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Abstract In this paper, we consider the distributed generalized Nash equilibrium (GNE) seeking problem in
strongly monotone games. The transmission among players is implemented through a digital communication
network with limited bandwidth. For improving communication efficiency or/and security, an event-triggered
coding-decoding-based communication is first proposed, where the data (decision variable) are first mapped
to a series of finite-level codewords and, only when an event condition is satisfied, then sent to the neighboring
agents. Moreover, a distributed communication-efficient GNE seeking algorithm is constructed accordingly,
and the overrelaxation scheme is further taken into consideration. Through primal-dual analysis, the proposed
algorithm is proven to converge to a variational GNE with fixed step-sizes by recasting it as an inexact
forward-backward iteration. Finally, numerical simulations illustrate the benefit of the proposed algorithms
in terms of saving communication resources.
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1 Introduction

Noncooperative games arise from the practical need for modeling the decision-making process of selfish
agents, where each agent aims at minimizing its individual but inter-dependent cost function. Typical
examples can be found in spectrum access in cognitive radio networks [1], traffic networks [2], smart-
grid management [3,4], demand response in competitive markets [5,6], and opinion dynamics in social
networks [7]. Coupling constraints often occur because a group of agents may compete for the limited
and shared network resources, resulting in coupling restrictions on the feasible decision sets of agents.
Therefore, the computation problem of generalized Nash equilibrium (GNE) has stirred extensive research
attention (see [8-12], and the references therein).

For tackling the GNE problem, an elegant, operator-theoretic approach has recently been proposed
in [13,14], based on which the GNE seeking problem is reformulated as that of finding zeros of a monotone
operator. For instance, based on the operator splitting approach, a distributed algorithm has been
introduced in [13] to seek an NE with full-decision information, where all decisions of competitors are
implicitly assumed to be available to agents. However, in large-scale network scenarios, each agent is
subject to limited communication capacities and possibly has access to partial decisions of few neighboring
agents. This game setting is called partial-decision information setting [8,9]. In such a setting, in
order to make up for the lack of decisions (concerning non-neighboring competitors), a great deal of
auxiliary variables are introduced for each agent to estimate and reconstruct decisions of all the other
agents [8,15-17]. At each iteration, each agent should send the augmented state that combines the real
decision with the estimates of decisions of all other agents. Note that the number of estimate variables is
proportional to that of agents, and thus a significant communication burden could be inevitable when a
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lot of agents participate in the game. Therefore, it is of significant importance to develop communication-
efficient algorithms for seeking a GNE.

Over the past few years, as an efficient way of communication, event-triggered communication (ETC)
has attracted great attention [18-22]. Different from traditional time-triggered communication, the key
idea of ETC is that information transmission is activated only when a pre-designed event condition
is satisfied (rather than when time lapses). An event condition is generally related to the change of
system variables and is designed to greatly reduce the communication frequency (and also the number
of communication rounds) while maintaining system performance almost unchanged. Remarkably, there
have been a great deal of research effort made toward distributed event-triggered scheme (ETS) for
control/cooperation problems. Nevertheless, the distributed GNE problem has not received adequate
attention yet in terms of communication-efficient solution methods.

On the other hand, in a communication network with limited bandwidth, only a limited number of bits
of data are allowed to be transmitted at a certain time [23-28]. As such, how to take advantage of the
limited network resources for guaranteeing the desired algorithm performance becomes a key issue in the
GNE seeking problem, especially in the partial-decision information setting. In this scenario, data-coding
schemes appear as a kind of resource-saving scheme, which map the original data to specific codewords
with fewer bits [29]. In addition, the information exchange among players through communication net-
works poses potential vulnerabilities to attackers, which may lead to unintended consequences. In this
respect, the transmission based on data coding provides an effective encryption-like way to reduce secu-
rity risks. Therefore, the coding-decoding (CD)-based scheme can be considered an efficient and secure
communication scheme in multi-agent decision problems.

Inspired by the above points, the objective of this paper is to investigate a distributed communication-
efficient algorithm for tackling the GNE seeking problem subject to shared affine coupling constraints.
The main novelties and contributions of the paper are highlighted as follows: (1) for the efficient communi-
cation and security purposes, we establish a novel event-triggered, coding-decoding-based (ETCD-based)
algorithm, where the compressed codeword is transmitted to the neighboring agents only when a lo-
cal event condition is triggered; (2) an inexact forward-backward iteration is developed to prove that
the proposed algorithm converges to a variational GNE with fixed step sizes under some mild technical
assumptions; (3) we introduce an overrelaxation scheme to the algorithm design; and numerical sim-
ulations illustrate that the proposed overrelaxed, ETCD-based algorithm has the potential of further
improving the convergence performance and reducing the communication burden as well as improving
communication security.

Notation. R™ (R?) and R™*™ mean the n-dimensional (nonnegative) Euclidean space and n x m real
matrices. Let 1,, or 0,, denote n-dimensional column vectors with all ones or zeros. I,,x, and 0,,xm
represent, respectively, the identity matrix or zero matrix of n xm dimensions. For 2,y € R", 2Ty = (z,y)

means the inner product of z and y. ||z|| = VaTx denotes the norm induced by the inner product (-, -).
Given n vectors 1, ..., oy, define col(z1,...,2,) = [z, -+, ]T. For a matrix A = [a; ;] € R"*™, let

a; ; (or [A]; ;) be the matrix entry in the 4-th row and j-th column. Let || A|lcc = maxi<i<n Z;nzl la; ;| be
the induced matrix, and let A = 0 (A > 0) denote a symmetric positive definite (semidefinite) matrix. For
A= 0, (z,y)a = (Az,y) and ||z| 4 := \/(Az,z) represent the A-induced inner product and A-induced
norm, respectively, ¢q1(A), ¢2(A), and ¢max(A) mean the smallest, the second smallest, and maximum
eigenvalues of A. diag{---} stands for a block-diagonal matrix. A ® B denotes the Kronecker product of
two matrices A and B. II?" ,€); means the Cartesian product of the sets Q;, i =1,...,n.

