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Appendix A Literature Review

The swarm phenomenon in nature inspired the development of multi-agent systems (MASs). They are made up of interacting

agents that can perform complex tasks through mutual communication, collaboration, and competition. Formation control is one

of hottest subjects in the field of MASs due to its wide applications in multiple vehicles formation [1], autonomous navigation [2],

multi-manipulator collaborative assembly [3], and target encirclement [4]. The goal of formation is to build appropriate controllers

to help MASs form and maintain desirable formation. Many scholars have concentrated on this critical issue by employing various

agents’ information, such as position [5, 6], distance [7, 8], bearing and so on.

Due to the translational and scaling invariance of bearing information, bearing-based formation control has received a lot of

attention in recent years [9, 10]. Conveniently, obstacle avoidance can be accomplished via formation maneuver control [9, 11].

Bearing information may be gathered easily by a range of simple devices, such as passive sonars [12] and vision sensors [13],

providing a viable solution for formation control in the case of a GPS-denied environment or lower cost. Moreover, a time-varying

bearing formation based on persistently exciting can handle multiple real scenarios [14], including target encirclement and orbit

maintenance.

Bearing-only formation control is referred to as a control scheme utilizing only bearing information, which has been designed

for first-order continuous MASs [15], first-order discrete MASs [16], second-order MASs [17], and several kinds of robotic systems

[18]. Meanwhile, many control structures, including leaderless control [15], leader-following control [19], and leader-first-following

control [20], have been considered to solve the bearing-only formation problem. In a structure with the leader, the researchers have

investigated the bearing-only control for stationary formation [16], tracking leader’s constant velocity [21] and tracking leader’s

time-varying velocity [22], respectively. Moreover, some relevant results on undirected graphs [15–19,21] and directed graphs [20,22]

are also included in the existing bearing-only formation research.

The finite-time control approach is a key tool due to better anti-interference and faster convergence. A finite-time controller can

estimate the upper bound of the formation stabilization time in addition to stabilizing the formation more quickly [23]. The relative

position information among agents must be obtained by using finite-time formation control strategies proposed in [24] and [25].

Two finite-time bearing-only controllers were designed in [26], which were intended as a symbolic or fractional power function.

In the absence of a common global coordinate frame, Reference [27] studied an orientation estimation-based scheme to solve the

static formation problem in finite time. However, the convergence time was related to the initial states. Then, the user-defined

convergence time was explored for finite-time bearing-only formation control of heterogeneous robots presented in [28], where the

control input was smooth. It is clear that this approach of [28] has a wide range of possible applications, but is now exclusively

employed for stationary bearing-only formation.

Pinning control, which forms the desired formation by manipulating a few agents, is an efficient control for attaining formation.

Using this approach, it is frequently possible to facilitate control for every node in large-scale networks. In [29], pinning control was

adopted to study the formation control problem for MASs with nonlinear dynamics and fixed topology. Moreover, for nonlinear

MASs with time-varying delay under directed switching topology, a pinning consensus criterion was put out in [30]. It is clear that

only a fraction of agents have the availability of the reference state. A group consensus with pinning control for heterogeneous

MASs was presented in [31]. In all of the aforementioned research, the relative position is the primary information transmission

between agents, which may result in limited practical applications.

Appendix B Notations

‖ · ‖ denotes the Euclidean norm of a vector or the spectral norm of a matrix. 0n = [0, . . . , 0]T and 1n = [1, . . . , 1]T . For

yi ∈ R(i ∈ {1, . . . , n}), mini{yi} and maxi{yi} denote the smallest and biggest one of them, respectively. For vectors ci ∈ Rn,

span{c1, . . . , cn} represents the linear span of these vectors. For a series of symmetric matrices Mi ∈ Rm×m, λmin(Mi) is the

minimum eigenvalue of Mi and null(Mi) is the null space of Mi. diag(M1, . . . ,Mn) denotes the block-diagonal matrix with

diagonal blocks M1, . . . ,Mn. R>0 and R>0 denote the sets of positive real numbers and non-negative real numbers. f : R → R>0

and ψ : R>0 → R>0 denote the mapping functions on different sets, respectively.
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Appendix C Theory of Graph

Appendix C.1 Bearing Laplacian Matrix

Define the bearing Laplacian matrix L ∈ Rdn×dn as

[L]ij =


0d×d, i 6= j, (i, j) 6∈ E,

−Pg∗
ij
, i 6= j, (i, j) ∈ E,∑

k∈Ni
Pg∗
ik
, i = j, i ∈ V .

