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Abstract Over the past decade, the study of stability theory in integro-differential systems has grown
significantly owing to their relevance in solving physical and engineering problems, such as viscoelasticity
and thermo-viscoelasticity in materials with memory properties. This paper concentrates on a class of
infinite-dimensional stochastic integro-differential systems. We establish the well-posedness of the system
and identify mild solutions to the system and an abstract stochastic Cauchy problem. This identification
is identified by employing a semigroup approach combined with Yosida approximation. We derive sufficient
conditions that ensure the mean-square exponential stability of mild solutions to the system boils down to
the boundedness of a certain function and a norm estimate for the stochastic part. These conditions are
implemented through the semigroup approach and the composition operator method. Illustrative examples
are provided and the obtained theoretical results are validated by numerical simulations.

Keywords stochastic integro-differential equations, mean-square exponential stability, stochastic dis-
tributed parameter systems, Hardy space, composition operators

1 Introduction

In this paper, we are concerned with the following infinite-dimensional linear stochastic integro-differential
equation system:

dz(t) = [Aac(t) + /Ot a(t — s)Ax(s) ds} dt + [Bx(t) + /Ot b(t — s)Byz(s) ds| dW (),
z(0) = zo.

(1)

Here, z(t) € L%, (Q; X) indicates the system state at time ¢; 2o € L%, (Q2; X) represents the initial state; A
is the generator of strongly continuous semigroup (simply, Cy-semigroup or operator semigroup; see [1,2]
for more information) {T'(t) : t > 0} on X; a(+), b(-) € H'(R,) are kernel functions; W (-) is a Q-Brownian
motion (called also @Q-Wiener process; see [3,4] for more details) on V' with the strictly positive covariance
operator @ € £1(V), more explicitly, @ is self-adjoint and (Qz,z)y > mlz||? for any z € V for some
constant m > 0; the operators B, By: X — LY are bounded. Obviously, Eq. (1) is a stochastic version
of the following Volterra system:

0 (2)
LL‘(O) = Xy.

Here, z(t) € X indicates the system state at time ¢; as usual, the dot stands for the derivative with regard
to time; zg € X represents the initial state; a(-) and A are defined as in (1).

* Corresponding author (email: sgpeng@gdut.edu.cn)

(© Science China Press 2024 info.scichina.com  link.springer.com


http://crossmark.crossref.org/dialog/?doi=10.1007/s11432-023-4036-0&domain=pdf&date_stamp=2024-9-26
https://doi.org/10.1007/s11432-023-4036-0
info.scichina.com
link.springer.com

Fu L, et al. Sci China Inf Sci  October 2024, Vol. 67, Iss. 10, 202206:2

The Volterra system (2) models some problems related to viscoelasticity and thermo-viscoelasticity,
taking into account the memory behavior of the materials. This is applicable in various areas, such as
continuum mechanism (e.g., simple shear motion, rod torsion and simple tension) and transient velocity
fields in an isotropic viscoelastic fluid [5, Chapter 1.5], Timoshenko beam [6] and in particular, in heat
conduction with memory [7,8]. The convolution term in (2) appears also in the theory of fractional
calculus and fractional differential equations. Fractional differential equations strive to describe the
dynamic evolution of physical models that incorporate memory effects more realistically [9-11], which are
essentially forming a class of integro-differential equations with specific convolution terms. The fractional
derivatives and integrals can be roughly regarded as interpolations between common derivatives and
integrals. The most popular fractional integral is the Riemann-Liouville fractional integral owing to
its power kernel function. However, the power law distribution presents certain challenges in practical
applications, leading to the development of the a-order Caputo derivative was developed:

(D F) (1) ::/O Ku(t—8)f/(s)ds, ¢>0,

where 0 < a < 1. In this type of fractional derivatives, different kernel functions K, () results in differ-
ent fractional derivatives, including the well-known Caputo-Fabrizio derivative [12], Atangana-Baleanu
derivative [13] and Atangana-Gémez derivative [14].

The study into evolutionary integral equations, focusing on their well-posedness, was extensively dis-
cussed by Priiss [5] in 1993. As outlined in [5, Chapter I] (see also [15]), Eq. (2) is well-posed. This
means that there exists a strong solution x(-,z9) on Ry to (2) for any o € D(A); moreover, for any
sequence {x,}>2, C D(A) with z,, — 0 it follows that z(-,2,) — 0 in X uniformly on each compact
interval. This implies the existence of what is termed the resolvent family {S(¢) : ¢ > 0} for (2) exists,
meaning a family {S(¢) : ¢ > 0} of linear bounded operators in X that satisfies the following conditions:
(i) S(0) = I and S(-) is strongly continuous on R ; (ii) S(t) commutes with A for every ¢ > 0, meaning
that S(t)D(A) € D(A) and AS(t)x = S(t)Ax for every t > 0 and x € D(A); (iii) S(-)xo is a strong
solution to (2) for each zyp € D(A). It is obvious that the resolvent family generalizes the concept of
the Cy-semigroup, maintaining strong continuity without adhering to the semigroup property. Further
examination reveals that the mild solution to (2) with the initial value ¢y € X is given by S(-)zo, and
{S(t) : t = 0} is exponentially bounded.

However, it is challenging to represent strong and mild solutions to the stochastic Volterra system (1)
or even general abstract stochastic differential equations in a similar manner as “S(t)xo”. In Section 3,
the well-posedness of (1), more precisely, the existence and uniqueness of the mild solution, along with
the continuous dependence of the mild solution on initial data, will be explored by applying the Banach
fixed point theorem. Additionally, a correspondence between the strong solutions of (1) and those of an
abstract stochastic Cauchy problem shall be established by employing embedding methods and a semi-
group approach. These techniques have also been adopted in [2, Section VI.7] and [16,17] to establish
such correspondences for abstract deterministic integro-differential equations. In the deterministic con-
text, the density of D(A) in X implies that the strong solutions are dense in the set of all mild solutions
for (2). In the stochastic context, nevertheless, the density of D(A) in X is not sufficient to derive the
density of strong solutions in the set of all mild solutions for (1) or general abstract stochastic differential
equations. This implies that this correspondence cannot be naturally extended from strong solutions to
mild solutions for (1). For this reason, the Yosida approximation of (1) must be introduced, which is
usually employed to extend some properties from strong solutions to mild solutions for abstract stochastic
differential equations, as seen in [3,4,18,19]. Recent literature on abstract stochastic integro-differential
equations includes works by [19-22], with the exponential stability being investigated in [20,21] therein.

