

Z =

+ / 0L (6178, (B,0) () (2L )d(BL)

0

==
(]

l

Il
—

/O ()" () (1) (2) (7,)A( By (12)

1

TR

L
2N?2
Taking the G-expectation on both sides of (12), we have
G (=N for (N N Ny(.l
B Bl )] + 5 Y8 | [ ol ehar]
- 0

=1
n % IXE E [ /0 (Y )(:Ei)d<Bf->}

Py |/ g (g (020) () (s

Noting that the processes ((f,l, gﬁ., hi, xi-)re[o,t]) are i.i.d., we deduce that

1€{1,2,....N}
Bl <Bloi)] + B | [ 110,06 ) e (13)
- ¢ 1 —-N 1 1
8| [ mouE s (14)
+58 | [ e .00 s (15)
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1 t
o B| [ gD @ et sl | (16)
We see that (16) converges to 0 as N — oo. Recalling Theorem 10.2.7 in [29], we have

lim E [ sup W?(ﬁiv,ur)] = 0. (17)

N—o0 o<r<t

It follows from the uniform continuity of v with respect to the Wasserstein distance that E[v(i)]

converges to E[v(y;)]. Combining the uniform continuity of Opv on P with (17), the term on the right-
hand side of (13) and the terms (14) and (15) converge. The proof is completed.

Lemma 6 can be used to derive the G-It6 formula for a function that depends on (¢, z, ;). We introduce
another probability space (Q }" P) (}"t)t>0 is a filtration, B b h and g are defined on this probability
space, and they have the same laws as B, b, h, and g. Assume that B is G-Brownian motion. Then,

dZ, = bydt + §,d By + hed(B), Ty € L% (Fo, R

is another G-Ito process that satisfies z; € R? for all t a.s. Moreover, if we consider the probability space
QRO F®F,P®P), we see that the processes z; and 7; are independent in this new space. Thus, we
have the following G-It6 formula.

Theorem 3. Assume that EfOT(|ft|2 + |ge|* 4 |he[*)dt < o0 holds. Let v € C%'([0,T] x R? x P) such
that for any compact subset k C P,

sup / (190(t 2, ) @) + 18,80 (2 2, 1)) ?) pldy) < o0
Rd

t,x,nER

Then, it holds that for u; = Lz,,
t t
olt, 20, ) =v(0, 20, o) + / By (r, Ty, )y + / F000(r, 2y, 1)
0 0

¢ 1
+/ (hrazv(ra xT?MT) + 2ngr a U(T ZT’ILLT)> d<B>T
0

t

t
4 / 0 Du0(ry v, 1y )ABs + / Fr0,00(r, 20, 1) () a(dy)dr

0 JR4

/ / 9r97 (7“ 307,,u7)(y),u(dy)d<3>r
+/0 /Rd h-Oyo(r, @, pr) (y) p(dy)d(B)- )

Proof.  Fix (¢,7) and apply Lemma 6 to the function v(¢, Z, 1) with the law p; = Lz,. Then

v(t, T, ) =v(E, 7, po) + /0 /12457«8#1)({,faﬂr)(fr)ﬂ(dfr)dr
+/0 /Rd Erau’U(t_,.f,MT)(%T)M(dfT)d<§>T
Jr%/o /Rd grgjrray(auv)(f,E,MT)(fr)u(dfr)d<§>r'

We thus see that the map ¢t — v(t, Z, u¢) is absolutely continuous for all (£, Z) and so for almost all ¢ we
have

Owv(t, Z, pr) =d </Ot /Rd 0,0, 0(r, 2, ) (Fr ) (AT, )dr
3 [ ] 8006 @A),
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//Rdhavrzr,ur)(:cr) (dz,)d )/dt

Let o(t,xz) = v(t, x, ut), then
Dr(t,2) (D) (b, pe) + ( | [ ot m) @tz ar
1 t g.ar v)(r, z T T B
5| 5000000 @ (T (),

/ /Rdh 0pv(ry Ty i) (%) p(d, )d )/dt

The completeness of C%%! functions and the limiting argument together with the classical It6 formula
yield

o(t,z) — v(0, z0) /Ot Opv(r, Ty, pr)dr + /Ot frOgv(r, Ty, i )dr
[ (ol + a0 00, ) ) 4B,
# [ et aB)+ [ [ Gt m @ptaar
w3 [ [ st mWntaas),

[ 0t i) (B (19)
0 JR4

The proof is completed.

Remark 3. The G-It6 formula (18) for G-SMVEs involves the derivatives with respect to the law, which
makes it novel and different from the [t6 formulas for G-SDEs and SMVEs. We establish it by generalizing
the It6 formula for SMVEs and the G-It6 formula for G-SDEs, both of which can be considered special
cases of the G-It6 formula (18). We can also establish it using the Taylor expansion technique, which is
identical to the approach to obtaining the G-Ité formula for G-SDEs, and one can see Peng [1] for the
details.