For an undirected graph, L > 0 and null(L) ⊇ span{x∗, 1n ⊗ Id} [32]. L represents the topological structure of the network and

the relative bearing between neighbors. The relationship between L and H̄ is L = H̄T diag(Pg1 , . . . , Pgs )H̄. For the leader-follower

case, L can be decomposed as

L =

Lll Llf

Lfl Lff

 ,
where Lll ∈ Rdnl×dnl and Lff ∈ Rdnf×dnf . In this paper, x∗i (t) is uniquely determined by x∗f (t) = −L−1

ff Lflxl(t) and x∗l (t) =

xl(t) [11].

Appendix C.2 Pinning Control Strategy

Based on the topological structure, the pinning matrix D ∈ Rm×n of the graph G is defined as

dsi =


asi, (i, j) ∈ E1 or (i, j) ∈ E2,

bsi, (j, i) ∈ E1 or (j, i) ∈ E2,

0, others,

where asi < 1, bsi > −1, E1 = {(i, j) ∈ Ē|i ∈ Vl, j ∈ Vf} and E2 = {(i, j) ∈ Ē|i ∈ Vf , j ∈ Vl}.
Then, the detailed pinning control strategy is as follows: Firstly, all leaders are selected as the pinning agents. Moreover, if the

i-th agent for i ∈ Vf needs to be pinned and (i, j) ∈ E2, one has hsi + asi < 0 and hsj + bsj > 0. Since the i-th and j-th agents

are connected by the s-th edge, then the weights |asi| and |bsj | should be the same. This method guarantees the pinning control

gain |hsi + dsi| = |hsj + dsj | 6= 0. Otherwise, the agent is not pinned, i.e., |hsi + dsi| = |hsj + dsj | = 0. Finally, the feasibility of

this strategy is subsequently reflected in (D8) and (E14), where mink{1 + bki} > 0 is the necessary condition for stability.

Appendix D Preliminaries and Problem Formulation
Consider the following MAS with nl leaders and nf followers, which are described by single-integrator dynamics, i.e.,

ẋi(t) = ui(t), i ∈ V, (D1)

where xi(t), ui(t) are the position and control input of each agent, respectively.

Suppose that leaders move with constant velocity v̄ = [v̄1, . . . , v̄d]T . Define the position differences as εi(t) = xi(t) − xi(t0)

and ε∗i (t) = x∗i (t)− x∗i (t0) for all i ∈ V . Motivated by [17] and [33], the control input ui(t) for each follower is designed as

ui(t) =
(
α+ γ

ϕ̇(t)

ϕ(t)

)[ ∑
j∈Ni

(gij(t)− g∗ij) +
∑
j∈Vl

dsi(gij(t)− g∗ij)
]
− oi(εi(t)− ε∗i (t)), i ∈ Vf , (D2)

where α, γ, oi = diag(oi1, oi2, . . . , oid) ∈ Rd×d are control gains. ϕ : R>0 → R>0 is a function defined as

ϕ(t) =

{
(

Λ−t0
Λ−t )q, t ∈ [t0,Λ),

1, t ∈ [Λ,∞),
(D3)

where q ∈ R>0 is the user-chosen parameter. The derivative of ϕ(t) is

ϕ̇(t) =

 q(
Λ−t0
Λ−t )q

Λ−t , t ∈ [t0,Λ),

0, t ∈ [Λ,∞),
(D4)

where the right-hand derivative of ϕ(t) at t = Λ is used as ϕ̇(Λ).

Apparently, ϕ(t) satisfies the definition of function in the following lemma.

Lemma D1. [15] Suppose f : R → R>0 is a continuously differentiable function. ψ : R>0 → R>0 is a function that satisfies

ψ−φ(t0) = 1 for all φ ∈ R>0, limt→Λ− ψ
−φ(t) = 0, and ψ−φ(t) is monotonically decreasing on [t0,Λ), where t0 ∈ R>0 and Λ > t0.

