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Appendix A Optimization Algorithm for Finding the Hardest S,

This section discusses the details of the optimization algorithm for solving the problem of Eqn. (9) in Sect. 3.2 of the paper. To
solve the problem

max Z U(fw(@),y) — a(Vul(fw(z),y), A)
Y (@y)ESy (A1)

sit. A=g,, Sy €Tg,

for optimizing the train/val (S;/S,) subsets splitting to increase the domain shift, we alternately update S, and A by fixing the
other one as known.

Initialization. We first initialize A with the gradient of a sample randomly selected from S.

After initialization, we alternately update S, and A as follows.

Updating S,. Given A, S, is updated by solving

néazx Z U(fw(®),y) — a(Vul(fw(z),y), A)

(z,y)€5 (A2)
st. Sy C S, |S,|/1S =€,

where the constraints are derived from the definition of ¢ (i.e., I'e = {S, C S,|Sy|/|S| = £}). Equation (A2) indicates that the
optimal S, consists of £ |S| samples that have the largest values of I (fi, (z),y) — @ (Vuwl(fw(x),y), A). Thus, given A, we compute
and rank the values of I (fw (2),y) — a (Vwl(fw(z),y), A) for all (z,y) € S and select the largest £|.S| samples to constitute the S, .

Updating A. Given S, (S; =S — S, is then given), we update A to satisfy the constraint A = gfu in Eqn. (Al). Then, A is
updated by

A=gh=— S Vul(ful@) ). (A3)

Sl (2,9)€Sy

Equation (A3) is based on the definition of g, that

g5, =VeL(0; St,w)

1
=W Z Vel(f(l'» 9)7y)|9=w
th (w,pes, (A4)
1
:m Z Vul(f(z,w),y),
o (@,y)esy

where the second equation utilizes the fact that w is the initialization of 6.

We show empirically the convergence of this alternate iteration algorithm in Fig. Al, with the values of the objective function
in Eqn. (Al). Figure Al shows that the values of the objective function converge after only a few iterations. For the theoretical
analysis of the convergence, we take it as our future work.

Appendix B Proof of Theorem 1

This section proves Theorem 1 in Sect. 4.2 of the paper. We first introduce the VC-dimension-based generalization bound and the
domain adaptation theory, then present two lemmas that will be used in the proof, and finally give the proof of Theorem 1.
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Figure A1 Convergence of the alternate iteration for finding the hardest S,. (a) and (b) respectively show the values of objective
function in Eqn. (A1) in two different runs with different initializations.

Appendix B.1 Preliminary

VC-dimension-based generalization bound [1].

Theorem A-1. Let S be the set of training data i.i.d. sampled for distribution P. For any § € (0, 1), with probability at least
1 — 6, we have Vh (h: X — {0,1}) in hypothesis space H,

2e | S| 4
lep(h) — és( \/|S| VC(H)log ——— Vo + ) (B1)

where ep (h) = E(z, )P L{(h(2))2y}] and Es(h) = 137 X, yyes Lih @) £y} -

Domain adaptation theory [2,3].
Theorem A-2. For any h in hypothesis space H, we have

1
co(h) S ep(h) + Sdu(P, Q) + A7, (B2)
where A\* > inf,/ 4, {ep(h') + eo(h')} and
dy (P, Q) =2 sup [Ep[h =1] — Eg[h =1]| (B3)
e

is the H-divergence.

Appendix B.2 Lemmas

Lemma A-1. For any S, € I'c and Sy = S — S, V4 € (0,1), with probability at least 1 — J, we have Vf € Hg,,

w 8 2e |Sy| 4
vc 'H log —————+ - |, B4
lep(f) — Esu(f)\\jw | ( )°gvcmgt)+s (B4)
where €% (f) = E(4,4)~P [I{w(s(e))£y}) is the generalization error on distribution P, €;I~'v(f) = ﬁ 2 (zy)es, u(f(z)=y} Is the

empirical error, ’Hgt ={Vof:fe€Hs}, Hs, is defined in Sect. 4.2 of the paper, VC(H;) is the VC-dimension of Hg’t, and
W(-) is the prediction rule such as the Bayes Optimal Predictor, i.e., ¥(f(z)) = H{f(z)>l}'
Z3

Proof:
From the definition of ’HSf for any f € Hs,, there exists a hy € 7-[‘1’ such that hy = ¥ o f. Applying Theorem A-1, with
probability at least 1 — §, we have Vf € Hs,,
lep (f) — &5, ()]
=lep(hs) — és, (hys)l

< |2 (vemy )1 2|8 | 4
og ——————=— - .
1541 GRS

(B5)

Lemma A-2. Forany S, € I'c and S; =S — S, let g = argmffgﬁs ep(f) and h = arglnffEHS esv (f), then Vé € (0,1),
with probability at least 1 — §, we have

v R 8 2e|Sy| 4
ep(9) 2 ESU(h) \j TN (VC(?—L\I/ )lo, Wgt) + g> (B6)
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Proof:
From the definition of g and h, we have égv (9) = é5, (h). ¥4 € (0,1), with probability at least 1 — §, we have

ep(9) — &g, (h)
=3 (9) — €5, (9) + €5, (9) — €2, (R)

>ef(9) — €2, (9) (BT)
8 2e Sy | 4
>— | = [ VOCHE ) log —or 4+~ .
$ 15,1 < (#s,)log vewe) © 5)

In the last inequality, we utilize Lemma A-1. Thus, Eqn. (B6) holds.