We define the following operator for future use.

Definition 3. For ¥ € Cf’Q;I(Rd x R x P x P; R"), the operator L*¥ : R? x R? x P x P — R for
G-SMVDE (4) is defined as

D (o) =0 ) (VD). L) + [ 70 Lo ) o))
G (927 (ag™ (VX Luce) + [ (0970 Lacx)0:(0,7) o 0 ()

2 /R by, Lax)OY (wm) ()u(dy) + 2amx,u>h<W<Xt>7cqf<xt>>) . (20)

3 Exponential stabilities

It is well-known that the stability properties of stochastic dynamical systems are crucial for studying
such systems. In this section, we will study two types of exponential stability for G-SMVDE (4). We
first introduce the corresponding definitions.

Definition 4. G-SMVDE (4) is said to be mean square exponentially stable if there exists a pair of
positive constants v and C' such that, for any ¢ in M2 ([—,0]; RY),

E|X:|? < CE|¢|?e .
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Definition 5. G-SMVDE (4) is said to be quasi sure exponentially stable if there exists a constant
A > 0 such that, for any & in M&([—7,0]; R%),

1
lim sup¥1n|Xt| <=\ gs. (21)

t—o0

Theorem 4. Let Assumption 1 hold. Assume that there exists a function ¥ (z, u) € 05’2;1(Rd x R x
P x P; R™) and three positive constants v, c1, ¢y such that

o [ JaPutda) < [ @ mutde) <ca [ Joutde), (22)
R R R
and
| @)+ ) o) <0 (23)
R
hold for any (z,1) € RY x R? x P x P. Then the solution to G-SMVDE (4) satisfies
BIX,? < Ze " EIE), t > 0. (24)
C1
Furthermore, let A = 3. Then, for any ¢ > 0,
li ! In|X;| < =X 25
Jim sup 2 In [ Xe| < A, gs. (25)

Proof.  Using G-It&’s formula (18), we have

Y (W(Xy), Lu(x,)) — V(¥ (X0), Lu(xy))
- /Ot VY (U(X,), Log(x,y)dr + /Ot " f(U(X,), Lo(x,))0: Y (U(Xr), Lyx,))dr
+ /Ot " g(V(X,), Lo(x,))0:V (U(Xr), Lu(x,))dBy
+/Ot e""h(V(X,), Lu(x,))0: Y (¥(X,), Ly(x,))d(B)r
+ /Ot . " f(y, Lu(x,))0uV (¥(Xy), Lu(x,))(y)p(dy)dr
+ % /Ot " (99" (W(X), Lo(x,)) Y (U(Xr), Lo(x,))d(B)r

+ %/Ot /m (99" (Y Lo (x,)) (00,7 ) (W (X,), Lyx,)) () p(dy)d(B),
+/0t /Rd " h(y, Lo(x,))0u YV (V(X:), Ly(x,))(y)u(dy)d(B),. (26)
Thus, we have
T (W(X0), Lucx,) =¥ (U(Xo), Lucx,)) + /O ' V), L) - Y (), Loy )
+ /Ot " g(W(X,), Lyx,))0: Y (W(X,), Lo(x,))dBy + Mg, (27)
where
M = /Ot e (h(w(x,«),LW,))&W@(XT),,cm,,)) LM, Lag )RV (UK Lagx, )

JF%/ (QQT)(%ﬁ@(xr))(axau”//)(‘l’(Xr)aﬁ\p(xr))(y)ﬂ(dy)
Rd
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- h(y,ﬁqu(X,))au%(\Il(XT),cwnxy)u(dy)) a(B),
Rd

- eWG<a§V<\If<XT>,ﬁmxr))(ggT)(xlf(Xr),ﬁcmr))

[ (000 Lo 00,0 )X, L) w)l)

#2 [ 00 e il Lo Dulds) + 20,0 (F(X) Lace V), Lo ) ) dre (28)

It follows from Theorem 13 in [1] that M{ is a G-martingale. Taking the G-expectation on both sides of
(27) gives

E[e"V (U(Xy), Lyx,)] <E[Y(¥(Xo), Lo(xy)] + E [ /O e (v ((X0), Lux,))

+LM”V(\I/(XT), E\P(XT))) d?":| .

It follows from the Jensen inequality and (23) that
E["Y (W(Xy), Lax,)] < E[Y (¥(Xo), La(xo)))s
which yields
E[V (W(X0), Ly(x,)] < e B[V (¥(Xo), Lu(xy))]
The definition of ¥(X}) and inequality (22) yield
a B|X* <al B|¥(X,)]” < B[V (W(Xy), Lax,)] < e B[V (¥(Xo), Lu(x,))]
<epe T E|U(Xo)|? < 2c0e " E|E[%.