If

ḟ(t) 6 −$f(t)− %
ψ̇

ψ
f(t), t ∈ [t0,∞), (D5)

where $ and % are positive constants, then we conclude that

f(t)

{
6 e−$(t−t0)ψ−%f(t0), t ∈ [t0,Λ),

= 0, t ∈ [Λ,∞).
(D6)
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Then, using the control mechanism (D2), the compact form of MASs (D1) can be rewritten as

ẋ(t) =−
(
α+ γ

ϕ̇

ϕ

)0dnl×dnl 0dnl×dnf

0dnf×dnl Idnf

 (H̄
T

+ D̄
T

)

(g(t)− g∗) +

1nl ⊗ v̄
0dnf

−O(ε(t)− ε∗(t)), (D7)

where O = diag(Ol, Of ) = diag(o1, . . . , on), ε(t) = [εTl (t), εTf (t)]T = [εT1 (t), . . . , εTn (t)]T , and ε∗(t) is the similar compact form.

Based on Lemmas 2 and 3 in [17], with mild revision, we have the following lemma.

Lemma D2. Suppose no agents coincide at any time. It holds that

x
T

(H̄
T

+ D̄
T

)(g − g∗) >
mins{1 + bsi}λmin(Lff )

2 maxs ‖es‖
‖x− x∗‖2, (D8)

(x
∗
)
T

(H̄
T

+ D̄
T

)(g − g∗) 6 0, (D9)

where the equality of (D9) holds if and only if g = g∗.

Assumption 1. [17] The desired formation (G, x∗) can be uniquely determined by the bearing vectors {g∗ij}(i,j)∈E and the

leaders’ positions {x∗i }i∈Vl if and only if Lff > 0.

Assumption 2. [30] Suppose Gf is the graph composed by followers, which has r disjoint strong components namely G1, . . . , Gr
with V (Gi)

⋂
V (Gj) = ∅, i, j = 1, . . . , r, i 6= j, and

⋃r
i=1 V (Gi) ⊆ V (G). V (Gi) denotes the vertex set of the i-th strong

components. If
⋃r
i=1 V (Gi) ⊂ V (G), assume that each vertex in V (G)\

⋃r
i=1 V (Gi) is reachable from at least one vertex in⋃r

i=1 V (Gi).

Appendix E The Proofs of Main Results
Let the initial states be x(t0) = [(x∗l (t0))T , xTf (t0)] and ẋ(t0) = [(v∗l (t0))T , vTf (t0)] = [1nl ⊗ v̄, v

T
f (t0)]. Then, the position error is

δi(t) = xi(t)− x∗i (t) = [δTi1(t), . . . , δTid(t)]T and δ(t) = [δTl (t), δTf (t)] = [δT1 (t), . . . , δTn (t)]T .

Appendix E.1 Collision Avoidance

Below is a demonstration of the sufficient condition for collision avoidance.

Theorem 1. Under Assumption 1, if

‖δ(t)‖ 6 θ :=
1
√

2

(
min
i,j∈V

‖x∗i − x
∗
j ‖ − ξ

)
, (E1)

for any ξ ∈ (0,mini,j∈V ‖x∗i − x
∗
j ‖), then ‖xi(t) − xj(t)‖ > ξ for any i, j ∈ V and t > t0. Namely, a collision-free path can be

produced for each agent.

Furthermore, if ‖δ(t)‖ 6 ‖δ(t0)‖ for any t > t0, the condition can be replaced by ‖δ(t0)‖ 6 θ.

Proof. Notice that

xi(t)− xj(t) = (x
∗
i (t)− x∗j (t)) + (xi(t)− x∗i (t))− (xj(t)− x∗j (t)). (E2)

It holds that

‖xi(t)− xj(t)‖ >‖x∗i (t)− x∗j (t)‖ − ‖xi(t)− x∗i (t)‖ − ‖xj(t)− x∗j (t)‖

>‖x∗i (t)− x∗j (t)‖ −
√

2‖xi(t)− x∗i (t)‖2 + 2‖xj(t)− x∗j (t)‖2

>‖x∗i (t)− x∗j (t)‖ −

√√√√2
n∑
k=1

‖xk(t)− x∗k(t)‖2

=‖x∗i (t)− x∗j (t)‖ −
√

2‖x(t)− x∗(t)‖

=‖x∗i (t)− x∗j (t)‖ −
√

2‖δ(t)‖. (E3)

Since ‖δ(t)‖ 6 θ, we have ‖xi(t)− xj(t)‖ > ξ for any i, j ∈ V and t > t0, which implies that there is a collision-free path for each

agent.