2 Problem formulation

2.1 Game formulation

Consider a noncooperative game involving a group of agents V := {1,2,..., N} that subject to coupling
constraints. Let x; mean the local decision (strategy or action) of agent ¢ and ; C R™ stands for
its private decision set. Q := II}¥ | Q; C R" represents the overall action space and n := Zf\;l n;. Let
x :=col(z1,...,xn) € Q denote the stacked decision vector of all agents. The objective function of agent
1 €V is defined as J;(x;, x_;), where ®_; := col(x1,...,2;—1,Zit1,...,2n) € R® ™ mean the decision
vector of all agents except 7. In this paper, the agents compete for shared and limited resources, which
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can be reflected by the following affine coupling constraints:

N

i=1 i=1

where b; € R™ and A; € R™*" are local data that are only available to agent 7. Such coupling constraints
(1) arise in some practical applications, such as demand response in competitive markets [6]. A game
can be further represented by

VieV: m%@n Ji(zi, ;) st x; € Xi(x—y), (2)

x; ER™:

where X;(x_;) is the feasible set of agent i, which is denoted by X;(x_;) := {z; € Q; | Aix; <
2ieviip (b — Ajz) -
Definition 1 (GNE). «* is a GNE if

Ji(wi, ®%;) < inf{Ji(yi, 27;) | (yi, ;) € X} (3)

for each player i € V.
Assumption 1. The non-empty set X satisfies Slater’s constraint qualification. For each i € V), the
non-empty set ; is closed and convex. The function J; is continuous, and J;(-,x_;) is convex and
continuously differentiable for every x_;.

This paper discusses variational GNE (v-GNE) [30], in which Lagrangian multipliers are the same (i.e.,
Al = A5 = = Ay) for all the agents.

Let F(x) represent the pseudo-gradient mapping with the form of F(x) := col({Vy, Ji(zi, T_;) }icy).
This paper is concerned with a v-GNE [30], and * € X is a v-GNE of game (2) if it is the solution of

VI(F,X): (Flz*),z—z")>0, z € X. (4)
In addition, «* solves VI(F, X) iff 3 a \* € R™ satisfying the following Karush-Kuhn-Tucker (KKT)

conditions:

0,; € Vau, Ji(z],2*;) + A;FXF + N, (x7),

. . (5)
O € —(Az* — b) + Nip (A*),

(ViEV):{

where A :=[Ay, A, ..., Ay] and b := Zf\il b;. By [31, Corollary 2.2.6], under Assumption 1, there exists
a solution for VI(F, X) (4); and by [30, Theorem 4.8], * is the v-GNE of the game (2) if (x*, \*) satisfies
the conditions (5).
Assumption 2. Suppose that F is strongly monotone, i.e., for V&, y € dom(F), (x—y, F(x)—F(y)) >
||z —yl|? for some p > 0, and is Lipschitz continuous, i.e. for ¢, y € dom(F), ||F(z)—F(y)|| < ||z —1vyl|
for some pp > 0.

The above assumptions are commonly used. By [32, Theorem 2.3.3], under Assumptions 1 and 2, the
game (2) has a unique v-GNE.

2.2 Communication network

Let an undirected graph G(V, £) represent information exchange among agents, in which the set of edges
E CV xV involves M edges. If agent i can send information to j, then let (i,7) € £ and j is called a
neighbor of 7. The neighbor set of agent i is defined as N; := {j € V: (j,4) € £}. Graph G is undirected
if (i,7) € € & (j,4) € £. Let a path from agent i to j be a sequence of edges (i, p1), (p1,p2),- -, (Pm,J) in
G with agents ps (s = 1,2,...,m). The undirected graph G is connected iff there exists a path between
any two agents.

For graph G, let W = [w; ;] € RN*N and L = [I; ;] € RV*N be weighted adjacency and Laplacian
matrices, respectively. To be specific, define W = [w; ;] with w; ; > 0 if j € N; and w; ; = 0 otherwise.
Let W = WT. Define L = [l; ;] with l; ; = —w, ; if i # j and l;; = Zjvzl w; ;. Next, the edges in & are
labeled as e; for I € {1,2,..., M} and an arbitrary but fixed orientation is assigned for each edge. Then,
let D = [d; ;] € RM™*N mean the weighted incidence matrix, where its (I,7)-entry is 0 if edge e, and agent
i are not incident; otherwise, it is |/w; ; or —,/w; ;. In this regard, L = DTD.
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Assumption 3. Graph G(V, &) is assumed to be undirected and connected.

It is well known that, in the partial-decision information setting, it is hard for each agent to access to
the full decisions & _; of the others. In this scenario, agent 7 estimates agent j’s decision that is defined
as x}, and let ' ; := col(z, --x} ;,®},,,...,xy) and &’ = col(z)jey € R™. Let \; € RY be the
local estimate for \* in (5). Furthermore, the variables z;, %, * ;, ', and \; at iteration (time) k are
represented as x;k, T’ 1, ', 1, @, and Aj g

Traditional GNE seeking algorithms developed in partial-decision information setting [9] usually require
that each agent i should transmit its full current state @}, := (@, \; ) to its neighbors at every periodic
sampling instant £ € N. Such a kind of communication mode is likely to lead to a lot of unnecessary
information passing through the communication network, thereby inevitably consuming a great deal of
resources and increasing communication burden. As such, this paper aims to develop a communication-
efficient algorithm that combines the advantages of ETC and CD-based schemes so as to mitigate the
communication burden, while guaranteeing the convergence to the v-GNE.

7
VE

3 Distributed ETCD-based algorithm

For the efficient communication and security purposes, an ETCD-based communication scheme is pro-
posed in this section, which takes full advantages of the CD-based scheme and ETC while guaranteeing
asymptotic convergence to the NE.