Thus, we have

N 2 A
E|X2 < 2 Elg. (29)
C1
For any ¢ > 0, we find a positive integer n such that n — 1 < ¢ < n. Thus, it follows from (29) that
B| s x| <ce (30)
n—1<t<n

where C' = %e”’EA'|£|2. Hence, for any € > 0,

(@ {w ©osup | X2 > e(_’”s)”} < Ce™ ",
n—1<t<n
Given the well-known Borel-Cantelli lemma, one sees that for almost all w € Q, there is a random integer
ng = no(w) such that
sup | X¢2 < eI as n > ny.
n—1<t<n

Thus, for almost all w € Q, if n — 1 <t < n and n > ny,
1
t

(= +e)n
log | X¢| € —~.
og|Xil < 50—
Then .
. —re 7€
- < =L 4
tlg(r)losup ; log | X;| < 5 5 + 5

The assertion (21) holds by letting € — 0.

Remark 4. As we all know, the Lyapunov function and the Rszumikhin technique play important roles
in the stochastic stability analysis (e.g., [30,31]). We construct a Lyapunov functional that contains not
only the current and past state variables but also the law of the variables for G-SMVDE (4), whereas the
previous Lyapunov functionals used in the stochastic stability analysis only contain the current and past
state variables. This feature is essential for our functional.
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4 Almost sure asymptotic stability

We know that the p-moment stability and the trajectory stability are two types of classical stability
in the stochastic stability analysis. Consequently, we consider the almost sure asymptotic stability of
G-SMVDE (4) in this section. Let us first introduce the corresponding definition.

Definition 6. G-SMVDE (4) is said to be almost surely asymptotically stable if, for any initial data
Xo € R?, it holds that

¢ {tlggo X, = 0} = 1. (31)
Proposition 3 ([1]). Denote a lower expectation E[X] = —E[—X] for each X € #. Then, E[] is a

nonlinear expectation.

Now, we strengthen (22) and (23) to prove the almost sure asymptotic stability of G-SMVDE (4). We
introduce a function class. Let x denote the family of functions v : R — R*, which are continuous,
strictly increasing, and (0) = 0. Let ko denote the family of functions v € k with y(x) — co as z — oo.

Theorem 5. Suppose that Assumption 1 holds. If there exist a function ¥ (z,u) € C2%' (R x R x
P x P; R"), a nonnegative constant 3, and two class functions 71, 72 € ke such that

LAY (x, 1) + BV (z, 1) <0, (32)

and

m(la]) < V(1) < vallz)) (33)

hold, then, G-SMVDE (4) is almost surely asymptotically stable.

Proof. By considering (33) and the norm of W(X}), we only need to prove ¥ (¥(X;), Ly(x,)) = 0. The
G-Tt6 formula (18) gives

V(V(Xe), Luix,)) =V (¥(Xo), Lu(xy))

= [ ), Lo )08 (WD, Larx )+ [ gP00), Lacr )07 (MO, Lan, ),
+ [ RW(X,), Lo ): Y (B(X,), Lagx, (B,
b1 [ " 00, a2 (W), a8,
/ [ £ Lo )00 (V). L) )0y
# [ b a5 (#00), Bagx ) ua)(3),
3 [ 0070 Lo 0007 (¥, a0l (39

Thus, it yields
V(V(Xt), Lyx,)) =7 (V(Xo), Lu(xy)) + /Ot LEYV(U(X,), Ly(x,))dr
[ 900, Lo )0 (VX0 a3, +
<V (¥(Xo), Lu(xo)) — /Ot BY(U(X,), Ly(x,))dr

t
T / 9(W(X,), Ly (x0)0 ¥ (U(X,), Lax,))dBy + M}
0
<V (W(Xo), Lo(x,)) + M
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t
+ / 9V (X,), Lox))0a ¥ (U(X,), Lugx,))dB,. (35)
0

where M{ is defined in (28). Considering that X; is the solution to G-SMVDE (4), we see that
Y (¥(Xt), Ly(x,)) is adapted to {F;}¢>0 according to the Doob-Dynkin lemma. Taking the conditional
G-expectation on both sides of (35), we have

E[V (¥(Xy), Ly (x,))|Fol <E[7/(‘1’(X0)7£\1/(X0))|]:0] + E[M¢|F)
LB { [ 900X Lace )0 (V). L, B, 7o
<E[V (9(Xo), Lo(xo)]; (36)

which implies that ¥ (¥(X¢), Ly(x,)) is a supermartingale with respect to {F;}¢>0.
When X, = 0, (33) together with (36) yields ¥ (¥(X¢), Ly(x,)) = 0 a.s. for £ > 0. Thus, C{limy o0
|X¢| = 0} =1 holds.
When X # 0, we decompose the sample space into the following three mutually incompatible sets:
(1) By = {w : limgs o sup 7 (¥(X3), Lo (x,)) = 0};
(2) FEy = {w : limy_y o inf A//(\I/(Xt),ﬁ\y(xt)) > 0},
(3) B3 = {w : limg o0 inf 7 (V(X}), Ly(x,)) = 0 and lim;_, oo sup ¥ (¥ (X¢), Ly(x,)) > 0}.
Thus, to prove the asymptotical stability, we turn to prove that C{Es} = C{Es} = 0 and C{E;} = 1.
Let 7, = inf{t > 0 : | X;| > r}. Using G-Itd’s formula (18), we have