Appendix E.2 Formation Stabilization

Theorem 2. Suppose Assumptions 1 and 2 hold. Consider the first-order MAS (D1) with the control input (D2). If

ow = diag
( v̄1

δw1(t0)
, . . . ,

v̄d

δwd(t0)

)
, (E4)

where
v̄k

δwk(t0)
> 0, w ∈ {nl + 1, . . . , n} and k ∈ {1, . . . , d}, then x converges to x∗ as t→ Λ and x = x∗ for t > Λ. Moreover, the

control input uf (t) = [uTnl+1(t), . . . , uTn (t)]T holds C1 smooth and bounded for [t0,+∞) with the condition that

qγ >
4‖H̄‖(‖δ(t0)‖+ ‖x̃∗‖)

mins{1 + bsi}λmin(Lff )
. (E5)
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Proof. Note that v∗ = [(v∗1 )T , . . . , (v∗nl
)T , (v∗nl+1)T , . . . , (v∗n)T ]T = [(v∗l )T , (v∗f )T ]T = 1n⊗v̄. Since ẋ∗(t) = v∗ and xl(t) = x∗l (t),

we have δ̇(t) = ẋ(t)− v∗ and δ(t) = [0Tdnl
, δTf (t)]T .

Consider the Lyapunov function

V =
1

2
‖δ(t)‖2. (E6)

Calculating the derivative of V along the solution of equation (D7), we have

V̇ =δ
T

(t)δ̇(t)

=δ
T

(t)

{
−
(
α+ γ

ϕ̇

ϕ

)0dnl×dnl 0dnl×dnf

0dnf×dnl Idnf

(H̄
T

+D̄
T

)(g(t)− g∗) +

1nl ⊗ u0

0dnf

−O(ε(t)− ε∗(t))− v∗
}

=− (α+ γ
ϕ̇

ϕ
)δ
T

(t)(H̄
T

+ D̄
T

)(g(t)− g∗)− δT (t)O(ε(t)− ε∗(t))− δT (t)v
∗
. (E7)

Let

V̇1 = −
(
α+ γ

ϕ̇

ϕ

)
δ
T

(t)(H̄
T

+ D̄
T

)(g(t)− g∗) (E8)

and

V̇2 = −δT (t)O(ε(t)− ε∗(t))− δT (t)v
∗
. (E9)

By the definition of edge es, one has

max
s
‖es(t)‖ 6 ‖e(t)‖ = ‖H̄x(t)− H̄x∗(t) + H̄x

∗
(t)‖

= ‖H̄δ(t) + H̄x
∗
(t)− H̄x̄∗(t)‖

6 ‖H̄‖‖δ(t) + x̃
∗‖

6 ‖H̄‖(‖δ(t)‖+ ‖x̃∗‖), (E10)

where x̄∗(t) = 1n ⊗
(
(
∑n
i=1 x

∗
i (t))/n

)
, (
∑n
i=1 x

∗
i (t))/n denotes the centroid of the desired formation and x̃∗ is time-invariant.

In terms of (D8), (D9), (E10) and (D3), we obtain that

V̇1 = −
(
α+ γ

ϕ̇

ϕ

)
(x
T

(t)−(x
∗
(t))

T
)(H̄

T
+D̄

T
)(g(t)−g∗)

6 −
(
α+ γ

ϕ̇

ϕ

)
x
T

(t)(H̄
T

+ D̄
T

)(g(t)− g∗)

6 −
(
α+ γ

ϕ̇

ϕ

)mins{1 + bsi}λmin(Lff )

2 maxs ‖es‖
‖δ(t)‖2

6 −
(
α+ γ

ϕ̇

ϕ

)mins{1 + bsi}λmin(Lff )

‖H̄‖(‖δ(t)‖+ ‖x̃∗‖)
V 6 0. (E11)

On the other hand, we have

V̇2 = −δT (t)Oδ(t) + δ
T

(t)Oδ(t0)− δT (t)v
∗

= −δT (t)Oδ(t) + δ
T

(t)
[
Oδ(t0)− v∗

]
= −δTf (t)Ofδf (t) + δ

T
f (t)

[
Of δf (t0)− v∗f

]
6 −2λmin(Of )V + ‖δ(t)‖‖Ofδf (t0)− v∗f‖. (E12)

By the condition that ow = diag(
v̄1

δw1(t0)
, ...,

v̄d
δwd(t0)

