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Abstract Implementing quantum communication between space-separated local networks is essential for
designing global quantum networks. In this study, we propose quantum teleportation and remote state
preparation schemes between users of two space-separated local networks established by continuous-variable
multipartite entangled states. In the proposed schemes, the quantum nodes belonging to the two distant
local networks are first entangled by entanglement swapping, and then quantum communication protocols
are realized. We show that quantum teleportation between any two users belonging to space-separated local
networks can be realized with the assistance of other users, and squeezed thermal states can be remotely
prepared in one local network by performing a homodyne projective measurement on the state in another
distant local network. Our results provide a feasible approach for quantum communication between space-
separated quantum networks with multipartite entangled states.

Keywords quantum communication, quantum network, quantum teleportation, remote state preparation,
entanglement swapping, continuous variable

1 Introduction

Quantum networks enable users to implement quantum communication and distributed quantum com-
putation in a network [1-3]. To date, several quantum networks that enable users to share a secret
key, i.e., quantum key distribution networks, have been implemented [4-14]. In addition to these, it is
essential to establish quantum networks with entangled states that allow users to implement quantum
communication based on entanglement [2]. A natural method for constructing a local quantum net-
work with entanglement is to distribute multipartite entangled state modes to space-separated quantum
nodes [15,16]. A global quantum network can generally be built by connecting space-separated local
quantum networks [16,17]. For the local quantum networks established by multipartite entangled states,
it has been shown that quantum entanglement swapping between multipartite entangled states provides
a feasible method for merging space-separated local networks [18,19]. If a global quantum network
is established, it is urgent and essential to design quantum communication protocols between users of
space-separated local networks.

Quantum teleportation is a typical quantum communication protocol that transmits an unknown arbi-
trary quantum state from one station to another based on distributed quantum entanglement. Quantum
teleportation has rapidly progressed toward practical application [20]. For example, quantum telepor-
tation with discrete variables over 2 km in fiber channel [21], 143 km in a free space channel [22], and
1400 km from the satellite to the ground [23] have been realized. Deterministic quantum teleportation
of coherent [24-26], squeezed [27,28], and non-Gaussian states [29,30] have been experimentally demon-
strated for the continuous-variable (CV) system. Recently, CV quantum teleportation has also been
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realized in fiber channels with transmission distances of 6 [31] and 10 km [32]. For quantum communica-
tion networks, quantum teleportation between any two users in a local quantum network established by
a CV tripartite Greenberger-Horne-Zeilinger (GHZ) state can be realized in a collaboration model [15].

Remote state preparation (RSP) is another quantum communication protocol that transmits a known
state to a receiver based on shared quantum entanglement [33]. Compared with quantum teleportation,
RSP requires less classical information and does not require bell state measurement [33]. As a quantum
communication protocol, it is more secure than the direct transmission of a state [34]. Various types of
quantum states, such as the single photon state [35], sub-Poissonian state [36], superposition state [37],
cat state [38,39], continuous variable qubits [40], non-Gaussian state [41], and squeezed state [34], have
been remotely prepared, which are limited to point-to-point quantum communication. It has also been
shown that remote preparation of squeezed state based on a CV GHZ state can be realized by homodyne
projective measurement [42].

To date, quantum teleportation and RSP have been limited to a local network and/or point-to-point
communication. In this study, we propose quantum teleportation and RSP schemes between two space-
separated local networks established by CV GHZ states. To implement quantum communication proto-
cols, users belonging to two local networks, A and B, are first merged by quantum entanglement swapping.
Then quantum teleportation and RSP are implemented from one user in network A to another in network
B. We analyze the quantum teleportation and RSP in three cases where two local networks consisting
of two Einstein-Podolsky-Rosen (EPR) entangled states, a CV EPR entangled state and a CV tripartite
GHZ state, and two CV tripartite GHZ entangled states. The dependences of the fidelity of the teleported
coherent state, average photon number, and squeezing level of the remotely prepared squeezed thermal
state on the distance between two local networks are also presented. The results confirm the feasibility of
quantum teleportation and RSP between two distant local networks, and this has potential applications
in global quantum networks.

