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Abstract Proximal gradient algorithms are popularly implemented to achieve convex optimization with nonsmooth regular-
ization. Obtaining the exact solution of the proximal operator for nonsmooth regularization is challenging because errors exist
in the computation of the gradient; consequently, the design and application of inexact proximal gradient algorithms have
attracted considerable attention from researchers. This paper proposes computationally efficient basic and inexact proximal
gradient descent algorithms with random reshuffling. The proposed stochastic algorithms take randomly reshuffled data to
perform successive gradient descents and implement only one proximal operator after all data pass through. We prove the
convergence results of the proposed proximal gradient algorithms under the sampling-without-replacement reshuffling scheme.
When computational errors exist in gradients and proximal operations, the proposed inexact proximal gradient algorithms can
converge to an optimal solution neighborhood. Finally, we apply the proposed algorithms to compressed sensing and compare
their efficiency with some popular algorithms.
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1 Introduction

Nonsmooth optimization is an important issue in signal processing [1] and cooperative control [2]. The
traditional optimization theory and methods based on the differentiable concept are not applicable to
noncontinuously differentiable objective functions or constraints. Moreover, many nonsmooth optimiza-
tion problems require large-scale data, which makes the computation of the full gradient expensive;
consequently, deterministic algorithms that necessitate computing full gradients are inefficient in solving
these problems. Therefore, this paper proposes efficient stochastic gradient methods for the following
nonsmooth optimization problems:

n
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where f; : RY — R is differentiable, and ¢ : R* — R is a nondifferentiable regularization.

One of the most recurring problems during the application of compressed sensing is the following
l1-regularized nonsmooth optimization problem:

. 1
min F(x)éEZHAm—yiHQHIIle , (2)

Rd
TE i—1

where z is the sparse signal that needs to be recovered, {A;}7 , are multiple observation matrices,
and {y;}"_, are corresponding compressed signals. Compressed sensing can reconstruct the compressed
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signals/images to the original sparse signal using only some known observation matrices. Furthermore,
nonsmooth optimization is extensively applied in neural network training and classification problems.
Contextually, nonsmooth regularization is utilized to prevent overfitting of the predictor x. Furthermore,
nonsmooth optimization techniques are instrumental in various other reconstruction problems, such as
tomographic reconstruction and image deconvolution [3], where the sparse prior knowledge of the unknown
data is exploited. Designing efficient algorithms is the key (2) to recovering the original sparse signal
with high probability.

For achieving nonsmooth convex optimization (1), one efficient method is the proximal gradient al-
gorithm, where the proximal operator is used as an approximate gradient for gradient descent [4-7].
In recent years, deterministic proximal gradient algorithms with guaranteed convergence for nonsmooth
optimization have emerged [8-11]. These proximal gradient algorithms implement proximal operators for
the nonsmooth optimization and show more stability than subgradient-based methods [12], since sub-
gradient methods may increase the objective function value for small step sizes. For nonsmooth convex
optimization, proximal gradient algorithms have a convergence rate of O(1/T), whereas the traditional
subgradient-based algorithms only achieve a convergence rate of O(1/ VT ), in which 7" is the number of
iterations [13].

Considering the burden of computing full gradients in deterministic algorithms, stochastic proximal
gradient (SPG) algorithms using stochastic gradient descent (SGD) with the evaluation of the proximal
operator have attracted substantial attention of researchers [14-16]. The results in [17] consider proximal
methods with stochastic gradients using the online-to-batch approach and establish an O(1/v/T) conver-
gence rate. Traditional SPG algorithms take the stochastic gradients uniformly sampled from the entire
dataset and execute a proximal operation on the nonsmooth regularized function following each gradient
descent. For large-scale datasets, these algorithms need to execute numerous proximal operations; this
can be time-consuming and expensive, especially when the precise computation of the proximal operator
for nondifferentiable functions is computationally costly.

Another popular stochastic method for convex optimization is the random reshuffling (RR) algorithm.
In contrast to SGD, where data are uniformly sampled with replacement, the RR algorithm employs
the sampling-without-replacement approach. In other words, the RR algorithm processes each data
point within a given epoch and usually converges in fewer iterations than SGD [18-20]. However, the
sampling-without-replacement approach in RR introduces biased gradients, which cannot approximate a
full gradient descent. The presence of biased gradients complicates the convergence analysis of the RR
scheme. For strongly convex nonsmooth finite-sum optimization, a recent work [21] has proposed a novel
proximal gradient algorithm that integrates the RR scheme. Considering that a complete pass over the
data results in an accurate approximation of a full gradient step, we aimed to design a proximal gradient
algorithm with RR for general convex nonsmooth optimization.

For the nondifferentiable function ¢ in (1), the proximal operator in proximal gradient algorithms may
not, have an analytic solution; these algorithms are also computationally expensive. This scenario includes
total variation regularization, nuclear norm regularization, and overlapping group [;-regularization [22—
24]. Considerably, inexact proximal gradient algorithms using approximate proximity operators [24-26]
with the convergence analysis under weak assumptions have emerged. However, the effect of inexact
calculation errors on the convergence rate is not shown in previous studies. Moreover, when it is expensive
to precisely compute the gradients in the gradient descent steps or when these gradients are affected
by disturbance [27,28], some exact proximal algorithms have studied independent, zero-mean, or fixed
deterministic errors in the gradient calculation [29,30]. For nonsmooth convex optimization, [31] has
considered the existence of errors in gradients and proximal operators.

We summarize some related studies in Table 1 briefly. The biased gradients inherent in the RR scheme,
combined with the challenge of accounting for potential errors in proximal operators and gradients, make
it challenging to realize nonsmooth convex optimization. Specifically, no study to date has explored the
inexact SPG algorithm using the RR scheme for nonsmooth convex optimization (Table 1). Therefore,
taking advantage of the excellent practical performance of RR and the low computation effort required
for inexact proximal operators/gradients, this paper developed two efficient proximal gradient algorithms
with RR for finite-sum optimization. The contributions of this paper are summarized as follows.