3.1 Design CD-based scheme
A coding algorithm of agent i is given as follows:
X = Q (5 (@ - ¢i).
— Lo\ =
Ci . Pik = Q (sk,l ()\'Lak niak—1)> ’ (6)

C}ZC - Skflxz + C}i_la C(Z) = 07
Nik = Sk—1Pik + Mik—1, Mi,0 = 0,

where C,Z = col(({,k, e ,C}'V,k) and 7); ;, are auxiliary variables introduced to obtain X}; and @; k. X}; and
;1 are the codeword to be sent to agent j € N;. For v = [y1,...,7,]T, the uniform quantization function
is defined as Q(7) := [g(11), -, q(yn)]" with
d 21 o 2441
q(vi) =1 T (7)
—q (_,71) Vi < 2

where d = 0,1,.... For such a quantizer, |y — Q(y)|| < 3. Here, s is a scaling function that is used to
adjust the quantization error, which will be determined subsequently.
A decoding algorithm of agent i is designed as follows:

i _ e i _
Do) Te T Sk—1X +x_,  x =0, 8)
) yi Ni i
A = Sk=19jk + Aj k15 Ajo =0,

where a’:?j = col(i:{ik, ceey a’:% ) and X;k are the states obtained after decryption.

3.2 Design ETCD scheme

An ETCD scheme is developed in this subsection to schedule when agent i’s data are coded as @} :=
(X%, i k) and transmitted to its neighbors. After being received, (x4, ¢i ) are decoded by agent j € N; to
obtain the data (a‘:f , 5\1 ). Under the ETCD scheme, if the coding-decoding and communication process
is triggered at instant k for agent i, then k is called its triggering instant.

For agent i € V, its [-th triggering instant is defined as k] (I € N) and let the set M := {k{, ki,...}
include all of its triggering instants. Without loss of generality, we suppose that each agent’s data are
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Algorithm 1 Distributed ETCD scheme
Initialization: Set z; o € €, miho ER"TM, () = :ESJ =0n, Ni,0 = 5\370 = 2i,0 =0m, Xi0 € ]RT, VieV,jeN;.
Iteration:
while £ > 1 do
if £k € 7M’, then
Coding: ) ) ) ) )
Xk = Q(—Skil (g, —Ch_1))s ik = Q(—Skil Nk = Mik—1)), € = Sk—1Xpe +Ch1> Misk = Sk—1%Pi,k + Mik—1;
Send X}; and ¢; k. to neighboring agents j EVNi; - B .
Decoding: for agents j € Ny, ;) = sp_1xp + &) 1, A, = sk—19i,6 + A g5
=Gy, e =i, ® =30 M, =X,
end if
end while

Algorithm 2 Distributed ETCD-based v-GNE seeking algorithm

Initialization: Set z; o € Q;, wiho € R, C(", = :E(i)j = 0n, Ni,0 = 5\5,0 = 2;,0 =0m, Xij0 € ]RI, VieV,jeN;
Iteration:
while k£ > 1 do B

Receive €y, ik, &3, , and Aj j, from Algorithm 1;

Strategy update: )
Tikr1 = Projo, (@ik — i (VJi(ik, @, ) + AT Ak + e X e, wig (6, — @15)));
mi—i,k+1 =zl —Tic ZJ'GM, wi (€L, ) — ifi,k%

Zigt1 = Zige + 6 X jen, Wid (i — Aj )
Aikt1 = PFOJ'RT(/\i,k +0i(Ai (25,41 — Tik) — bi — (224,641 — 2i,k)));
k<« k+1;
end while

Here Ci—i,k = COI(C{,Iw s Cl;l,k, Cii+1,k’ s Cli\f,k) and jjfi,k = COl(f’fk’ s 5’?:1,;;7 5’?11,;;7 T ij}\‘;,k)'

coded and sent to its neighbors at k = 0, that is, k) = 0 for all i € V. Then, the instant k is the triggering
one for agent i (i.e., k € M) only if

ek = G llZe + 1Nk = mik—1l3 > (BR)?, (9)
where B, > 0 is a threshold to be determined later. The ETCD-based scheme is presented in Algorithm 1.

It is worthwhile to mention that the introduction of the ETCD scheme combined with the quantization
process adds uncertainties into the released data, thereby enhancing the security of the released data and
meanwhile releasing the communication burden.

Assumption 4. Foralli €V, Bl < B, (k€ N) and Y ;- By < .
3.3 Design ETCD-based v-GNE seeking algorithm

In the following, a distributed ETCD-based algorithm is developed in Algorithm 2 for seeking the v-GNE.

In Algorithm 2, ¢ > 0 is design parameters, 7;, 0, o; > 0 are fixed step-sizes of agent 7, and W = [w; ;]
is the weighted adjacency matrix of graph G.
Similar to [9, Egs. (13) and (14)], we define M := diag((M;)icy) and T := diag((7;)icy) with

Mz’ = O7L7,><TL<7V I’m 0"i><7l>i s (10)
T = Inci Oncixns Oncixnss , (11)
On>‘i><n<i On>i><ni In>i

where n.; := Zj<i,j€V n; and ns; = ij’jev n;. Let & := col(z;);ey € R™ and @ := col(z?);cy € R™Y,
then € = MYz + 71 Tx.
Lemma 1. Under the ETCD-based scheme (9), the following equality always holds:

, , st
o = GhIE + Acs = a2 < moc{ (12, 552 .
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Proof. If k is the triggering instant, i.e., k € 91’, then the codeword @} = (x%, i) to the neighboring
agents, and ¢}, and 7; ;, are updated with (6). It follows from (6) that

16k = illoo =llsr—1xk + Ch1 — Zilloo =

. 1 . . Sk—1
s (- T - )| <%
- (o)

Sk—1
2

and similarly, ||7; 5 — ik lloo < . If k is not the triggering instant, then ¢} = ¢, and n;x = 1; x—1,

which implies that
2}, = Cill3e + 11X — Mkl < (BR)?- (12)

For Vi € V, let € := col(e?, )icv and & := col(€}', )icy with

—r . 7 —r . —T —x P
€k i=Cp—Tp, € fi= E Wi, j (ei,k - ej,k) ,oand €7y =ik — Ak
JEN;
Let g := col(zik)iev, Tk = col(xy,)icv, Ak := col(Aik)iev, 2k = col(zik)icv, € = col(€f})icv, and
€ := col(€}',)iev. Then, Algorithm 2 can be written as follows:

Tjt1 = projg (xy — 7o (F(xk) + AT\, + MLz, + cMEY)) , (13)
Txr1 = Tar — 7s¢ (T Lyxy + TeEr), (14)
Zii1 = 2z + 6 (DX + L&) (15)
Akt1 = Projrpy (Ax — o (A(2@k 41 — @) — b — (22111 — 24))) (16)

where A = diag(4;)icy, b = diag(bi)iev, Ly = L® I,, Ly = L ® I, 7, = diag(riln,)iev, 7s =
diag(r;In—n,)icy, and o = diag(o;ln)icy. Let F(x) = col(Vy,Ji(zi, 2" ,))icy be the extend pseudo-
gradient mapping, and obviously, F(1y ® ) = F(x).

