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Abstract This paper studies the controllability of descriptor multi-agent systems (DMASs) with signed
networks, where the networks are signed, and agents have descriptor linear dynamics. First, the basis for the
eigenspace of the system matrix is derived completely and qualitatively by leveraging the maximum general-
ized left Jordan chain defined in this paper. Taking advantage of the explicit form of the basis, necessary and
sufficient conditions for the controllability of DMASSs are established. Furthermore, a necessary and sufficient
condition is provided to ensure the controllability of DMASs with heterogeneous dynamics. Particularly, for
some special cases, controllability conditions are expressed more precisely in terms of eigenvectors. Then,
the relationship between the controllability of DMASs with signed and unsigned networks is investigated.
It is shown that the controllability of DMASs under structurally balanced signed networks is equivalent to
that under the associated underlying unsigned networks whether the individual dynamics is homogeneous or
heterogeneous. Finally, theoretical results are applied to the multi-agent supporting systems.

Keywords controllability, signed networks, descriptor multi-agent systems, heterogeneous dynamics

1 Introduction

Controllability is an important concept in modern control theory, and it plays a fundamental role in the
analysis and synthesis of linear control systems. Roughly speaking, controllability quantifies the ability
to steer the state of the dynamical system from any initial condition to any desired final state within
finite time. For multi-agent systems (MASs), the significance of controllability is driving all agents to
achieve desirable configurations from any initial states by directly controlling a few agents. Tanner [1] first
formulated the controllability of MASs under a leader-follower framework. Subsequently, most researchers
investigated controllability in terms of graphical tools and algebraic criteria [2-8].

The aforementioned results on controllability focus only on MASs with unsigned networks, where the
interactions between agents are all cooperative. However, antagonistic interactions are ubiquitous in
reality, such as social networks [9], where individual relationships can be both friendly and hostile. In
practice, the cooperative-antagonistic interactions among agents are described by signed graphs [10],
where the positive and negative edges represent the cooperative and antagonistic interactions, respec-
tively. Recently, complex dynamic behaviors on signed networks have been extensively investigated,
including bipartite consensus, bipartite tracking, and bipartite containment [10-13]. Additionally, the
controllability of signed networks has received widespread attention in the control community [14-16].
In [14], a graph-theoretic characterization of an upper bound on the controllable subspace was proposed.
The structural controllability of multi-agent networks defined over directed signed graphs was considered
n [15]. Ref. [15] proved that a multi-agent network is structurally controllable if and only if the commu-
nication digraph is leader-follower connected. Recent advances in this regard include [16], in which the
lower and upper bounds for the dimension of edge controllable subspace of signed networks are derived.

At present, there have been some exciting studies devoted to the controllability of higher-dimensional
systems, where agents have general linear dynamics, and the system dynamics is generally multi-input/
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multi-output [17-20]. However, in natural and artificial MASs, there usually exist algebraic constraints
among state variables of agents, in this case, each agent in MASs should be modeled as a descriptor sys-
tem. It is well-recognized that descriptor systems offer a more general framework for modeling physical
systems than traditional state-space representations. Different from the general linear system case, for de-
scriptor linear systems, there are four types of controllability, namely, C-controllability, R-controllability,
I-controllability, and S-controllability. It is noted that R-controllability guarantees the realizability for
the system from any initial condition to any reachable state, and understanding R-controllability can of-
ten serve as a stepping stone to exploring other types of controllability. In view of this, many researchers
have investigated R-controllability. Early work by Yip and Sincovec [21] laid the theoretical foundation
for the analysis of R-controllability in descriptor systems. Subsequent studies have further extended the
R-controllability criterion [22-24]. In practical applications, the analysis of R-controllability provides
theoretical support for modeling and simulation, and lays the foundation for optimizing control strate-
gies and improving system performance in various applications. For example, in mechanical systems,
it enhances operability and safety by ensuring the system can reach target positions [25]. In economic
dynamic models, it helps predict behavior and design macroeconomic policies [26]. Considering the the-
oretical value and practical significance of studying R-controllability, this paper is particularly motivated
to investigate the R-controllability.

In practice, many MASs inherently exhibit descriptor characteristics, further highlighting the impor-
tance of studying their controllability. One typical example is multi-agent supporting systems used in
earthquake damage-prevention buildings [27], which are singular when each agent is supported by multiple
pillars. Recently, the coordination control of descriptor multi-agent systems (DMASs) has been drawing
increasing attention, including consensus [28], containment [29], and others. In addition, it is worth
noting that all the aforementioned methods and results on the controllability of MASs no longer apply
to the controllability of DMASs, the interplay between the differential and algebraic parts of the system
necessitates new analytical tools and control strategies. Hence, it is of both theoretical and practical
importance to address the controllability of DMASs.

Furthermore, while significant efforts have been made to study the controllability and observability of
DMASSs [30], existing criteria often rely on solving complex matrix equations. However, due to the high
computational complexity of solving matrix equations, how to get more concise and practical control-
lability criteria for DMASs with antagonistic interactions is a challenging problem. On one hand, the
system matrix of DMASs consists of the Laplacian matrix and agents’ system matrices, which increases
the complexity of analyzing the eigenvector of the system matrix. On the other hand, the Laplacian
matrix under directed signed networks is asymmetric, and its row sum is nonzero, thereby most existing
tools and methods for undirected unweighted unsigned networks are no longer applicable to signed net-
works. To date, a comprehensive investigation into the controllability of DMASs with signed networks
remains largely unexplored. Addressing this gap is not only of theoretical interest but also holds practical
significance for designing effective control strategies in DMASs. Therefore, the motivation behind this
research lies in developing concise and practical controllability criteria for DM ASs with signed networks,
addressing both theoretical challenges and practical needs in the control of distributed systems.

In this paper, the controllability of DMASs with signed networks is investigated, in which each agent
is modeled as a descriptor linear system, and the communication digraph admits both positively and
negatively weighted edges to represent the intuitive cooperative and antagonistic interactions between
agents, respectively. It is noticed that results in this paper can be directly extended to the observability
of DMASs due to the duality between controllability and observability of descriptor systems. The main
contributions of this paper are threefold:

(1) The controllability of DMASs with signed networks is studied in the scenario where the Laplacian
matrix is nondiagonalizable and diagonalizable, and the explicit form of eigenvectors of the system matrix
is qualitatively presented, respectively. Particularly, the maximum generalized left Jordan chain is defined
in this paper, based on this, the basis for the eigenspace of the system matrix with nondiagonalizable
Laplacian matrix is derived, which is, to the best of our knowledge, first explicitly and completely
characterized. Taking advantage of the explicit form for the basis, necessary and sufficient conditions on
the controllability of DMASs are established. These conditions reveal how the controllability of DMASs
is affected by the network topology, the subsystem dynamics, the external control inputs, and the inner
coupling. Compared with the recent results in [30], conditions in this paper do not require to solve matrix
equations. Thus the computational complexity is greatly reduced.

(2) The controllability of DMASs with heterogeneous dynamics is investigated, where heterogeneous
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dynamics means that different agents in the DMASs may have different parameter matrices. A necessary
and sufficient condition is established, which can be checked independently for every individual subsystem,
and is also applicable to the DMASs with homogeneous dynamics. Moreover, for some specific constraints,
the corresponding controllability criteria are expressed more precisely in terms of eigenvectors.

(3) The relationship between the controllability of DMASs with signed networks and with unsigned
networks is investigated. It is shown that the controllability of DMASs with homogeneous dynamics under
structurally balanced networks is equivalent to that under unsigned networks whose edge weights are all
nonnegative from the perspective of eigenvectors. For heterogeneous dynamics, the controllability is also
equivalent under structurally balanced networks and unsigned networks. Based on these arguments, the
property of some special networks can be used to effectively identify the uncontrollability of the whole
system.

The rest of this paper is organized as follows. Section 2 introduces some preliminaries and formulates
the model. Section 3 presents the results on controllability of DMASs with homogeneous dynamics;
heterogeneous dynamics case is considered in Section 4. In Section 5, the relationship between the
controllability of DMASs under signed and unsigned networks is studied. Theoretical results are applied
to the multi-agent supporting systems in Section 6. The conclusion is drawn in Section 7.