(1) This paper proposes computationally efficient basic and inexact SPG algorithms that utilize the
sampling-without-replacement RR scheme. Unlike the proximal algorithm using SGD, which applies
the proximal operator after each SGD step, the proposed algorithms implement the proximal operator
only once after all data pass through. Thus, these proposed approaches save computational resources,
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Table 1 Related exact and inexact proximal gradient algorithms.

Algorithm Proximal operator Gradient Stochasticity f(x)

[26] Inexact Exact Deterministic Convex

[14] Inexact Exact SGD Convex

[31] Inexact Inexact Deterministic Convex

[21] Exact Exact RR Strongly-convex
This paper Inexact Inexact RR Convex

particularly in scenarios where computing proximal operators is expensive.

(2) This paper proves that the proposed basic proximal gradient with RR (PG-RR) algorithm converges
to a neighborhood of the optimal solution at an O(1/T) convergence rate. The convergence analysis
leverages the Bregman divergence of objective functions and the forward per-epoch deviation to address
the issue of biased gradients inherent in the RR scheme. Moreover, the errors in the vicinity of the
optimal solution decrease as the step size is reduced.

(3) This paper proves that the inexact proximal gradient with the RR (IPG-RR) algorithm converges
to a neighborhood of the optimal solution even when the proximal operator and gradients are computed
imprecisely or subject to disturbance. The proposed IPG-RR algorithm extends the inexact deterministic
algorithm in [31] to the RR setting. Moreover, this paper establishes the effect of inexact calculation
errors on the convergence rate analysis. Compared with the recent studies on proximal RR in [21], this
paper relaxes the assumption of strong convexity and considers calculation errors.

The remaining paper is organized as follows: the problem description and proposed algorithms are
outlined in Section 2. The theoretical analysis of the proposed basic proximal and inexact proximal
gradient algorithms with RR is provided in Sections 3 and 4. The numerical simulations of the proposed
algorithms are provided in Section 5. Finally, the conclusion is presented in Section 6.

Notations and preliminaries. We define R as the set of real numbers, R™ as the set of n-dimensional
real column vectors, R"*"™ as the set of n-by-m real matrices. All vectors in the paper are column vectors
unless otherwise noted. For a vector x € R™, the notation ||z|| denotes the Euclidean norm, defined by
2]l = />y 27, and [|z||; denotes the 1-norm, defined by ||z||1 = "/, |;|]. The notation (-,-) denotes
the inner product, which is defined by (a,b) = a™bh. The notation [m| denotes the set {1,...,m}. For
a differentiable function f : R™ — R, V f(x) denotes the gradient of function f with respect to z. For
a non-differentiable function f : R™ — R, a vector g € R™ is a subgradient of f at z if for all z € R",
f(z) = f(z)+gT(z —z). The set of subgradients of f at the point x is called the subdifferential of f at z,
denoted by df(x). A function f:R"™ — R is L-smooth if it is continously differentiable and its gradient
satisfies ||V f(z) — Vf(y)|| < L||z — y| for all 2,y € R™. The proximal operator of a non-differentiable
convex function ¢ : R" — R is defined as

. 1
proxmd)(y) £ argming cpn {cf)(x) + %Hx — y||2} , (3)

where the step size v > 0. Let z = prox,, ¢(y) Then, it follows from the optimality condition for convex
optimization problems that

§<y ) € 06(2), (4)

where 0¢(z) is the subdifferential of ¢ at z. When there exist errors in the computation of the proximal
operator of ¢, we define the inexact proximal operator by prox: 4)(-), where ¢ is the error in the proximal
operator. Then, the inexact proximal operator is defined as

b1 () 2 {2 32 =yl + 600 < <4 min { -l v+ 0l | 5)

The e-subdifferential of a non-differentiable convex function ¢ : R” — R at x is

d:p(z) £ {y € R"|$(q) — ¢(x) = y" (¢ —x) — &, Vg € R"}. (6)
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Algorithm 1 PG-RR algorithm.

1: (S.1) Require:

2: Step-size v > 0; xg € R?; number of epochs T
3: (S.2) Iterations:

4: for t =0,1,...,7T — 1 do

5: Sample a permutation © = (7o, 71,...,7p—1) of [n];
6: a;g = T¢;

7: fori=20,1,...,n—1do

8: it =gt — AV fry (20);

9: end for

10: Tt41 = ProX,,. (zy);

11: end for

2 Problem description and algorithm design

This section formulates the problem and proposes basic and inexact proximal gradient algorithms with
RR. Consider the finite-sum nonsmooth optimization problem,

n

min F(2), F(r) = [(@) +6(r) = -3 fi(e) + 6(a), (7

]Rd
ve i=1

where z € R? is the unknown decision variable, n is the number of samples, f; : R? — R is the cost
function associated to sample ¢, and ¢ is a regularized function.

In this paper, we assume that the objective functions in (7) satisfy the following assumptions.
Assumption 1. Consider problem (7).

(1) Functions f; (i =1,...,n), and ¢ are convex, not necessarily strongly convex.

(2) Functions f; (i =1,...,n) are all L-smooth, while the regularized function ¢ is non-differentiable.

(3) There exists G > 0 such that ||z|| < G4 for each z € d¢(z) and z € RY.

(4) There exists Gy > 0 such that |V f;(z)|| < Gy for each x € R%.

(5) Function F is lower bounded by some F, € R and problem (7) owns at least one optimal solution
z, € RY.

2.1 PG-RR algorithm

Using the RR sampling scheme, we propose an efficient proximal gradient algorithm (PG-RR) to solve
(7) in Algorithm 1. The proposed Algorithm 1 includes three main steps.