2 Principle

2.1 Connection of two local quantum networks by entanglement swapping

In this subsection, we consider quantum communication between one user in network A and another user
in network B, where two space-separated local networks, A and B, are established by distributed CV
multipartite entangled states consisting of n and m modes, respectively (Figure 1). To implement quan-
tum communication, entanglement among quantum nodes in the two local networks is first established
by entanglement swapping. Then, quantum communication between any two quantum nodes belonging
to networks A and B is implemented with the assistance of other quantum nodes.

An n-mode CV GHZ state f dz|z, @, x,. .., x) is the eigenstate with total momentum (phase quadra-
ture) zero p1 + P2 + P3 + --- + Py = 0 and relative positions (amplitude quadratures) &; — &; = 0
(i, =1,2,3,...,N) [43,44], where the amplitude and phase quadratures are defined by & = a' + & and
p = i(at — a), respectively. The EPR entangled state corresponds to the case of n(m) = 2, which has
the quadrature correlation of A2(#; — &2) = 272" and A%(p; + p2) = 272", where r is the squeezing
parameter. While the tripartite GHZ entangled state, corresponding to the case of n(m) = 3, has the
quadrature correlation of A%(Z; — &) = 2e7%" (i,j = 1,2,3) and A?(p; + po + p3) = e~ 7.

Quantum modes of the CV GHZ state prepared in the quantum server are transmitted through fiber
channels to space-separated quantum nodes to establish the local networks A and B. The distributed
modes in the local networks are expressed by A’ (B! ) = VTA,(Bp) + V1—T(0 + ¢), where T =
10~0-2L/10 represents the transmission efficiency in the fiber channel with distance of L km between the
user and server in a local network, U represents the vacuum mode introduced by the loss in the fiber
channel, and ( is the excess noise with the variance of § induced by the scattering in fiber and the jitter
of phase locking.

As shown in Figure 1, in the entanglement swapping, one mode from network A, for example, /11, is
transmitted through the fiber channel to one quantum node of network B, for example, B;. The joint
measurement is performed on A1 and 31 and the measurement results are fed forward to the rest quantum
nodes in network B [18]. After the entanglement swapping, two local networks are merged into a new
network with n + m — 2 nodes. The transmitted mode is given by A} = \/7_)1211 + V1T =10+ ¢), where

n = 1070-2Las/10 ig the transmission efficiency between two local networks separated by the distance
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Figure 1 (Color Online) Schematic of quantum teleportation between two users in two local networks. Modes A; and B; are
jointly measured to implement entanglement swapping. The remaining modes of Ay -+ A, of Alice’s network and By - - B, of
Bob’s network are entangled after the entanglement swapping. Quantum teleportation from node C; to node Cs3 of the merged
entangled state in case-III is realized with the assistance of the rest nodes Cs and C4 in networks A and B. AM: amplitude
modulator, PM: phase modulator, HD: homodyne detector.

LAB km.

Here, we take the following three cases as examples to demonstrate the feasibility of our scheme.

Case-1. Two local networks are composed of two EPR entangled states with n = m = 2 and they are
merged into a new EPR entangled state after the entanglement swapping.

Case-II. Two local networks are composed of an EPR entangled state and a tripartite GHZ state with
n = 2 and m = 3, respectively and they are merged into a new tripartite entangled state after the
entanglement swapping.

Case-III. Two local networks are composed of two tripartite GHZ states with n = m = 3 and they are
merged into a new four-partite entangled state after the entanglement swapping.

The details of the entanglement swapping in three cases can be found in Appendix A. In the case of
the CV GHZ states with n and m modes in networks A and B, a new CV GHZ state containing n+m — 2
modes is obtained after the entanglement swapping.