), where
v̄k

δwk(t0)
> 0 and w ∈ {nl + 1, ..., n}, we have ‖Ofδf (t0)− v∗f (t)‖ = 0

and Of is a positive definite matrix. Thus, by (E12), we can obtain that

V̇2 6 −2λminf
(Of )V. (E13)

Combining (E11) with (E13), it holds that V̇ 6 0, which implies that ‖δ(t)‖ 6 ‖δ(t0)‖. Then, we have

V̇ 6 −
(
α+ γ

ϕ̇

ϕ

)mins{1 + bsi}λmin(Lff )

‖H̄‖(‖δ(t0)‖+ ‖x̃∗‖)
V − 2λmin(Of )V := −α̃V − γ̃

ϕ̇

ϕ
V, (E14)

where

α̃ =
αmins{1 + bsi}λmin(Lff )

‖H̄‖(‖δ(t0)‖+ ‖x̃∗‖)
+ 2λmin(Of ) > 0,

γ̃ =
γmins{1 + bsi}λmin(Lff )

‖H̄‖(‖δ(t0)‖+ ‖x̃∗‖)
> 0.

In terms of Lemma D1, we obtain that

‖δ(t)‖
{
6
√
e−α̃(t−t0)ϕ−γ̃‖δ(t0)‖, t ∈ [t0,Λ),

= 0, t ∈ [Λ,+∞).
(E15)
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Hence, x→ x∗ in finite time, which implies the desired formation is achieved.

Next, it is proved that uf holds C1 smooth and bounded for [t0,+∞).

Since gs is the unit vector and (E1), we have

‖e(t)− e∗‖2 =
m∑
s=1

(
‖es(t)‖2 + ‖e∗s‖

2 − 2‖es(t)‖‖e∗s‖g
T
s (t)g

∗
s

)
>

m∑
s=1

(
2‖es(t)‖‖e∗s‖ − 2‖es(t)‖‖e∗s‖g

T
s (t)g

∗
s

)
>

m∑
s=1

2ξ
2
(1− gTs (t)g

∗
s )

=ξ
2‖g(t)− g∗‖2. (E16)

It follows from (E16) that

‖g(t)− g∗‖ 6
1

ξ
‖e(t)− e∗‖ =

1

ξ
‖H̄δ(t)‖. (E17)

From (E15) and (E17), we have

‖g(t)− g∗‖ 6
‖H̄‖e−

α̃
2

(t−t0)

ξ
ϕ
− γ̃

2 ‖δ(t0)‖ (E18)

for t ∈ [t0,Λ) and ‖g(t)− g∗‖ = 0 for t ∈ [Λ,+∞).

It can be obtained from (E5) that qγ̃ > 2. Then, combining the fact that ϕ̇
ϕ = ( q

Λ−t0
)ϕ

1
q , we have

‖
ϕ̇

ϕ
(g(t)− g∗)‖6

q‖H̄‖e−
α̃
2

(t−t0)

ξ(Λ− t0)
ϕ
−(

γ̃
2
− 1
q

)‖δ(t0)‖, (E19)

for t ∈ [t0,Λ) and ‖ ϕ̇ϕ (g(t)− g∗)‖ = 0 for t ∈ [Λ,+∞).

By (E4) and (E15), we obtain that

‖O(ε(t)− ε∗(t))‖ 6‖Oδ(t)‖+ ‖Oδ(t0)‖

6e−
α̃
2

(t−t0)
ϕ
− γ̃

2 ‖Of‖‖δ(t0)‖+ ‖1nf ⊗ u0‖ (E20)

for t ∈ [t0,Λ) and ‖O(ε(t)− ε∗(t))‖ = ‖1nf ⊗ u0‖ for t ∈ [Λ,+∞).

Then, we have

‖uf (t)‖ 6
(
α+ γ

ϕ̇

ϕ

)
‖H̄ + D̄‖‖g(t)− g∗‖+ ‖Of (ε(t)− ε∗(t))‖. (E21)

By (E18), (E19) and (E20), we conclude that

lim
t→Λ−

‖uf (t)‖ = ‖1nf ⊗ u0‖ (E22)

and ‖uf (t)‖ = ‖1nf ⊗ u0‖ for t ∈ [Λ,+∞), which implies that uf (t) is continuous and bounded for [t0,+∞).