(1) RR. At the start of each iteration ¢, we generate a permutation m through sampling without
replacement.

(2) Incremental gradient (IG). Following the order 7; in the permutation, the variable z; is updated
using a gradient descent with respect to function fr,. After n such updates, we obtain the updated
variable z}.

(3) Proximal operator. We execute the proximal operator of the regularized function ¢ at the variable
xy, denoted as proxn%d)(xf)l), only once after all data have been processed.

Different from the unbiased gradient in SGD, the gradient obtained from sampling-without-replacement

is biased, so the intuition of applying the proximal operator in each inner iteration may not be superior
due to the possible error accumulation.
Remark 1. The proposed algorithm executes the proximal operator only once after all data pass
through, which is calculation-efficient when the proximal operator is computationally expensive. Note
that the permutation 7 generated at the beginning of each epoch is different from the popular IG algori-
thm [32]. The IG generates a fixed permutation before all epochs and reuses the permutation in all
subsequent epochs. In addition, the IG needs to carefully choose a suitable permutation and is susceptible
to bad orderings compared with the RR algorithms [33]. Therefore, we take the RR scheme in the
proposed algorithms.

Considering the biased gradients caused by the sampling-without-replacement RR scheme, define the
variance at the optimal solution z, as

s Iy
7 S 2N =Sl

1) The definition of the proximal operator prox.,, ,(z}') is given as prox, ,(-) in (3), using a step size of nvy.
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Algorithm 2 IPG-RR algorithm.

1: (S.1) Require:
2: Step-size v > 0; zo € R?; number of epochs T'.
3: (S.2) Iterations:
4: for t =0,1,...,7T — 1 do
5: Sample a permutation © = (7o, 71,...,7p—1) of [n];
6: 0 .

: Ty = Ty,
7: fori_:(),l,,‘.,nfldo
8: ot = 2] — y(Vin, (1) + ex, (2));
9: end for

€

10: Tiy1 = proxnt_yf(}) (z3');
11: end for

where the notation f; represents the ith component function of f, which satisfies the relationship f(z) =
% doiny fil).

Theorem 1. If Assumption 1 holds and step-size 7 satisfies 372L?n? < 1, the average iterate &7 £
T Zthl x4 satisfies

E[F(~ )—F]<||IO_$*H2+§ 2L 2+L 2, 2 G2+§G2 (8)
B A R A S A Y

where o, is the variance at the optimal solution.

Remark 2. The convergence rate in (8) has a three-term structure. The first term corresponds to the
deterministic gradient descent for general convex optimization. The second term reflects the stochastic
property of the proposed algorithm. The gradient variance o, is caused by the random sampling-without-
replacement reshuffling scheme. The third term is caused by the nonsmooth nature of the optimization
problem. What is more, the second and third terms show that the neighbor errors at the optimal solution
decrease with the step size 7. If the regularization ¢ in (7) is zero, the last two terms will be zeros and the
convergence rate is consistent with the results in [34] for smooth non-strongly convex optimization. To be
specific, when the regularization ¢ is zero, it is evident that G4 = 0 in the last term. The impact of the
absence of regularization ¢ on the G; term in the convergence result is primarily evident in the proof of
Lemma 2. If the regularization ¢ is not zero, the equality VF(z*) = Vf(2*) + Vg(z*) holds and V f(z*)
may not necessarily be zero. However, if the regularization ¢ is zero, we have VF(x*) = V f(z*) = 0.
By following a similar convergence analysis as in Lemma 2, the Gy term in the convergence result will
be zero.

Remark 3. Define the solution accuracy is €, i.e., E[F(Zr) — Fi] < €. According to (8) and given that
372L%n? < 1, we deduce that to achieve the e-accuracy solution, the number of iterations 7" must satisfy

llzo—=.|1° 1 .- . .
T2 PR P e (' R T In addition, the proposed PG-RR algorithm processes n samples in

each iteration. Therefore, the lower bound of the sample complexity is O(%)
2.2 TPG-RR algorithm

In order to tackle errors in the proximal operation and gradient calculation, which can be caused by
external disturbances or attacks in the field of signal processing, we develop an IPG-RR algorithm for (7)
in Algorithm 2. Similar to Algorithm 1, the proposed IPG-RR, algorithm also includes three main steps.

(1) RR. At the start of each iteration ¢, we generate a permutation m through sampling without
replacement.

(2) IG. Following the order m; in the permutation, the variable z; executes an inexact gradient descent
step, where e, (x) denotes the calculation error of the gradient V fr, (z). After n cycles of inexact gradient
descents, we obtain the variable z}.

(3) Proximal operator. We perform the inexact proximal operator of the regularized function ¢ with
a computing error €441, denoted as proxit;’;(z?)m, only once after all data have been processed.

The first RR step is the same as that in the PG-RR algorithm. The second and third steps take into
account the calculation errors in the gradient and proximal operations.

The convergence rate of the inexact Algorithm 2 is discussed in Theorem 2, whose proof is pro-
vided in Section 4. The error of gradient calculation through the inner iterations is denoted by e;41 =

1 .
Z?:o er; (T}).

2) The definition of the inexact proximal operator prox;,., ,(z;) is given as prox; ,(-) in (5), using a step size of n~y.
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Theorem 2. Suppose error sequences {|le;]|} and {;} are summable®. If Assumption 1 holds and
step-size v satisfies 1292L?n? < 1, the average iterate &7 £ % Zthl Tt satisfies

. w0 —@.]? | Arllzo — 2|
E|F — F.] <
[F(#r) ] 2ynT ynT
" ATU*\/’VT/L+’YT03/4L n 2AT(2AT +\/BT)+BT (9)

2ynT 2ynT
2 2

where 02 £ LY |V fi(w,) = VF(@)|%, Ar = S (Yled] + Ve and By = 2t + Tfe ¢
6v3Ln ZtT:I llecl|? 4+ 2yn(1 + 2ynL) ZtT:l E¢.
Remark 4. The convergence rate in Theorem 2 is similar to that in Theorem 1. The main difference
is that the three terms in (8) now include the effect of calculation errors. In addition, under the constant
step-size setting, the error sequences need to be summable. If the step size is diminishing, the summable
assumption can be relaxed, which is not discussed in this paper.