Tt is widely recognized from the celebrated Paley-Wiener theorem (see [23]; for its vector-valued version
[24, Proposition 12.5.4]) that the Laplace transformation

&L LA(Ry; X) — H*(Cy; X)

is an isometric isomorphism. Following this, the issue of estimating composition operators on Hardy
spaces arises naturally when needing to ascertain the L? norm of the solutions on R has to be required
for abstract integro-differential equations. Therefore, the theory of composition operators on Hardy
spaces (see [25-27] for more detailed information) plays an important role in abstract (deterministic or
stochastic) integro-differential equations, which has been utilized to study infinite-time admissibility and
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infinite-time exact observability of abstract Volterra systems in [28,29]. The mean-square exponential
stability of the mild solution to (1), the main result of this paper, will be established in Section 4 by
employing a semigroup approach and applying a composition operator theory.

2 Preliminaries

Let X, V be two separable Hilbert spaces. Let (2, F, F,P) be a complete probability space with the
natural filtration F' = {F;};>0 satisfying the usual conditions (i.e., it is right continuous and F{ contains
all P-null sets). L% (€ X) denotes the Hilbert space consisting of all F;-measurable random variables
& Q — X with

16123, 0.0 = BNl = [ €l aP < .

Ry := [0,00) and C4 := {A € C | ReA > 0}. H'(R,;Y) represents the vector-valued Sobolev space
of all squarely integrable functions with first order derivatives being still squarely integrable for some
Banach space Y, and H!(Ry) := H' (R ;R). £1(V) denotes the set of all trace-class operators (called
also nuclear operators; see, for instance, [30, Section VI.2] and [31, Chapter III]) on V', which is a Banach
space endowed with the trace norm

1Py vy == tr((P*P)2) =Y ((P*P)2es es),,, VP eL(V)
i=1
for an orthonormal basis {e;}2; C V. 1, = Q% V' stands for the image of V under the operator Q%

which is a separable Hilbert space equipped with the inner product
(u, )y, = <Q_%U7Q_%'U>V, Yu,v e V.

Ly(Vo,Y) ={F e L(V,Y)| tr[(FQ2)(FQ2)*] < 0o } is the set of Hilbert-Schmidt operators from Vj
into some separable Hilbert space Y, which is a separable Hilbert space endowed with the inner product

(F,G) ey vy = tr[(FQ?)(GQ2)], Y F,G e La(Vo,Y),

and L9 := L2(Vp, X). We refer to [32, Sectlon 1.2] and [3, Section IV.2] for V5 and £9, and [30, Section
VI.2] for Hilbert-Schmidt operators. H?(C,;X) stands for the Hardy space on the right half plane
(see [26,33] for more information) consisting of all vector-valued holomorphic functions on C with

e o= s [ 7o+ i)l 52 < o
- z>0J—00 21

Introduce the following important solution space for abstract stochastic differential equations. For any
Banach space Y and any Ty > 0, denote

Cr([0, To); L*(2;Y)) := {¢: [0, Tp] x Q@ > Y |9(-): [0, To] — L% 7, (1Y) is F-adapted and continuous },

which forms a Banach space equipped with the norm

O llcaomiz@yy = s E[BOI3)®, ¥ € Crl(0, Tols L3 Y)).

t€[0,T0]

We refer to [20,22] for the notions of strong and mild solutions of stochastic Volterra equations, and
consider the following inhomogeneous form of (1):

dz(t) = |:A£L'(t) +/O a(t — s)Ax(s)ds + fo(t)} dt + [B:c(t) +/O b(t — s)Byx(s)ds| dW (t),
z(0) = xo,

(3)

where fo € L%, (€ L*(Ry; X)). Let Ty > 0.
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Definition 1. An X-valued, F-adapted, continuous stochastic process z(+) is called a strong solution
to (3) on time interval [0, Tp] if
(a) z(t) € D(A) for almost all (t,w) € [0,Tp] x 2, and

Ax(-) + /0. a(- = s)Ax(s)ds + fo(-) € L'(0,Tp; X), a.s.,
Bx(-) + /0. b(- — 8)Bra(s)ds € L*(0, Tp; LY), a.s.; (4)
(b) for any ¢ € [0, To],

2(t) = o J:/Ot Az(s)ds + /Ot /O: a(:’ — 5)Az(s)dsdr + /Ot fols)ds .
+/0 B(x(s)) AW (s) +/0 /O b(r — s)Biz(s) ds dW (1), as.

Definition 2. An X-valued, F-adapted, continuous stochastic process z(-) is called a mild solution to
(3) on time interval [0, To] if fo € L'(0,Tp; X) almost surely, Eq. (4) holds, and

2(8) = S(t)zo + /O S(t— ) fols) ds + /O S(t— 8)B(z(s)) AW (s)

—|—/O S(t— r)/o b(r — s)Byxz(s)dsdW (r), a.s.

for any t € [0, Tp], where {S(¢) : t > 0} is the resolvent family for (2).
Definition 3. Stochastic Volterra system (1) is said to be mean-square exponentially stable if there
exist two constants M > 1 and w < 0 such that for every mild solution x(-,z¢) to (1) with the initial
datum zy € L%, (€ X),
E||z(t, z0)||% < Me“'E||zo||%, Vt=0.
We conclude this section with an example of a finite-dimensional system that is mean-square exponen-

tially stable to provide deeper insight into (1). This example will be revisited in Example 2, where we
will apply our main results.

Example 1. Let us take

X =R, V =R, Q=1, A= —2I; a(t) = —e %, b(t) = 0, t>0;

1
gacv, veV, VeeX

in (1) with initial 2(0) = 29 € X almost surely. Then Eq. (1) becomes the following stochastic ordinary
integro-differential equation system:

B(z)v := By (z)v =

el (—2ac(t) N 2/0t6_2(t—s)x(3)ds) dt + %x(t)dW(t),

(6)

x(0) = xo, a.s.

According to Ito’s formula (see, for instance, [34, Theorem 6.2]), the solution to (6) is given by

x(t) = % (e(‘[_%)t + e(_ﬂ_%)t> esW g, t=0, a.s.

It is not hard from the standard exponential martingale properties of Brownian motions to get
2 L (- (—vE-33)t\* 2
Elz(t)|]* = 1 (e 13" e 18 ) x5, Vt=0,

which guarantees the mean-square exponential stability of (6).
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3 Well-posedness

In this section, we concentrate on the well-posedness (existence and uniqueness of the mild solution,
continuous dependence of the mild solution on the initial value) of the stochastic Volterra equation (1),
and identify mild solutions of (1) with those of an abstract stochastic Cauchy problem.