From (D7) and (E4), we have

H̄ẋ(t) =−
(
α+ γ

ϕ̇

ϕ

)
H̄

0dnl×dnl 0dnl×dnf

0dnf×dnl Idnf

(H̄
T

+ D̄
T

)(g(t)− g∗)−H̄Oδ(t)+H̄Oδ(t0)+H̄

1nl ⊗ u0

0dnf


=−

(
α+ γ

ϕ̇

ϕ

)
H̄

0dnl×dnl 0dnl×dnf

0dnf×dnl Idnf

(H̄
T

+ D̄
T

)(g(t)− g∗)− H̄Oδ(t) + H̄(1n ⊗ u0)

=−
(
α+ γ

ϕ̇

ϕ

)
H̄

0dnl×dnl 0dnl×dnf

0dnf×dnl Idnf

(H̄
T

+ D̄
T

)(g(t)− g∗)− H̄Oδ(t). (E23)

Let us calculate the derivative of uf (t) as follows

‖u̇f (t)‖ 6
(
α+ γ

ϕ̇

ϕ

)
‖H̄ + D̄‖‖Γ

( Pgs
‖es‖

)
‖‖H̄ẋ(t)‖+

γq‖H̄ + D̄‖
(Λ− t0)2

ϕ
2
q ‖g(t)− g∗‖+ ‖Of (ε̇f (t)− ε̇∗f (t))‖

6
(
α+ γ

ϕ̇

ϕ

)2
‖H̄+D̄‖2‖H̄‖‖Γ

( Pgs
‖es‖

)
‖‖g(t)−g∗‖+

(
α+ γ

ϕ̇

ϕ

)
‖H̄ + D̄‖‖H̄O‖‖Γ

( Pgs
‖es‖

)
‖‖δ(t)‖

+
γq‖H̄ + D̄‖
(Λ− t0)2

ϕ
2
q ‖g(t)− g∗‖+ ‖Of (ε̇f (t)− ε̇∗f (t))‖, (E24)
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where Γ
(
Pgs
‖es‖

)
denotes a partitioned diagonal matrix, which is composed of

Pgs
‖es‖

for s ∈ {1, ...,m}. Since Γ
(
Pgs
‖es‖

)
is bounded,

there exist positive constants Φ1, Φ2 such that ‖H̄+D̄‖2‖H̄‖‖Γ
(
Pgs
‖es‖

)
‖ < Φ1, ‖H̄ + D̄‖‖H̄O‖‖Γ

(
Pgs
‖es‖

)
‖ < Φ2. Combined with

Φ3 =
γq‖H̄+D̄‖
(Λ−t0)2

, we obtain that

‖u̇f (t)‖ 6
(
α+ γ

ϕ̇

ϕ

)2
Φ1‖g(t)− g∗‖+

(
α+ γ

ϕ̇

ϕ

)
Φ2‖δ(t)‖+ Φ3ϕ

2
q ‖g(t)− g∗‖

+ ‖Of (ε̇f (t)− ε̇∗f (t))‖, (E25)

Since (
α+ γ

ϕ̇

ϕ

)2
= α

2
+

2qαγ

Λ− t0
ϕ

1
q +

( qγ

Λ− t0

)2
ϕ

2
q , (E26)

we obtain that

‖u̇f (t)‖ 6α2
Φ1‖g(t)− g∗‖+

2qαγ

Λ− t0
Φ1ϕ

1
q ‖g(t)− g∗‖+

[( qγ

Λ− t0

)2
Φ1 + Φ3

]
ϕ

2
q ‖g(t)− g∗‖

+ αΦ2‖δ(t)‖+
qγ

Λ− t0
Φ2ϕ

1
q ‖δ(t)‖+ ‖Ofuf (t)‖+ ‖Of (1nf ⊗ u0)‖. (E27)

Based on the condition (E5), one has qγ̄ > 4. Then, by (E15), (E18), (E19) and (E20), we conclude that

lim
t→Λ−

‖u̇f (t)‖ = 2‖Of‖‖1nf ⊗ u0‖. (E28)

and ‖u̇f (t)‖ = 2‖Of‖‖1nf ⊗ u0‖ for t ∈ [Λ,+∞).

Therefore, if condition (E5) is satisfied, the control input uf holds C1 smooth and bounded for [t0,+∞).