Remark 5. Let the solution accuracy be e. By (9), we derive that the iteration complexity is
O(y~*n=te72). Since the proposed IPG-RR algorithm takes n samples at each iteration, it follows
that the lower bound of sample complexity is O(y~te=2).

Remark 6. The proposed algorithms can be easily extended to the parallel setting. In this setting,
clients perform successive gradient descent steps on local optimization variables, following an RR permu-
tation of their local datasets. Subsequently, all clients send their updated local optimization variables to
a central server. The server then applies the proximal operator to the average of the received updates.
However, the theoretical analysis for the parallel setting may differ from our current work.

Remark 7. Building on tensor algebraic frameworks, such as [35-37], several studies have developed
optimization models with non-smooth regularized terms or non-smooth constraints for higher-order tensor
factorization [38,39] and tensor recovery [40,41]. These studies proposed proximal stochastic gradient
algorithms using the sampling-with-replacement scheme. The sampling-without-replacement RR scheme
in this paper can be adapted to high-order tensor scenarios following a similar design idea. In addition,
the approach of applying a single proximal operator in each iteration could be beneficial for higher-order
tensor problems, especially when computing proximal operators is expensive. However, the theoretical
analysis will be different from our work due to the more intricate properties of high-order tensors.

3 Theoretical analysis of PG-RR algorithm

In this section, we present theoretical proofs for the convergence properties of the proposed PG-RR
algorithm. At first, we provide some necessary quantities for the RR algorithms.
Definition 1. For any i, the quantity Dy, (x,y) = fi(z) — fi(y) — (Vfi(y),z — y) is the Bregman
divergence between x and y associated with function f;.

If f; is L-smooth, then for all z,y € R¢

L
Dfi(x7y) < §||$ - yH2 (10)

The difference between the gradients of a convex and L-smooth function f; at = and y is related to its
Bregman divergence by

IV fi(x) = Vi)l < 2LDy,(x,y). (11)

In addition, the forward per-epoch deviation over the t-th epoch is defined as follows.

Definition 2. Let 20, x},... 2} be iterates generated by the RR algorithms. We define the forward
per-epoch deviation over the t-th epoch as

n—1
Ve 2 |laf — e (12)
=0

n

3) Let {an} be a sequence of real numbers. The series > 77 | ay is summable if and only if the sequence x, e h—1 @k, n €N

converges.
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The next lemma characterizes the variance of sampling without replacement, which is a key ingredient
in the theoretical analysis.

Lemma 1 (Lemma 1 in [34]). Let Xi,..., X, € R? be fixed vectors, X £ L 3" | X; be their average
and 02 £ L37" | ||X; — X[ be the population variance. Fix any k € {1,...,n}, let Xr,,..., X, be
sampled uniformly without replacement from {X7,..., X, } and X, be their average. Then, the sample
average and variance are given by
. . _ . n—=k
E[ X, =X, E[|X,-X|?}=———"02
X =%, EI% - K| = g0

Now, with the above auxiliary quantities and vital lemma, we show that the forward per-epoch devia-

tion V; of the PG-RR algorithm is upper bounded.

Lemma 2. Consider the iterates of Algorithm 1. If Assumption 1 holds, then

n—1
- 3
E[V] <67?Ln? E E[Dy, (@, 2y)] + 172n2af + 2727136'? + 3727136%. (13)
i=0

Proof. It follows from lines 6-10 of Algorithm 1 and the optimality condition (4) that there exists
di+1 € 0¢(x441) such that

n—1

wo =7 ) Vin (@) = wep1 = yndepa (14)
=0

In addition, by iterates, zF = z; — v Zf;ol V fr (z). Then,

Hﬂff *$t+1|\2

2
k—1 n—1
we—v Y Vin(@}) - (az Yy Vim(at) - ’Y”dt+1>
1=0 =0
n—1 2
VYV (@) + yndig
i=k
n—1 . n—1 2
=D (Vi (@) =V fri (@) + Y Vi (22) + 0y
i=k i=k
n—1 ) n—1 2
= k) DIV @) = Vin @)I? +39% | D0 Vi (22| + 397 [Indiga ]
i=k i=k
(1) ’
< 6+4°L(n—k ZDfﬂ Tuy 1) 4 372 vam )| + 372 |Indisq]?
i=k i=k
n—1 . n—1 2
< 6+%Ln Z Dy, (2, i) +372 ZVfﬂ (z.)|| +37*n°G3.
=0 i=k

Taking expectations of both sides and summing up from k£ =0 to n — 1 yields

2

n—1 n—1 n—1
S Elat—aii1]?] < 69°Ln? ST E[Dy,, (we,0)] + 392 Y E (@)|| | +3vn0GE,
k=0 =0 k=0

We now bound the second term on the right-hand side of the above inequality. First, by Lemma 1 with
Xe=(1/(n—k)> kIme(x*) and X = Vf(x,), we have

n—1
Z Vfﬂ'm (x*)
i=k

2
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2

Z V fr, (@)

= (n — k)’E[| X[
= (n— k)*([IX]I* + E[| X~ — X*])

n—1

= =k | VL @IP+E || =DV fr (@)= Vf(22)
i=k

= (0= KPP + (0 = D)

where the third equality holds due to the property E[||x — E[z]||?] = E[||z||?] — ||E[z]||> and Lemma 1.