Throughout this paper, let R (C), R™ (C"), and R™*™ (C™*™) be the sets of real (complex) numbers,
real (complex) n-vectors, and real (complex) matrices of size n x m, respectively. Let (Cf) be the set of all

k times piecewise continuously differentiable functions. Set Z9 = {1,...,q} collects the positive integers
(n)

no larger than ¢q. Let I, € R"*™ be the identity matrix, e, ’ be the i-th canonical basis of R™, 0 be an

all-zero matrix with compatible dimension. For matrices Ay, ..., A; € R"*" diag(Ay,..., A:) denotes a
block diagonal matrix with diagonal elements A, ..., A;, particularly, when n = 1, diag(4;,...,A4;) is a
diagonal matrix. Let span{vi,...,v:} be the vector space spanned by the vectors vy, ..., v;. Moreover,

o(E,A) ={s € C| |s] < oo, det(sE — A) = 0} represents the set of finite eigenvalues of the matrix
pair (E, A). Let A® B be the Kronecker product of matrices A and B. For matrices M € R™*" and
V e R™*s, M 1 V means that v"M = 0 for some nonzero v in the column space of V, and similarly
M [ V indicates that no such v exists. Let V3 ® V5 be the direct sum of spaces V; and V5. The cardinality
of a finite set S is defined as |S|. If S C R, then the complement of S in R is defined as R\S. For matrix
A = [ai;], |A| = [|ai;|]. The signature matrix set is defined as D = {diag(di,...,dy) | d; € {£1}}. Two
matrices My, Mo € R™™™ are said to be signature similar if 3D € D such that My = DM, D.

2 Preliminaries and model formulation

2.1 Signed graph

Let G = {V,E,W} be a directed signed graph, where ¥V = {1,..., N} is the set of vertices, € CV x V
is the set of edges, and W = [w;;] € RV*¥ is the signed weight matrix of G, w;; # 0 if and only if
the edge (j,i) € £, and w;; can be positive or negative. In addition, we assume that w; = 0 for all
i€ ZN. Let G = {V,&,|W|} and G_ = {V,&, —|W]|} be the all-positive graph and all-negative graph
corresponding to G, respectively. Usually, G4 can also be regarded as the underlying unsigned graph of
the signed graph G. The neighbor of vertex 4 is defined as N; = {j | (j,4) € £}. A path from vertexes
i1 to i is a sequence of edges {(i1,42), (i2,%3),..., (ix—1,ik)}, in which all vertices are distinct. A cycle
is a path beginning and ending with the same vertex, i.e., 11 = ix. A cycle is positive (negative) if
Wigiy Wigis * " Wiyi, > 0 (< 0). A graph is a star if it has a center vertex ¢, and every vertex except i
belongs to {j | (,7) € £}. The Laplacian matrix associated with the signed graph G is L = [I;;] = A—W,
where A = diag(3_jcp, [w15]5- -+ 22 eny [WN;])-

Definition 1 ([10,31]). Let G be a signed graph with the vertex set V.

(1) G is structurally balanced if it has a bipartition of two nonempty subsets Vi, Vo, with V; [JVo =V
and V1 (V2 = 0, such that w;; > 0if i,j € Vs (s € {1,2}) and w;; < 0if i € Vs,j € Vy, s # ¢t
(s,t € {1,2});

(2) G is structurally anti-balanced if it has a bipartition of two nonempty subsets Vq, Vo, with V; |J V2 =
V and Vi (V2 = 0, such that w;; < 0ifi,j € Vs (s € {1,2}) and w;; > 0if i € Vs,j € Vi, s # t
(s,t € {1,2});

(3) G is strictly structurally unbalanced if G is neither balanced nor anti-balanced.
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2.2 Descriptor linear systems

Consider a descriptor linear system
Ei(t) = Az(t) + Bu(t), (1)

where E, A € R"*" B € R"*? are constant matrices, and £ may be singular, if F is nonsingular, system
(1) is called a normal linear system. In the sequel, system (1) is frequently defined as (F, A, B) for
simplicity.

Definition 2 ([32]). The matrix pair (E, A) is called regular if det(sE — A) is not identically zero for
some s € C.

It follows from the standard decomposition? of descriptor linear systems that there exist two non-
singular matrices @ and P such that under the transformation (P, Q) system (1) becomes the following
equivalent standard decomposition form:

I'l(t) = Alxl(t) + Blu(t), (2)
Nio(t) = x2(t) + Bault),

where z1(t) € R™, x4(t) € R™, ny 4+ ny = n, the matrix N € R"2*"2 ig nilpotent.

Definition 3 ([32]). Given the regular descriptor linear system (2), a vector w € R™ is said to be a
reachable vector of system (2), if there exists an initial condition z;(0) = 219, an admissible control input
u(t) € Ci~1, and some t; > 0 such that the response of the system (2) satisfies

x (t1,u,x10) = [xl (tl)l = w.

X9 (tl)

Note that in the above definition the admissible control input is confined to u(t) € (Cg’l, which
represents the set of h — 1 times piecewise continuously differentiable functions. Let

Ry [x10] = {w | Ju(t) € (Cg_l s.it. @ (t,u,x10) =w € R"};

then %y [x10] is the set of reachable states at time ¢ from the initial condition x1(0) = x10. Furthermore,
let
= U Ay[ro],

r10€ER™1

Ayt
ety
%’@:{xmzl 0101730106}1@”1};

then % is the state reachable set at time ¢ for system (2) from all possible initial condition x(0) = 210 €
R™ and 7 is the set of free reachable state at time ¢ starting from all possible initial condition x1¢.

and

Definition 4 ([32]). The regular descriptor system (2) is called R-controllable, if it is controllable in
the reachable subspace %, or more precisely, for any prescribed ¢; > 0, x19 € R"*, and w € #,,, there
always exists an admissible control input u(t) € (Cg’l such that the response of system (2) starting from
the initial value x1(0) = x10 satisfies = (¢1,u,x10) = w.
In this paper, the controllability of the DMASSs refers to the R-controllability.
Lemma 1 ([32]). A regular system (E, A, B) is R-controllable if and only if rank[sE— A B] =n,Vs €
C,|s| < 0.
Consider a descriptor linear system
Ei(t) =
{ z(t) = Ax(t), 3)
y = Hzx(t),

where H € R™*™ y(t) € R! is the output of the system. In the sequel, system (3) is frequently defined as
(E, A, H) for simplicity.

1) Given the descriptor system (1) with (E, A) regular, there exist two nonsingular matrices Q and P such that E = QEP =
diag (Iy,,l,N)7 A = QAP = diag (Al, InQ), B=QB= [gl ], where nq + ns = n, the matrix N € R™2%"2 is nilpotent, and the
2

involved partitions are compatible.
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Definition 5 ([32]). The regular system (3) is R-observable if for arbitrarily given z(t) € /%, there
exists a time point t; > t, such that the state x(t) can be uniquely determined by the system output
y(1), t <7 <ty

Lemma 2 ([32]). A regular system (E, A, H) is R-observable if and only if

sE— A

rank =n, Vs € C, |s] < cc.

2.3 Model formulation

Consider a DMAS consisting of N agents labeled V = {1,...,N}. Without loss of generality, Vi, =
{1,..., M} denotes the set of the leaders with M < N, and Vr = V\VL denotes the set of the followers.
For each follower ¢ € Vg, the dynamics is governed by

where x;(t) € R™ and z;(t) € R® are the state and coupling variable of the agent i, E € R"*" may be
singular, and A € R™"*" and C' € R™** are system matrix and inner coupling matrix. For each leader
i € V1, the dynamics is

Exl(t) = AIi(t) + CZi(t) + Bui(t), (5)
where u;(t) € R? is the control input applied to agent i, and B € R"*? is input matrix. The coupling
variable z;(t) for each agent ¢ € V is determined by the so-called diffusive coupling rule based on the
neighbor relations as follows [6]:

zi(t) = K Y wij (a;(t) — sign (wy) zi(1)), (6)
JEN;
where K € R**" is the feedback gain matrix. Let Q = diag(dy,...,dn), where 6; = 1 indicates that agent
i is a leader, and §; = 0 otherwise. Let X = [x?, . .,:c%]T and U = [urlf, e ,u%]T. Then, the DMAS
can be rewritten in a compact form as follows:

EX = ®X 4 U, (7)

where 2 = IQ E € RV N @ = [y @ A— L®CK € RV N and ¥ = Q® B € RNV»xNg,
Additionally, assume that the DMAS is regular, namely, det(sZ — ®) # 0 for some s € C.
Remark 1. This paper focuses on the controllability of DMASs. However, observability is also a

fundamental and important topic in the study of distributed cooperative control of DMASs. Consider a
DMAS in the form of

(8)

EX = dX + U,
Y = EX,

where = = Iy @ H € RVIXNn y — [yif, . ,y%]T, and y;(t) € R! is the output of agent i. Then the
following system:
=T7 =Tz + =Ty, 9)
wW=vtZz
is called the dual system of system (8). Due to the dual principle between the controllability (observ-
ability) of system (8) and the observability (controllability) of system (9), system (8) is R-controllable
(R-observable) if and only if its dual system (9) is R-observable (R-controllable) [32].