Assumption 5. Suppose that the mapping F' is Lipschitz continuous, i.e., 3 ug > 0, ||F(x) — F(z')| <
wol|lx — ’|| for all pairs & and «’.

3.4 Convergence analysis

In this subsection, we introduce a forward-backward iteration to rewrite Algorithm 2 and then find zeros
of the sum of two operators.

For edges of graph G, define the auxiliary variables y := col(y;)icgs with y; € R™ and £’ :={1,..., M}.
By defining w = col(z,y,A) €  with £ := R"N x R™M x RTN, we introduce two operators ¢ and § as

_MTF(m) +cL,x
¢C:w— 0 )
b
[0 0 MTAT MT Ng(Mz)
Siw—o| 0 0 -Dy |w+ 0 : (17)
| —AM D} 0 Ngmn (A)

where No(Mz) = Ng(x) = Y, Ng, (z;) and NRKLN A) = valelRT (A\i)- Recall the incidence matrix D
that satisfies L = DT D, and then define Dy = D ® I,,, and Ly = D}:DA. Then, we define ¥ as

1 0 —MTAT
v=| o &' D\ |, (18)
—AM DI ot

where T = diag(7;1,)icy, 771 = diag(7; 'I,,)icy, 6 ' = diag(6 ' I,)icE, and o~ = diag(o; ' In)iev-
Lemma 2. If Assumptions 1-3 hold, then the following statements hold:
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(i) zer(€ +F) # 0.

(ii) If col(x*, y*, A*) € zero(€ + F), then * = 1y @ * and A* = 1y @ \*, and (x*, \*) satisfies the
KKT conditions in (5). Therefore, * is the v-GNE of the game (2).
Proof. The proof is analogous to [9, Theorem 1], and is thus omitted here.
Lemma 3. Let wy = col(xk, yr, A\r) with & §, U, given in (17) and (18). Suppose ¥ = 0 and ¥~ 1F
are maximally monotone. Then, the sequence (&g, zk, Ak )ken generated by Algorithm 2 with any initial
condition col(xg, zg = O;mn, Ag) can be rewritten as

wit1 =Ts o (Thwy, — \117162), Vk € N (19)

with wy = col(xo, Yo = Omar, Ao). Here €] = col(céi,fDAég,O), Ty == 1d — ¥ '¢ and Ty := (Id +
U1%)~1 with D) given in (17), and € and €} given in (13)—(15).
Proof. See Appendix B.

Notice that the iteration (19) involves an unavoidable error ¥~ 'e] that is called inexact forward-
backward iteration.

Next, Lemma 4 can be obtained by applying Gershgorin circular theorem [33].
Lemma 4. For any ¥ > 0, ¥V — 9Inpirrm+nm = 0, if we choose 7;, 4, and o; in Algorithm 2 with
0<7 < (JA o +9)" 1, 0<6<(2+9) Y, and 0 < 0y < (||AF ||oo +2+9) L.
Proof. Tt follows from Gershgorin circular theorem and (18) that each eigenvalue A, of =Y np4 Mm+Nm
lies within at least one of the Gershgorin discs, i.e., [\, — 7,71 — 9] < | A ||, [Ap — 671 —9] < 2, and
Ap — it = 0] < ||AT||oe + 2 (Vi € V). Obviously, A, > 0.

2
Let cg := q22L)(% + o) and
g _ petio
o:=| N VN (20)
- (L) -

then © > 0 for any ¢ > cg. The minimum eigenvalue of © is defined as p. := ¢1(©).

From (6) and (8), one has ¢} = a‘:?j and ;5 = )\fk for j € N; with k= 0,1,.... Then, we can rewrite
the iteration (19) as the form of the Krasnosel’skii-Mann fixed-point iteration with errors [34]:

W41 = Wi + (TQOlek 7wk)+€z, (21)

where €} := Ty o (Thwy, — U el) — Ty o Thwy, and €} is given in (19).

Lemma 5. The step size 7;, 9, 0; are chosen as in Lemma 4. Let ¢ > ¢ and ¢ > ﬁ, where cg, e in

(20) and B € (0, ue/(p0)?]. Under ETCD scheme given in Algorithm 1, if Assumptions 1-5 hold, then
Sore i I€}]] < oo, or equivalently, limy_,o ||€}]] = 0.
Proof. See Appendix C.

Theorem 1. Let ¢ > ¢y and ¥ > ﬁ, where cg, . are given in (20) and 3 € (0, e/ (110)?], and set the
step size 7;, 4, and o; as in Lemma 4. Suppose that Assumptions 1-5 hold. Then, under Algorithm 2
with ETCD scheme given in Algorithm 1 with >, sk < 0o, the pair (xx, Ax) converges to a solution
of the KKT system (5) and in turn a; converges to the v-GNE of the game (2).

Proof. See Appendix D.

Remark 1. Algorithm 2 takes full advantages of ETC and CD-based schemes, thereby exhibiting
the merit of efficient and secure communication. In Theorem 1, a sufficient condition is established to

guarantee the asymptotic convergence of Algorithm 2 to the v-GNE without any error induced by the
ETCD-based scheme.

4 Distributed ETCD-based algorithm with overrelaxation

In this section, an overrelaxed version of Algorithm 2 is further proposed to achieve a possible convergence
acceleration. The convergence of the algorithm is then discussed.