The well-posedness of (1) is established as demonstrated in Theorem 1.
Theorem 1. Let fo € L% (€ L*(Ry; X)) and Ty > 0. Then Eq. (3) with the initial 2o € L%, (€; X)
admits a unique mild solution x(-, z¢) in Cr([0, To]; L?(2; X)). Moreover, there exists a constant K > 0
such that

lz(-, 2o)ll ca(o,10)s22 (0 x)) < K(||=’EO||L2FO(Q;X) + \/TO”fOHLzFO(Q;L?(O,TO;X)))a Vo€ Ly, (X). (7)

In particular, the stochastic Volterra equation (1) is well-posed which is the special case when fy = 0
almost surely.

Proof.  Let xg € L%, (€ X). Define the map I': for all ¢ € Cr([0, Tp]; L*(€%; X)),
(T)(t) = S(t)xo + /0 S(t—s)fo(s)ds + /0 S(t—s)B(y(s)) dW (s)

+ /Ot S(t—r) /07“ b(r — s)B1y(s)ds dW (r), t €10, Tp]

in that {S(¢) : t > 0} is the resolvent family of (2). Let v € Cr([0, To]; L?(©2; X)), t1 € [0,Tp] and |7| be
sufficiently small. Then

E[[(T¢)(t +7) = (P ()15 < 4D ElF(t+7) — Fi(t)|%-

i=1

According to [35, Proposition 1.4], the Holder inequality and the strong continuity of resolvent family,
we can obtain that as 7 — 0,

t1
E||Fs(t, +7) — Fy(t1)||% < 2/ E|[S(t: +7 —s) — S(t1 — s)]Bw(s)Hio ds
O 2

t1+71
+2/ E[|S(t1 +T—5)B¢(3)Hig ds — 0.

t1

Similarly, from the Fubini theorem, we have that as 7 — 0, E||F3(t1 +7) — F5(¢1)||% — 0. It is not hard
to derive that E|| Fj(t1 +7) — F;(t1)||% — 0, i =1, 2, as 7 — 0. Thus, I't is mean-square continuous on
[0,Tp] and T maps Cg ([0, To); L?(£2; X)) into itself. Introduce on Cg([0, To]; L?(€2; X)) the norm

[ lexp = sup (e "Bl (t)|%)?
t€[0,T0]

for some 6 > 0. It is easy to verify that Cr([0, Tp]; L?(€2; X)) forms also a Banach space under the norm
|- Nlexps and || - lew(o,70]: 12 (2:x)) is equivalent to || - [[exp on Cr([0, To]; L?(%; X)). Now we prove that I' is
contractive for § > 0 sufficiently large. Let ¢ € Cg([0, Tp]; L?(; X)). Invoking [35, Proposition 1.4], the
Hoélder inequality and the Fubini theorem again, we have

E|(Ty)(t) = To) ()% <2 sup [[S(s)|Zz(x) sup e’GS]Elll/f(S)*so(S)H?c/o e’ ds

s€[0,t] s€[0,t]
(B x o) D320, + 1 Bl2x 29)), ¥ € [0,T).

Hence, the above yields
9 1—e 0o 9
Hrw - F@Hexp < TKHw - @Hex;ﬂ

where

K= 2tes[1011;0] ISz (IBIZ(x.29) + TollBallZ . c9) 11 7210.70))- (8)
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Then T' is contractive for § > 0 sufficiently large. In light of the Banach fixed point theorem, I' enjoys a
unique fixed point z(-) in Cg([0, Tp); L?(£2; X)) which is the unique mild solution to (3) with the initial
value xo. Further, by virtue of [35, Proposition 1.4], the Hélder inequality and the Fubini theorem, we
can derive

t

2

B0l <4 s 1501 (Emon?x + Tollfoll3s. uniomy + 1B x.co / Ella(s)]% ds
€10,

o)
t

2
o 1B e g0 | Ella(o)3ds) . ¥t 0.73)

Denote K := 2sup;c (o7, IS (t)] £(x) max{1, e} where r is defined as (8). By employing the well-known
Gronwall inequality (see, e.g., [18, Section I1.4]), Eq. (9) becomes (7). We now claim that the assertion
holds.

Remark 1. As done in [36], it seems to be possible that introduce the Banach space
So = {4 € o0, 7 L@ X)) | 7> 0 and Jim e 6(1) 3, ) = 0 }

equipped with the norm

[

1C)lls, = sup ”Elvl%)?, Vv €S

ER}
for some 6 > 0 and apply the Banach fixed point theorem to achieve the mean-square asymptotic or
exponential stability of mild solutions to (1). In this way, the parameters M > 1 and w < 0 need to be
explicitly estimated for which ||S(t)||x < Me“*, ¢t > 0 holds. However, to our knowledge, there is not
yet a satisfactory result that can explicitly estimate both M and w for general Volterra systems (2). It
should be mentioned that the result established in Theorem 4 does not explicitly depend on M or w.

Introduce the product Hilbert space X := X x L?(Ry; X) endowed with the inner product
x x x
2‘| > = <1'1;1'2>X + <f1; f2>L2(]R+;X); v l 1] 5 2] c X. (10)
x

1
fil | f2 fil | f2

It is obvious from separability of X that L?(R,; X) is separable and so is X. Define the operator

A b
Ag = o 4l D(Ap) := D(A) x H' (R ; X) C X. (11)
ds
Here, & is the Dirac measure in 0, namely, do(f) = f(0) for any f € H'(Ry;X); < denotes the first

order derivative operator, i.e., %f = f' for all f € H'(Ry;X). Define

Az :=a(-)Az, Ve D(A)=D(A), (12)
Bz :=b(-)Biz, VYVazelX. (13)
Denote
00 A do 00
A; = , A=A+ A = d s
A0 0 =] [a0 (14)
D(A) = D(Ay) = D(4) x H} (R X) C &,
and
B0

_ . 15
B o (15)

As done in [17] and [2, Sections VI.3 and VL.7], by embedding X into the product Hilbert space X' and
adopting semigroup approach, we expect the strong solution of (3) to correspond with the first coordinate
of the strong solution of the following abstract stochastic Cauchy problem:

dz(t) = Az(t) dt + B(z(t)) dW (¢),
o (16)
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Let us start with the well-posedness of (16).