B (U(Xonr), Laxon )] =BV (U(X0), Lox)] + B [ / LW(\II(XMWS))@IS]

B (B00). Lagxy)) + B[ [ 57 000) Luce s

~2

=BE[/(¥(Xo), Lu(xy)] — By [/O : 57/(‘1’(Xs)aﬁw(xs>)d5} - (37

Thus,

~

tAT, R
B[ 50 ). Lucx)is| < B0, Luc ) (38)
0
Letting t — oo and 7 — oo, we have

N E[V(9(Xo), Ly(x,
E[/ “V(\If(Xs),»c@(X‘g))ds% Ll B) vexo))l (30)

Eq. (39) together with the Fatou lemma yields

tlggo inf 7 (¥(X3), Ly(x,)) =0 as.

Thus, C{E>} = 0 holds.
The proof by contradiction will be used to prove C{E3} = 0. Suppose that C{E3} > 0, and there
exists a pair of constants e; > 0 and €y > 0 such that

@{”f/(\lf(Xt), Ly(x,)) crosses from below 1 to above 2e1 and back infinitely many times} > e.  (40)

For any t € [0,T], using G-Itd’s formula (18), it follows from the elementary inequality, Lemma 2, and
Assumption 1 that

E { sup |U(Xsar,) — U(Xo)|?

0<s<t

<©E [ / f(\lf(Xs),c@<xs>>|W<Xs>—w<Xo>|ds} iy [ / TR, L) WKL)~ (X0) d(B).
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tAT,

+E /O Tr(ggT)(\If(Xs),qu(xs))d<B>s} +2F [/O g(U(X4), Lox.))|¥(X,) — \If(Xo)Ist}

<[ ”|f<x11<Xs>,ﬁcmxgﬂnwm\1/<Xo>|ds}+m[/o ”|h<\11<Xs>,EW(XS>>||\II<XS>fo<Xo>|d<B>s}

+E /0 - |9(\I/(Xs)7L:\I/(Xs))|2d<B>s} 1 2E [/0 - 19(¥(X,), Lox )W (X,) — \p(XO)|dBS}

< erf(‘II(Xs)v»Cxp<xs))l2d8}+ﬁ‘“[ / W’was)wxon?ds] o e x), Cucxlas]
] [ oo - wonras] 78 [ [ o000, CacePas]

1 . R tAT,
+ 5B | s [8(Xn) ~ 0 O0R| 5228 | [ a8, Lo Pt
0

0<s<t
tAT,

g(]. + 1062)K2E |:/O (WQ(M»“ 50)2 + WQ(MZ',T, (50)2 + k)d5:|

L1+ TE Uom T(X,) - \II(X0)|2ds] + %E [ sup [U(Xonr, ) — \II(X0)|2]

0<s<t

AT,
<(1+105%) K, E [/ (IX]? + [ Xoer | + k)ds}
0
R tAT, 1.
sad)B | [ en) - wxPas] + 58 | s 90n) - w0
0 0<s<t

which yields

0<s<t

tAT,
E [ sup |U(Xonr, ) — \I/(X0)|2} <2(1 + 106%) K>, E U (1 Xs|* + | Xs—r|® + k)ds}
0

+2(1+0°)E [/OtM W(X,) — ‘I/(Xo)|2ds] .

It follows from (29) that

E { sup |¥(Xonr,) — \I/(XO)|2] < CEIX(tnT) < CH,
0<s<t
where C' > 0 depends on @, ¢1, ¢o, Ko and E|§|2.

For any n > 0, apply the Doob martingale inequality to obtain

} < E“‘I/(XMT,,L* \I/(XO)H < 0215.
n

¥ (W(X0),La (xy))
BV (V(Xo0),Lw(xq)))
p(-) =7 todors(-), where 71, 2 are defined in (33). Noting that Supg< st V(X)) =
supocs<t ¥ (W(Xs), Lux,)) = o7 (¥(Xo), Lu(x,))), it follows from (39) that

@{ sup |9 (Xunr) — W(Xo)| > 1

0<s<t

For any given ¢; > 0, we find a function ¢(-) € ks such that

€1. Denote that
(¥ (Xo)|) implies

= /A

@{ sup [U(X,)| > p<|\If<Xo>|>}

0<s<t

0<s<t

V(¥ (Xo), Lo(xy))
S B (W (Xo), Lagnyy) S 720 (41)