3 Controllability of DMASs with homogeneous dynamics

In this section, we focus on the controllability of DMASs with homogeneous dynamics, to facilitate the
discussion, first introducing the following definitions.

Definition 6 ([32]). Let p' be the left eigenvector of (F, A) associated with eigenvalue A; then a
sequence of nonzero row vectors p!, ..., p? is called the left Jordan chain of (E, A) corresponding to p! if
p' (A — \E) = p'E for i € Z9~! and there does not exist p € C1*™ such that p(4 — A\E) = pYE, where
g is the length of the Jordan chain.
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Definition 7. Let A, T € R™*", ~! be the left eigenvector of (E, A) associated with eigenvalue A,
then a sequence of nonzero row vectors v, 42, ... ~v% is called the generalized left Jordan chain of (E, A)
about T' corresponding to 7! if ¥ *1(AE — A) = 4T for i € Z*~! and there does not exist y € C**"
such that y(AE — A) = v"T', where u is the length. Particularly, if for any other generalized left Jordan
chain v',42,...,5% corresponding to v', there holds u > @, then ', v2,...,7" is called the maximum
generalized left Jordan chain of (E, A) about T corresponding to ~*.

Note that the maximum generalized left Jordan chain of (E, A) about T' corresponding to ~' is not
unique. Next, we provide a lemma about the maximum generalized left Jordan chain, which can contribute
to capturing a basis for the left eigenspace of the system matrix.

Lemma 3. Let v} with [ € Z" be a basis for the left eigenspace of (E, A) associated with eigenvalue A,
where n > 1 is the geometric multiplicity of A. Assume that ~}, fyf, ..., is a maximum generalized left
Jordan chain of (E, A) about T corresponding to fyll, where u; is the length. Then for any generalized left
Jordan chain v},42,...,5% corresponding to 7!, there holds 7! = Z:;ll S a4 Al for s € 27,
i €{2,...,us}, where a;; € R are not all zero.

Proof.  Using induction, if i = 2, since 72(A\E — A) = v!T = y2(AE — A), and 7} (AE — A) = 0 for all
l€Z" then ¥2 =%, Oéu’)’l + 72 holds.

Assume that 5271 = ZZ 1t Sy a4 holds. Next we prove that 78 = Z Zl Loy
+7% holds. Let 47 be a Vector which satisfies 4/(AE — A) = 4~ 1T for all j € {2,...,i — 1}. Then we
have (4 —47)(AE — A) = 0. Note that 7} with [ € Z"7 are linear independent left eigenvectors of (E,A)
corresponding to A. Thus there exist k; € R such that 47 = S kzmll + ~J, which are not all zero. By
FUANE — A) = 71T, 44 (AE — A) = 71T, then

i-1-1 7
(e —1QAE—A)= > > any T
r=1 [=1
i-1-1 7
= > oA T(AE — A)
r=1 [=1
1—1—1 n n )
= Z Zarl (Z kz’nl> +’yfr> (AE — A).
r=1 (=1 I=1

Since there exists h; € R such that 42 — % — (Ziﬁlfl (X, k:l'yl )+ Z? L i, we have

» 1-1 1-1
At = ZZ >l 1Oérl’71 R D PR R e i Where Qi1 = kl(zz S, @) 4+ hy. Therefore,
yi = Zr:l Sy Y] + 4% holds. In particular, if 'yl " does not exist, then Q] = Qp_1] = = ay;
=0

Proposition 1. Assume that the topological matrix L is nondiagonalizable with Jordan canonical
form J = diag(Ji,...,Js), where J; = NI, + N,, € C%*% )\, is its eigenvalue with corresponding
left eigenvector h}. Let h}l,... h{" be the left Jordan chain of L corresponding to h} for all i € Z°,
o(E,A—XNCK) = {w},...,wl'} be the set of finite eigenvalues of (E, A — \;,CK), By with I € 727
be a basis for the left eigenspace corresponding to w;, where 7;; > 1 is the geometric multiplicity of
. Let ﬁ”l, ce ﬂZ"l” denote a maximum generalized left Jordan chain of (E, A — \;CK) about —CK
correspondmg to ”l for all [ € Z™i. Then the following statements hold:
(i) The set of finite eigenvalues of (2, ®) is (J;_, o(E, A — N\, CK);
(i) Y h T e By with r € 7%t 1 € 7" is a basis for the left eigenspace of (Z, ®) associated
with wf, where 6,;; = min {a;, u;j }-
Proof.  Regarding (i), let H be a nonsingular matrix such that HLH ' = J and J = diag(J1,...,Js)
is the Jordan canonical form of L, where J; = A\;I,, + N,, € C%*% N, is a matrix with ones on the
subdiagonal, and zeros elsewhere. Then, we have (H ® I,) (Iy ® E) (H' ® I,) = (In ® E).
Let = (H®I,)® (H_1 ® In)7 then

P=(H®I,)(IN®A-L®CK)H '®1I,)
=INA-JRCK
=Iny® A—diag(Jy,...,Js) ® CK
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=diag ([, ® A— 1 CK,....,I,, ® A— J; ® CK)
=diag (ls, ® (A= MCK)—N,, @ CK,...,I,. ® (A— ) sCK) — N,, ® CK).

Since (Z,®) and (=, ®) have the same eigenvalues and @ is a block-diagonal matrix, one has o(Z, ®) =
Ui_,0(E,A - \CK).

Regarding (i), let H; = [h;-“T7 oy BT then (H; @ 1,) (IN®@ A— L@ CK) = (I,, ® (A — NCK) —
N,, ® CK) (H; ® I;). Thus, (w‘ T(H; ®I,)) is a left eigenpair of (2, ®) if and only if (wf,r) is a left
eigenpair of (I, ® E, I,, ® (A MCK) — N,, ® CK) for 7 € C'*("%)  Letting 7 = [,...,7,,], then
TlyeooyTay satlsfy

(W E—(A—\NCK)) =
Tor1 (W E — (A = X\CK)) = 7,(—CK)

for all g € Z%~1. By Definition 7, there exists k € Z% such that 71 = = Tk_ 1 =0 and 7y,...,7,, are
the first a; — k + 1 vectors of 3} .,ﬁu”g for all s € Z"i, where ﬂ ., B9 can be any

Y ER z]a’ c ijs (YR z]a’ o LY E

generalized left Jordan chain of (E, A — \;CK) about —CK correspondmg to Bl... Let B be the set of

’Ljé
generalized left Jordan chains of (E, A — \;CK) about —CK corresponding to 31, for all s € Z"i. Thus

ijs ~
the left eigenspace corresponding to w! is T = {7 | 7 = /_, ((;7_)34_,5 ® ﬁws with Bws, sy ,ij’gs

B,r e 7%= s € 273}, where 0, = min{a,, i;j5 } and BUS = Bl;,- Next, we prove that Y33, e ((l(zi_)f+t®ﬂzjl
with r € ZGW l € Z"i is a maximal linearly independent group of T

Since 61 ; with [ € Z are linearly independent, 0bv1ously, Sy a 4 +t ® By with r € 7% 1 € Zni
are linearly independent. In addition, for any Zt 1 al—7+t ® ﬁws e T, by Lemma 3, we have ﬁws =

Zt_lz;%ﬁaal 1]1 +Bws7then Z: 1 ((lai—)'rT—i-t ’L]S Zt 1( ((1:17—)3-{-15 z]s)+z ?”1 Oéal( t= aJrle((l(:l—)'rT—i-t

”l ) for all r € Z9ut, 1 € Z"s; thus St ((IIZL_),T_H ® Bi; with 1 € Z"3, r € Zewl is a maximal linearly
mdependent group.