Proposition 1. Let separable product Hilbert space X = X x L?(R; X) with the inner product as
(10) and Ty > 0. Then A defined as in (14) generates a Cp-semigroup on X, and the abstract stochastic
Cauchy problem (16) with the initial value zg € LQF0 (€2; X) admits a unique mild solution z(-, zg) satisfying
2(+,20) € Cr([0,Tp]; L*(Q; X)). Moreover, there exists a constant K > 0 such that

HZ( aZO)HCp([O,Tg];L2(Q;X)) < I(HZOHLZ;_O(Q;;()7 V2o € L_27_—0 (Q; X).

Proof.  Define on X' the operators

. t>0, (17)

where S;(t) (form the left shift semigroup {S;(¢) : t > 0} on L?(R,; X), see [37, Example 2.3.2 (ii)]) and
R(t) are defined on L%(R; X):

+

S@NHC) = fC+1),  R@)f:= /O T(t—s)f(s)ds, V[feL*Ry;X). (18)
Introduce the Banach space D(Ay, || - ||.4,) equipped with the graph norm
2 2\ 3
x x x x
= +||A , v € D(Ap).
Hf B Hf . 3y . | o

We have proven in [15, Theorem 2.1] that A generates a Cp-semigroup {7 (¢) : ¢ > 0} on X. This is
achieved via a relatively bounded perturbation theorem [38, Corollary II1.1.5] for Cp-semigroup and by
showing that A; is bounded on (D(Ap), | - ||4,)-

According to [4, Theorem 3.14], well-posedness of the mild solution to (16) in Cr([0, Tp]; L*(Q; X)) are
guaranteed by Hilbert-Schmidt boundedness of B defined as in (15). Indeed, it holds that

2 ‘ 2

T Bx

f

B < HBIH%g +10C) Bzl 2, vo 122 x))

L2(Vo,X)

L2(Vo,X)
2

< (HB”%(X,CB) + ||b||2L2(R+)HBIH%(X,CQ)) ‘
x

x

f
for each z € X and each f € L?(Ry; X). This proves the assertion.

The following result shows the one-to-one relationship between the strong solution to (3) and the first

coordinate of the strong solution to (16).
Theorem 2. Let Ty > 0, fo € L%, (2 L*(R4; X)) and zo € L%, (€ X). Assume that fo € H'(Ry; X)
and z9 € D(A) almost surely. Then Eq. (3) admits a strong solution z(-) on [0, Tp] if and only if (16)
admits a strong solution z(-) on [0, Tp]. In this case, x(-) coincides with the first coordinate of z(-).

Proof.  (a) The “if” part. Let z(-) := [28} be a strong solution to (16) on [0, Tp] with the initial value

zo =[] and t € [0, Tp). Then it follows that

z(t) = 2o —|—/O Az(s)ds +/O B(z(s)) dW (s)
tLA do | [2(s)
+/0 A % Lg(s)

Focusing on the first coordinate of the above (19), one has

z1(s) (19)

za(s)

Lo

Jo

] dW (s), a.s.

z1(t) = xp + /0 Az (s) + 0pz2(s)ds + /0 B(z1(s)) dW(s), a.s. (20)
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It is useful to note that the variation of the parameters formula
S
T(s)z="To(s)z —|—/ To(s =) A1 T (r)zdr, Vs>=0,z€ D(A)
0

holds by means of [2, Proposition VI.7.21] and a strong solution to (16) is also a mild solution to (16) by
virtue of [3, Theorem 6.5]. These, together with the stochastic Fubini theorem [4, Theorem 2.141], imply

2(t) = To(t)zo + /0 To(t — s)A1z(s)ds + /0 To(t — s)B(z(s))dW (s)

| T(t)zo + R(t) fo N /t T(t—s) R(t—s) 0 4 o)
Si(t) fo 0 0 Si(t—s)| [Az(s)
N /t T(t—s) R(t—s)| |Bzi(s) AW (s), s
0 0 St —s)| | Bzi(s)
Hence, it is remarkable by focusing on the second coordinate of (21) that
t t
zo(t) = Si(t) fo + / Si(t — s)Az(s)ds + / Si(t — 5)B(z1(s)) dW (s), a.s. (22)
0 0

Combining (20) with (22), we deduce (5).

(b) The “only if” part. Let z(-) be a strong solution on [0,7p] to (3) with the initial value x¢ and
t € [0,Tp]. Let us take z1(-) = x(-) and 23(-) as (22). We see readily that (20) holds. It is sufficient to
verify that zo(+) satisfies

w(t) = fo+ /O t (Azl(s) + %22(3)) ds+ /O Bla(s) AW(s),  as. (23)

To that purpose, we note that for all 0 < s < ¢ < T and v € V,
Si(t — s)Az1(s) = a(- +t — s)Az(s) € H'(Ry; X), a.s., (24)
Si(t — $)B(z1(5))v = b(- + £ — $)By (a(s))v € H (Rys X),  as. (25)

In addition, we have
To pt
I

almost surely and
To pt Ty pt ,
— / . o
/O /0 ‘ ruy T & 7/0 ; [ ¢+ = 1) Bra ()| 1, vy 12, o)y A dE < 00
(27)
almost surely. In light of [32, Proposition 1.3.5], Eqs. (24)-(27), together with fo € H!(R4; X) almost

surely, ensure that Eq. (23) is satisfied. Therefore, z(-) := [28} is a strong solution on [0, Tp] to (16)

d To pt
Esl(t - T)AZI(T)HL2(R+;X)det < /0 /0 |a'(- 4+t — T)AI(T)"LQ(R+;X)det < 00 (26)

d 2
=St —r)Bz (7’)‘

with the initial state zg := [fcs } The proof is complete.
In order to extend Theorem 2 to the case of the mild solutions, we introduce the Yosida approximating
systems of (3) as follows:

dzy(t) = {AzA(t) + /ta(t —s)Azy(s)ds + IA(JAfO)(t)] dt

0
t

A [Bm(t)Jr /O (J,\b)(t—s)le,\(s)ds] AW (¢),
xx(0) = Inwo,
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and the Yosida approximating systems of (16) as follows:

{dzA (t) = Azx(t) At + IrB(zA(t)) AW (1), (20)

Z,\(O) = I)\Zo.

Here, A € p(A)Np(<L) = p(A)NCy (see [37, Example 3.3.1 (ii)] for spectrum of <1); I, := AR(), A) and
Jx = AR(\, &), namely (recall [37, Example 3.3.2 (ii)] for resolvent of &),

(N =2 [ T f(r)dr, Ve L(Rys X), (30)

I 0
I,\ = A .
0 InJy

L (t) := Bxy(t) + /t(JAb)(t —$)Bixa(s)ds, Vit=0,w e

the operator Zy is defined on X' by

Denote

Proposition 2. Let A € p(A)NC, and Ty > 0. If zx(+) is a mild solution on [0, Tp] to (28), then xx(+)
is also a strong solution on [0, Tp] to (28).