A fully distributed overrelaxed algorithm under the ETCD-based communication (9) is established for
seeking a v-GNE as Algorithm 3. R R

Let Zj, := col(Zi k)icy, T}, = col(ﬂz\;-yk)jev, Zy = col(&},)icv, Ak := col(Nik)icy, and Zi = col(Z; k)iey-
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Algorithm 3 Distributed ETCD-based algorithm with overrelaxation

Iteration:
while £ > 1 do B
Receive ¢y, Mi,k, &}, , and A} ;. from the ETCD scheme in Algorithm 1;
(1) Strategy update:
Bi,k+1 = projo, (wi — i (VJi(zig, @0, 1) + AT Xk + ¢ Xjen; wii (6l — 214)));
aii,k+1 = wilk - TicheN% wi,j(Cii,k - fjfi,kﬁ
Zied1 = zige 0 e, Wi (i — Xj )3
Nikp1 = PYOJRT Nk +0i(Ai(2T5 k1 — Tik) — bi — (223 k1 — 2i,k)));
(2) Acceleration:
Tigq1 =Tih + 0 (@i ppr —Tin), ® o =a, +a@ 0 — 2l )
Zi k41 = Zik + @ (Zi k41 — Zisk) > Nijk+1 = Aijk + a(Xi,kJrl — Xik);
k<« k+1;
end while

Similar to Lemma 3, Algorithm 3 can be recast (with the change of variables z = DTy and z = D 7y)
in the following form:

{L/J;“rl =TyoT wy + €Z7 (22)

Wil = Wi + Q(@gy1 — wg),

where @, = col(ik,ﬁk,:\k), wi = col(xk, Yk, Ak), a € [1,2) is a relaxation parameter, and Ty, Th are
given in (21). That is,

W1 = Wi + a(T o Thwy, + €] — wy). (23)
It follows from Lemma 6 that T3 o T} is v-restricted averaged with v = %. Let
R = <1 — l) Id + lT, (24)
v v

and @ = va, then by [35, Prop. 4.25], fix(R) = fix(T> o T1) and R is restricted nonexpansive, i.e.,
|Rw — Rw'||2, < ||w — '||% for any w and for any w’ € V., The iteration (23) can be written as

Wil = Wi + d(ka — wg + Ek), (25)

where €, = %EZ.
Theorem 2. Let ¢ > ¢y and ¢ > ﬁ, where ¢, f1. are given in (20) and 8 € (0, e/ (p0)?], and 1 < o < 2

in Algorithm 3 satisfying %(1 — 4‘%19) > 1, and set the step size 74, §, and o; as in Lemma 4. Suppose

that Assumptions 1-5 hold. Then, under Algorithm 3 with the ETCD scheme given in Algorithm 1, the
pair (xg, Ar) converges to a solution of the KKT system (5) and in turn x; converges to the v-GNE of
the game (2).

Proof. Consider any w* € zer(€ + §) = fix(Ty o T1) = fix(R) (i.e., w* € V,, by Lemma 2). From (25), it
follows that

[wrtr —w'llw =[lwr + a(Rwr — wi + &) — w'llw
<[ = @) (wr — w") + a(Rwp — w" + & )lw
(1 = a)llwr — ™| + af| Rwp — w™|lw + af[éxlv- (26)
Since R is restricted nonexpansive,
[witr — @ lw <[lwp — ™| + al[éx]lv. (27)
Then, {[lwr — w*[l¢} is bounded (i.e., sup;cy [lw; — w*| < 00), since 77 € = =377 €l < oo by
Theorem 1 and (23). Similar to Theorem 1, we can further conclude that {|jwy — w*||w} converges for

any w* € fix(R). Next, we consider

st = w* [y <1 = @) (Wi — w*) + a(Rwi — w")[[§ + a® [l
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+2af|(1 - a)(wr — w) + a(Rwy, — w") || wllex]|w
<[ = @) (wr — w) + a(Rwi — w")|[§ + &, (28)

where €], := 2asup;cy |lwi — w*|||[€x]|w + &2||€x]|3. In addition,

11 = @) (wr — w*) + a(Rwr — w)|§ =(1 - @)llwr — w*[[§ + @ Rwr — w*[[§ — (1 — @)al|Rwr — wil[§,

<llwk =@y = (1 = @)al| Rwk — wily-
Substituting the above inequality into (28) yields
lenr = w[[G < ok — w|[§ + & — (1 — a)al| Rwr — wil[3,

which implies that

oo oo
1-a)a . [Rwr - wild < Jwo — o[+ 3 &
k=0 k=0

Since Y 2o l€klle < v/amax(¥) > pep [[€k]lw < oo, then Y77 |[€x]|3 < co. In addition, ||wy — w*|| is
bounded, hence Y7 €, < co. Due to (1 —a)a > 0, >.;7, ||Rwir — wk||w converges and limj_, o0 Rwj, —
wg = 0 since ¥ > 0. The following analysis is similar to that in Theorem 1, and is thus omitted.
Remark 2. We notice that there have been some initial and excellent results on continuous-time
distributed NE seeking algorithms [15,36,37], where the limitation of communication resources is not
taken into consideration. Compared with [15,36,37], this paper is concerned with discrete-time distributed
algorithms through a digital communication network with limited bandwidth. As such, the existing
continuous-time distributed algorithms through perfect communication networks are no longer suitable.
This motivates us to develop a new communication-efficient discrete-time algorithm for seeking the NE.
Remark 3. Comparing with existing literature [8-10,13], the novelties of this paper can be summarized:
(1) the addressed research problem is new that makes the first attempt to discuss the distributed ETCD-
based v-GNE seeking problem; (ii) an inexact forward-backward iteration is constructed to reveal the
uncertainties and errors jointly induced by ETC and CD-based scheme; and (iii) the communication-
efficient algorithms are developed to significantly reduce communication rounds and improve data security,
while guaranteeing the asymptotic convergence to the v-GNE.

5 Numerical simulation

5.1 Nash-cournot game

Consider N firms (agents) that produce a commodity and compete over m markets (i.e., My, ..., My,)

with market capacity constraints see [9]. The production limitation of the firm i € V is x; € ; C R™ and

the maximal capacity of the market My is ry (k= 1,...,m). Let r = col(rg)k=1,...m and & = col(z;)icy,

and then define the shared affine constraint Ax < r, where A = [A4;,..., Ax] € R™*™ and n = Zf\;l n;.