Therefore, we obtain that > ;_, eé?’j,ﬂ.t ® ijl with r € Z%t | € Z"i is a basis for the left eigenspace
of (I, ® E, I, ® (A—)\CK) — N,, ® CK) associated with w!, where 6;;; = min {a;, u;;}. Then,
S hiT t41 ® ﬁwl with [ € Z"s, r € Z%3t is a basis for the left eigenspace of (=, ®) associated with wf,
where 9”1 = min {a;, wi; }.

Proposition 1 provides a complete set of basis for the eigenspace of the system matrix leveraging the

maximum generalized left Jordan chain defined in Definition 7. Moreover, Proposition 1 fully characterizes
the relationship between the eigenvector of the system matrix and the eigenvector of L and (E, A—\;CK).
Next, taking advantage of the explicit form for the basis, a necessary and sufficient condition for the R-
controllability of system (7) is established.
Theorem 1. Assume that the topological matrix L is nondiagonalizable with Jordan canonical form
J = diag(J1,...,Js), where J; = NI, + N,, € C**% ), is its eigenvalue with corresponding left
eigenvector hy. Let h}, ..., h{" be the left Jordan chain of L corresponding to h} for all i € Z%, o(E, A —
MNCK) ={w},..., q’} be the set of finite eigenvalues of (E, A=\CK), 81, with | € Z"ii be a basis for the
left eigenspace corresponding to w?, where 7;; > 1 is the geometric multiplicity of w?. Let ﬁml’ . 76:}71
denote a maximum generalized left Jordan chain of (E, A— \;CK) about —CK corresponding to for
all [ € Z"i. Then DMASs (7) is R-controllable if and only if the following holds:

(i) v(Q @ B) # 0 for all v € U;;\{0}, j € Z%, i € Z°, where U;; = spanf{vly, | vl = >, hi "' @
ﬂz]lv le Zm]a S Zeul} 91]1 = min {ala U’L]l}a

(i) if w cee = w” = p, where w]’“ € J(E A— XN, CK), and pp € o(E, A — \.CK) for all r €
7\ {i1, .. zt} then V(Q ® B) # 0 for all veol_, zk]k\{o}

Proof.  Necessity. By Proposition 1, U;; is the left eigenspace of (2, ®) associated with the eigenvalue
w!. If system (7) is R-controllable, then »(Q @ B) # 0 for all v € U;;\{0}, j € Z%,i € Z*. Condition (i)
is proven. '

For condition (ii), assume that w)' =--- = w =pand p € o(E,A—\.CK) for all r € Z°\{i1, ..., i},
then the left eigenspace of (E, D) correspondmg to p is ©f_; Ui, ;.. Therefore, if system (7) is R~
controllable, then v(Q ® B) # 0 for all v € ®f_, U;, ;, \{0}.

Sufficiency. If system (7) is R-uncontrollable, then there exist an eigenvalue @ of (Z,®) and the
corresponding left eigenvector &, such that £¥ = 0, which includes two cases.

z]l
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Case 1. If v € o(E,A— X\;)CK) and @ & o(E,A — \,CK) for all r € Z°, r # iy, it follows from
Proposition 1 that U, j, = span{v] ., | vi .. = > 14 hg{;tﬂ ® By joty> lo € LModo, 1 € Z%0i0t0} is the
left eigenspace of (2, ®) corresponding to w. Therefore, if system (7) is R-uncontrollable, there exists a
left eigenvector £ € U, ;, such that (2 ® B) = 0, which contradicts condition (i).

Case 2. If wfll == wftt =w,and @ € o(E,A— \.CK) for all r € Z*\{i1,...,4}, then there exists
a left eigenvector £ € ®f _, Ui, j, such that £(Q ® B) = 0, which contradicts condition (ii).

Therefore, if system (7) is R-uncontrollable, then at least one condition in Theorem 1 does not hold,
which completes the proof.

Theorem 1 presents a precise and efficient condition for determining the R-controllability of DMASs
with higher-dimensional states. As we all know, the R-controllability of descriptor systems is equivalent
to the controllability of standard state-space systems. Here, the controllability conditions in Theorem 1
are obtained by taking advantage of the structural characteristics of the descriptor system captured
in Proposition 1, which is more clear than those obtained by transforming descriptor systems into the
standard state-space system. Therefore, on one hand, the conditions in Theorem 1 provide more precise
and efficient criteria for determining the controllability of large-scale DMASs. On the other hand, they
also more intuitively reveal how the R-controllability of the whole system is affected by the network
topology, the subsystem dynamics, the external control inputs, and the inner coupling.

Actually, when the agents are governed by single-integrator dynamics, system (7) becomes & = —Lx +
Qu, then the controllability of the system is completely determined by the underlying topology given
by the pair of matrices L and Q. Therefore, (L, Q) being controllable means that a system with single-
integrator agent dynamics is controllable. The controllability of (L, ) reveals the effect of underlying
topology on the controllability of system (7). Note that the computational complexity of solving matrix
equations in [30] is at least O(N*n?), whereas checking the new criterion established here incurs no
more than O(N* + Nn* + N3n3) operations; the computational complexity can greatly be reduced. The
following illustrates the efficiency of Theorem 1.

Example 1. Consider a DMAS consisting of three agents, and

10 10 10 10 000 LOo
E= , A= , B= , CK = , L=|-110|,Q=1]000],
00 11 01 00
011 000
where lo; = —1 represents that agent 1 is cooperative to agent 2, l3o = 1 represents that agent 2
is antagonistic to agent 3. The Jordan form of L is J = [1,1,0;0,1,0;0,0,0] with corresponding left
eigenvectors hi = [1,—1,0],h? = [-1,0,—1], and hi = [1,0,0], respectively. The eigenvalue of (E, A —

CK) is wl = 0 with the left eigenvector 8i;; = [1,0], and the eigenvalue of (E, A) is wi = 1 with the
left eigenvector 33, = [1,0]. Thus, v{;;(Q2 ® B) # 0 and v3;; (2 ® B) # 0. Therefore, this DMAS is
R-controllable.

Remark 2. It can be seen that if system (7) is R-controllable, l/iljl (Q® B) # 0 for all | € Z"i3,

j € Z%,i € Z°. Tt follows that (hjQ) ® (8}, B) # 0, where hj is an arbitrary left eigenvector of L
corresponding to A;, and ﬂiljl is an arbitrary left eigenvector of (E, A — \;CK) corresponding to w{ .
Therefore, (L, () is controllable and (F, A — \,CK, B) is R-controllable for all i € Z*. Moreover, if the
matrix L has an eigenvalue 0 (e.g., G has a directed spanning tree), the R-controllability of the subsystem
(E, A, B) is necessary for the controllability of the whole networked system. Hence one can see that the
controllability of underlying network structure and the R-controllability of subsystem are the key factors
that determine the controllability of the whole system when the matrix L has an eigenvalue 0, the internal
interaction is also one of the factors that affect the R-controllability of the system when \; # 0.

Next, we consider a special case that L is diagonalizable, for which more intuitive and concise control-
lability conditions are obtained. In contrast to the case of nondiagonalizable L, the left eigenvectors of
(2, ®) can be directly captured by the left eigenvectors of L and (E, A — \;CK).

Proposition 2. Assume that the topological matrix L is diagonalizable with eigenvalues Aq,..., Ay,
and p; is the corresponding left eigenvector. Let o(E, A — \;CK) = {wil, . ,w?*} be the set of finite
eigenvalues of (E, A — \;CK) for all i € ZV, 'ygj with [ € Z"7 be a basis for the left eigenspace corre-
sponding to wf for all j € Z%, where 7;; > 1 is the geometric multiplicity of wg . Then the following
statements hold:
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(i) the set of finite eigenvalues of (2, @) is Ufil o(E,A—- NCK);

(ii) pi ® ’Yily P @ 7;7]”
795 € ZN.
Proof.  Regarding (i), let P be a nonsingular matrix satisfying PLP~! = Q, where Q = diag(\1, ..., An);
then we have (P® I,,) (Iy ® E) (P7' @ I,) = (In ® E).