By the uniform continuity of ¥ (¥ (X;), Ly(x,)) on B = {(¥(-),Ly(y) € R* x R* x P x P : [¥(X,)| <
p(|(X0))), |ulws < /2 +2p2(|¥(X0)|)}, for Veo > 0, we find a function ¢ € ko such that for any

< fc{ sup P (U(X,), Logxy) > ¢<%<W<X0>,£@<XO>>>}
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(W(X1), Lo(x)s (T(X2), Lu(xy)) € B with [U(X1) — U(X2)| < ¢(e2) and Wa(Ly(x,)s Lu(x,)) < dle2),
|A//(\I/(X1)a£\II(X1)) - A//(W(XQ)7£‘I!(X2))| < g2 (42)

Thus,

@{ sup |7 (U(X,), Lux.)) — ¥ (¥(Xo), Lo(xo))| > 52}

0<s<t

<€c{ sup [#(¥(X.), Lu(x,)) — ¥ (¥(Xo), Lu(x)| > 2 and sup [W(X,)] <p<|\If<Xo>|>}

0<ss<t 0<s<t

—H@{ sup |7 (¥(Xs), Lux,)) — V(¥ (Xo), Lu(x,))| > €2 and sup [¥(X,)| > p(|‘II(X0)|)}

0<s<t 0<s<t

<€c{ sup [#/(¥(X.), Lu(x,)) — ¥ (¥(Xo), Lu(xy)| > 2 and sup [(X,)] <p<|\If<Xo>|>}

0ss<t 0<s<t

+@{ sup [(X) >p<|\1/<xo>|>}

0<s<t

< €{ s 906~ #0801 > lea) | + € s (1002 (RO | < v )

Set €1 = % and choose a t* such that 520(’: < Then, we obtain
2

1
-

)
. 3
C Sup |7/(‘II(X&)7£‘I!(X5)) - A//(‘II(XO)a £\I/(X0))| >e9 0 < 7,
0<s<t* 4

which implies

@{ sup |7 (¥(X.), Logxn) — ¥ (F(Xo), Luix)| < } >

0<s<t™
Let Tal1 = inf {t > 0: 7V(¥(Xt), Locx,)) < 51}, T2151 = inf {t > Tal1 Y (W(Xe), Locx,)) > 261}, and,
similarly, ¢, = inf {t > T5_' : ¥ (V(Xy), Lu(x,)) <e1}, Ts., =inf {t > T2+ V(U(Xy), Lyx,)) > 261},
for all i > 2. Because of the continuity of ¥ (¥(-), Ly(.)), we have T! ,Tj. — oo a.s. i — co. Thus, by
(38), we obtain

/V(‘IJ(XO)VC\IJ(XO)) Zﬁi{/o ’V(‘I/(Xs),ﬁ\y(xs))ds}
it

E{I{T27’51<TT}/ ' /V(\P(Xs)aﬁlll(Xg))ds}

>)

i

WV

B

i

1=1 2eq

o~

WV

1
&

s {I{T551<Tv~}€1(T2i:11 - Tgfl)}

i=1

o0 o~ o~
=61 Y B { Iy, <oy E(TE ~ T, P2y, )} (44)

i=1

Setting X, = XSJFTQ‘;E1 and g9 = %, by the strong Markov property of the solution to G-SMVDE (4)
(see Lemma 5.3 in [21] and Theorem 4.2 in [32]), similar to Deng [33], we obtain the following estimation

of {T3,, <}
Fry,, }

Alitl i v = i+l i B B
E|:T251 Ty, |-7:T551} > E {(T251 Toe)) % Lipo o coe V(X)L )Y (B(R0) Ly 5, | < 252

Y v e /8E
> c{ sup [V (U(R), Ly ) — 7 (U(R0), L)) < 2| Fry

0<s <t 2
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* t
=t (C{ sup |V (¥(Xs), Lox,)) — V' (¥(Xo), Lu(xy))| < 52} Z T (45)

0<s<t

Eq. (44) together with (45) yields
+* O~
< B S B{C{T,, <7}} <o (46)
i=1

The Borel-Cantelli lemma implies that
C{Téal < 7, for infinitely many z} = 0.
Thus, we have
C{Tgel < oo for infinitely many ¢ and 7. = oo} =0,
and
@{Tgel < oo for infinitely many 7 and 7, < oo} =0.
We know that 7, increases with r. If (@{T,. =00} — 1 as r — oo, then it holds that
@{Tgel < oo for infinitely many z} =0, (47)

which contradicts (40). Consequently, we only need to prove @{T,. =00} > 1lasr— oo.
By Theorem 3.15 in [34], we obtain the convergence of ¥ (¥(-), Ly(.y). Thus,

V(W(Xeo)s Lu(xoy) = im 7(U(X), Lu(x,) = C,
and R
E%(\I’(Xoo);ﬁ\ll(Xoo)) < o0
hold. By the supermartingale inequality in [35], we obtain

V' (V(Xo), Lu(xy))
Byi(r)

(@ {sup V(V(Xy), Lyx,) = ’yl(r)} < . Vr > 0. (48)

t>0

Hence,

(@{T,. =00} = C {sup | Xt < 7“} >C {sup V(U (Xy), Ly(x,)) < 71(7“)}
>0 >0
V(¥ (Xo), Ly(xo))
1 By (r) ’ (49)

which implies that @{T,. =00} — 1 as r — oo. This result completes the proof.

