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Abstract In this paper, an interval estimation scheme is developed for delayed switched positive systems
(DSPS) with mode-dependent average dwell time switching. A lossless zonotopic estimation approach is
proposed for the delayed intersection zonotope with the positive generator matrix. First, considering the
existence of asynchronism between the system mode and the correction matrix mode, the mismatched inter-
section zonotope is constructed for DSPS to verify the consistency between the system model and outputs.
Then, by utilizing the introduced radius definitions, the o performance is addressed to optimize the size
of delayed intersection zonotopes. Subsequently, we present a joint-design approach of switching signals and
the mode-dependent correction matrix by constructing positive generator matrix-based delayed radius func-
tions. Furthermore, guaranteed nonnegative state bounds are derived for the considered DSPS based on the
proposed lossless zonotopic estimation criteria. Finally, detailed simulations are conducted to validate the
feasibility and superiority of the developed methods.

Keywords delayed switched positive systems, interval estimation, asynchronous correction matrix, zono-
topes, mode-dependent average dwell time

1 Introduction

Positive system is a specialized type of systems in which both the state and output remain positive
given positive initial conditions. Due to the application of positive systems in economics, communication
networks, etc., positive systems have garnered significant attention from researchers across various fields
in recent decades [1-7]. Several positive systems and certain constrained switching rules constitute a
switched positive system, which not only has positive characteristics but also exhibits switching features.
Consequently, switched positive systems (SPS) have been utilized to describe or analyze some more
complex systems, such as viral infection treatment, air conditioning systems, and so on [8-12]. Recently,
many efforts have been increasingly devoted to investigating SPS [13-22]. For instance, by proving the
existence of a copositive common functional for discrete-time SPS, some conditions guaranteeing the
existence of state-dependent stabilizing switching signals were deduced by Fornasini and Valcher [14].
Note that state estimation and filtering for SPS have remained a research hotspot, yielding numerous
reported findings [23-25]. By constructing a common co-positive Lyapunov functional and designing
two positive sub-observers, Otsuka and Kakehi [23] addressed the interval estimation for continuous-
time SPS under arbitrary switching. In [25], the stability and estimator design were solved for a class
of SPS with average dwell time (ADT) switching by means of the reverse-timer-dependent co-positive
Lyapunov functional method. Given the frequent influence of external interference or noise on real
systems, the set-membership approach is deemed a more effective estimation method. It aims to calculate
a set containing uncertain system states [23,26,27]. Furthermore, compared with ellipsoids and interval
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observer methods, the zonotopic estimation approach has several advantages, including simple calculation,
easy implementation, and wrapping effect suppression [28-31]. In [29], based on the W; radius, the authors
paid attention to zonotopic state estimation for switched systems with bounded uncertainties.

In recent years, researchers have markedly focused on asynchronism, a typical phenomenon in switched
systems [32,33]. For instance, the authors in [32] proposed a controller design scheme for asynchronously
switched neutral systems with ADT signals. On the other hand, due to the limited signal transmission
speed and memory effects of different units along the communication bus, time delay is ubiquitous in
mechanical or engineering systems, which cannot be disregarded. Recently, some representative studies
have been carried out for delayed SPS (DSPS) with asynchronism [34-36]. By employing the transition
probability-based mode-dependent ADT (MDADT), the stability and stabilization were considered for
asynchronously discrete-time DSPS [36]. However, research on state estimation for DSPS is still limited,
highlighting the need for investigating such topics. Based on the clock-dependent copositive Lyapunov
functional and dwell time switching strategy, positive observers for fuzzy DSPS with measurable and
unmeasurable premise variables were respectively investigated by Li and Zhang [37]. To the best of
the authors’ knowledge, there are still no results covering on the interval estimation for DSPS, not
even mention the asynchronism case. Here, our focus extends beyond solving this fundamental issue
to devising a more efficient and straightforward method for estimating the upper and lower bounds of
uncertain system states.

Based on the above discussions, this study aims to the zonotopic interval estimation for DSPS with
matched and mismatched correction matrices. The uncertain states are contained in a guaranteed bound
described by a delayed intersection zonotope. First, by introducing mode-dependent correction matrices,
we deduce the over-approximation of the exact uncertain state set. Then, we establish an offline optimal
method to improve the estimation accuracy for the considered DSPS utilizing constructed delayed radius
functions. On the basis of the obtained /., analysis results, new conditions are developed to address
the correction matrix design. Additionally, according to the zonotopic outer approximation, the positive
upper and lower bounds are derived for the considered system. In order to corroborate the validity and
advantages of the estimation schemes, numerical examples are given in Section 6.

Notations. R™ and Z denote the n-dimensional Euclidean space and the set of nonnegative integers,
respectively. For any vector p and matrix P, P > (<, >)0 and p > (<, >)0 represent all entries of P
and p are positive (nonpositive, nonnegative), respectively. I,, and 1,, signify the n-dimensional identity
matrix and the column vector with all its components as 1. For any matrix P, E|p represents the matrix
obtained by rearranging all columns of the matrix P with a rule of decreasing Euclidean norm, and
sum(P,2) denotes the column vector formed by the sum of each row of the matrix P. The vector 1-
norm, weighted vector 1-norm, and vector oo-norm are, respectively, defined as ||p||1, [|pll@, and ||p] oo,
with [|p[l1 = 1%[p, [Ipllo = 17|Qp|, Q is a positive definite matrix, and ||p||ec = maxi<i<n |[pli|, where
[]; is the i-th component of the vector. For any p(k) € R™, the {o-norm ||pllec = supy ||[p(k)]co- A
g-order zonotope Z = (¢, M) is a polytopic set, which can be described as Z = {¢ + Mz : z € BY},
where B? = [—1,1]? € R, M, and c represent the generator matrix and center of the zonotope Z,
respectively. For any matrix H € R™*™ and zonotopes Z; = (c¢1, M1),Z2 = {(ca, M3),Z = (¢, M) with
c1,c2,¢ € R My, My, M € R™*5 it holds that Z1 ® Zo = {¢1 + 2, [M1 Ms]),H®Z = (Hc, HM).