Proof.  Let t € [0,Tp]. We begin with the resolvent family {S(¢) : ¢ > 0} for (2). It is known from
Section 1 and [15] (see also originally [5, Chapter I]) that the strong solution to (2) with the initial value
xo € D(A) is given by S(-)zo, i.e.,

St)r =z + /Ot AS(s)xds + /Ot /07“ a(r —s)AS(s)xdsdr, Va € D(A). (31)

Let xx(-) be a mild solution on [0, Tp] to (28). Then zx(-) can be rewritten as

2a(t) = S(t)nzo + /O S(t— $)Ix(Jxfo)(s) ds + /O S(t— $)I\La(s)dW(s),  as.

According to the Fubini theorem and (31), we can calculate

/ / alr — 5) / S(s — O\ fo)(€) de dsdr + /OtA /OTSvf)IA(JAfo)(s)dsdr ”

/S(tff)I,\(J,\fo )dg — /I/\ Ixfo) (&) dE, a.s.

0

Analogously, it follows by virtues of the stochastic Fubini theorem [4, Theorem 2.141] and (31) that

// a(r — s) /Ss— VAL (€) AW (€ dsdr—i—/ /Sr— VAL (€) dW (€) dr

:/0 S(t — E)I\LA(€) AW (€) — /IALA(é)dW(é)

0

(33)

Here, all integrals in (32) and (33) are well-defined due to the fact that S(¢) commutes with A on D(A)
and AS(t)Ix = S(t)AI, is bounded on X for any ¢ > 0. Therefore, combining (31)—(33), we obtain

/Ot /OT a(r — s)Azx(s)dsdr + /Ot Az (r)dr = z\(t) — Iaao — /Ot IN(Ixfo)(s)ds — /Ot I\Ly(s)dW(s)

almost surely as claimed.
Lemma 1 ([17]). Let Y be a Banach space. Then dy defined as (11) is bounded on H!(R;Y) and
160l (21 & 3v),v) < V2, that is, for each f € H}(Ry;Y),

£ (0)]I5 < 2(||f||2L2(]R+;Y) 1172 v)-
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The following is the main result in this section which associates the mild solution to (3) with the first
coordinate of the mild solution to (16).
Theorem 3. Let Ty > 0, fo € L%, (€ L*(Ry; X)) and x9 € L%, (Q; X). Then in Cr([0, To); L*(€; X)),
the unique mild solution to (3) coincides with the first coordinate of the unique mild solution to the
abstract stochastic Cauchy problem (16); in particular, the unique mild solution to (1) coincides with the
first coordinate of the unique mild solution to (16) with the initial value zo := [ ], that is, the case of
fo = 0 almost surely.

Proof.  Let A € p(A) N p(<L) = p(A) N C... From [39, Proposition 1.2] (see also [38, Lemma I1.3.4]) we
know

T x

lim Iyz =z, lim Jyf = f, lim T, = , VxeX, feL*(Ry;X). (34)
A—00 A—00 A—r00

In other words, Iy — I strongly on X, Jy — J strongly on L?(Ry; X) and Z, — Z strongly on X as
A — oo, where I, J and Z represent the identity operators on X, L?(R; X) and X separately. Replacing
respectively (3) and (16) by (28) and (29), one can establish the analogues of Theorem 1, Proposition 1 and
Theorem 2. Briefly, Eqgs. (28) and (29) are well-posed in Cr([0, Tp]; L?(Q2; X)) and Cr([0, Tp); L*(; X)),
respectively; the unique strong solution to (28) coincides with the first coordinate of the unique strong
solution to (29). It is worth recalling [32, Proposition 1.3.5]. Each mild solution to (29) is also its strong
solution since A7y is bounded on X" in which A is as (14). Indeed, because of the facts that Jy commutes
with I in terms of (30), AI, = A>R(\, A) — AI is bounded on X, %JA = MR(), %) — A\J is bounded
on L?(R;; X) and dp is bounded on H'(R4; X) from Lemma 1, we can compute that

d 2
1AB I < 2 ATl + 2180 A I+ 2HaOAD s, + 2| 50

I] cX.
f

Further, the strong solution z)(+) to (29) converges to z(-) in Cr([0,Tp]; L?(©2; X)) due to [4, Theorem
3.22], where z(+) is the unique mild solution to (16). All the above, together with Proposition 2, conclude
that the mild solution z)(-) to (28) converges to z1(-) in Cr([0, Tp]; L*(€2; X)) as A — oo, where z(*)
indicates the first coordinate of the unique mild solution to (16).

Let xx(-) be the unique mild solution to (28) in Cg([0, Tp]; L2(£; X)) and () the unique mild so-
lution to (3) in Cr([0,Tp]; L?(Q; X)). Clearly, It is enough to prove that x,(-) converges to z(-) in
Cr ([0, To); L3(£2; X)) as A — oo. Denote

L2(R45X)

< 2(1+ llallZa @ ) IALIZ ) 2l + <4||J/\|%(L2(]R+;X))

2

d
—

+o]

>|I>\||%(X)|f|%2(]R+;X)7 Vz:i=

L(L2(Ry;5X))

t
L(t) := Bx(t) —|—/ b(t — s)Byxz(s)ds, Vt=0,weN.
0

Let t € [0,Tp]. Then we have

xA(t) —z(t) = S(t)(Ixxo — o) +/O S(t — s)[In(Ixfo)(s) — fol(s)] ds

+ / S(t — s)[InL(s) — L(s)] dW (s), a.s.
0
Consequently, we can estimate
Ellzx(t) — ()% < 7(Ra(t) + Ra(t) + Rs(t)). (35)
Here, ,
Ri(t) := E‘ /0 S(t— s)IA/O (Jab)(s — r)By(za(r) — x(r)) dr AW (s) .

2

)

/0 S(t— s)IxB(xx(s) —x(s)) dW (s) .