The matrix A; € R™*™ means which markets the firm ¢ joins in. For the p-th column of A4; (i.e., [4;].p),

its k-th element is 1 if the firm ¢ delivers [z;], amount of production to the market My; and is 0 otherwise.
Each firm ¢ € V aims at minimizing the function J;(x;, _;) with the form of

Ji(wi, @) = 2] Qiwi + qi w; — P(Az)" Ay, (29)
where ¢; € R™ and Q; = 0 € R" X", Let the map P = P—ZAx be the total supply of each market to the
price of the corresponding market, where E = diag(&x)k=1,....m € R™*™ and P = col(Py)k=1,...m € R™.

5.2 Numerical results

Let m = 3 and N = 6 (see Figure 1), and firms are connected in a ring topology. Let the nonzero elements
of W = [w; ;] be 1. The local constraint of firm 7 is defined as 0 < z; < X; with each component of X;
randomly selected from [1,1.5]. Let b; = & with ry randomly drawn from [0.5, 1]. Q; is a diagonal matrix
and its entries are randomly generated from [0.1,0.8]. The elements of ¢;, Pk, and & are randomly chosen
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Figure 3 (Color online) State trajectories x1 i, x2,k, and x4, and their decoded values i?k, j?}w and ijsk, respectively.

from [0.1,0.6], [2,4], and [0.5, 1], respectively. We choose ¢ = 100, 7; = 0.001, § = 0.015, o; = 0.016,
Sk = k%, and Bl = B, = % for all i € V. Set o = 1.1 in Algorithm 3.

First, we analyze the average communication rounds of all firms to reach targeted convergence precisions
(ie., ||k — =*||/||zo — =*| < 1071, 5 x 1071, 1072, 5 x 1072, and 10~2). In this scenario, we compare
the performance of Algorithms 2 and 3 with the corresponding cases without using ETC. It can be
seen from Figure 2 that Algorithms 2 and 3 (that adopt ETC) can reach a convergence precision in
fewer communication rounds than [9, Algorithm 1] and Algorithms 2 and 3 without using ETC (i.e.,

¢ =0). Figure 2 illustrates that the utilization of ETC is capable of significantly saving communication
resources to achieve a desired convergence precision: to achieve a convergence precision of around 1071,
Algorithms 2 and 3 need 15 times less communication rounds than [9, Algorithm 1], and around 8 times
less than Algorithms 2 and 3 without ETC.

In addition, Figure 3 presents the decision states and their decoded values for all firms under the
distributed ETCD-based algorithm (see Algorithm 2), which illustrates that the decoding value can track
the actual decision state eventually. Moreover, we discuss the convergence rate of Algorithms 2 and 3 by
comparing the termination time (that is, the iteration k& when ||z — *||/||xo — *|| < 1071, 1072, and
1073 hold for the first time). It can be seen from Figure 4 that Algorithm 3 has a faster convergence
than Algorithm 2, and the advantage of Algorithm 3 comes from the introduction of the overrelaxation
scheme.

6 Conclusion

This paper has investigated the distributed GNE computation problem in strongly monotone games. For
communication efficiency/security purposes, an ETCD-based communication scheme has been developed
with taking full advantages of CD-based scheme and ETC. Based on this, distributed communication-
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Figure 4 (Color online) Termination time.

efficient GNE seeking algorithms have been accordingly constructed (with overrelaxation), and further
analyzed by resorting to an inexact forward-backward iteration. Finally, several numerical simulations
have been given to illustrate that the proposed algorithms have capacity of significantly saving commu-
nication resources over the state-of-the-art while guaranteeing similar performance. The extension of our
results to generalized games under directed communication networks and the convergence rate analysis
are left as future research.
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Appendix A Monotone operators

The following concepts come from [35]. Let € : R" — 28" be a set-valued operator and Id be the identity operator. Let gra(¢) =
{(z,u) € R™ x R"|u € &(z)}, gra(¢™ 1) = {(u, z)|(z,u) € gra(€)}, and zer(¢) = {z]|0 € &(x)}. & is monotone if (x —y,u —v) > 0
for V(x,u), Y(y,v) € gra(€), and is maximally monotone if gra(€) is not strictly contained in the graph of any other monotone
operator. Let Jg = (Id+&) !, and fix(T) means the set of fixed points of T'. If § is single-valued, then zer(€+F) = fix(Je o(Id—F)).
Let 8f denote sub-differential operator and prox; mean the proximal operator of f. Define the indicator function of £ as to(xz) =0
if x € Q and 1q(z) = oo if x ¢ Q. For a closed convex set 2, bd(£2) and int(£2) mean the boundary and interior of 2. diq is the
normal cone operator of €, i.e., dug = Nq(x), where No(z) = {v|(v,y—z) < 0,Vy € Q} if z € bd(Q2), and Nq(x) = 0 if z € int(Q2),
where dom(Ng) = Q. proj,(z) = arg minyeq ||z — y||?, and prox,, (#) = Ing (¥) = projg (z).

The operator T is a-averaged (a € (0, 1)), if 3 a nonexpansive operator T satisfying T' = (1 — a)Id 4+ aT”. Let A(a) mean the
set of a-averaged operators. T is called firmly nonexpansive (8-cocoercive) if T' € A(3) (BT € A(%) for B > 0). If f is convex

differentiable with 0-Lipschitz gradient Vf, then Vf is %—cocoercive. ¢ is maximally monotone < Je¢ = (Id + Q’)*l is firmly
nonexpansive. If € is closed and convex, projg, is firmly nonexpansive.
Appendix B Proof of Lemma 3
Proof. Eq. (19) can be rewritten as
—&(wi) — €} € F(wrt1) + V(wrt1 — wy). (B1)
Using € and §, the update for @, in (B1) is
~MTF(=),) — cLozy, — cef € MTNo(Majy1) + MTAT N1 + 77 N@epr — 20) — MTAT (A p1 — Ap),
which implies that for some v € Ng(zk41),
T _x T T T 4T
—TM F(z) —ctLyx —cré), =7M (v + A A1) + (g1 — k) —TMT A" (Apg1 — i) (B2)