2 Preliminaries

In the whole paper, we consider the following discrete-time DSPS:

{ $(l€ + 1) = Alo’(k)x(k) + AQU(k)x(k - d(k)) + Bo’(k)u(k) + Do’(k)w(k)v
=¢e(v

1
y(k) = Ca(k)z(k) + Ea(k)w(k)ﬂ I(U) 5( )7 v = 7d27 i 'aoa ( )

where z(k) € R™ refers to the state vector; u(k) € R™ is the input vector; w(k) € R™ represents the
bounded disturbance; y(k) € R™ stands for the measured output vector. The piece-wise constant function
o(k) is the system switching signal, the switching instant and switching sequence are, respectively, defined
as ks, s € Z, and {x(0); (po, ko), (p1, k1), -, (Ps, ks),-..|ps € R,s € Z}, with R ={1,2,...,R}, R>11is
the number of subsystems, and ko = 0. d(k) is the time-varying delay satisfying 1 < d; < d(k) < da, and
g(v),v = —da,...,0 is the initial condition. It is said that the switched system (1) is positive if z(k) > 0
and y(k) > 0 for any switching signal o(k) and any initial state e(v) > 0,v = —da, —da+ 1,...,0,u(k) >
0,w(k) > 0.
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Figure 1 (Color online) Architecture of interval estimation for DSPS.

In this paper, system (1) is governed by MDADT switching, which is described as follows.
Definition 1 ([38]). The switching signal o is said to be MDADT switching signal if there exist a
real number 7., and an integer Ny, > 1, such that Nyp(k, K) < Nop + M,p € R, where 0 <
k < K,Nyp(k,K) is the switching number during the time interval [k, K') that the mode p is activated,
Hp(k, K) is the overall running time of the subsystem p within [k, K), and 7, is the MDADT.

Then, some necessary assumptions and lemmas are introduced for the follow-up work.

Assumption 1. The initial state ¢(v) and external perturbation w(k) satisfy e(v) € Z, = (¢, My), My, =
0,v=—dg,—da+1,...,0 <w(k) <.

Let ¢, = @/2, M,, = diag{@/2}. From Assumption 1, it yields that w(k) € Z,, = {(c,,, M,,).

Lemma 1 ([3]). System (1) is positive if A;; > 0,49, >0,B; >0,D; >0,C; >0,E; >0, and i € R.
Lemma 2 ([26,27]). For the zonotope Z = (¢, M) C R",M € R"*P, it holds that (¢, M) = Z C
(e, M9) = Z9,n < g < p,C {c,rs(M9)) = Box(Z9), where Z? is the reduced order zonotope with

the allowable maximum order g, and MY is the generator matrix after reduction. M9 = [Ef;; M,
where Ef;; is made of the first g — n columns of the matrix E ;s and M =diag{m,...,my,},m; =
> gmi1 1Bl = 1, Box(Z9) is the interval hull of the zonotope Z9, and Box(Z9) =
(c,rs(MY)), where rs(M?9) = diag{m{,...,mg},m{ =39_ IM/;[,i=1,...,n.

As depicted in Figure 1, suppose that z(k — 1) belongs to the zonotope Zy—_1, the estimated set of the
state (k) can be derived by the following three steps. 5
(1) Prediction: Based on system (1), we compute the uncertain state set Zj to bound z(k), where

Zip ={z(k) € R"™ | (2(k) — Byr_1yu(k — 1))

€ Ato(b—1)Zi—1 ® Aso(—1) Zi—1—a(—1) ® Do(—1)Zus }- (2)
(2) Measurement: Compute the consistent state set Z, using the measurement output yx, where
Zyw ={x(k) € R™ | (y(k) — Coryx(k)) € Eg(r)Lu }- ®3)

(3) Correction: At time instant k, compute an intersection zonotope Zk as an outer bound of the exact
uncertain state set Zj; that is the intersection between uncertain state set and consistent state set, where

Ty = Zk N Zyi, C Zk. (4)

3 Interval estimation with matched correction matrix

In this section, an interval estimation strategy is proposed for DSPS by constructing proper delay-
dependent radius functions and zonotopic outer approximation.
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Algorithm 1 Lossless reduction operator for positive generator matrix-based zonotopes

Require: The positive generator matrix M € R™*P, the target order g > n;
Ensure: The reduced positive generator matrix M9 = [M M];
1: if g > p then
2 M9 = M;
3: else
4: Take the first g — n columns of M to construct a new matrix M;
5 Create a diagonal matrix M, where M (i,i) = §i, §i = >
6: end if

P P .
J=g—n+41 M; j,i=1,2,...,n;

Lemma 3. For any p-order zonotope Z = (¢, M) C R™ with positive generator matrix M € R™*P and
any matrix Q € R™*" > 0, different target orders for the zonotope Z do not affect the interval hull of the
zonotope after the linear mapping by any positive matrix @, i.e., Box(Q ® Z") = Box(Q ® Z*), where
n<s<p.