Remark 1. The control gain parameter O is designed based on the system environment, including the desired velocity and the

initial positions. Due to the desired formation being fixed, the desired velocity of the follower is equal to the desired velocity of the

leader. Thus, the follower should be aware of the leader’s control input.

Appendix F Numerical Example
In this appendix, numerical simulation examples are presented to illustrated the effectiveness of the theoretical results.

Appendix F.1 Example 1

To illustrate that ‖δ(t0)‖ 6 θ is only a sufficient condition, the MAS with two leaders and seven followers is considered in the

numerical example. The initial positions of leaders and followers are described in Figure F1. The desired positions at initial

time are shown in Figure F2. By the definition of the undirected graph with an orientation, the edge set can be denoted as

Ē = {(1, 2), (2, 3), (3, 4), (4, 5), (5, 6), (6, 1), (1, 7), (2, 7), (3, 7), (4, 7), (5, 7), (6, 7), (6, 8), (5, 8), (4, 9), (3, 9)}, which corresponds to

es for s = {1, ..., 16}. Then, the corresponding desired formation be g∗ = [(g∗1 )T , (g∗2 )T , (g∗3 )T , (g∗4 )T , (g∗5 )T , (g∗6 )T , (g∗7 )T , (g∗8 )T ,

(g∗9 )T , (g∗10)T , (g∗11)T , (g∗12)T , (g∗13)T , (g∗14)T , (g∗15)T , (g∗16)T ]T = [−1, 0,−0.5,−0.866, 0.5,−0.866, 1, 0, 0.5, 0.866,−0.5, 0.866,−0.5,

− 0.866, 0.5,−0.866, 1, 0, 0.5, 0.866,−0.5, 0.866,−1, 0, 0.5,−0.866, 1, 0,−1, 0,−0.5,−0.866]T .

Let α = γ = 25, Λ = 15, q = 2, t0 = 0, v̄ = [0.5, 0.5]T , and o1 = o2 = diag(0, 0). Then, ϕ(t) = 225/(15 − t)2 on

[0, 15) and ϕ(t) = 1 on [15,+∞). Let the pinning matrix [D]22 = −1, [D]23 = 1, [D]61 = 1, [D]66 = −1, [D]71 = −1,

[D]77 = 1, [D]82 = −1 and [D]87 = 1, implying the agents 2, 6, 7 can obtain the information of leader 1 and the agents 1, 3, 7

can obtain that of leader 2. Also, the pinning weights are all 2. Let o3 = diag(0.0833, 0.2887), o4 = diag(0.5000, 0.1443), o5 =

diag(0.5000, 0.0481), o6 = diag(0.5000, 0.1443), o7 = diag(0.0833, 0.0361), o8 = diag(0.0833, 0.1443), and o9 = diag(0.2500, 0.2887),

we have ‖Ofδf (0)− v∗f‖ = 0.

Based on the given initial positions and the desired initial positions, we obtain that ‖δ(0)‖ = 21.38 and θ = 4.23 − (1/
√

2)ξ,

where ξ ∈ (0, 6). It’s clear that ‖δ(0)‖ is far greater than θ. But the simulation results presented in Figures F3-F6 show that the

tracking bearing-only formation is achieved with no collision between agents.

Appendix F.2 Example 2

Consider the MAS with two leaders and five followers and the network topology among them is shown in Figure F7. It clearly

satisfies the uniqueness of bearing-only formation in Assumption 1 and the pinning condition in Assumption 2.

The initial positions of leaders are x1 = [2,
√

3]T and x2 = [8,
√

3]T . By the definition of the undirected graph with an orientation,

the edge set can be denoted as Ē = {(1, 2), (2, 3), (3, 4), (4, 5), (5, 6), (6, 1), (1, 7), (2, 7), (3, 7), (4, 7), (5, 7), (6, 7)}, which corresponds

to es for s = {1, ..., 12}. Let the corresponding desired formation be g∗ = [(g∗1 )T , (g∗2 )T , (g∗3 )T , (g∗4 )T , (g∗5 )T , (g∗6 )T , (g∗7 )T , (g∗8 )T ,

(g∗9 )T , (g∗10)T , (g∗11)T , (g∗12)T ]T = [−1, 0,−0.5,−0.866, 0.5,−0.866, 1, 0, 0.5, 0.866,−0.5, 0.866,−0.5,−0.866, 0.5,−0.866, 1, 0, 0.5,

0.866,−0.5, 0.866,−1, 0]T , which is presented in Figure F8.