Appendix B.3 Proof of Theorem 1

Proof:
We denote H¥! as the hypothesis space such that Vh € HYl,

1 ifl ), ,
for f € H. Then
d,H\I/L (P; Q) =2 sup |]E7;[h: 1]7]EQ[}Z: 1”
hen¥i
=2 sup |]E73[\I’L(f(513)) =1] — Eo[¥,(f(z)) = 1]|
fer
=2 sup |E7’ s @y m>v3] = Edﬂ{l(f(z),y»w}]‘ (B9)

=2 sup {Eg[ﬂwf(z),y»w}] —Ep [H{l(f(w)~y)>v}]}

S2sup Bollus@)w>mnl =2 fof Erlluge).v>mnl:

In the fourth equation, we utilize the assumption that Eq[l{i(f(z),y)>~}] = EP[l{i(f(2),y)>~}]- Given any S, € I'c and St = S— S,
we replace H by Hg,, then

d P, <2 Eoll ; —2 inf Ep[l
ng( Q) < e ollu@m>nl =2 Bf Erlluce)m>m]
' , (B10)
=2C1(Q, 5¢) — 2 fé%fst Ep [L{i(f(2),0)>~}]
where C1(Q,S;) = SUPfeg, Eo[lfi(f(2),y)>~}]- Applying Theorem A-2, for any f € Hs,, we have
@ N . .
e (f) < ep(f) +C1(Q,8:) — f’g—fs Ep[Liisr (a),g)>v3] T A (St), (B11)
t
where A*(S¢) > inf ey {ep! (f) +eg! (f)}. We let C7(Q, 8¢) = C1(Q, S1) + A"(St), then
w v . *
e (f) <ep'(f) — f’g;%fs Ep[Iiys (2),g)>~3] T C7(Q, Se). (B12)
t

Applying Lemma A-1 to the first term of the right side in Eqn. (B12), V4 € (0, 1), with probability at least 1 -4, we have Vf € Hs,,

8 2e|S, 4
ezl(f) gé;lj(f)Jr @ ( C(Hztl)bgvce(lq_[‘l’ll)Jré)' (B13)
St

Applying Lemma A-2 to the third term of the right side in Eqn. (B12), Vé € (0, 1), with probability at least 1 — §, we have

. . 1
inf Epllur@apsan] 2, nf

8 N 2e |Sy| 4
I w - | — [ Ve ) log — =+~ |. (B14)
Fens, e, 15| > L @awsy IS0l ( (Hg,)log 5

w
(z,y)€Sy VC(’HStl)

Combining Eqns. (B12), (B13), and (B14) and using the union bound, for any § € (0, 1), with probability at least 1 — 26, we have
Vf € Hs,,

8
o () S sl (f) + B(Sy) +2 5]

2e|Sy 4 *
(vcm;”j)log 15| +) +C7(Q,50), (B15)

ve(Hg)) 0
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where 1
B(So) == il o 3 Ly (B16)
St 1701 (@) €Sy
Using the fact that |S,| = &|S| and let Cy = SUPs/ erg VC(?—LZZ_S%) log ﬁ’ we have
s—s!,
8 4 *
L <D+ BE) 2 (cH + 5) +C*(Q,80). (B17)

Appendix C Analysis of Ly-normalization Mitigating Gradient Explosion

Meta-learning approaches for DG [4,5] often suffer from gradient explosion, i.e., the norm of gradient of loss w.r.t. the parameters
of model is infinite. We find experimentally that the gradient explosion can be mitigated in our approach by introducing the
Ly-normalization, as in Sect. 5.2 of the paper. We next theoretically analyze the reasons for this finding.

For the sake of simplicity, we analyze the gradient norm of loss w.r.t. parameters of the classifier in the meta-learning process
for DG, with feature extractor as a fixed function. Without loss of generality, we consider the case that K = 2 (i.e., binary
classification), s = 1 and m = 0. Then we have the following proposition.
Proposition A-1. Under the above setting, if the input feature of the classifier is La-normalized, the gradient norm of the
generalization loss w.r.t. parameters of the classifier in the meta-learning process of DG is bounded.
Proof:

Given feature z, the loss of binary classification is

L(w; z) = —ylog(o(w”2)) — (1 — y) log(1 — o(w” 2)), (C1)
where o is the sigmoid function. Let w’ = w — aV,, £L(w; 2), then
Vuwl(w'sz) = (I = aH)V ,r L(w'; 2), (C2)
where H is the Hessian matrix. The gradient norm
[Vwl(w';2)|| <M = aH|| |V £’ 2)|] < (L + |l [H|) |V L5 2)]] - (C3)
Since Vs L(w';2) = (p — y)z and H = p(1 — p)zzT where p = o(w? 2),

1l = sup fiHull < sup o u| < el (ca)
1 1

u:||ul|= CHEAES

and
IV £’ )] < =l - (C5)

If ||z]| = 1, combining Eqns. (C3), (C4) and (C5), we have
||Vw£,(w/;z)H <14 |of. (C6)

Hence the norm of gradient is bounded.

According to Proposition A-1, Lo-normalization can mitigate gradient explosion under the above setting. The analysis of
gradient norm of loss w.r.t. parameters of both classifier and feature extractor in the meta-learning process is much more complex,
left for our future work.

Appendix D Applying ADS to Large-Scale Datasets

In this section, we discuss how to apply our method of ADS to large-scale datasets. The main bottleneck of ADS to scale up is
that the computing of gradients on all data for learning the splitting is time-consuming for large-scale datasets. To implement our
ADS on large-scale datasets, we can randomly sample a subset of training data to learn the splitting and train the model on it, in
each iteration of the alternate training algorithm in Sect. 3.2 of the paper.
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