Proof. According to Lemma 2, for the positive generator matrix M € R"*? and different target
orders, n,s (n < s < p), easily, we have M™ = M =diag{mg,...,m,} € R"*" m,; = Z§=1 By, |0 =
L...,n,M* = [E}}/ M] € R™ %, where Ej;[ is made of the first s — n columns of the matrix E

and M =diag{my,..., My}, m; = Z?:sfnJrl |E . ;|,i=1,...,n. From Lemma 2, note that E|; in the
reduction operator simply rearranges all the columns of the matrix M and does not affect the row sum
of the matrix M. Meanwhile, because M is a positive generator matrix, the absolute value is redundant
in the calculation of M, and since m; is also the calculation of the row sum, we can conclude that
sum(M™,2) = sum(M?*,2). In addition, we can rewrite M in M™ and M* as {1, ma,..., My}, where
m; =[0;--- ;my; -+ ;0] € R", 4 =1,...,n. For any positive matrix Q = [q1;g2;- - ;gn] € R™*"™, we have
QOZ ={Qc,QM?*),Q ©Z™ = (Qec, QM™), where

fhEiM @B o - iy qimy - @iy

1 DY s—n o DY T 7 DY r
OM*® € ™% — QQE¢M Q2E¢M gamsi g2my QM" € R™¥" — qa2my q2mp
QnEiM T QnEj&n GnM1 “+* quiny GnM1 “*° quiy

By combining with sum(M™,2) = sum(M?,2), we can conclude that rs(QM?*) = rs(QM™). Thus, we
derive that for different orders, Box(Q ® Z™) = Box(Q ® Z%), where n < s < p.

Remark 1. The Minkowski sum of a zonotope increases its order [26,27]. Apparently, the amount
of calculation of the state zonotope will become increasingly larger as the number of the Minkowski
sum increases. For this issue, the reduction operator is presented to limit the allowable maximum order
of the zonotope [26]. In [26], the reduction operator gives priority to those more valuable generators
(generators with greater Euclidean norm); therefore a lower target order can only get a rough boundary
with less computational complexity. Thus, the choice of the target order should be combined with
the actual situation to balance the calculation consumption and estimation accuracy, and we call the
reduction operator in [26] the lossy reduction operator. In Lemma 3, we prove that for any zonotope
with the positive generator matrix, under the linear mapping with any positive matrix, the order of the
zonotope before the operation does not affect the interval hull of the new zonotope after the operation.
Therefore, we can get a more accurate state estimation with the least amount of computation for positive
generator matrix-based zonotopes (the target order is n,). Here, we call this estimation lossless zonotopic
estimation, and the lossless reduction operator is provided as Algorithm 1.

Definition 2. For the n-order intersection zonotope 7 = (¢, M) C R”w,M > 0, the 1-norm-based
radius and mode-dependent weighted radius are respectively defined as

0= max [Mb]y = | M1y, (5)
Gi = max [ Mb][p, = [ M1, p,. (6)

where P; is a positive matrix, i € R.
3.1 Delayed intersection zonotope with £., performance

In this subsection, the delayed intersection zonotope is given for the DSPS (1). Moreover, the boundedness
and /. performance are discussed for the radius of the intersection zonotope.
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Theorem 1. For the DSPS (1), z(k) € Zj = (¢, My), output y(k + 1), state set Zyj+1, and suppose
that there exist correction matrices (I>0(k),Va(k) € R. Then, the delayed intersection zonotope Zy1, an
outer bound of the exact uncertain state set Zj1, can be devised as follows:

L1 = (g1 Mit), (7)
where the center and generator matrix are, respectively, expressed as
o1 = (In, — Po() Cotir1)) Aro(k)Ck + Poyy(k + 1) + (In, — Po) Co(kr1)) A20 (k) Ch—d(k)
—(@o(t) Cok 1) Do(r) + Po(k) Eo(kr1) — Do(r))Cw + (In, — Po(r) Cokr1)) Bogyu(k), — (8)

M1 = [(In, — Po() Cotern) Aoy M (Tn, — o) Cotrrn)) Azo (k) Mi—ar)
(In, = ®o(1)Cotrt1)) DotryMe = oy Eg (k1) M) 9)

Furthermore, for the computed zonotope Z, given constants 0 < o, < 1, pup > 1, assume that there exist
radius functions 7, {,(r), and a scalar v such that V(p,q) € R x R,p # ¢,

Gk +1) < aplp(k) + A(R), (10)
Cp(km) < ppCq(km), (11)
where A(k) = —n(k) + 7?10 (k), nw (k) < ||w|/oo. Then, for any MDADT switching signal satisfying
* In /J/p
Tap > Tap = T Oép7 (12)

the radius of the intersection zonotope Z for the DSPS (1) is bounded with an £ performance ~.
Proof.  Here, we first illustrate how to get the zonotope ZkH by the three-step approach outlined in
Section 2. For any Zy41 € Zk;Jrl N Zyk+1, we have Zp11 € ZkH and Tx41 € Zyp41. First, according to
the Prediction step (2) and the system (1), one obtains that

Thr1 =A10k)Ck + Azo(k) Ch—d(k) T Boe)u(k) + Do cu
+ Aoy My Asory My—_agry Doy Mo]br, (13)

where b; € B"1 1211w jg a vector with an appropriate dimension. Then, from #x41 € Zyk4+1 and (1), for
the Measurement step, there exists a suitable column vector b, € B™~, such that

CothrnyTrr1 = Y(k +1) = Egi1) o — Eg(ig1) Mubo. (14)
Moreover, by defining ;11 = [Alg(k)Mk Agg(k)Mk_d(k) D,y M,,] and combining (13), (14), one has

Coter 1)kt 101 = — Coit1) Arok)Ck — Co (k1) A20 (k) Ch—d(k) — Co (1) Boryu(k)
= Coer1y Doy +y(k + 1) = Eg(ig1)Cw — Eg(ry1) Muba. (15)

On the other hand, for the Correction step, set ®,(x)Cy(k41)Ilx+1b1 as a correction term, where @,
is the correction matrix. Then, it yields from (13) that