Let ® = (P® I,)® (P~' ®1,), then

is a basis for the left eigenspace of (Z,®) corresponding to wf for all j €

b= (Pel,)(In®A-LaCK)(P'al,)
=INA-Q®CK
= Iy ® A—diag(\,..., \y) ® CK
= diag(A — M CK,...,A— ANCK).

Since (Z, ;I;) and (2, @) have the same eigenvalues, o(Z, P) = vazl o(E,A—- \CK).

Regarding (ii), let P = [plT, e ,me, obviously, (P® I,) ® = ® (P®1I,). Thus, (w{,T (P®1I,))is a
left eigenpair of (Z, ®) if and only if (wf, 7) is a left eigenpair of (E, CT)) for 7 € CY*(N1) - Since fyfj with
[ € Z"3 is a basis for the left eigenspace of (E, A — \,CK) associated with w{, then egN)T ® fyfj with
l € Z™i is a basis for the left eigenspace of (Z, CT)) associated with wf Therefore, p; ® fyilj, D ® 'y:’;’j is
a basis for the left eigenspace of (2, @) corresponding to wf for all j € 2% i € ZN.

In what follows, we establish a necessary and sufficient condition for the R-controllability of system (7).
Theorem 2. Assume that the topological matrix L can be diagonalized with eigenvalues A1,..., An; p;
is the left eigenvector corresponding to \; for all i € ZV. Let o(E, A — \CK) = {w},...,w{} be the set
of finite eigenvalues of (E, A — \,CK), ij with [ € Z" be a basis for the left eigenspace corresponding
to wf for all j € Z%, where n;; > 1 is the geometric multiplicity of wf . Then system (7) is R-controllable
if and only if the following holds:

(1) (L, ) is controllable;

(ii) (E, A — N\;CK, B) is R-controllable for all i € Z";

(i) if wfll = ... = wftt = pu, where wf: € o(B,A— X\, CK), and p ¢ o(E,A — \.CK) for all
r € ZN\{i1,... i}, then

t Mg

k=1 1=1
where ay; € R are not all zero for all k € Z¢, | € Z"ixix .
Proof.  Necessity. If system (7) is R-controllable, then (pi ® 'yéj) (QeB)#O0foralll € Z"i, j € 2% i €

ZN. Thus (p;Q) ® (’yij) # 0, which yields

i £ 0 for all i € ZV, (10)

B #0foralll €2, jeZ%, ieZV. (11)

Since p; and 'yéj are arbitrary left eigenvectors of L and (E, A — \;CK), respectively, then it follows from
(10) that (L,$?) is controllable. Similarly, Eq. (11) implies that (E, A — A;,CK, B) is R-controllable for
all i € ZV. Conditions (i) and (ii) are proven.

For condition (iii), suppose that w!' =---=w!" = pand p & o(E, A= \.CK) for all r € ZN\{i, ... i}
Then, all the left eigenvectors of (Z, ®) corresponding to y can be expressed as S5, S/ an (i, V)
where p;, is the left eigenvector of L corresponding to A;,, 7£k ;. 1s a basis for the left eigenspace of
(E, A — X\, CK) associated with pu, n;,, denotes the corresponding geometric multiplicity, and ay € R
are not all zero for all k € Z!, | € Z"x. If system (7) is R-controllable, then

t Migig

> > an (P ®7,) | (2@ B) #0, (12)

k=1 [=1

for any scalars ayg;, which are not all zero.
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Sufficiency. According to Lemma 1, if system (7) is R-uncontrollable, then there exists a left eigenpair
(@,€) of (2, ®) satisfying
which includes two cases as follows.

Casel. If& € o(E,A—X\;.CK) and & ¢ 0(E, A~ \,.CK) for allr € Z~ | r # i., then ¢ can be expressed
as Yol oy (pic ® 7£cjc)7 where p;_ is the left eigenvector of L corresponding to \;_, vilcjc, .. ,fijf is
a basis for the left eigenspace of (E, A — \;_CK) corresponding to @, and [a, ...,y ; ] is a nonzero
vector. Thus, Eq. (13) implies

Nicje

=1

Nicie Nicje
QOB = o(n0)® (L, B) = (.0) @ (Z amijcB> -
=1

=1

Then, we obtain

or
Micje

Z amfchB =0. (16)
=1

We have p;, and Zln;cfc alfyfc ;. are arbitrary left eigenvectors of L and (F, A — \;,CK), respectively. In
this case, if system (7) is R-uncontrollable, then it follows from (15) that (L, ) is uncontrollable or there
exists A;, such that (E, A — \;,CK, B) is R-uncontrollable.

Case 2. If w' = =w/' =wand & ¢ o(E, A — \,CK) for all r € Z¥\{iy,...,i;}, then & can be
expressed as 2221 27:’“1““ ot (i, ® 7£kjk)7 where p;, is the left eigenvector of L corresponding to A;,
for all k € Z¢, %lkjk with [ € Z"xir is a basis for the left eigenspace of (E, A — \;, CK) associated with
@ for all k € Z', n;, ;. denotes the corresponding geometric multiplicity, and ay; are not all zero for all
keZ!, | € ZMxix. By (13), there exist ay; for all k € Z! and [ € Z"x such that

t Migig
lz Z Okl (pik ®7£kjk)

k=1 [=1

(Q® B) =0, (17)

which contradicts condition (iii).

Therefore, if system (7) is R-uncontrollable, then at least one condition in Theorem 2 does not hold,
which completes the proof.

The following example illustrates the efficiency of Theorem 2.

Example 2. Consider a DMAS consisting of two agents with

10]’14 ’CK[OO]LFW’QFO]’

00 10 11 01

where [15 = —1 represents that agent 2 is cooperative to agent 1, lo; = 1 represents that agent 1 is
antagonistic to agent 2. The eigenvalues of L are 1+4 € C, with the corresponding left eigenvectors p; =
[1,7], p2 = [1, —i]. We derive that (L, 2) is controllable, and (E, A—(1+¢)CK, B), (E,A—(1—i)CK, B)
are R-controllable. Moreover, (E, A — (14 ¢)CK) and (F, A — (1 —4)CK) have a common eigenvalue 1,

with the corresponding left eigenvectors y11 = v21 = [1,0]. Thus, a11(p1Q2®@7y11B) + @01 (p2Q2 @421 B) # 0
for any nonzero |11, a21]. Therefore, this DMAS is R-controllable.

10
11

1

E= . B=—

4 Controllability of DM ASs with heterogeneous dynamics

In the previous subsections, we assume that all agents in the DMASs have identical descriptor linear
dynamics, that is £y = --- = En, Ay =+---= AN, By =--- = By, C; =--- = Cy. However, homo-
geneity is only an ideal assumption because of various restrictions in the practical systems. Therefore,
this subsection focuses on the controllability of DMASs with heterogeneous dynamics, which means that
different agents in the DMASs may have different parameter matrices, i.e., F;, A;, B;, and C; may be
different for different agents.
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Consider a DMAS consisting of N agents with heterogeneous descriptor linear dynamics, described by

where z;(t) € R™, z;(t) € R®, w;(t) € R?, E;; A; € R™*" C; € R"** B; € R"*4. §; indicates that
whether agent ¢ € Vi, or i € Vg, i.e., §; = 1 if agent ¢ € V|, and §; = 0 otherwise. And

zi(t) = Y wi (K (t) — sign (wij) Kiwi(t)) (19)
JEN;
where K; € R®*" is the feedback gain matrix. Let X = [«7,... ,x%}T and U = [uf,... ,u%]T. Addi-

tionally, define the matrix Y = A — I, where A = diag(Ay, ..., Ay) € RY"N" and T = [[';;] € RVxVn
with T';; = 1;;C; K, where L = [I;;] € RV*Y is the Laplacian matrix. Let ¥ = diag(01B1,...,0nBn) €
RN"XNG and © = diag(FE, ..., Exy) € RV " One can rewrite the system (18) in a compact form as
follows:

00X =TX +XU. (20)

The previous studies show that when the agents have identical dynamics, the system is R-controllable
only if the network topology is controllable. For the DMASs with heterogeneous dynamics, intercon-
nections between each pair of subsystems are different matrix-weighted edges; then controllability of the
network topology is no longer a decisive factor as will be seen in the following example.