—HE‘
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Ry(t) == E||S(t)(Ir — Dol +E H/ St — s)(In — I) fo(s) ds
0 X
t 2
4 ]E‘ / S(t— s)(In — D)L(s)dW (s)||
0 X
t s 2
Ry(t) = IE‘ /O S(t— s)IA/O (3 (s = ) By () dr W (5)|
+ E‘ / "8t — L[y — I fol(s) ds
0 X

By making use of [35, Proposition 1.4], the Hélder inequality and the Fubini theorem, one obtains

Ri(t) < IallZex) e I\S(t)l\%m(ToHBllli(X,gg)IIblliz[o,To]IIJAI\%<L2<R+;X>>
€10,70

¢ (36)
181 ) [ Elleats) = as)1% ds:
analogously,
To
2
Ry(t) < <E|(I>\ — Doll% +/O E|[(Ix — 1) fo(s)|| ds
(37)
To
2
+To | E[[(In = DL(s)|[ g ds | sup [IS(B)]%;
2
0 te[0,To]
RS(t) < (T02 HBIH%(X,LQ)H(JA - J)bHiz[O,TO]”:E(')HQCE([O,TO];LQ(Q;X)) ( )
38
D0 = Dol @z 1D Eo) sup 15O
Denote
k=4 sup ||S(t)||%:(x) (4T0||Bl||25(X753)H5H%2[0,T0] + HB”QL(X,ﬁg)),
t€[0,To)
and

Ky = sup (IS5 | 4Zol(Ix = D) folliz (200, x
o 2 (BL2(0,To; X))

+ 4Ty |\Bl||i(x,z:g)|\(<]/\ — DblZ210,70 12O (0.701:22(2:))

To 9 To 9
+/ EH(IA—I)fo(S)HXdSJFTO/ EH(IA—I)L(S)Hcod5+E|(IA—I)$0|§>-
0 0 2

For A > 0 large enough, due to [|Jx|lz(z2®,;x)) < 2 and |[Ix[|z(x) < 2, it is very simple to check by
noticing (36)—(38) that

t

Ryi(t) < Ii/ Eljza(s) — z(s)||% ds and  Ra(t) + Rs(t) < K. (39)

Plugging (39) into (35) and utilizing the well-known Gronwall inequality (see, e.g., [18, Section I1.4]), we
deduce

A () = 2O ey 0. 10):22(:x)) = tes[‘oll;]EHM(t) —z(t)||% < 7K, max{e"™ 0 1}. (40)

»40

From the Lebesgue dominated convergence theorem, Eq. (34) implies Ky — 0. This, together with (40),
means that x, () converges to z(-) in Cr([0, Tp]; L?(2; X)). The assertion follows from the uniqueness of
the limit.
Remark 2. We emphasize that since the Cp-semigroup {7 (¢) : ¢ > 0} generated by A is very difficult
to calculate explicitly, mild solutions of (3) and (16) are identified by Yosida approximation rather than
the direct method.
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4 Mean-square exponential stability

In this section, we focus on the mean-square exponential stability of the mild solution to the stochastic
Volterra system (1). By recalling Theorem 3, this can be translated into analyzing the mean-square
exponential stability of the mild solution to the abstract stochastic Cauchy problem (16). To make our
findings applicable, we have to restrict L?(R,; X) to a certain closed subspace. This further limits the
kernel functions a(-) and b(-), but despite these constraints, our conclusions remain applicable to (1) when
kernel functions exponentially decay. As highlighted in Section 1, this scenario encompasses the use of
the Caputo-Fabrizio fractional derivative.
Let a(-) be as in (1) and f(-) € L*(Ry; X). For all A € p(<) = C,, we define

ax(r) == <R ()\, %) a> (1) = / h A Vat)dt, 7
Aa(r) = (R ()\, %) f) (r) = /TOO ANy A, T30,

where p(%) and R(\, %) stand for the resolvent set and the resolvent of %, respectively. The Laplace
transforms of a(-) and f(-) are denoted by

WV

0;
(41)

a(A) i=doar,  f(N):=dofr,  A€Cy, (42)

respectively, where dy defined as near (11) means the Dirac measure in 0. Let us note that the integral
representation of dgR(A, %) and the Laplace transform are identified. We refer to [40, Chapter V] for
more details on Laplace transform and [41] for more information on vector-valued Laplace transform. Let
a(A) # —1 for every A € C.. Define

1 A

h(\) == SR o(A) = VIS AeCh. (43)

For any A € C,, define on L?(Ry; X) the operator

H(\) == h(\R ()\, %) AR(p(N\), A)5oR ()\, %) +R ()\, %) :

where A and A are given as in (1) and (12) separately. Then as shown in [15, Lemma 3.2], although
we cannot get the Cy-semigroup generated by A explicitly, the resolvent of A can be calculated as the
following, where A is as in (14).

Lemma 2 ([15]). Let X be a Hilbert space, A generate a Cp-semigroup on X and a(-) € H!(Ry). If
a(\) # —1 and p(\) € p(A) for any A € C4, then C; C p(A) implies that C; C p(A) and

hA)R(p(X), A) h(NR((N), A)do R(A, 55)

R\, A) = RARQ, £)AR(p(V), A) HY

, V)\EC+,

here, A and A are defined as in (12) and (14), respectively.

Theorem 4. Assume that

(i) A generates an exponentially stable Cy-semigroup {T'(¢) : ¢ > 0} on separable Hilbert space X, i.e.,
there exist two constants M > 1, wy < 0 such that ||T(¢)]|z(x) < Mie**" for all t > 0;

(ii) a(-) € H' (R ) satisfy that a(\) # —1 and p(A\) € p(A) for all A € C, where a(+) is as in (42) and
©(+) is defined as in (43);

(iii) 9 is a closed subspace of L?(Ry;X) such that S;(t)9 C 9 for every t > 0, that is, I is
{Si(t) : t > 0}-invariant (see [38, Paragraphs I.1.11 and I1.2.3]), where Sj(¢) are defined as (18). Moreover,
it follows that B € L(X, L2(Vo,9)) given as (13) and a(-)Az € M for all x € D(A);

(iv) There exist two real-valued functions p(+), ¢(-) such that for all A € Cy, f € 9,

1F% <o and [ AO a0 < I B, - (44)

If

nggof()\) <0 and HBH%:(X,[JQ) + ||b||2L2(]R+)HBlH%(X,Cg) <1/, (45)
e
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then stochastic Volterra system (1) is mean-square exponentially stable. Here,
- - 2
€0 = (RO [4]ax (e RO, A) — axOII x pae, oy

+2| R(e(N), Dl | (1+p0)) +2000),  AecCy,

M12 2 Re)\
= —— sup |h(A sup (1+p(A)) sup ———, 46
¢ —wq Re,\go| M Re)\EO( a4 ))Re)\EO Rep(N) (46)

h(-), p(-) are as (43) and ax(-) is defined as (41).