5 Interacting particle systems

The drift and diffusion coefficients of G-SMVDE (4) depend on not only the current and past state
variables but also their distributions. Because the distribution of the exact solution is difficult to observe,
while the empirical distribution can be observed more easily, we use the stochastic particle method to
analyze the stability of the G-SMVDE.

Assume that (€1, B1(t)), (€2, B(t)),... are i.i.d. of (&, B(t)). Now, we focus on the following nonin-
teracting particle system as a bridge:

dX°(t) =f (¥ (X7}), Ly(xiy)dt + g(¥ (X)), Ly(x:y)dB(t)
+ (W (X]), Ly (xi))d(B)(t), t >0, (50)
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with the initial value £ (i = 1,2,..., N), where Ly x;y is the law of W(X}) and W(X}) = (X*(t), X*(t—7)),
Lyxiy= (Lxiy, Lxit—ry)- By iid., EX'(t) = EX; = EX(t).
Consider the corresponding interacting particle system:

AXN () =f(T(X)Y), Lyxny)dt + g(T(xp™M), Lyxn))dB(t)
+R(U(XPN), Ly ep)AB)(1), ¢ 20, (51)

with the initial value £ (i = 1,2,..., N), where
\II(XtZ’N) - (Xi’N(t)a Xi’N(t - T))a L:\II(XtN) - (‘CXN(t)a ‘CXN(tfr))a

and
1 Y 1 Y
Lxn = 37 0 (0 Lxv—n) = 37 2 Ox0¥ (e
Jj=1 j=1

We know that when N becomes large, the solution of (51) approximates that of G-SMVDE (4) in an
appropriate sense, which is called the propagation of chaos. Consequently, in the case that the distribution
of the exact solution is difficult to obtain while that of the corresponding interacting particle system can
be obtained, we need to explore the relationship between the stability of G-SMVDE (4) and that of the
corresponding interacting particle system (51).
The following lemmas are needed.

Lemma 7. Let Assumption 1 hold. Then, for any 7' > 0, (51) admits a unique strong solution X (#)
that satisfies

sup E|X*N ()2 < Cezri=1,2,...,N,
0<t<T

where C¢ 5 7 is a constant dependent on &, 7, and 7.
Proof.  The proof can be obtained by combining the proofs of Theorem 2.1 in [16] and Theorem 3.3
in [36] as well as Theorem 5.1.3 in [1], and so we omit it here.
Lemma 8 ([37]). Assume that {X"},>; is a sequence of i.i.d. random variables in R? with common
distribution 4 € P. For any N € N, we recall the empirical measure pV = % Zf\i y 0xi. Let P, denote
the subset of P with the probability measures having a finite ¢g-th order moment. If € P, with ¢ > 4,
then, there exists a constant C' = C(d, ¢, Wy (1)) such that for any N > 2,

N~z 1<d<4,
EW; (", )] < C(N)=C{ N~#In(N), d=4,
N~ 4<d.

Now, we present the following theorem to show the propagation of chaos.
Theorem 6. Let Assumption 1 hold. For any T > 0, we have

max sup E[|X7(t) - X7V (8)]*) < Crz i, N7,
ISUSN ogt<T

where Cr 5 K, is a positive constant dependent on 7', & and Kj.
Proof.  Using the G-It6 formula, we have

EIXi(t) — XN (1) <E[ / 21X (s) — XN ()] [F (LX), Lugxsy) — FOUXEN), Lygxny)]ds
+ / 21X (s) — XN ()] [g(R(XD). Loxsy) — g(UXEN), Loy dB,
+ / (217 (5) = XY (] [V, Luxey) — AB(XEY), L)

HalPOXD, Lagey) - oK), Lae)]”) dlB). (52
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It follows from the elementary inequality, Assumption 1 and Lemma 2 that
E|X'(t) — X"N (@) <E[/t (14 K1 + 3%+ 252 K1)| X (s) — XN (s)[?
0
+(1 4269 K, [|Xi(s —-7)— Xi’N(s —7)* + WQQ(,C\I,(XQ,E\I,(X;V))D ds|. (53)

We turn to define another empirical measure to handle the Wasserstein distance. Define

and

Thus, we have

W3 (Ly(xiy Loxny) LW3 (Ly(xiy Loxeny) + 2Ws (Lyxsny, Loxx)

N
2 A . .
WS (Ly(xp), Loxrvy) + N Z [E|1X7(t) — XPN (1)

J:
+E|X(t—7)— XNt —1))?