Example 3. Consider a DMAS consisting of three agents with
10]’141[10]’142[10]’143[20 10],
00 02 01 02 01

01 01 21 31 000 LOo

]aKlzl ];KQZ[ ]aK3:[ ]aL: -110 aQ: 000
10 13 10

1 01 000

It is straightforward to verify that (L,(Q) is uncontrollable (i.e., rank[Q) LQ L*Q] = 2 < 3). By
calculating, we obtain rank[sZ — ® U] =6 for all s € C, |s| < oo, thus the DMASs is R-controllable.

The above-mentioned example reveals that the heterogeneity of agent dynamics will enhance the R-
controllability of the DMASs in the case that the network topology is uncontrollable, the controllability
of the network topology is no longer necessary for the R-controllability of the heterogeneous DMASs.
However, to guarantee R-controllability of the whole system, it is still necessary for the network topology
to be leader-follower connected.

, Bi=DB; = B3 =

Definition 8. A directed signed graph G is leader-follower connected if for each ¢ € Vg, there exists
7 € VL so that there is a path from j to i in G.

Theorem 3. System (20) is R-controllable only if the network topology is leader-follower connected.
Proof. By contradiction, suppose that there exists ¢ € Vg which has not a path from 57 € Vi, to ¢
in G, that is, there are some agents having interconnections among them without external control and
interconnections from other agents. Then, there exists a permutation matrix P, such that

L 0 0
PLp=|"" ,PTQ = :
Loy Loo Q2
where 2 = diag(dy,...,dy). Construct P by replacing each nonzero element in P with I,,, and replacing
zero elements with all-zero matrices of appropriate dimensions. Then, one has
_ T 0 = (C] _ 0
pryp=| " ,Pfep=| "' ,PTy =
To1 Yo O2 X2

Assume that v is a left eigenvector of (01, T11) corresponding to an eigenvalue A, that is, vY1; = A\v©;.
Construct a new vector ¥ = [v 0]. Then one has
|10
) v =
b

To1 Yo

0, 0,

O2

= A[v 0] =\v

2

Therefore, system (20) is R-uncontrollable. This is a contradiction.
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In what follows, a necessary and sufficient condition is presented for the R-controllability of system
(20).
Theorem 4. System (20) is R-controllable if and only if the only solution to

t; (SEi —A; + l”CZKIL) + (ZN ljitj) CjKi =0,

j=1,j#1 (21)
5it:Bi =0, i=1,....N
ist;=0forall s e C and i € ZN.
Proof.  According to Lemma 1, system (20) is R-controllable if and only if
tY = stO,
: (22)
t3 =0
has a unique solution t = 0 for all s € C. Let t = [ty,...,tx] € CY*N? with t; = [ti1, ..., tin] € CP¥™
Then, we have
te o tn] (5O — A +T) =0,
1,0 1) ) o)
[t1,...,tN] 2 =0,

which is equivalent to (21).

Theorem 4 only needs to check for every individual subsystem, which makes it easier to judge the
R-controllability of (20). Clearly, the condition in (21) is also efficient for DMASs with homogeneous
dynamics. Hereafter, several R-controllability conditions can be derived for special cases.

Theorem 5. If L is nondiagonalizable with Jordan canonical form J = diag(Jy,...,Js), where J; =
Nily, + N,, € C%X% )\, is its eigenvalue with corresponding left eigenvector h). Let h}l,..., h{" be the
left Jordan chain of L corresponding to h} for all i € Z*. Assume that E; = F, C;K; = CK, and
A; —ANCK = A~ \CK for all A € o(L), i,j € ZV. System (20) is R-controllable if and only if the
following holds:

(i) vE # 0 for all v € Us;\{0}, j € Z%, i € Z*, where U;; = span{v}y | v =S bl @B, e
AN WS Z97'jl}, Giﬂ = min{ai,uijl};

(i) if w)! = -+ = Wi’ = p, where w}* € o(E,A — X\, CK), and p ¢ o(E, A= ACK) for all r €
Z°\{i1, .. ., it}, then vX # 0 for all v € @} _, Ui, j, \{0}, where B, uij, w]' are defined as in Theorem 2.

K3
Proof. Let H = [h‘l“T, oo b e RETT be a nonsingular matrix satisfying HLH ! = J =
diag(Jy, ..., Js), where J; = \jI,, + No, € C**% )\, is its eigenvalue with corresponding left eigenvector

h}, and h,...,h{" is the left Jordan chain of L corresponding to h}, h{* = [h{j,..., h{i]. Then we have

—T =11 7T
(H®I,)T = [Tl,...,r } ,
where

B (A = NCK) = hi{T'CK - hijy(Ay = NCK) — B CK

. . c (CnaiXNn.
hfl(Al - MCK) — h}lCK e th(AN - MCK) — h%NCK
hi (A1 — NiCK) o hly(An — MiCK)

Since C;K; = CK and A; — A\CK = A — ACK for all A € 6(L), one has

(HIL)Y(H '®1I,)
=diag (lo, ®A— 1 ®CK,...,I,, ® A— J; ® CK)
=diag (Is, ® (A— MCK)—N,, ® CK,...,I,. ® (A— ) ;CK) — N,, ® CK).

The following proof is similar to Theorem 1 and hence omitted.
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Theorem 6. If L is diagonalizable, E; = E, C; = C, and A; — A\CK,; = A — ACK for all X\ € o(L),
i € ZN, system (20) is R-controllable if and only if the following holds:
(i) (i @A) S #0foralll € Zm9, jeZ%, i € ZN;
(i) if wfll = ... = wftt = u, where wf: € o(E,A—- X\, CK), and u & o(E,A — \.CK) for all r €
ZN\{i1, ..., i}, then
t Migik
Z ap (P, ®74,5.) | S #0,
k=1 i=1

J

where ay; € R are not all zero for all k € Z¢, | € Z"ixix | p;, vﬁj, w; are defined as in Theorem 1.

Proof. Let P = [plT, e ,p%]T be a nonsingular matrix satisfying PLP~! = Q, where p; = [pi1, ..., pin],
Q = diag(\1,...,An). Then we have

p11(A1 — MCKy) - pin(Av — MCKy)
(P®In)T =
pn1(A1L — ANCKY) - pyn(Av — ANCKR)

Since A; — ACK; = -+ = Ay — ACKy for all A € o(L), one has (P ® I,)Y (P! ® I,,) = diag(4 —
MCK,...,A—ANCK).

The following proof is similar to Theorem 2 and hence omitted.

Theorems 5 and 6 suggest only in some specific cases. We can clearly and completely characterize
the basis for the eigenspace of (©, T), which means that in heterogeneous case, some properties of a few
matrices with small dimensions can also be verified to provide precise and efficient criteria for determining
the controllability of large-scale DMASs. The characterization for the general case remains a topic for
further research. In addition, it is noted that only in these special cases, the controllability of (L,€2) is
necessary to ensure the R-controllability of heterogeneous DMASs.

Consider the case of the communication between agents is performed through one-dimensional con-
nections, i.e., the input matrix is B; € R™*!, the inner coupling matrix is C; € R™*!, and the feedback
gain matrix is K; € R1*™. The following theorem provides necessary conditions for the R-controllability
of system (20). Before proceeding, we propose the following notations.