Recall T, = diag((7iln;)icv) and T = diag((7:/n)icv). It can be shown that 7, M = M using M = diag((M;)iecn). Similarly,
7T = Tr. With MMT =1, and MTM+TTT = In,, we have 7, = MTM™T and MT 7, M+T 7,7 = 7. Then, premultiplying
(B2) by M and T, respectively, result in

Ty — Tz (F(wk) + A" + eMLyzy + C/\/léi) € Tpt1 + TaNa(Trt1);

Taxpi1 = Txy — cTTLyxy, — cTTEL. (B3)

Since Ngq is a cone and 7; > 0, 7, No(z) = Hf’zlnNQi(a:,,) = Nq(z). With projg(z) = (Id + No) " *(z) and TT = 77, Eq. (B3)
is equivalent to (13) and (14). The y; update in (B1) is

Yit1 =Yg + 0D Ag 4 6DxE; . (B4)

Recall Ly = DEDA. Note that zg = Dxyo due to zg = 0,5 and yo = 0,, 7. Hence, Dgy;C in (B4) is identical to 2z in (16), i.e.,
z = Dy, Yk € N. Using o Ngimn (A) = Ngmn (A) and Pyrn (A) = (Id + NmimN)fl7 the A update in (B1) is equivalent to (16).
¥ + ¥
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Lemma 6. Let ¢ > co and 9 > ﬁ, where ¢, pe in (20) and B € (0, e /(10)?], and let 74, §, and o, satisfy the requirements in
Lemma 4. If Assumptions 1-3 and 5 hold, then the following hold under || - ||¢ (the ¥-induced norm).

(i) ¥~'§ is maximally monotone and 7> € A(1);
(ii) w~'¢ is BU-restricted cocoercive and T} is restricted nonexpansive, such that

[Tiw — T1w' |G < llw — w15 = (289 — D|w — ' - (Thw — T1w")|§,

holds for Vw and for Vw’ € V,, where Qy = V, x R™M x ]Rfm and V, = {1y @ z|x € R"};
(iii) T2 o T is v-restricted averaged with v := 421/;?1 S (%, 1), i.e., for Yw and for Vw' € V.,

1—wv
1Tz 0 Thw — To 0 Ty ||3 < flw — w'||2, — ——llw - W) = (Tr 0o Thw — T 0 Thw')||5,. (B5)
Proof. (i) The operator § in (17) can be defined as Fw = MTNQM(m) X Omnr X NRTN(A) + Uw, where

0 0o mTAT
U= 0 0 -D, |- (B6)
—-AM DY 0

Since U is a skew-symmetric matrix, i.e., UT = —U, U is maximally monotone [35, Example 20.30]. By [35, Ex. 20.40], N and

NJVJ:N are maximally monotone, as is 0,,a. By [32, Proposition 12.5.5], MTNgM is maximally monotone due to the full row

rank M. Since the direct sum of maximally monotone operators [35, Proposition 12.23], MTNQM X Opnr X NRmN is maximally
+

monotone. By [35, Corollary 24.4], § is maximally monotone since dom(Uw) = RN FmM+Nm

W is positive definite and nonsingular. For any (z,u) € U~ 1% and (y,v) € UIF Wy e U F2 € Frand Uv € WU 1Ty € Fy.
Then, (z —y,u —v)y = (z — y, Pu — Uv) > 0 since § is maximally monotone. Thus, ¥ 'F is monotone under the W-induced
norm || - ||w. Choose (y,v) € € X RPHMmENM gatisfying (x —y,u —v)w = 0 for any (z,u) € gra¥ ~'F. Next, we prove (y,v) €
gra¥ ~1F. Choose (z,u’) € grag, then (z, ¥ 'u’) € gra¥~'§. This implies that (z — y, ¥~ 'u’ — v)g > 0, which is equivalent to
(x —y, DUty — Woy) > 0. Since § is maximally monotone, (y, ¥v) € grag, that is, (y,v) € gra¥ ~'F. Thus, ¥~1F is maximally
monotone under || - ||¢. By [35, Prop. 23.7], T> = (Id + ¥ ~'F) ! is firmly nonexpansive under || - ||¢, and thus T» € A(}).

(i) The space RN™ can be decomposed as RV™ = V,, @ V- into V, = {1x ® x|z € R"} and its orthogonal complement. For
z € RN let ¢ = 2 + 2t with 2! € V,, 2+ € V;, and (mH)TmL = 0. Here z!! = 1y @ z for some = € R", L,z! = o,
()T Lzt > qo(L)||2t|?, and F(z!l) = F(x). For any @’ € Vy, ' = 1y ® ' for some @’ € R", and F(z') = F(a').

Let w = {x,y, A}, and w’ = {z/,y’, A"} € Qy with &’ € V,. Recall Mzl =z, Mz’ = &', L,z =0, and Loz’ = 0. Then,
for € in (18), (w — ', E(w) — €(w')) = (& — ") (F(z) — F(z!) + F(z) — F(2')) + c(@X)TLyz* + ()T (MT (F(z) — F(=!) +
F(x) — F(2))). In addition, [|[MTz*| < |MT||||lz*]| = ||| due to || MT| = 1. Using the Lipschitz properties of F and F', and
the strongly monotone property of F,

(w—w' €w) = W) > —(no + pe)lle — 2|2 || + (ca2 (L) — o)™ ||* + plle — ||

It follows from ||z — @'|| = \/—%Hm” — @'|| that (w — ', E(w) — (W) > 70T > p.&|? with & = [|=| — /|, [|l=*|)7T.
Using ||& — «||> = ||Z||> and the Lipschitz property of F, (w — w’, €(w) — €(w’)) > B||Cw — €w'||? for any w and for any

w € Qy, due to 0 < B < pe/(po)?. With #1\1/*1) =q1(0), |¢w — ¢’ ||? > 1 (V)| T ¢w — ¥~ Ew’||2,. From Lemma 4, it
max

follows that g1 (¥) > ¢. Thus, for any w and for any w’ € Qv, (w — w', ¥ ¢w — ¥ Cw)y > BI|¥ ' ¢w — ™1 eEw'||2, and
IThw—Tw % < lw—w |2 - (269 —1)||w —w — (Thw — T1w’)||Z, due to Ty = Id — ¥~ &. This implies that T} is restricted
nonexpansive, since 28¢ > 1 by assumptions.