—

)

[A—

and
1N
~ D EIXI(W) - XV < BIX () - X ()R,
j=1
For any ¢ > 0, these facts together with Lemma 8 yield

t
sup E|X'(s) — XON(s)|? </ ((1 + 2K, 4+ 3%+ 45°K,) sup E|X(r) — X"V (r)?
0<s<t 0 0<r<s

+(]. —+ 252)K1 sup EWQQ([:\I,(X”, ‘C\I/(Xﬁ’))> ds

0<r<s

t
</ ((1+7K1 +5° 4+ 145°K1) sup E|X'(r) — X"V (r)]?
0

0<r<s

+(2+452)K1 sup EWQQ(E\I,(X”,E\I,(X:N))) ds. (54)

0<r<s
Thanks to the Gronwall inequality and Lemma 8, we have

sup E|X'(t) — X*N(1)]? < CTf,KlN*i.
0<t<T

Now, we present the main result that illustrates the relationship between the stability of the G-SMVDE
and that of the corresponding interacting particle system.

Theorem 7. The exact solution to the G-SMVDE (4) is mean square exponentially stable if and only
if the solution to (51) is mean square exponentially stable.

Proof.  The proof can be completed using the following two inequalities in the case of N — oc:
E|X"N(1))* <3E|IXMN(t) — X(4))2 + 3E|X'(t) — X(1)|* + 3E[X (¢)[?
<3Crsk N7 +3E|X (1),
EIX(t)] <3E|X'(t) - X"N(t)|* + 3E|X(t) — X'(t)]> + 3E| X"V (1)]?
<

/
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Remark 5. System (51) is sometimes called an interacting particle system. Recently, Eq. (51) has
been referred as a system with mean-field terms or mean-field interactions by interests in control systems
theory. Essentially, as N becomes large, the solution to (51) appropriately approximates the solution to
G-SMVDE (4), which is called the propagation of chaos. Some researchers use (51) as a reference system
to build the numerical schemes. See [36,38] for the numerical schemes for SMVEs.

6 Examples

In this section, we use two examples to illustrate the results.

Example 1. Let B(t) be a 1-dimensional G-Brownian motion with B(t) ~ N (0;[c?,5%]t). Consider
the following G-SMVDE:

dX () = <6X(t) —6X(t—1)— / 2zut(dz)> dt + X()dB(t) + X (O)d(B)(t), t >0,
R

X(t)zl'(), 71<t§0,

(55)

where z( is a positive constant.
Letting ¥ (x, 1) = |z|? + [ |2[*11(dz) and considering that 8, ([ |2[*1(d2)) (y) = 2y, we have

LAY (X (8), ) = (—GX(t) L 6X(t—1)— /R2z,u(dz)) 21X (1)

[ (—6y<t> ~oyte-v- [ 2zu(d2)) 2yu(dy)
+3IX @) + / 22u(dy) + / y2u(dy)

2
<= 191X (t) —21/ |2|?u(dz) —2(/ zu(dz)) ,
/|ac|2 (dz) /7/xu (dz) < /|ac|2 (dz).

Obviously, Egs. (22) and (23) hold. Moreover, 1|z|> < ¥(z, ) < 2|z|>. These facts mean that Theo-
rems 4 and 5 hold. Therefore, we conclude that G-SMVDE (55) is mean square exponentially stable and
almost surely asymptotically stable. Thus, the corresponding interacting particle system is mean square
exponentially stable.

Now, we perform a numerical experiment to confirm our theoretical results. Because the exact solution
of the G-SMVDE is difficult to obtain, we use the numerical solution of the EM method under M = 103 as
the “exact solution”. To simulate the G-Brownian motion (B(t),t € [0,T]), we take a sequence of random
variables (¥, = B(tk,) fB(t’fw_l) ~ N(0,[0?,7%As), k=1,..., M, and equal-step points os(s = 1,...,I)
such that ¢ = 01 < 05 < --- < o7y = @. Thus, in the sth-round random sampling (s = 1,...,I),

J(k=1,2,...,M;j=1,2,...,J) obeys the classical normal distribution N(0,02A;). By applying the
EM method to (55), we have

and

Xi,N,M(th/}rl) _ <6Xi,N,M(tk ) 6Xz NM(tk 100 N ZQXTNM(tk )) At

£ XN 4 XNV ) A, k20,
Xi’N’M(tg\/I) = ]-7

for 1< s <1, 1<) <J, where T =10 and Lyinor(r ) & & Soiey Sximar(gs ). Taking J = N = 100,
I =10, and [¢2,5%] = [0.5, 1], we plot the experimental results in Figure 1.