Let α = γ = 24, Λ = 5, q = 2, t0 = 0, v̄ = [0.5, 0.5]T , and o1 = o2 = diag(0, 0). Then, ϕ(t) = 25/(5 − t)2 on [0, 5) and

ϕ(t) = 1 on [5,+∞). The initial positions of followers are x3 = [12, 5
√

3]T , x4 = [9, 8
√

3]T , x5 = [3, 8
√

3]T , x6 = [0, 5
√

3]T and

x7 = [6, 5
√

3]T . The followers’ initial velocity is zero and the leaders’ initial velocity is the desired velocity v̄. Based on the given

initial positions and the desired formation, we obtain that ‖δ(0)‖ = 4 and θ = 4.23− (1/
√

2)ξ, where ξ ∈ (0, 6).

Let the pinning matrix [D]22 = −1, [D]23 = 1, [D]61 = 1, [D]66 = −1, [D]71 = −1, [D]77 = 1, [D]82 = −1 and [D]87 = 1,

implying the agents 2, 6, 7 can obtain the information of leader 1 and the agents 1, 3, 7 can obtain that of leader 2. Also, the pinning

weights are all 2. Let o3 = diag(0.1250, 0.0722), o4 = diag(0.1667, 0.0962), o5 = diag(0.1667, 0.0962), o6 = diag(0.1250, 0.0722) and

o7 = diag(0.0625, 0.0361), we have ‖Ofδf (0)− v∗f‖ = 0. Thus, by Theorem 1 and Theorem 2, the tracking bearing-only formation

can be achieved asymptotically with no collision in finite time Λ.

Figures F9 and F10 illustrate that the bearing error and the velocity error converge to 0 in Λ = 5 s. It can be seen from

Figure F11 that the minimum distance between agents is not zero, ie., there will be no collision between agents. In Figure F12,

the trajectory of MASs from t = 0 s to t = 20 s is presented.
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Figure F1 Desired positions at t = 0 s in Example 1.

0 5 10 15 20

0

5

10

15

20

25

(2,1.7321) (8,1.7321)

(17,8.6603)

(9,15.5885)

(3,22.5167)

(0,10.3923)

(11,20.7846)

(2,15.5885)
(16,13.8564)

leader
follower

Figure F2 Initial positions at t = 0 s in Example 1.
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Figure F3 Bearing error ‖gs − g∗s‖ of MASs in Example 1.
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Figure F4 Velocity error ‖vi − v∗‖ of MASs in Example 1.
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Figure F5 The minimum distance of agents in Example 1. Figure F6 The evolution trajectory of MASs in Example 1.

Appendix F.3 Example 3

Consider the MAS (D1) under the formation control scheme for each follower:

ui(t) =α
[ ∑
j∈Ni

(gij(t)− g∗ij) +
∑
j∈Vl

dsi(gij(t)− g∗ij)
]

+ α2

∫ t

0

[ ∑
j∈Ni

(gij(τ)− g∗ij) +
∑
j∈Vl

dsi(gij(τ)− g∗ij)
]
dτ, i ∈ Vf , (F1)
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Figure F7 The network topology of MASs in Examples 2-3.
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Figure F8 Desired formation at t = 0 s in Examples 2-3.
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Figure F9 Bearing error ‖gs − g∗s‖ of MASs in Example 2.
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Figure F10 Velocity error ‖vi − v∗‖ of MASs in Example 2.
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Figure F11 The minimum distance of agents in Example 2. Figure F12 The evolution trajectory of MASs in Example 2.

which is similar to the control scheme proposed in [17] for the leader with constant velocity. Combining the proof of Theorem 2

in [17] and the matrix D proposed in this paper, it is obvious that the above system is stable by setting V = xT (H̄T + D̄T )(g−g∗),
which is omitted here.

Then, let α2 = 1. To compare the control scheme (F1) with our finite-time control scheme (D2), Figures F13 and F14 depict

the bearing error of the MAS with the same other parameters and initial states as in Example 2. It can be seen from Figure F13

that the MAS converges to 0 at about t = 8 s, but this instant cannot be determined in advance. However, under the finite-time

control scheme (D2), Figures F14 and F9 show the bearing error under the condition Λ = 2 and Λ = 5, respectively. Obviously,

the finite-time control scheme can flexibly adjust the convergence time to improve the system performance.
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