Summing the above equality over k from 0 to n — 1,

2

Z E
k=0

n

- [(n LRIV )] +

k=

k(n —
(n—k) o2
n—1
0
n+1)2n+1 1
= M DG )| 4 Enr + 1)o7
2n3 n n?o?
S ey
where the last inequality holds due to n > 2. Thus, we obtain (13).
Proof of Theorem 1. Tt follows from (14) that

=

[
= [lvndipr + zep1 + 790 — |
> ||we1 — 2l + 2(@eg1 — 2ay yndiga) + 2(T041 — Ta, 790)

n—1

= ||mt+1 - Z*HQ + 2<Zt+1 - m*afyndt+1> +272<xt+1 — Ty, vfﬂ'l (LL‘;»,

i=0
where dy1 € .,,,¢(v141) and gr 2 S0 V fr, (). For any i,

(Vr (@) 21 — 4)
= [fri(@e1) = fri (@] + [ () = Fro (21) = (V fr, (1), 2 —23)]
— [fri(@e1) = fro (@) = (V fry (), 2041 — 7))
= [fr,(@i41) = fr,(2)] + Dy, (20, 31) — Dy, (w141, 7).
Summing the first quantity in the right-hand side of (16) over i from 0 to n — 1 gives

n—1

D fmi(@iga) = fri ()] = n(f (we31) = fo).

=0

Next, because Assumption 1 (2) holds, we have

L ,
Dy, (z41,71) < §||$t+1 —z|?.

(15)

(16)

(17)

By taking the expectation of the above inequality and summing over ¢ from 0 to n — 1, we obtain an

upper bound

n—1

> E[Dy, (we41,7})] <

=0

Nlh

E[V]
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n—1

. 3 3L
< 32 L%n? Z E[Dy, (2., )] + Ly*n®G7 + g’yQLnQUf + 7727136'2,
=0

where the last inequality holds by Lemma 2. Then, with the above inequality, we can bound the sum of
the second and third term in (16) as

n—1

> E[Dy, (w4, 2}) — Dy, (2141,7})]

=0
n—1 ) 3L

> (1 - 392L*n?) Z E[Dy, (w.,2y)] — Ly n3G2 nyLnQJf — 772713(?35
i=0

. L
fL’an‘iG?c — 272[47120'3 — 3?72713G2, (18)
where the last inequality holds since (1 — 3y?L?*n?) > 0 and Dy, (2, zi) > 0.
Taking expectation of (15) and using (16)—(18) gives

Eflzer1 — %]

S E[l|lzs — 2.l|”] = 29nE[f (2111) = fu] = 29nE[(@e 11 — 2+, dyja)]
+29°Ln*G5 + %’)’SLTLQO'E +3Ly*n*G3

Elllz; — z.[*] = 2ynE[f (2111) — f+] = 2ynE[3(2¢11) — ds]
+7°Ln®(2G} + 3G3) + %73Ln202

where the second inequality holds because (x4

— Ty, di1) = O(x441) — ¢w. By rearrangement, we obtain

3 - .
DyE[F(w011) — o] < Elllee = 2] = Bl — 2] + 270 Lno? +9° L (2G3-+3G3).

Summing over ¢ from 0 to 7' — 1 gives

QVHZE (2441) — Fi]

T

3
< (Blllze = 2a|*) = Elllwers = 2.%]) + 37°LTn%0 + ° LT (2GF + 3G7)
t=0

[

3
= |lzo — 2.|1® — lzr — 24 ||* + Z’ﬁLTﬂ?of + 73Ln3T(2G? + 3Gi)

3
< lzo — = |* + Z’ysLTn2of + ’yBLnBT(QG?c +3G3),

and dividing both sides by 2ynT gives

— lzo — x| 3 3
? Z I’t+1 F*] < W + §V2Ln0'f + L72n2 G?c + §Gi .
t=0

Finally, using the convexity of F, the average iterate iy = % ZtT 1 o satisfies

E[F(zr) — F.]
1 Z
< TZE[F(%) - F]
=1
||350_3U*H2 3 4 2 2 2 2, 3 o
—— + —*L L G -G% ).
S R R
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4 Theoretical analysis of IPG-RR algorithm

This section provides the theoretical proofs for Algorithm 2. Since there exist inexact proximal operators
of non-differentiable function ¢ in Algorithm 2, the following vital lemma firstly characterizes the ;-
subdifferential of ¢ at x¢, O, ¢(x+), defined in (6).

Lemma 3 (Lemma 2 in [31]). If z; is an e;-optimal solution to (3) in the sense of (5) with y =
x4—1 —v(Vg(xi—1) + e;), then there exists p; € R? such that ||p;|| < /2n7e; and

1
n—v(lﬂtq — 2y —YVg(we-1) — ver — pt) € Oc, (21).
With Lemma 3, we show that the forward per-epoch deviation V; of the IPG-RR algorithm is upper
bounded despite the existence of calculation errors in gradients and proximal operator.
Lemma 4. Consider the iterates of Algorithm 2. If Assumption 1 holds, then
n—1
E[Vi] <249°Ln* Y E[Dy, (., )]+ 8y*n’ G5+ 3v*n’0?
i=0
+6v°n°GE + 67°nlleci1]|* + 2n|pe || (19)

Proof. Tt follows from lines 6-10 in Algorithm 2 and the optimality condition in (4) that
Tt — VGt — Te41 — Vet41 — Pey1 = Ny ey, (20)

where dy1 € Oz, $(w111), g0 2 312) Vin(2)) and €41 2 Y105 en, (7).
In addition, by iterates, zF = z; — v Zf;ol V fr: (z8). Then,

k
Ty — Tt41

k—1 n—1
=2 =7 ) Vin(}) - <$t Y V(@) = verr1 —pryr — Wldt+1>

=0 =0
n—1

=7 Z V fri(x) + €1 + peyr + yndisa.
i=k

Taking the norm of 2f — 2, yields
2

||=’l”iC - fEt+1||2 =

n—1
¥ Y Ve (@h) +verin + pip1 + yndiga
i=k

2

n—1
2|7 D Vini(@h) + €1 + yndiga|| + 2llperal®
i=k
n—1 2
<6 vam(fﬂi) + 672 |leca |1 + 67 [ndea[|* + 2l|pera |
=k
n—1 2 n—1 2
<697 (2| D (Vi (20) = Vi, ()| +2|| DV ()
i=k i=k
+ 672 lecr1[|” + 697 India [I” + 2] peta |1
n—1 n—1 2
<677 (20 > IV fr (@) =V fr (@) 242DV fr, ()
i=k i=k