Trg1 = Aok Cr + Ao (k) Ch—d(k) + Boyu(k) + Doiycw + (In, — Po (i) Coot1) ) it 1b1
+ Do (k) Co (k1) k101
= (In, = o) Co (et 1)) At (k) Ck + oy (k + 1) + (In, — o) Cort1)) A2e (k) Cr—d(k)
= (P0(1) Co(k+1) Do(k) + o () Eo (k1) — Doy )ew + (In, — Po(k) Co(rt1)) Boryulk)
+ [(Tn, = Po()Cotra) AtonyMie (In, = o) Coror 1)) Ao (k) Mi—d(k)
(In, = @o(k)Co(kt1)) Do iy Mus = Doy B (k1) ML) b,

where b = [by; ba]. Therefore, an intersection zonotope Zj, can be gained for DSPS (1). Subsequently,
the boundedness and the /., performance will be discussed for the radius of the delayed zonotope Z.
Suppose that o (k) = p # ¢ = 0(kn —1). According to conditions (10) and (11), it yields that () (k) <
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—FRm k— k—Fkm k1i—k
O 8™ e ) S —1) (i) + o, e EA(0) <o < @l o) @l o)+ Ho(h) Co o) (o) +
St Zg;in i(kl )gA( ). Further, deﬁnmg Omax = Maxper {@p}, by (12), we have

R
Cothy (k) < E(Co(ky) (ko)) Z ko T i@ A (o), (16)
o=ko =1

- Noy .
where E(Cyr) (ko)) = exp{>n, Hp (ko, k) (=, + o)} T2 4ip % Coky) (o) - Defining ormin =
minper {ap}, from inequalities (12) and (16), one can deduce

k—1 R Hop(ook) k—1 k—1—
—1— Nop+ I:-a «
> ok [ m OESY (—ma.m)

«
0=ko p=1 o=ko min

H 1or Ao) (17)

amln

By combining (16) and (17), one further derives n(k) < Z((o (ko) (ko)) + ¥2[lw|loe. Thus, under the

MDADT (12), the boundedness is satisfied for the radius of the zonotope 7, with the {o, performance 5.
The proof is completed.

3.2 Optimal correction matrix design

In this subsection, some solvable criteria are presented for the co-design of switching signals and the
correction matrix based on Theorem 1.

Theorem 2. For given constants 0 < 0 < 1,0 < o, < 1, > 1, assume that there exist positive
diagonal matrices P, € R"**" @, € R™*"= p e R such that V(p,q) € R x R,

Ayp — ®,0,A1, >0, Agp — 0,049, >0, D, —®,C,D, >0, —®,E, >0, (18)

{ 1,le\1/p <0, 17 1, <0, 17 Q, —2n;'7*(1 - 0)1} I, <0, (19)
1., 0, — 20519201, I, <0,

Lo, P S pply Py 15, Qp < pply Qg p# 4, (20)

where ¥, = P,(I,, — ©,Cp)A1p —pPp+ Iz + (do —di1 +2)Qp, Tp = Pp(L,, — ®,Cp) Asp — ag2 Qp, Yy =
pP,I,, —®,C,)D,, 0, = —P,®,E,. Then, for any MDADT switching signal satisfying (12), the radius
of the intersection zonotope Z for the DSPS (1) is bounded with an /., performance .

Proof.  Defining # = ny + na + 2n,,, for DSPS (1) and the delayed intersection zonotope Z, the mode-
and delay-dependent weighted radius function can be constructed as follows:

k
Coterny(k+1) = max | Mi112p, ) + Z ai(ks+1) max Mz| Qo)
€ s=h+1—d(k+1)
_dl
+ > Z ok max [ Mzl g, (21)

m=—ds s=k+m-+1
By the generator matrix (9) and the radius function (21), 2 is composed of suitable vectors z1, 22, b1,
and by, i.e., Z = [21;22;b1;b2], where z1 € B™ 29 € B™ by,by € B™. Setting n,(k) = [|w|/co, and
according to Assumption 1, we can derive

lwlloo =supflwk)lloc = max flew + Moblloo

=(1-0) max |lc, + Mybilloo +6 max |, + Muba oo, (22)
b1 €EBmw boEBnw

which is the worst-case condition of the disturbance w. Then, for Vk € [k, km+1), by combining (21)
with (22), the constraint (10) can be transformed as

max [Miy12|lp, — op max [[Myz]lp, + max [[Myziy+ max [|Mizle,
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k—1
d ’ k—s ’
— oy’ max My —acr)22llQ, + Z o ° max Mz,
s=k+1—d(k+1)
k—1
b s . .
- > oy max|[Mazfg, + (d —di +1) max [[Myzlg,
s=k+1—d(k)
k—ds
k— y 2
= D oy " max || Mizllg, —7(1—6) max [les + Mubi o
S:k*dz
2
— M, <0. 2
770, max |lcw + Muballo <O (23)
Further, it yields that
k—1 k—1
k—s ’ k—s y
> obmViclo, < 3 afmax [ele,
s=k+1—d(k+1) s=hk+1—dy
k—d; k—1
= Y o maliele,+ Y of maxliele,
s=k+1—ds s=k+1—d;
k—d, k—1
< D optmax Mzl + Y. aptmax Mgz, (24)
s=k—dy i s=ht1—d(k) :
In terms of inequality (23), we can deduce the following condition:
(1= 0) max e+ Mobillo > 159201 = 0) mae flew+ M1 (25)
Similar to (25), it holds that
nyHbzrgg)éw llcw + Muba||oo = ' v%0 p X lcw + M,bal|1- (26)

As a result of (24)—(26), inequality (23) is realized if
max [[Miy12|lp, — op max [[Myz]lp, + max [[Myziy+ max [[Mizlle,