Proof.  To begin with, we validate that Proposition 1, Theorems 2 and 3 still follow if L?(R;X) is
replacing by 9. Denote M := X x 9. Immediately, M is a closed subspace of X := X x L*(Ry; X).
Let x € X and f € M. Then the {S;(¢) : t > 0}-invariance of 9t implies

7(t) Rt)] [2]  [Tt)z+ Rt)f
0 Sit)] |f Si(t) f

namely, M is {To(t) : t > O}-invariant, where To(t) are defined by (17) and R(-) is given by (18).
According to [38, Paragraph I.1.11], the operators To|am(t) defined by

Tolwm(2) m = To(t) m v m e M

form a Cy-semigroup {7o|m(t) : ¢ = 0} on M. By making use of [38, Paragraph I1.2.3], the generator of
the Cop-semigroup {7o|m(t) : t = 0} on M is derived by Ag|pm = Ap with the domain

D(Ag|as) := D(Ao) N M = D(A) x (! (R4; X) N9M),

To(t) M, =0,

where Ap is as (11). Define the operator A;|r¢ := A; mapping D(Ag|ar) into M and the operator
Blpm = B mapping M into L2(Vp, M), where A; and B are given as in (14) and (15) separately.
Similar to the proof of Proposition 1, it is simple to verify that .4;| ¢ is bounded on the Banach space
(D(Ao|am), || - [l 4g|n.) equipped with the graph norm

N

T x T T
Aol , v eM,
‘ [f [f f f
and hence A|p := Aog|m + Ai|m generates a Cy-semigroup on M, denoted {T|m(t) : t = 0}. Blag is

clearly bounded on M. Therefore, in the case of replacing L?(R,; X) by 9, Eq. (16) can be reformulated
as

2 2

+

Aolm ‘ M M

dz(t) = Az (t) dt + Bl (=(0) AW (2),

= 20 = o0
Z(O) - [fo] ’

where fo € M. Analogously, Theorems 2 and 3 also hold with L?(R,; X) is replacing by 1.
Next, we demonstrate that the operator norm estimate

sup / IBIMT Lt (1)1 v p dE < 1
[Inllm=1J0

holds. Equivalently, there exists a constant K < 1 such that
IBImTIm Ol 22 @, o0 0im) < Kllnlldg, Vo€ M. (47)

Let n := [¥] € M. By virtues of the vector-valued version of Paley-Wiener theorem [24, Proposition
12.5.4], the integral representation of resolvent [38, Theorem II.1.10] and Lemma 2, we have

HB|MT|M(')77"%2(R+;LQ(VO,M)) = HB|MR('aA|M)77H§12((c+;£2(v0,/v1))

< (HB”%,(X,ﬁg) + HbH%2(R+)||Bl||i(X,Lg)) RSI;I;O [h(V)[? (48)
€.

: ”R(‘p(')aA)||%(X,H2(C+;X)) sup ([lz + fV)[%)-
ReA>0
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Define on Hardy space H?(C; X) the composition operator C,, by (Cyf)(A) := f(p(N)) for all f €
H?(C,; X). With the aids of [26, Theorem 4 and Proposition 1], we know that the composition operator
Cy, is bounded on H 2(C4; X) if and only if ¢ has a finite angular derivative at infinity, or equivalently,
sup ReA
Rex>0 Re p(A)

in this case, |\C¢|\%(H2(C+_X)) = k. Hence, Eq. (48) becomes

K= < 00,

BT Lt B vty < (1Bl 2ty + 181 m 1B v, ) sup B

NColZr2 ey xpIRC D Zx 52 x) (49)
- sup (2% + 2 F(VI%)-
ReA>0

From Theorem 4 (i) and using the Paley-Wiener theorem again, we obtain
M7
—2(U1 '

||R('aA)||%(X,H2(C+;X)) = HT(')H%(X,L2(]R+;X)) < (50)

Combining (44)-(46), (49) and (50), we claim that Eq. (47) follows with

K = (IBI2xcg) + Ibl32qe, | Bill x o)) € < 1

Finally, as shown in the proof of [15, Theorem 3.3], the Cy-semigroup {7 |m(t) : t = 0} is exponentially
stable, since Theorem 4 (i) implies { A € C | ReA > 0} C p(A). Therefore, in the light of [32, Theorem
2.2.2] (or originally, see [42, Theorem 1]), the mild solution z(-, z9) to the abstract stochastic Cauchy prob-
lem (16) with the initial datum zg := [?ﬂ is mean-square exponentially stable, where fy € L%—O(Q; M).
Fixing fo = 0 almost surely and utilizing Theorem 3, one deduces

< Me“'RE

(LoD, e

for some constants M > 1, w < 0. This concludes the proof.

From Lemma 2 we learn that the norm of resolvent operator needs to be estimated. However, in
general, the resolvent operator R(\, A) of a closed linear operator A is difficult to calculate on an infinite-
dimensional space. It is easier to explore the special case of exponential-decay kernel functions

2 2

E|lz(t, wo)|% <E = Me“"E||zol%

M

a(t) = aje P!, b(t) = aze P!, t>0, (51)
where ay, ag € R and § > 0. In this case, the notations a(-), h(+), ¢(-) and ax(-) become
“ aq )\+ﬂ )\()\4‘5)
) = . Ry = 212 N= AP N ey, 52
i) =12 M=t e = et ; 52)
where 8+ a1 > 0, and
- g O
aA(T):e B )\-i—lﬁ’ 7> 0.

Based on Theorem 4, taking the subspace MM = {e %z | 2 € X} of L?(Ry; X), we can obtain Coro-
llary 1.

Corollary 1. Assume that

(i) A generates an exponentially stable Cy-semigroup {T'(¢) : ¢ > 0} on separable Hilbert space X, i.e.,
there exist two constants My > 1, wy < 0 such that ||T'(t)||z(x) < Mie“*" for all ¢ > 0;

(ii) a(-), b(-) € H(R,) are of the form as (51) and satisfy that a; < 0, 8 > —a;1 and ¢(\) € p(A) for
all A € Cy, where p(-) is defined as in (52).

If

2
2 a3 2 1
RigEOHR(‘p(/\)’A)”‘(X) <K and  [IBlzx o)+ %HBlH[j(x,ﬁg) <7

then stochastic Volterra system (1) is mean-square exponentially stable. Here,

¢:= M; (2+ 201 )(1—1—2) su _ReA
T —w (B+a1)? 5 ) rerso Rep(N)
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5 Simulation results

In this section, we provide two examples to illustrate the result obtained in Section 4 with numerical
simulations. The first example is finite dimensional, for which mean-square exponential stability has been
established in Example 1. The deterministic counterpart of the second example corresponds to Coleman
and Gurtin’s model [7], utilizing exponential-decay kernel functions. As highlighted in Section 1, the
convolution terms with this type of kernel functions can be equated to the Caputo-Fabrizio fractional
derivative [12].