+ 672 lecs1]? + 673 ndes]]® + 2||pesa ||

n—1 n—1 2
SG’)/Q 4LnZDfn(x*,$i)+2 Zme(.ﬁ*)
i=0 i=k
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+ 672 (les1]]® + 672 (Inde1 ||” + 2[|pesa |,

where the fourth inequality holds due to || >0, al||2 < (n— k)37, [lai|? and the last inequality is
justified by (11). Next, we consider the term || Zi:k V fr: (z.)||?. With Lemma 1,

J

m 2 Vfri (@) =V f ()

2

n—1
i=k

=(n—k)’E H Zme Tx)

2

= (n=k)* (IVf(z.)|*+E

= (n = R|VF@)|? + (n— k) ——0?.

Summing this over k£ from 0 to n — 1,

2

Y E

n—1
i=k

k(n —k) 2
n

=BV (@l + —— 70

I
el 3
sLU7JL
|
—
3

= MO D9 )| 4t + 1)o7

P
S Yt

where the last inequality holds due to n > 2. Thus, we obtain (19).
Before providing the proof of Theorem 2, we give a lemma about the bound of one special nonnegative
sequence.

Lemma 5 (Lemma 1 in [31]). Assume that the nonnegative sequence {ur} satisfies the following
recursion for all 7" > 1:

T
uf < St + Y My (21)

with {Sr} an increasing sequence, So > u3 and A; > 0 for all t. Then, for all T > 1
T 2
Té%t:ZIAtJr ST+<%75=ZI>\t> . (22)
Proof of Theorem 2. Tt follows from (20) that

e — |2

= |7t + vert1 + Pea1 + yndegpr + o1 — 3|2

n—1
> ||zer — 2a]® + 29 Z<ﬂft+1 =z, Vfr(2))
i=0
+ 2(x441 — T, Ye141 + Deg1 + YNdey1), (23)

where dy1 € Oz, ¢(w111), g0 2 302) Vin(2)) and €41 2 Y100 en, (7).
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Take the second term in (23). For any 4,
(V fri(2}), Tog1 — )
= [fri(@er1) = fr, (@] + [ (22) = fr (27) = (V fr(27), 22— 2})]
= [frs(@er1) = fro (@) = (V fry (), 2241 — 27)]
= [fr:(@t11) = fri(@)] + Dy, (w4, 7}) — Dy, (w111, 77). (24)
Summing the first quantity in (24) over ¢ from 0 to n — 1 gives

n—1

> Uri@eer) = fro(@)] = n(f(@i41) = f2)- (25)

i=0

Next, we bound the third term in (24) with L-smoothness of f; as follows:

L _
Dy, (z41,74) < 5||=’Et+1 — |

By summing over i from 0 to n — 1, we get the forward deviation over an epoch V¢,

n—1

: L
> E[Dy, (w141,2})] < S EM
i=0
n—1 . n20_2
< 1292L%n? Z E[Dy, (2., ;)] + 372LT* +4v*n’ LG}

1=0
+3v°n’LG3 + 3v°Lnle|]? + Ln|pes1 ||,

where we use the result in Lemma 4. Then, we bound the sum of the second and third term in (24) as

n—1

Z E[Dy,, (., x;) = Dy, (241, 2})]

i=0
n—1

> (1-129L*n?) Y E[Dy, (.,7})] — 4y°n°LG;
=0

n2o?
- 3’72LT =37y’ LGS =372 Ln|lesi1||* = Lnl[pesa ||
n2o?
> 7372LT — 472n3LG? — 372n3LG?¢ —3v2Ln|less1]|? — Ln|pisa?, (26)

where the last inequality holds since (1 — 12v2L?*n?) > 0 and D Fu (T, xt) is non-negative.
Rearranging (23) gives

lze+1 — 93*||2

n—1

(24),(25) , i i
< e —wa? = 29n(f (@) = £2) =27 Y (Dy, (@, 2) — Dy, (w111, 7))
1=0
= 29(Tr41 — T, i y1) —2(T1 — Tu, Vet 41 +Pry1)
n—1
< e — 2al? = 29n(f (wr41) = ) =29 Y (D, (e, 2) — Dy, (2441, 7))
=0

= 29(@es1 — Loy ndigr) + 2 ze1 — 2| (Ve |l + [pesall)-
Taking expectation of the above inequality and using (26) yields

Eflzer1 — %]
< E[|lzs — 2% = 29nE[f (we41) — fo] + 373 Ln?0? + 873n3LG?c
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+ 67 LGS + 67°Lnleca|® + 2vLnl|pia||* — 29E[(ze1 — 24, ndiia)]
+ 2E[|ze1 — @[] (vllets1ll + [Ipesrll)
Elllae — 2|7 — 29nE[f (z111) — £.] + 3v°LnZ0? + 89°n*LG3
+67°n°LGY + 67°Ln|ersr||* + 2y Lnl|pesa||* — 29nE[d(2141) — ¢4
+ 2yners1 + 2] @1 — | (Vllewrall + [[peall),
where the second inequality holds since (z1y1 — Zu, dig1) + r41 = P(X441) — Pa.
Then, by rearranging the above inequality,
29mE[F(2141) — i)

Elllz: — 217 — E[lwess — . %) + 37 Ln%o?