. . .
— oy’ max [[My_awzellq, +(dz2 —di+1) max [[Myzg,

—n;'2(1-6) pmax lew + Mybi]l1 — n;1729b2r£g)5w llew + Myuball1 < 0. (27)
According to Assumption 1 and (18), we deduce that the generator matrix (9) is positive. Furthermore,
it follows from Definition 2 that

15, PyMiali — aply PyMyly, + 17 Myla, + 17 QpMiln, — o 13 QpMy_apln,
+ (dz — dy + 1)1} QuMyl,, — ny'y? (1= 0)1F e —ng 'y (1 — )11 M1y,
— n;lnyGlecw — n;172912wa1b2 <0, (28)

which guarantees constraint (27), and b! = b = n,,. Since M,, = diag{c,}, 171;0 Co = 1%} M,1,,,. Then,
Eq. (28) equals 1, P, Myy11 — aply, PpMidy, + 15 (In, + Qp)Myln, — 03?15, QpMi—agiyLn, + (d2 —
di + 1)1} QuMl,, — 2n,'v?(1 — 0)1) M1, — 2n;'9201F M, 1,2 < 0. Replacing M with (9), it
further yields that

12 Wpv + 121 Tpe + (1Zpr - 2”51’72(1 - 9)1EwInw)¢ + (1333611 - 2”51’7291gw1nw)90 <0, (29)

x

where v = My1,,,€ = My_agk)Lng, & = MLy, 0 = M1z, ¥, = Py(I, — ®,Cp) A1y — ap Py + (do — dy +
2Qp + I, Y, = Py(I,, — ©,Cp) Az, — aZQQp, Q, = R,(I,, — 9,C,)D,,0, = —P,®,E,. Therefore, if
the condition (19) is true, Eq. (29) is established, which implies that inequality (10) holds. In addition,
it is obvious that Eq. (11) is ensured by (20). Employing Theorem 1, thus, the radius of the zonotope Z
is bounded with an £, performance, which completes the proof.
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Theorem 3. For given constants 0 < 6 < 1,0 < o < 1,1, > 1, assume that there exist arbitrary
matrix ®, € R™*™ and positive diagonal matrices P, € R"*"= @, € R"*" p € R such that
V(p,q) € R xR,

PyAq, — qA)quAlp >0, P,Ag, — qA)quAQP 20, P,Dp — (i)PCqu >0, —®,E, >0, (30)
1,y < 0,15, T, < 0,15, 0 = 205192 (1 = 0)1, I, <0, (31)
176, — 205192017 I, <0,

and Eq. (20) holds for ¥(p,q) € R x R,p # q where ¥, = (P, — ®,C,)) A1, — Py + (do — d1 +2)Q, +
Iz, Yp = (P — ci)pcp)AQP - O‘Z2va Qp = (P — ci)pcp)Dpa ép = *(i)pEp-

Then, for any MDADT switching signal satisfying (12), the radius of the intersection zonotope Z for
the DSPS (1) is bounded with an ¢, performance . Moreover, the optimal correction matrix ®, is
designed by ®, = P, 1®,,p € R.

Proof.  Since P, is a positive diagonal matrix, we know that Pp_1 is also a positive diagonal matrix.
By multiplying the left-hand side of the condition (30) by P, !, obviously, we can get (18). On the other
hand, Eq. (31) yields (19) by replacing (i)p with Pp,®,,p € R. It completes the proof.

4 Interval estimation with mismatched correction matrix

In this section, the asynchronous interval estimation is addressed for DSPS (1). In the Correction step,
we consider a more general case, the asynchronous correction matrix. Generally, if the system switches,
due to external interference or communication faults, the transmission of system mode information may
be delayed, thus affecting the timely update of the correction matrix mode. This will cause the correction
matrix mode to lag behind the system mode over a period of time. Here, we set this time delay as §(k),
and assume 0y = maxg>o {0(k)} < km41 — km. Then, for o(ky,) = p # ¢ = 0(km — 1),p,q € R, the
correction matrix @, is operating during [k, , km + 0 (k) although the subsystem p is running. Further,
the correction matrix @, is active within the interval [k, + 0(kn,), km+1 + 6(km+1)). In this section, a
correction-matrix-mode-dependent delayed radius function is constructed, which can better reflect the
main characteristic of the asynchronous switching.

4.1 Delayed intersection zonotope with ¢,, performance and asynchronism

This subsection considers the boundedness and ¢, performance for the DSPS (1) with the asynchronous
correction matrix.

Theorem 4. For the DSPS (1), z(k) € T = (ék,Mk>, output y(k + 1), state set Zyxy1, suppose
that there exist correction matrices ®,(,_s(x)), Vo (k — d(k)) € R. Then, the asynchronous intersection

zonotope ZkJrl can be calculated by
L1 = (1, Mig), (32)
with

Cer1 = (In, — Por—sk)) Co(k+1)) Aro(k)Ck + Poe—sk)¥(k + 1) + (In, — Pok—sk)) Co(k+1)) A2o(k) Ch—d(k)
— (o (k—5(k)) Cotht1) Do) + Po—s(k)) Eo (k1) — Do(ry)cw

+ (In, = Po(k—s(k)) Co(ht1)) Boryu(k), (33)
Mis1 = [(In, = @or-s) Cotbi) Aoty Me  (Tn, — P (60 Cortrot 1)) Azo (k) Mic—ag)
(In, = Po(i—5:))Cok+1)) Doty M — Poe—s)) Eo (k1) M) (34)

Moreover, for the delayed zonotope 7 and given constants 0 < o, < 1,8, > 1,4, > 1,p € R, assume
that there exist radius functions 7, (5(x), and a scalar  such that o(kp,) = p # ¢ = o(kn —1),p,¢ € R,

Vk € [km + 6(km), km+y1), Cp(k’ +1) < apCp(k) + A(k), (35)

Vk € [k, km + 5(}%)), Gk +1) < Bplq(k) + A(K), (36)
Cp(km + 0(km)) < ppCq(km + 6(km))- (37)
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Then, for any MDADT switching signal satisfying

Oyp Inwy, +1np,
In o,

: (38)

*
Tap > Tap =

with w, = 8,/ap, the radius of the asynchronous intersection zonotope Z for the DSPS (1) is bounded
with an ¢ performance 7.