Example 2. Reconsider Example 1. It is easy to verify that |T'(t)] = e 2! and
AN+ 0) 1
N="C 2 - —— =2} =p(A A :

Thus, Corollary 1 (i) and (ii) are fulfilled. A direct computation yields

1 1
sup |[R(p(N), A)| = - =—.
ReA>0 | (()0( ) )| 1nfReA>0 |)\ + 3 - %"rl| 2

Furthermore, it is clear from V' =R and @ = I that ||B||z(x c2) = [| Bl ez, cr)) = 1/3, so we get

(=M <2 L 2o > <1 + 2> _Rer Re\ \
= — | sup =4- sup =4,
—w1 (B +a1)? B ) Rea>0 Re () Reas0 Rel + 1 — f;‘e“if‘%

e
I

2
2 @3 2 _ 1
HBHc(X,z:g) + ﬁHBlHﬁ(X,IZS) ) <

With the aid of Corollary 1, we claim that Eq. (6) is mean-square exponentially stable.

Example 3. Consider the following stochastic partial integro-differential system based on Coleman-
Gurtin model [8, Eq. (3)] of heat conduction with memory

t t
dz(w,t) = {zww(w,t) f/ e 2079 2w (w, 8) ds — 4z(w, t) + 4/ e 279 2 (w, s) ds| dt
0 0
1 t
+ [az(w, t) +/ e 2= 2 (w, ) ds | AW (1), (53)
0
2 (0,t) = z(m, t) = 0, t>0,
z(w,0) = zo(w), w € [0,7),

where W (+) is a one dimensional standard Brownian motion. Obviously, it is based on the one dimensional
stochastic heat equation without memory effect (see [18, Example 3.1], [32, Example 2.4.1], [3, Example
5.7] for more examples of one dimensional stochastic heat equation)

dz(w,1) = (zww(w, ) — dz(w, £))dt + %z(w, £ AW (b),
2(0,8) = z(m,t) = 0, t>0, (54)
2(w,0) = zo(w), w € [0, 7).

Intuitively, Eq. (53) describes the phenomenon of heat conduction on a rod with length I = 7 under
stochastic perturbation; z(w,t) represents the temperature of the rod at position w at time ¢, the tem-
perature at the extreme right end of the rod is constant at 0 while the heat flux density at the extreme
left end is O (i.e., the left end is adiabatic); further, the rod is composed of a hereditary material, and
the kernel functions a(-) and b(-) describing its memory characteristics are as follows:

a(t) = —e %, b(t) = 2e %, t>0. (55)

To restate (53) into the form of stochastic Volterra system (1), we take (all the function spaces are taken
to be real)

X=10m). V=R Q=L A= D)= {feH0.m | 10) = () =0}



Fu L, et al. Sci China Inf Sci  October 2024, Vol. 67, Iss. 10, 202206:16

—Ez(w,t) 1.5 § : . . . : . : .
® O] — (Bl OB )

I2C, )220,

Figure 1 (Color online) Numerical results of (53) with (56). (a) 300 samples and expectation of 1000 samples; (b) L?(0, 7t) norm
of 300 samples and mean square of 1000 samples.

A=A—4I, D(A) = D(A); B(f)v:=Bi(f)v:= %f()v, veV, VfelX,

and the kernel functions a(-), b(-) are as shown in (55). For the sake of completeness, we reaffirm some
properties of A (see, e.g., [24, Example 2.6.10]). Actually, A is a self-adjoint operator on X with the

spectrum
~ ~ 1 2
o(A) = 0,(4) = {un =(n-3) |n- 1,2,...}.

In addition, A generates a contraction exponentially stable Cy-semigroup {T'(t) : t > 0} on X meeting
I1T#)zx) < e~at for all £ > 0. It is simple to see that 1T ()l zx) < e~ 4t and

_AA+P)
S EET

—A+1- (A), VieCy,

vl
so Corollary 1 (i) and (ii) are satisfied. Based on [24, Proposition 3.2.8], the self-adjointness of A leads to

-1
RO Aleco = nf A=sl) o v ae pa)

Then we immediately deduce

1 1 17
sup || R(p(N), A = sup - = - -
ReA>0 1R Alew Rex>0 fseoa) [9(A) = 8| infrexso [A+ & — 517

Moreover, it is evident from V' = R and @ = I that |Blz(x 9 = [Blle@20.m).c@2207)) = 1/2.
Similarly, || B1l|z(x,c9) = 1/2. Thus, we have the calculations

C:Mf(2+ 202 )(1+g>sm) Re) 32 Re) _ 32

=_— . su ,
—wi (B+a1)? B) rexco Re@(N) ~ 17 "mexoo Re+ 1 — o 17

1 17 1

2 Oé2 2 —
”BHL(X,Lg) + ﬁ”BlHﬁ(KCS) ) < 32 ¢

According to Corollary 1, we infer that Eq. (53) is mean-square exponentially stable.
On the other hand, in order to text the mean-square exponential stability of (53), we compute numer-
ically 1000 samples of solutions to (53) with the initial condition

zo(w) = cos %, w € [0,m), a.s. (56)

300 samples and expectation E z(w,t) of them with (56) are shown in Figure 1(a). L?(0,7) norm of

300 samples and mean square (E|z(-, t)||%2(0 n))% of 1000 samples with (56) are plotted in Figure 1(b).
It is now straight forward from Figure 1(b) that the solution of (53) with the initial condition (56) is
mean-square exponentially stable.
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6 Conclusion

For a class of infinite-dimensional stochastic integro-differential equation systems, this study has provided
the pathway to connect mild solutions of such equations with those of an abstract Cauchy problem
by employing a semigroup approach and the Yosida approximation. Furthermore, we have established
sufficient conditions that ensure the mean-square exponential stability of these mild solutions boils down
to the boundedness of a function and a norm estimate for the stochastic part. Our result works well
in scenarios where the system’s convolution terms carry exponential-decay kernel functions as in (51),
which correspond to the Caputo-Fabrizio fractional derivative. Therefore, it will be interesting to explore
the sufficient conditions across more general cases in future work. In addition, our results operate under
the assumption that B and B; are bounded on X. It will be interesting to expect the mean-square
exponential stability of strong solutions to the equation if B and B; with D(A) € D(B) C X and
D(A) C D(B;) C X are bounded on D(A).
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