+ 8v*n* LG5 +67°n® LG5 +67°Lnl|es 1|+ 2L peya |

+ 2ynerss + 2E[[[weg1 — @] (Vllesrall + [[pesall)-

Summing over ¢t from 0 to 7' — 1,

2yn Z E[F(zt41) — Fy

< ||:L'0 — 2.2 = ||or — x4 |)* + 373 LTn%02 + 873n3LTG2

T-1 T-1
+6v°n’LTG + 67°Ln Z lless1|® + 2yn(1 + 2ynl) Ety1
t=0 t=0
T-1
+2 ) Eflzer1— 2] (Vllecta || +lpes ), (27)
t=0

where we use the fact that ||psy1]|? < 2nyes1.
Next, we provide the upper bound of E[||zt+1 — z.||]. By simple transformation of (27) and the fact
that Eflor — 2. []* < Elfler — z.]?],

Ellzr — @]

T, 2’ynTG?c N ’ynTGi

T
< lwo — @u|* + =02 + +67°Lny  [led?

4L 3L 2L
t=1
T T
+2yn(1+29nL) Y e +2) Efllze — 2| (vlledl + [lpel), (28)
t=1 t=1
where we use 1292L?n? < 1. Let St = |lvg — . ||> + T-o? + Mﬁ + WTG"” + 673 Ln Y Jled? +

2yn (1 + 2ynL) Zthl et, ur = E[||lay — 2] and Ay = 2(’y||et|| + ||pt||) Tt follows from Lemma 5 and (28),

T T 2\ 2
Efler — 2 1< Y _(Vlledl +pe) + | S+ (Z(vﬂetll + ||pt||)> :

t=1 t=1

. 2 TG
Denoting Ay = ZtT:l(vHetH + ||pt]]) and Dy = Zf o2 + W L4

2ynL) Zthl €¢, we get

’ynTG¢

+ 693 Ln Y0, [leq]|? + 2yn(1 +

Elllzr — @] < A + (0 — 2.|* + Dr + A7)2.
Since A; and D; are increasing sequences, we have for t < T,

Elllz; — a.]|] <A7 + (2o — 2]|? + Dy + A2)%
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L2A7 + ||lxg — x| + /Dr. (29)

Now, we can bound the right-hand side of (28) with (29) as follows:

T-1
2yn Z E[F(241) — Fi] < [||vo — 24||?] + D1 + 2A7(2A7 + |20 — 24| + /D).
t=0

Dividing both sides by 2vynT', we get

1= lzo — 2|2 Dr +2AT(2AT+||:E07:E*||+\/_DT)

— E(F —F,) <
T s (Flwe) ) 2ynT 2ynT 2ynT

I
-

Il
=]

Finally, using the convexity of F, the average iterate &y = % Zthl x¢ satisfies

T
s 1
B(F(ir) - F.) < ; E(F(x;) — F.)
o lzo— . ||? n 2A7(2A7 + ||lwo — 24|l + v Dr) + Dr
S 29T 2ynT '

By rearrangement, we obtain the desired result.

5 Numerical simulation

In this section, we apply the proposed algorithms to compressed sensing, whose measurement process
can be modeled as one linear algebraic equation y = Az, where z € R? is the sparse signal, y € R™ is
the compressed signal, A € R™*? (m < d) is the observation matrix. The sparse signal recovery problem
under one single observation matrix A is the [p-norm minimization model with an equality constraint,

i | sty = Ag, 30
min [zl st.y = Az (30)

where ||z|lo denotes the number of non-zero elements in x. Since the lp-norm minimization is non-
deterministic polynomial-time hard (NP-hard), in practice, the [1-norm is usually used to replace lp-norm
to find the sparse solution [42]. The recovery problem (30) is rewritten into an unconstrained form as

. 2
min F(z) = f(z) + ¢(x) = [ly — Az[|” + Al ,
T€ERC
where A is a regularized parameter. If there are multiple sensors measuring the same signal, the sparse
signal recovery problem under multiple observation matrices can be expressed as

min F(r) =f(r) + 6(r) = + 3l — Asall* + Al (31)
=1

z€R4

where the pair {4;,y;} corresponds to the ith sensor. Multiple observed information pairs {A4;,y;}7,
are used to recover the original sparse signal x.

In compressed sensing, the recovery algorithms are mainly divided into two categories: greedy algo-
rithms and convex optimization algorithms. Compared with the intuitive greedy algorithms [43,44], the
convex optimization algorithms require a smaller number of observations and have higher recovery accu-
racy, such as projected gradient algorithms [45] and ADMM algorithms [46]. In this section, we compare
the proposed algorithms with some existing popular first-order optimization algorithms to solve (31).

In the simulation, we conduct experiments using the real MNIST dataset, where the image matrix can
be vectorized into a signal vector s with the dimension 28 x 28 = 784. At first, we sparse the selected
handwriting image and obtain the sparse basis ® € R7®4*190 5o that s = ®z, where z is the sparse
signal with a lower dimension. With a set of information pairs {O;,y;}™_,, where y; € R0 is the known
compressed signal and O; € R'99X74 i5 the observation matrix, we aim to recover the sparse signal
x € R0, In this context, the matrix A; in (31) is A; £ O;® € R190x100 5 — 10 and A\ = 107°. To verify
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the efficiency of the proposed stochastic algorithms, we compare PG-RR and IPG-RR with three existing
popular optimization algorithms, including proximal gradient (PG) algorithm [47], SPG algorithm, block
proximal gradient (B-PG) algorithm [48], and alternating direction method of multipliers (ADMM) [46].
The brief descriptions of different comparative algorithms are introduced as follows:

(a) PG. Stacking multiple observed information, we obtain the stacked observation matrix A =
[AT,..., AT]" and the stacked compressed signal y = [y{,...,y]T. In each iteration of PG, one gradient
descent step and one proximal operator are performed with the stacked data A and y.