Proof. Using the system model and the system output, we can derive (13)—(15). In the Correc-
tion step, the asynchronous correction matrix and asynchronous correction term are ®,_s(x)) and
@, (k—5(k)) Co (k1) e+ 1b1, respectively. Then, obviously, according to the Prediction step (2) and (15),

1 =(In, — Po(—5(k) Coht1)) Arok) Ck + Po—se)yY(k + 1) + (In, — Pok—s(k)) Co(k+1)) A2e (k) Ch—d(k)
= (Po(k—6(k)) Co(k+1) Dotk) + Po(h—s(k) Eo(k+1) = Do(i))cw + (In, = Po(k-s(k)) Co(h+1)) Bo(ry u(k)
+ (Lo, = Poe—s(k) Cotrern)) Aoy M (Tn, — Por—s(k)) Cothrn)) Azo (k) Mi—ar)
(In, = Po(k—s(k) Cothi1) Doty Mo = Po(h—s(k)) Eo(h+1) Mo]b

holds, where the vector b = [by; be]. Accordingly, the asynchronous intersection zonotope Zy, is calculated.

In the following, we pay attention to the £, performance for the radius of the asynchronous zonotope Z.
Assume that o(k,) =p # ¢ = 0(ksmn — 1). In terms of conditions (35)—(37), for Vk € [km + 6(km), km+t1),
one can deduce

k—km ki1—k ) )
Cotkm) (F) SO0y Qi) Polkn) ™ Polko)Hotkn) ** Ho(ho)Sotho) (Fo)
k—1 km~+onm—1
k—1— k—1— km+op—1—
—m D 0 MO e D Y Tl M)
o=km+on o=km

km+dv—1—0 < w5M—1 for

Furthermore, defining oumax = maxper {ap}, Wmax = maxper {wp} , since @y () < Do lom)

0 € [km, km + dp — 1], we can obtain the following inequality:

k-1 R
Cotry (k) < E(Cothoy (ko)) + D Pt " [T (pep ) Mr @ A (o), (39)

o=ko p=1

where Z((o (ko) (ko)) = exp{Z:f’:1 Hp (ko, k) [#(ln Hp +1n ng) +Inay)} H;f:l(upwgzw )N‘”’Ca(ko) (ko) .

Similar to the proof of Theorem 1, we can further conclude that (k) < Z(Co(ko) (ko)) + 72 [|w]|oo-
Evidently, if the MDADT switching signal satisfies (38), Z(Co(k,)(ko)) converges to zero as k — oo.
Therefore, we conclude that the radius of the zonotope Z for the DSPS (1) is bounded with the £,
performance no greater than . It completes the proof.

4.2 Optimal asynchronous correction matrix design

Here, we will develop a joint-design approach for MDADT switching signals and asynchronous correction
matrices.

Theorem 5. For given constants 0 < 0 < 1,0 < ap, < 1,3, > 1, it > 1, assume that there exist positive
diagonal matrices P, € R"*" @, € R"*"= p e R such that ¥(p,q,7) € R x R X R,

Ay — ,C4 A, >0, Agy — ,C4Ay, >0, D, —®,.C,D, >0, —&.E, >0, (40)

1, U,y <0,10 Ty <0,17 Oy — 20" (1—0)1) I, <0, (1)
1} 0, —2n,'9%01} I, <0,

and Egs. (19) and (20) hold, where ¥y, = Py(In, — ©4Cp)A1p — BpFPy + In, + (d2 — di +2)Qq, Tpg =
Pq(Inz - (I)qcp)A% - Bngqv qu = Pq(Inw - q’qcp)Dpv @pq = —P,®.L).

Then, for any MDADT switching signal satisfying (38), the radius of the asynchronous intersection
zonotope Z for the DSPS (1) is bounded with an £ performance ~.
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Proof.  For the DSPS (1) and the asynchronous intersection zonotope Z (32), we choose correction-
matrix-mode-dependent delayed radius functions for synchronous and asynchronous intervals, respec-
tively. First, for the asynchronous interval [k, km, + 0(ky,)), we choose delayed radius functions:

k

Co (k:7n71)(k: + 1) = maX HMk-‘rlZHP (km —1) + Z U(km)
s=k+1—d(k+1)

z€B

—d1

+ Z Z Bk Em) max HM Z”Qa(km 1) (42)

m=—ds s=k+m+1

with 7 = nq +na+2n,,. Subsequently, for Vk € [k, km +0(km)), by combining (42) with (22), (,(k+1) <
BpCq(k) + A(k) can be transformed as

max 1M 412l 2, = By ,max | Myz1l|p, +  max | Myzll + max Mzl g, By max, | My—ay22le,
k—1 k—1
k— f— ~ ~
+ >, By max Y. By max|IMzlg, + (o — di+ 1) max [|Mizlg,
s=k+1—d(k+1) s=k+1—d(k)
k—d;
- ;d By max [[Myzll, —7*(1 =), max few+ Mubilloo —9°0, max[lcy + Muboloc < 0. (43)
s=k—ds

Then, based on inequalities (25) and (26), the inequality (43) holds if

max | MiyiZllp, = fp max [[Mizllp, + max |Miall+ max [[Mizllo,
d v —1_2
— B! max, 1My —aryz2ll@, + (d2 — di +1) max |[Myzllg, —ngy*(1—0) max le, + Moby |y
1770, max le, + Mubz[ <0