Let

U={i|6;#0,i=1,...,N}

denote the index set of the controlled agent.
Assume that o (E1, A1) = =0 (En,An), and for any s € o (E;, A;), define a matrix set

1 € P1(8),i ¢u }

S) = T... T
P() {[nla 777N} ﬂiGPQ(S),iGU

where P1(s) = {vi € CY*n | w; (sE; — Ay) = 0} and Pay(s) = {vi € CY*n | v;B; = 0,v; € 771(3)}.
Theorem 7. Suppose that o (E1, A1) = -+ = o0 (En,An), U| < N, B; € R C; = C € R
K; = K € R, Then system (20) is R-controllable only if the following holds:

(i) for any s € 0 (Fy, A;) and a € P(s),aL # 0 if o # 0;

(ii) for any s ¢ o (E;, A;), rank(Iy + WL, M) = N, where W = diag {~,...,yn}, M = diag{#0, ...,
9]\]}, Yi = K(SE1 - Ai)il C, and 91 = (SZK (SEZ - Ai)il B1
Proof.  Suppose that condition (i) is not necessary. Then, there exist an so € o (F;, A;) and a nonzero
matrix o € P(so) such that oL = 0witha = [of ,...,a}] € C"*N and a; € C'*". Let @ = [on, ..., an],
then a¥ =0 and

N N
a(s00 —T)=a(s0® —A+T)= [ > Loy | CK,..., | Y Lina; | CK| =0,
j=1

Jj=1

which contradicts the R-controllability of the system.
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Suppose that condition (ii) is not necessary, there exists an s ¢ o (F;, A;), satisfying rank(Iy + Wy L,
Mo) < N, where WO = diag{vlo, ce ;'YNO} 5 M = diag{elo, ey 9]\[0}, Yi0o = K(SQEi - Ai)_lc, and 91'0 =
51‘K(SQEIL' - Ai)_lBi.

Thus, there exists a nonzero vector v = [v1,...,vn] € CY*N guch that

v(Iy +WoL)=0 and wvMy=0.
Let £ =[&1,...,¢&Nn] with & = v, K (soE; — Ai)fl. By v # 0, one has £ # 0. Then one has
€Y = diag(0101 K (soB1 — A1) ' By, ..., 050N K (soEn — An) ' By) = vMy =0
and

(500 — 1)
= (11K (soBy — A1), .. unK (soEn — An) ™Y x (diag (soE1 — Ay, ..., s0Ex — Ax) + L ® CK)
=0 @K+ ((v,...,un)diag(K (soB1 — A1) " C,...,K (soEx — Ax) ' C)L) ® K
=v® K + ((v1,...,vn)diag (y10,.--,y850) L) @ K
=v(Iy+WoL)® K =0,

which contradicts the R-controllability of the system.
Theorem 8. Suppose that o (E1, A1) = -+ =0 (En, An), U] < N, B; € R C; € R K, € RI*™,
Then system (20) is R-controllable if the following holds:

(i) (Es, A;, C;) is R-controllable for all i € ZV;

(ii) (E;, A;, K;) is R-observable for all i € ZV;

(iii) for any s € o (E;, 4;) and a € P(s),al # 0 if o # 0;

(iv) for any s ¢ o (E;, A;), rank(Iy + WL, M) = N, where W = diag {v1,...,v~}, M = diag{#0, ...,
91\[}, Yi = Ki (SEi - Ai)_l Ci, and Hi = (51'K,L' (SE,L' - Ai)_l Bi.
Proof.  For s € C, suppose that there exists a vector € = [¢1,...,&n], & € CYX™ such that £(s©—T) =0
and £ = 0, which implies

N
&' (SEz*Az)*'“lezgjchz:OaZ: ].,...,N (24)
7j=1
and
&B;=0,i€U. (25)

If s € 0 (E;, A;) then rank (sE; — A;) < n for all i € ZV, thus
N
> 1ig;C =0 (26)
j=1

for all i € Z. Otherwise, K; can be linearly represented by the row vectors of sE; — A;, therefore

SEZ‘ — Ai

rank =rank (sE; — A;) < n,

which contradicts the R-observability of (A4;, K;). Substitute (26) into (24), then
Ei(SEi—Ai):O,izl,...,N. (27)

Therefore,
N

> L& (sE; — Aj) =0,i=1,...,N. (28)

j=1
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In light of (26) and condition (i), it follows that
N
D i =0,i=1,...,N. (29)
j=1

Let a = [¢],...,&Y]. From (25) and (27), it can be verified o € P(s). Eq. (29) is equivalent to aL = 0.
Therefore, by condition (iii), we have oo = 0.
If s ¢ 0 (E;, A;), then sE; — A; is invertible for all i € ZV. It follows from (24) that

N
& =—Y 1Li§;CiK, (sE; — Ai)™'ji=1,...,N. (30)
J=1
Let v; = Y1, 1;:€;C;. Then
& =—viK;(sE; — A) " i=1,...,N (31)
and
N N N
-1
V; = Z ljigjcj = — Z lji’l)jKj (SE]' — AJ) Cj = — leivj’}/jv (32)
j=1 Jj=1 j=1

where v; = K; (sE; — Ai)f1 C;. Let v = [v1,...,vN], and rewrite (32) as
v(Iy + WL) =0. (33)

Combining (25) and (31), it is easy to verify that v, K; (sE; — A;) "' B; = 0 for i € U, which is equivalent
to vM = 0, where M is defined in (iv) of Theorem 8. From (33) and condition (iv), we have v = 0, thus
& =0 for all i € ZV. Therefore, Eq. (20) is R-controllable.

Theorems 7 and 8 give the necessary and sufficient conditions for the controllability of the heterogeneous
DMASs with one-dimensional communication respectively, which only need to be verified properties of
subsystem and network topology. It is worth noting that the condition obtained in Theorem 7 is still
a necessary condition for the homogeneous DMASs to be R-controllable, and the condition established
in Theorem 8 is a necessary and sufficient condition to ensure the R-controllability of homogeneous
DMASSs. This observation reveals that some criteria derived for DMASs with homogeneous dynamics can
be applicable to DMASs with heterogeneous dynamics only in some special cases.

5 Relationship between signed networks and unsigned networks

In this subsection, we investigate the relationship between the controllability of DMASs under signed
networks and under unsigned networks. Specifically, we explore the influence of antagonistic interactions
on controllability by studying the controllability of structurally balanced and structurally anti-balanced
networks.

Definition 9 ([31]). Let Gy = (V,&,W1) and Gy = (V,E, Wa) be two signed graphs with Laplacian
matrices Ly and Lo, respectively. We say G; and G, are switching equivalent, denoted as G; ~ Go, if and
only if L, and Ly are signature similar, i.e., Lo = DL, D, D € D.
Lemma 4 ([10]). Let G = (V,£,W) be a signed graph; then it has 2/€/=IVI*1 switching equivalent
classes.
Lemma 5 ([31]). Let G = (V,&, W) be a signed graph; then G ~ G, if G is structurally balanced, and
G ~ G_ if G is structurally anti-balanced.

In the following, the relationship among the R-controllability of the DMASs under different signed
networks is discussed. For brevity, we use the R-controllability of G to represent the R-controllability of
system (7) with interaction network G.
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Proposition 3. Let G; and Gy be two interaction networks of system (7), Ly and Ly be, respectively, the
Laplacian matrices of G and Gs, if Gy ~ Gy, that is, L1 = DLsD, D € D, then the following conditions
hold:

(i) If Ly is nondiagonalizable, > ;_, hl ""' @ ﬁfjl with r € Z%it, and | € Z" is a basis for the left

eigenspace of (2, ®) with L; corresponding to the eigenvalue wf, then >, hf_tHD@ijl with r € Z%t
[ € Z"i is a basis for the left eigenspace of (E, ®) with L, corresponding to w?, where 6;;; = min {a;, ui; },
hr”l, ijl are defined as in Proposition 1;

(ii) If L, is diagonalizable, and p; ® %‘13'7 P ® 71-77]7"”' is a basis for the left eigenspace of (E, ®) with L
corresponding to the eigenvalue w] for all j € Z%,i € ZN, then p;D ® 'yilj, o piD® 'y:’;’j
the left eigenspace of (Z, ®) with Ly corresponding to w! for all j € Z9,i € ZV, where p;, ;; are defined

as in Proposition 2.

is a basis for

Proof. (i) If Ly is nondiagonalizable, then there exists a nonsingular matrix H such that HL1H ! = J,
where J is the Jordan canonical form of L;. Then

HDL,DH ' =J = HDLy(HD) ‘=]

That is, h; is the eigenvector of L; if and only if h; D is the eigenvector of Lo. The following proof is
similar to Proposition 1.