(b) B-PG. In each iteration, for a fixed permutation of {(A1,41),...,(An,yn)}, one gradient descent
and one proximal operator are performed with each pair (4;,y;) successively. After all information pairs
pass through, the next iteration is executed. Note that the proposed PG-RR algorithm uses the RR
permutation at each iteration. B-PG is one special case of our proposed PG-RR algorithm. In addition,
the work [48] does not provide a rigorous proof of convergence rate for B-PG.

(c¢) SPG. The algorithm design is similar to B-PG. The only difference is that the fixed permutation in
B-PG is replaced by an unordered sample set of length n, which is uniformly sampled with replacement
from the global dataset {4, y;}7 ;. This sampling scheme means that there may exist repeated elements
in the generated set.

(d) ADMM. Stacking multiple observed information A; and y; yields the stacked observation matrix
A and the stacked compressed signal y, respectively. In each iteration, the primal and dual updating of
traditional ADMM is performed with the stacked data A and y.

Then, we compare the performance of the above algorithms with the proposed PG-RR algorithm
in three settings: exact algorithms (no error), inexact algorithms with diminishing errors, and inexact
algorithms with constant errors.

(1) No error setting. In this setting, the error is defined as L |z — 2*||?, where z* is the true sparse
signal, and z is the recovery sparse signal. Each algorithm takes a proper step size according to the
performance. The convergence results of the comparative algorithms are shown in Figures 1(a)—(c).
Figure 1(a) shows that the error trajectory of PG-RR diminishes more rapidly with the number of
iterations than the other algorithms, achieving the highest final accuracy. Figures 1(b) and (c) illustrate
that PG-RR owns a better computational performance than the others. Notably, the error trajectories in
terms of the number of gradient computations align with those in terms of iterations shown in Figure 1(a),
since all algorithms process n gradient computations per iteration. Figure 1(b) indicates that the proposed
PG-RR algorithm has better computational complexity in terms of proximal operators. Furthermore,
the faster convergence of the PG-RR algorithm in comparison to the B-PG algorithm verifies that RR
permutations enhance convergence efficacy over fixed permutations.

(2) Diminishing errors setting. This setting considers that the compressed signal y is affected by
a disturbance term ¢ = C - 7, where t is the iteration number, and r is a Gaussian vector. This
deliberate inclusion of a disturbance term introduces error terms in the gradient computations. Gaussian
distributions are commonly used to model noise and disturbances in various systems and have well-defined
statistical properties. All other parameters are the same as those in the no error setting. Due to these
computational errors, the comparative algorithms are rendered inexact. The convergence results of the
inexact comparative algorithms are shown in Figures 2(a)—(d). The convergence performance of the
inexact algorithms varies with different amplitudes C'. Figures 2(a) and (c¢) show that the proposed IPG-
RR converges faster than the other comparative algorithms for C' = 20 and C' = 50. Additionally, Fig-
ures 2(b) and (d) demonstrate that the proposed IPG-RR algorithm exhibits superior computing efficiency
in scenarios where there are diminishing errors in the computation.

(3) Constant error setting. When the compressed signal y is affected by disturbance with a constant
upper bound, indicated as e = C - r with r being a Gaussian vector, we evaluate the convergence
performance of different inexact algorithms. Other parameters remain unchanged from the no error
setting. The convergence results are shown in Figures 3(a)-(d). Figures 3(a) and (c) show that the
proposed IPG-RR converges faster than the other comparative algorithms when C' = 3 and C' = 5. Fig-
ures 3(b) and (d) illustrate that the proposed IPG-RR algorithm maintains superior computing efficiency
even in the presence of constant computation errors. The faster convergence of IPG-RR than B-IPG also
demonstrates the superiority of RR permutations over fixed permutations.

We compare the recovered signal obtained from the proposed PG-RR algorithm with the original true
sparse signal in Figure 4. The recovered signal is very similar to the true sparse signal. In Figure 5(a),
we show the original sparse image, which is obtained by the sparse operation to the selected handwriting
image. The recovery images generated by different comparable algorithms are shown in Figures 5(b)—(f).
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Figure 1 (Color online) (a) Convergence of exact comparative algorithms; (b) convergence of exact comparative algorithms in
terms of proximal operators; (c¢) convergence of exact comparative algorithms in terms of time.
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Figure 2 (Color online) Convergence of inexact algorithms with diminishing errors (a) C' = 20, (b) C' = 20 in terms of time,

(c) € =50, and (d) C = 50 in terms of time.

We observe that the proposed PG-RR algorithm yields a recovery image of superior quality compared to
those generated by other algorithms, which demonstrates the efficiency of the proposed algorithm.
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Figure 3 (Color online) Convergence of inexact algorithms with constant errors (a) C = 3, (b) C = 3 in terms of time, (¢) C =5,
and (d) C =5 in terms of time.
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Figure 4 (Color online) Recovered signal versus the original sparse signal.
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Figure 5

(a) Original; (b) PG; (c¢) B-PG; (d) SPG; (e) ADMM; (f) PG-RR.
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6 Conclusion

This paper has proposed two proximal gradient algorithms that utilize a sampling-without-replacement
scheme for nonsmooth optimization. The proposed exact stochastic proximal gradient algorithm has a
sublinear convergence rate, in which the magnitude of errors near the solution decreases with the increase
in the step size. Furthermore, when computing errors exist in the gradient and proximal operator, the
proposed inexact proximal gradient algorithm converges to an optimal solution neighborhood. In the
simulation, both proposed algorithms show superior convergence performance compared with that of
several existing algorithms. Omne potential future research direction is the development of variance-
reduced proximal RR algorithms to eliminate gradient variance and consequently advance convergence
performance.
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