Here, considering the asynchronous correction matrix, the condition (40) can ensure the positivity of the
generator matrix (34). Therefore, it yields

15 PyMigals — By PyMily, + 18 Mily, +1n QeMily, — B2 1Y QqMy_qr)Ln,
+ (dz — di + 1)1 QuMyln, —ng'y2(1— 0118 o —ng'y?(1— 0)1) M1y,
201, ¢, —ny ' y?01) M1, <O0. (44)

Obviously, the inequality (44) is true if 1} P, M1 ﬁplngqulm + 18 (I, + Qq) M1, —
BHLY QuMi—agyln, + (dz2 — di + 1)1} QuMyL,, — 20592 (1 — 0)1F MLy — 20,9201} M1, < 0.
Thus, from (41), the inequality (36) is established. Next, considering the synchronous interval [k, +
8(km), km+1), we choose the radius function (21). According to the proof of Theorem 2, the inequality
(35) is established by (19). In addition, it is obvious that Eq. (37) is established by the condition (20).
Therefore, we conclude that the radius of the asynchronous intersection zonotope 7 is bounded and
satisfies an /. performance no greater than -, which completes the proof.

Theorem 6. For given constants 0 < 8 < 1,0 < o, < 1,8, > 1, > 1, assume that there exist
arbitrary matrix (i)p € R™*™ and positive diagonal matrices P, € R"**"= @, € R™*" p € R such
that V(p,q,7) € R X R X R,

P, Ay, — ©,C A1, >0, PAs, — ®,0,A9, >0, P.D, —®,C,D, >0, —&,E, >0, (45)

{ 17 W, < 0,18 T, < 0,170 Qg — 20592 (1 - )11 I, <0, (16)

17 6,4 — 2n,'9%01} I, <0,
and Egs. (20), (31) hold for ¥(p,q) € R x R,p # q with Wy = (P — ®,Cp) A1, — By + (d2 — di +
2)Qq + In, anq (Pq q) Cp)Aszp — 6 'Qq, pg = (Pg — (I) Cp)Dyp, Opq = =P Ep.

Then, for any MDADT sw1tch1ng s1gnal satisfying (38), the radius of the asynchronous intersection
zonotope Z for the DSPS (1) is bounded with an { performance ~. Furthermore, the asynchronous
correction matrix @, is designed by ¢, = Pp*ICI)p,p eR.

Proof.  Similar to the proof of Theorem 3, we omit the detailed proof process here.
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Algorithm 2 Interval estimation for DSPS

Require: Ay, Asp, By, Dy, Cp, Ep, 0,0, ap, pip, Bp,p € R, %y, v = —da,...,0;
Ensure: [z(k), Z(k)];
1: Solve conditions (20), (30), and (31) for the matched correction matrix case or (20), (31), (45), and (46) for the mismatched
correction matrix case;
2: Return the ¢, correction matrix by Theorems 3 or 6;
3: For k=1: K do
Based on the system (1) and derived correction matrices, calculate the center (8) or (33) and generator matrix (9) or (34);
Reduce the order of M}, by Algorithm 1;
Derive the state bounds by (47).
End

5 Interval estimation

In Sections 3 and 4, delayed intersection zonotopes with positive generator matrices are respectively
deduced for synchronous and asynchronous state estimation schemes. Meanwhile, by constructing delayed
radius functions, the optimal correction matrix ®,, is obtained for every subsystem p € R. In addition, the
positive generator matrix-based intersection zonotope can achieve lossless zonotopic estimation by Lemma
3. According to (7)—(9) and (32)—(34), time-varying intersection zonotopes are available for the DSPS
(1) with matched and mismatched correction matrices, respectively, which completely contain uncertain
system states. Then, according to Lemma 3 and Algorithm 2, we choose the target order g = n,, and
can derive the upper and lower bounds of the system state x as follows:

. (47)

T(k) =¢ + rs(M]")1,,,
z(k) =max{0,é, — rs(M;")1,, }.

6 Examples

Example 1. Consider a DSPS with the following parameters:
s loz 0.4] Ay — [0.1 0.15] o — lo.oz 0.05] Ay — [ 0 0.01] - [0.5 0.1] |
0.1 0.3 0.1 0.2 0.02 0 0.02 0.1 0.1 0.2
T T
0.2 04 0.1 0.32 0.12 0.2
BQZ ,Dlz ,DQZ ,Clz ,CQZ ,E1=0.1,E2=0.2.
[0.3 0.11 [0.3] [0.28] [0.23] l0.15
Here, we choose u(k) = 0.1rand(1). In addition, according to Assumption 1, we assume the exogenous
disturbance w(k) = 0.1rand(1) resulting in @ = 0.1, ¢, = M,, = 0.05. Meanwhile, we select a;; = 0.9, g =
0.95, 1 = 1.3, 10 =1.2,0 =0.2,dy = 1,dy = 2,7% = 5.5.