In Figure 1, we plot the sample paths of X (¢) for G-SMVDE (55) with different variance intervals. We
take [02,5°] = [0.5,1], [¢?,7°%] = [2,2.3], and [¢?,5°] = [2.3,2.6], with the same initial data x¢p = & = 1
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1 T T T T
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Figure 1 (Color online) States of the solution to G-SMVDE (55) with different variance intervals.

and step-size A; = 0.001. We observe that the “exact solution” performs well when [QQ,EQ] falls within
[0, 1], and the smaller the variance interval the better the stability. The “exact solution” oscillates severely
when [o?,5?] falls outside the interval [0, 1].

Example 2. Consider the following scalar G-SMVDE:

dX (t) = (—SX(t) CBX(t—1)— /R 22p14(dz) + /R z,ut_l(dz)) dt

+ (X (¢) + X(t—1))dB(t) + (X (¢) + X (t — 1))d(B)(¢) (56)

with the initial data X (t) = £(¢), —1 <t < 0.

Denote that W(X;) = (X(¢),X(t — 1)) and Lyx,) = (Lx@),Lxe—1)). Letting ¥ (V(Xy),u) =
|W(X1)]? + [ |2[P1(dz), we have

DY) = (<3300 - 3% 1) - [ 2002 2w xs)
+ [ (w0 -1~ [ 22002 2la)
FIXO+ X = DE+ [ )+ 9t~ 1) )
+ [ 200 + (e = D))
:
<= 1w 4 [ sPutas) -2 ( [ utas)
<= (1P + [ ).

Moreover, we have

/ X (O2(dz) < / P(W(X), p)u(dz) < 5 / X (O)]2(d),
R R R
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Figure 2 (Color online) States of the solution to G-SMVDE (56) with different variance intervals.

and
IX(6)]* < ¥ (U(Xy), 1) < 5| X ().

Obviously, the conditions of Theorems 4 and 5 hold. Therefore, G-SMVDE (56) is mean square exponen-
tially stable and almost surely asymptotically stable, and correspondingly, the interacting particle system
is mean square exponentially stable.

We use the techniques in Example 1 to confirm our theoretical results. We use the numerical solution
of the EM method under M = 10? as the “exact solution”. To simulate the G-Brownian motion (B(t),t €
[0, T7]), we take a sequence of random variables ¢§, = B(tk,) — B(th;') ~ N(0,[a?,54A;), k=1,..., M,
and equal-step points o4(s = 1,...,I) such that ¢ = 01 < 0, < --- < 07 = 7. Consequently, in the
sth-round random sampling (s = 1,...,1), (¢’ (k =1,2,...,M;j =1,2,...,J) obeys the classical normal
distribution N(0,02A;). By applying the EM method to (56), we have

XzNM(tk-l-l) ( 3X1NM(tk) 3X1NM(tk 100 ZQXTNM(tk +_ZXTNM(tk 100))
r=1 r=1
% At + (Xi,N,M(tI]cw) +Xi,N,M(tlIc\/;100)) CZ] + (Xi,N,M(tI]cw) +Xi,N,M(tlIc\/;100)) UgAt,
k>0,
XONMh Yy =1,k <0,

for 1 <s<I,1<j<J, where T =20 and ;CXi,N,]\/I(tIJCVI) ~ % Zivzl 6Xi,N,]\/I(t1]€VI). Taking J = N = 100,
I =10, and [0?,5%] = [0.5, 1], we plot the experimental results in Figure 2.

In Figure 2, we plot the sample paths of X (t) for G-SMVDE (56) with different variance intervals.
We take [Q2,E2] = [0.5, 1], [¢%,5%] = [3,3.1], and [0?,5?] = [3.1,3.2], with the same initial data X (t) =
&(t) =1, =1 <t <0, and step-size A; = 0.001. We observe that the “exact solution” performs well
when [0?,7?] falls Wlthln [0,1], and the smaller the variance interval the better the stability. The “exact
solution” oscillates severely when [¢2,52] falls outside the interval [0, 1]. This finding is consistent with
our theoretical results.

7 Concluding remark

In this paper, we studied three types of stability of the SMVDE driven by G-Brownian motion. The
distribution dependence and probability uncertainty prevent us from directly using the stochastic analysis
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methods for G-SDEs and SMVEs directly. To overcome these difficulties, we defined the derivative of
a function with a law under the G-expectation, then introduced the upper probability and the Lions
derivatives. Next, we established the G-It6 formula for G-SMVEs by expanding the G-It6 formula for
G-SDEs and the It6 formula for SMVEs. Thanks to the new G-It6 formula, we obtained the mean square
exponential stability and the almost sure asymptotic stability of the G-SMVDEs by using the Lyapunov
functional method and defining a new lower expectation. Notably, G-SMVDEs have been widely used
to describe the finance and systemic risk model with Knightian uncertainty. However, the stability of
G-SMVDEs is unreported. Therefore, our work is novel and important.
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