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This study addresses a mean-square prescribed finite-time
output consensus problem of high-order linear multi-agent
systems with communication noises and thus further gen-
eralizes the results in [1-4].
clude three aspects: (i) It is challenging to analyze and
display the finite-time stability due to the presence of com-
munication noises in the sign function and the absence of
communication noises in the quadratic Lyapunov function.
(ii) A stochastic approximation-type protocol, based on the
relative states of neighboring agents, is proposed novelly.
(iii) We extend to consider the case where the noise intensi-
ties are unknown and bounded.

Problem formulation. Each agent has the following linear
dynamics:

The main contributions in-

t; = Az; + Bui, vy = Cz, (1)
where z; = col(zi1,...,xin) € R™, y; € R and u; € R are
the state, the output, and the control input, respectively.
01I,_

A= (y"g"), B=col(0,...,0,1),C=(10 --- 0).

The desired trajectory of the leader is given by

= Sv, y»= Ru, (2)

where v € R™ is the state and y, denotes the output.

The purpose of this study is to achieve the mean-square
prescribed finite-time output consensus, i.e., lin} E|lyi(t) —

t—

Yo (t)]|2 = 0, where T denotes a-priori given and a user-
defined finite time.

An undirected graph G = (V,&,A) is utilized, where
V = {1,...,N} and &€ C V x V are the sets of nodes
and edges, respectively. A = [A;;] is an adjacency matrix.
L= C:r _,A’ Cr = diag(c'r,}ly R Cr,NNZa Crii :72521 Aij.
G = (V,E)is used, where V = {0} UV, € C VXV, and node
0 is the leader. B, = diag(Aio, ..., AN0), Aio > 0 if node 4
can obtain information from node 0; otherwise, A;o = 0.
Assumption 1. The graph G contains a spanning tree
with the root being the leader.
Assumption 2.
inary axis.

All the eigenvalues of S are on the imag-

For any A € o(S), where o(S) is the

spectrum of S, rank(AES‘I g) =n+1

Assumption 3.
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Remark 1. If Assumption 3 holds, then the following reg-
ulator equation [5] is solvable:

XS =AX+BU, CX=R. (3)

Let 0 = xo—Xv. On the time interval [0, T'), a controller
for the leader is designed as

ug = —K(¢)0o, (4)

where K (t) is designed as
K(t) = (Bla"(t) Ena(t)>,

b €ER, i =1,
a(t) = %_t
On the time interval [0, T"), the following controller is de-

signed for each follower:
us = =) (Y Ay (K1 (O — (Ki(t)z;+
e )

pijnij)) + Aio (K1 (t)z; — (K1(t)zo + PiOTLiO)))7

,n, are positive design parameters and

where
Ki(t) = (l;la"(t)cfl(t) l;na(t)cfl(t)) )

l;i>0,u1>0,c(t):l , >0, and n;(t) € R

1
n %-&-H
and p;; > 0 are independent standard white noises and the
noisy intensities, respectively.

Because L + B, > 0, there exists a nonsingular matrix T
satisfying T'(L + B, )TT = Q, where Q = diag(A1,...,Ax)
and \; > 0 are the eigenvalues of L + B,. Because all the
eigenvalues of A — BK (t) and A — p1Aic(t)BK1(t) can be
negative and have algebraic multiplicity values, by properly
selecting K (t), K1(¢t) and p1, there exist nonsingular matri-
ces U;(t) € R™*™ such that

Uy (0)(A — BE(1)Un(t) = Ao(2),

U7 (0)(A — mdic(t) BK1()Ui (t) = Aq(t),

where A;(t) = a(t)Ai1, Aix = diag(fkgi],...,fk%]), and
k> 0.
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Let ¢ = z; — x0, € :ACOI(el,...,e]\l)7 g =
col(€r,....n) = (T ® In)e, & = U7 (&, 60 =
col(fo, .. .,00), o = (In ® Uy ' (t))o. One has

& =07 (OU(E) + M) + me®U; () x

(s @ B) Dy + U (O)(T: @ (BK(H)Uo(1))o, ©
fo =In @ (U5 " ()Uo(t) + Ao(£))o

- IN ® (U()_l(t)BU){)v

where ¥ = col(v, ...,v), T; € R1XN s the ith row of T,

D = diag(dy,...,dy) € RN¥NWNHD,
di = (Aio, Ai1, ..., Aiy) € RXVHD),
n; = col(nio, ni1,. .., NiN) € RN+
n=col(ny,...,ny) € RN+,

U7 Ui (t) + Ai(t) = a(t)A;, where A; €
R™*™ is a constant matrix and can be Hurwitz stable for
i=0,1,...,N.

Proof. See the Appendix A.

The matrices U; " (t)(T; @ (BK (t)Uo(t))) and Uy (t) BU
can be written as a(t)A; and o~ ("~ (¢)II, respectively. In
addition, we obtain that U; '(t)(T; ® B)D = a(t)D;(t),
where

Lemma 1.

Di=a""®) (Dir -+
Next, we introduce a time transformation method. Let
O0(s) = T(1 —e %), t = 6(s), and v(t) is a solution
of system (2). Let ¢;(¢t) and (o(t) represent the solu-
tions of system (6). Define vs(s) = v(t), ¥i(s) = Ci(t),
wo(s) = Co(t), vs(s) = col(vs(s),...,vs(s)), and p(s) =
col(vo(s), ..., %o(s)). Based on Lemma 1, one has
$i(s) = Aithi(s) + Agtbo(s)
+ p1c(6(s))Di(0(s))n(6(s)),
o(s) = In ® Aoto(s) (M)
— 0 (s)a” ("D (8(s))(Iy @ )i (s),
vls(s) = Te *Svs(s),

Di,N(N+1)> .
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where
(0e)) = . vh(e) = 22,
35 = 22 i) = 200, ®

0s(s) = col(vs(s), ..., vs(s)) € RN™v.

Theorem 1. Consider the multi-agent system (1)—(2).
Suppose that Assumptions 1-3 hold. Under the controllers
(4) and (5), all the followers achieve the mean-square pre-
scribed finite-time output consensus.

Proof. See Appendix B.
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