(ii) The analysis is similar to condition (i).
Theorem 9. For system (7) with G; = (V,E,W) and Go = (V,E,W), if Gi ~ Ga, then the R-
controllability of G; is equivalent to the R-controllability of Gs.
Proof.  Suppose that L, and Lo are, respectively, the Laplacian matrices of the interaction networks Gy
and Go. For simplicity, here we only prove the case of diagonzaliable L1, and the case of nondiagonzaliable
L, is similar. Then condition (i) of Theorem 2 with Lo is that (Lo, 2) is controllable, which implies
piDQ # 0 for all i € ZV. Since D and € are diagonal matrix, then

piDQUA 0 pQD #0< pQ#£0 forallieZV,

which means that condition (i) is equivalent for L; and Lg. Since Ly and Ly have the same eigenvalues,
condition (ii) remains the same. And condition (iii) of Theorem 2 with L is [2221 7;’“1]"‘ ak(pi, D ®
V)] (2@ B) # 0, which is equivalent to by Sk agy (Pi @71, ® B)(D ® 1) # 0, and also
equivalent for L;. Therefore, the R-controllability of G is equivalent to that of Gs.

Remark 3. Combining Lemma 5 and the above results, we can prove that the R-controllability of
G is equivalent to the R-controllability of G (G_) when G is structurally balanced (anti-balanced).
Additionally, if G is a path, star or tree, G has only one switching equivalent class by Lemma 4, thus
G is structurally balanced, then the R-controllability of G is equivalent to G;. As we see, positive
cycle is also structurally balanced. From Lemma 4, cycles can be divided into two different switching
equivalence classes: one contains the positive cycle and the other contains the negative cycle. Hence, the
R-controllability of all the positive cycles is equivalent, and the R-controllability of all the negative cycles
is also equivalent.

In Theorem 9, we find that the R-controllability of DM ASs with some special networks is not affected by

edge sign, which implies that we can use the associated unsigned networks to study the R-controllability of
DMASSs. Particularly, for some special networks such as paths, stars, and trees, whether the interactions
between agents are cooperative or antagonistic is often unknown precisely. Thus, we investigate the
R-controllability of G only by analyzing the R-controllability of G, . In addition, the property of these
special networks can be used to effectively identify the R-uncontrollability of the whole system sometimes,
which is demonstrated by the following example.
Example 4. Considering system (7) with star network given in Figure 1, the external control input
applies to the central agent. Due to interactions among agents uncertainty, the edge sign might be hard
to know, while the absolute value of each edge weight is known to be equal. However, this does not
affect our judgment of the R-controllability of the system. From Theorem 9, we can use the associated
unsigned star network to study the R-controllability of DMASs. As we all know, (L, ) corresponding
to an unsigned star network with the center agent as the single leader is controllable if and only if each
edge has a different weight [33], thus (L, ) is uncontrollable, and the DMASs is R-uncontrollable by
Theorem 2. In this case, the R-uncontrollability of the whole system can be diagnosed even if the agent
dynamics and the interactions among agents are unknown.
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The following theorem provides the relationship between the R-controllability of different signed graph
G for the case of heterogeneous dynamics.

Theorem 10. Let Gy = (V, £, W) and Go = (V, €, Wa) be two interaction networks of system (20). If
G1 ~ Gs, then the R-controllability of G is equivalent to that of Gs.

Proof.  Suppose that L; and Ly are, respectively, the Laplacian matrices of the interaction networks
G1 and Gs. If G; ~ Go, then dD € D such that Lo = DL D. Then, we have

rank [s©; — 17 X4]
=rank[sO; — A1 + 11 ¥4]
D®I,

D&I,
=rank[(D®I,)(s01 — A +T1)(D®1,) (D®I,)E1(DR I,
= rank [s@l — A +T El]
=rank [0y — To Yo,

= rank[D ® In] [5@1 - A1 + Fl 21]

where Yo = Ay — T, I’_” = ECiK ; with Ly = [E] Therefore, the R-controllability of Gy is equivalent to
that of Go.

Remark 4. For the case of heterogeneous dynamics, even if we cannot characterize the relationship
of eigenvectors under different signed graphs, we can also obtain the above results through switching
equivalence. It is not difficult to find whether system dynamics is homogeneous or heterogeneous, con-
trollability of system under structurally balanced network is not affected by the sign of interconnections
between agents.

6 Applications in multi-agent supporting systems

A multi-agent supporting system (MASS) is a supporting system, whose configuration is formed by
separate agents and it has potential applications in earthquake damage prevention in buildings, water-
floating plants, and large-diameter parabolic antennae or telescopes [34]. When an MASS consists of many
independent blocks and each block is supported by several pillars, each agent in this MASS becomes a
singular system [27]. Consider an MASS of three agents with a directed path network. Consider the
case when each agent is supported by two pillars called Unit I and Unit II, respectively, as shown in [27],
where /m is the mass, d is the damping coefficient, and k is the stiffness coefficient. The dynamics of each
agent is described by (1), where

hi 1000 0 1 00
; 0100 _k _dgy
Ty = it ) E = aA: m " )
hiz 0000 -1 0 10
Via 0000 0 —-101

BT = [0,1,0,0], hi1, vi1, hi2, and v;o represent the heights and velocities of Unit I and Unit II, respec-
tively. Without loss of generality, let the parameters of each agent be m = d = k = 10. The network
topology among the agents is given as in Figure 2, where positive (negative) edges represent that the
direction of the force of the agents is consistent (opposite), thus the interaction between the agents is
cooperative (antagonistic). Agent 1 is subjected to external inputs, and the corresponding matrix L is
[0,0,0;—1,1,0;0,—1,1]. Let CT =[0,-1,-1,0], K = [1,0,0,0]. For an earthquake damage-preventing
building, when an earthquake occurs, each agent in this MASS tries to keep the building horizontal,
which means that the height and velocity of each agent should reach the desired states. Obviously the
system matrix satisfies the condition of Theorem 1. By calculating, we obtain rank[s= —® U] =12 for
all s € C, |s| < co. This means that system (7) is R-controllable, which is consistent with Theorem 1.
The trajectories of agents are depicted in Figure 3%), which implies that we can effectively control the

2) It follows from the standard decomposition of descriptor linear systems that there exist two nonsingular matrices Q and P
such that under the transformation (P, Q) system (1) is decomposed into the slow subsystem @1 (t) = A121(t) + Biu(t) and fast
subsystem N (t) = z2(t) + Bau(t), where z1(t) € R™1, 25(t) € R™2,n; +ny = n, the matrix N € R™"2*"2 is nilpotent. System (1)
is R-controllable if and only if the slow subsystem is controllable. Therefore, the simulation diagram only gives the state trajectory
of the slow subsystem, where n; = 6.
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Figure 1 Directed star network with N > 2. Figure 2 Interaction topologies of MASS. The solid and
dashed lines represent the positive and negative edges, respec-
tively.
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Figure 3 (Color online) State trajectories of agents from o = [10; —1; —10; 100; —50; —10]T at time 0 to z; = [0;0;0;0;0;0]T at
time 15.

MASS through external control input to keep the building stable after the earthquake.

7 Conclusion

In this paper, we investigated the controllability of DMASs with directed signed networks, where the
DMASS consist of descriptor linear dynamical subsystems. We completely characterized a set of basis for
the eigenspace of the system matrix, which is related to our definition of the maximum generalized left
Jordan chain. Based on this result, we derived several necessary and sufficient conditions for the control-
lability of DMASs in the cases of nondiagonalizable and diagonalizable topological matrices. Moreover,
for the DMASs with heterogeneous dynamics, we established some controllability conditions of general
and special cases. Furthermore, we presented the relationship between the controllability of DMASs
with signed networks and with unsigned networks. It is shown that the controllability of DMASs with
homogeneous (heterogeneous) dynamics under structurally balanced networks is equivalent to that under
unsigned networks whose edge weights are all nonnegative. Theoretical results were used to deal with
controllability problems of multi-agent supporting systems. Our results can be further extended to more
realistic communication networks such as time-varying or switching topologies.
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