(iii) Since Ty € A(3), for any w and for any w’ € V,,

T2 0 Thw — To o Tho' ||, € |Thw — Thw'||3 — |Thw — Thw' — (Th 0o Thw — Th 0 Thw')||3,.
Let s = Zﬁ% € (0,1). By (ii) of Lemma 6,

T2 0 Thiw —Tr o The' |2, < [lw — w'||2 = |[Thw — Thew' — (To 0 Tiw — To 0 Thw')||2,

1—sp

e — o'~ (Thw = Taw (B7)

Next, we use [|[Az + (1 — Ny||® = Allz||® + (1 = M]ly]|2 = A1 = N)|lz — y||? by [35, Cor. 2.14], and then

1—s
[Thw — Thw’ — (Th 0 Thw — Ts o Tiw')||2 + 0

lw— o — (Thw - Tiw')l3
> (1—s0)|(w—w) = (TaoThw—Ts 0 Thw')|3,.

Substituting the above inequality into (B7) yields (B5).

Appendix C Proof of Lemma 5

Proof. It follows from Lemma 6 that T5 is nonexpansive, and hence

1

€L = T2 o (Thws — ¥ 'el) — To o Thwy || < [(Tiwr — ¥ 'el) — Tiwy|| = || — 0 el |
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Since gmax(¥1) = 1/¢1(¥) < L, [|&]l < L]lel||. Recall €f = col(céy, —Dxép, 0); then

Cc1

- 1. .2 a2y 2 _a 2 a2y 2
ezl < E(HCGQH +[[Daegll™)2 < g(”éiﬂ +llexll™) 2,

where ¢; = max{c, \/qmax(L)}. From the definition of € and the convexity of the Euclidean norm function, it follows that

N N 2 N
_ 2 _ 2 — _x _xT - 2
IEE1% =D ll® = 2| D wiy (k=) || <Dots X willels — &5l
i=1 i=1||jEN; i=1 JEN;
. N N —x 2 N N —x 2 N N ~xT 2
With w;,; = wj,i, one has 37,7, Zj:l Wi, j ”e;k” = 2u=1 it wj,i”e;r,k” = 2ui=1 Zj:1 Wi, j ”e?,kH - Thus,
N N N
_ 2 — 2 _x 2 2 _x 2
el <Dt Y- wig(ef I + leg . I?) < 2w? > llef |
i=1 j=1 i=1

with w, = maxq‘,ev{z;\le w; ; }. According to Lemma 1, under the ETCD scheme (9), |‘é{,k||2+|‘éf:k||2 < (Bh)? fori € V. It follows
from Assumption 4 that [|€7]|% + [|&2]|* < c2 Z,E\I:I(Hé/’knz + Héf"knz) < 2N B} and hence [[€}]] < By, where ¢z = max{2w?, 1}

i

and ¢ = 2V 20 V1902N. In addition, 3°3° , [|€%]| < co due to SN | By, < oo, which implies that limy_,  [|€}] = 0.

Appendix D Proof of Theorem 1
Proof. It follows from [35, Prop. 25.1] and Lemma 2 that fix(T2 0 T1) = zer(¥ 1 ¢ + U 1F) = zer(¢ + §) # 0 since ¥ > 0, where
Ty, To are given in (19).

Consider any w™ € zer(€ + §) = fix(T» 0o T1), (i.e., w™ € V, by Lemma 2). From (B5), it follows that

leorsr = @ [lw =[|T2 0 Trewop + & — Ta 0 Thw” 1w
STz 0 Thwp — To 0o Thw™ |lw + [|€} || w
Sllwx — @l + 1€ l1v. (B1)

By Lemma 5, 322 | [[€4]le < v/gmax(¥) 352, I€L]| < oo, which implies that >822  ||€2]|% < oo and {||wsx — w* ||} is bounded,
i.e., sup;ey lwr — w*|le < oco.

Let a¢ :=lim, | |Jwp — w™[|w; then there exists {ny}ren satisfying limy lwn, — w* || = a.. For Ve > 0, 3mgo € N such
that [|wn, —w”|lg —ac < § (for kK > mo) and Zzo:nmo leXlle < 5. By (D1),

oo
lwitr =@ v < llwnm, =« v + > llEl]lw < ac +e,

S=Nmy

which implies that limy_, oo |wr — w*[lw < lim, , _ |lwy — w*|lw +e. Thus, {|jwr — w™|lw} converges for any w* € zer(¢ + §),
since € > 0 is arbitrarily small. From (19), it follows that

lwis1r — w3 =[T2 0 Thwy, — Ty 0 Tiw™ + €L||3,

<|IT2 0 Tiwy, — T 0 Thw™ ||3 + €}, (D2)

where €}, := 2sup;cy [lw; — w*||||€x[|v + ||€k|\\21, Since T o T is v-restricted averaged, using (B5), Eq. (D2) can be written as

1—v
lwkt1 — @ 13 < llwk —w Iy + €, — ——llwk — @ = (T2 0 Tiwy — Tz 0 Tiw™) |13,
v

1—v

which is equivalent to =
S22 l1€4]13, < oo, and sup;cy [|lwi — w*|lw < co. Due to
ToTywy, = 0 since ¥ > 0.

Since {[|wx — w™|lw} is bounded, {wy} is bounded. Then, there exists a subsequence {w,, } such that limy_, oo Wi, = @™ for
some @”. Note that T 0T} is continuous and single-valued, limg_, o W, —T20T 1wy, = 0 implies that @ =ThoTi@", ie., @* €
fix(T> o T ), namely, @* € zer(€ + §). Thus, {||wr — @™ ||} converges, and limy_, o ||wr — @™ || = 0 since limg_, o [lwm, — w*|| =0.
Therefore, limg_, oo wr = @*. By Lemmas 2 and 3, the conclusion can be obtained.

S llwr — ToThwillw < |lwo — w™[|lw + €e’. Here, €' := > oo €}, < oo since S ”éZ”\p < oo,

1;—“ >0, >p2, [lwe — ToTiwyi||w converges, and hence limy_, oo Wi —
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