First, we would demonstrate the effectiveness of our proposed interval estimation approach for DSPS
with the matched correction matrix. By solving conditions (20), (30), and (31), the mode-dependent cor-
rection matrices ®,,p = 1,2 are calculated as ®; = [—0.3535, —0.2780]T , Py = [—0.5785, —0.1276]T with
the MDADT 7, = 3,7, = 4. In addition, we set the initial state zonotope Z, = {[0.6,0.6]T, diag([0.3,
0.3])), v = —2,—1,0, which implies that z(v) > 0, i.e., the positive initial condition constraint. First, we
choose the MDADT 7,1 = 742 = 2, and the switching signal is designed as displayed in Figure 2. Figure 3
shows the upper and lower bounds of states x1 and x5, where system states are completely wrapped by the
estimated upper and lower bounds and the estimated lower bounds are nonnegative. These phenomena
illustrate the correctness and effectiveness of our developed estimation method. Note that state bounds
are depicted under different target orders (g = 2,15) in Figure 3. It can be seen from Figure 3 that the
order of the intersection zonotope does not affect the estimation accuracy, which verifies the applicability
of the established Lemme 3 in Section 3. Furthermore, we discuss the effect of external disturbances on
the estimation results. Here, we set w(k) = 0.2rand(1) and leave the rest of the parameters unchanged.
It is worth mentioning that different magnitudes of external disturbances do not affect the co-design of

the correction matrix and switching signals and the ¢, performance index . However, considering the
relationship between the radius of the intersection zonotope and ||w|~, we know that larger magnitude
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Figure 2 (Color online) Switching signal.
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0.05 % ————— State bounds (g = 15)

< 05

o

0
0 5 10 15 20 5 30 5 40

Figure 3 (Color online) State responses and boundaries of x.

disturbances will increase the radius of the intersection zonotope, which means the lower estimation ac-
curacy, but the estimation schemes proposed in this paper have optimized the estimation accuracy as
much as possible, including the lossless reduction operator and the ¢, performance of the radius.

Next, we emphasize that different orders do not affect the estimation results for the system state. Here,
we take x(5) for example, and the intersection state zonotopes for g = 2,15 and their interval hulls are
shown in Figure 4. From the left sub-graph, we can see that the shapes of zonotopes are different under
different orders. However, according to Lemma 3, we know that the order of the zonotope before the
reduction operation does not affect the interval hull of the new zonotope after the operation, which can be
seen from the right sub-graphs in Figure 4. Therefore, our proposed estimation approach can achieve the
lossless zonotopic estimation results, which also proves the superiority of our established state estimation
scheme.

Example 2. In this example, we consider the asynchronism case. Borrowing from [20], we consider a
DSPS with parameters

0.3 0.2 0.35 0.1 0.4 0.2 0.8 09
All = ) A12 = ) Bl = ) BQ = ’
0.1 0.3 0.2 045 0.3 0.5 0.3 0.2
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Figure 4 (Color online) Intersection zonotopes Zg and Zé‘r’
0.7 0 0.6 0.2
Cl = 5 CZ = )
0.2 0.5 0.25 0.6
0.02 0.1 0.05 0 0.3 0.32
Aoy = ; Ao = » Dy = ; Dy = ;
0.02 0.15 0.02 0.1 0.3 0.28

0.1 0.2
By = :
0 0.1

First, we set u(k) = 0.05sin(k)rand(1) 4+ 0.05 and w(k) = 0.16rand(1). Then, clearly, @ = 0.16, ¢, =
M, = 0.08. Furthermore, we select a3 = 0.9,a9 = 0.95, 41 = 1.15,u2 = 1.1,0 = 0.2,dy = 1,dy = 2,7 =
2,61 =1.02,6, =1.01,0n = 2.

Here, our purpose is to achieve the interval estimation for DSPS with asynchronism by designing proper
switching signals and a set of mode-dependent correction matrices. First, by Theorem 6, the MDADT
switching signal and asynchronous correction matrices are computed as 7;; = 3.7024, 7, = 4.2461, and

and we select

9 =

—0.7866 1.5153

—0.0499 —0.1116
’ —0.7814 1.4920

~0.0571 —0.1283]

respectively. Next, let Z, = ([0.5,0.5]", diag([0.5,0.5])),v = —2, —1,0 denote the initial state zonotope,
which satisfies the positive initial condition constraint. Then, according to 7;; and 775, the MDADT
switching signal is selected as shown in Figure 5. In terms of the obtained mode-dependent correction
matrices and Theorem 4, the center and the generator matrix of the intersection zonotope can be obtained
by (33) and (34), respectively. Further, by combining (47), we can acquire the lower and upper bounds
of the uncertain system state, which are given in Figure 6 with the minimum target order 2. This
demonstrates the validity and merits of our developed estimation method.

In the following, we will discuss the influence of the parameters o, and 3, on the ¢ performance 7,
where p = 1,2. First, we set a; = 0.95, a2 = 0.98, and 51 = B2 = . By solving inequalities (20), (31),
(45), and (46), the ¢ performance v for different 8 are provided in detail in Table 1. From Table 1, we
can conclude that a larger 8 will lead to a better £, performance. Then, we focus on the /., performance
~ under different «. Choosing 51 = 1.05, 82 = 1.08, a1 = as = «, the £y, performance v under different
cases can be derived by Theorem 6, which are displayed in Table 2. It is clear that the bigger « is, the
smaller 7 is, that is, the better {, performance is.
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Figure 5 (Color online) Switching signal.
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Figure 6 (Color online) State responses and boundaries of z.
Table 1 Optimal £, performance index v with different
B =1.01 B =1.05 B = 1.08
¥ 0.8713 0.8676 0.8651
Table 2 Optimal o performance index v with different «
a = 0.75 a = 0.85 a = 0.95
¥ 2.7120 1.1784 0.8685

7 Conclusion

In this study, we constructed an interval estimation for a class of DSPS using a three-step interval es-
timation method. Our proposed estimation approach could obtain a guaranteed bound of uncertain
system states, which contained the intersection between the uncertain state set and the consistent state
set. First, a lemma was provided to prove the lossless estimation characteristic regarding the positive
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generator matrix-based zonotope. Then, delayed intersection zonotopes were derived for matched and
mismatched correction matrices, respectively. Furthermore, by constructing suitable delayed radius func-
tions, a co-design approach was developed for switching signals and /., correction matrices. Finally,
we calculated the time-varying estimation bounds to embrace the uncertain system states, which were
certified by two illustrative examples.
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