2.2 Quantum teleportation between two local quantum networks

Based on the merged CV GHZ entangled state C, quantum teleportation from one node in network A
to one node in network B can be implemented since the entanglement between quantum nodes of two
distant local networks has been established. As shown in Figure 1, an unknown input state is coupled
with the sender’s mode C; on a 50 /50 beamsplitter, and the homodyne detection is performed for the
output modes of the beamsplitter. The measurement results are given by

Gu = (Zin — 24)/V2,  Po = (Pin + Di)/ V2, (1)

where Z; (p;) is the amplitude (phase) quadrature of the sender’s mode and &, (pin) is the amplitude
(phase) quadrature of the input state. Then, the measurement results are sent to the receiver’s node via
classical channels. After receiving the measurement results from the sender, the receiver C; displaces his
mode correspondingly with the assistance of the rest nodes in networks A and B.

In case-I, after entanglement swapping, the two distant local networks are merged into a new EPR
entangled state with modes Cy and C. Quantum teleportation from C; to Cs can be implemented
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directly. After receiving the measurement results, the receiver implements the phase space displacement
operation. Therefore, the teleported field can be written as

itel = 3}2 + \/ﬁgiua f)tel = ﬁ2 + \/ﬁgﬁva (2)

where g represents the classical gain in quantum teleportation. By substituting (1) into (2) and consid-
ering the gain in the classical channel g = 1, we can rewrite the teleported field as

Ttel = Tin + (T2 — 1),  Prel = Pin + (P2 + P1). (3)

In the ideal case of infinite squeezing, we obtain Zie] = Zin and Pl = Pin, Since To — &1 = p2+p1 = 0. In
the case of finite squeezing and taking the channel parameters into account, the variances of amplitude
and phase quadratures of the teleported field are given by

T = A%Gq = cosh2r(g?°T +nG? + G* +T) — 6¢*(T — 1) — (¢*(T — 2))
—2GVT(g/1 + 1) sinh 2r — §(n — 1)G? =G> + G* = §(T — 1) — T + 1, (4)

oF = A%*pre =cosh 2r(g*T +nG? + G +T) — 6¢*(T — 1) — (¢*(T — 2))
—2GVT(g\/n+1)sinh 2r — 6(n — 1)G? —nG* + G2 — (T — 1) = T + 1, (5)

respectively, where G represents the classical gain of the entanglement swapping and § represents the
variance of excess noise in the fiber channel.

In case-11, after entanglement swapping, two distant local networks are merged into a new CV tripartite
entangled state with modes ¢y and Cs in network A, and C5 in network B. Quantum teleportation from
C4 to (5 can be implemented with the assistance of C3. An unknown state is coupled with mode C’l,
and homodyne detection is performed on the output modes of the beamsplitter. Simultaneously, the
phase quadrature of mode Cs is measured. To implement quantum teleportation, the results of joint
measurement and node C are simultaneously fed forward to Cs (see Appendix B for detailed analysis).
Subsequently, the output state is obtained after the phase space displacement operation.

In case-IlI, after entanglement swapping, the two distant local networks are merged into a new CV
four-partite entangled state with modes ¢y and Cg in network A, Cy and C in network B. For example,
quantum teleportation from Cy to Cy is implemented with the assistance of C5 and Cy (Figure 1). In
the teleportation process, the joint measurement results of the input mode and C’l, as well as the phase
quadrature measurement results of Cs and 6’4, are fed forward to C’Q, which is realized by simultaneously
adding the measurement results of the amplitude and phase quadratures to the amplitude and PMs (see
Appendix B for detailed analysis). Consequently, the teleported field at quantum node Cs is obtained
after the phase space displacement operation, which is implemented by using electro-optical modulators
and a 99 : 1 beam splitter (Figure 1). Here, the 99 : 1 beam splitter is used to reduce the loss of
the entangled mode introduced by electro-optical modulators, which is widely used for the displacement
operation in CV experiments [45,46]. In this case, the 99 : 1 beam splitter introduces only 1% loss to the
entangled mode (reflecting 99% of the entangled mode and transmitting 1% of the modulated coherent
beam). If the reflection of the beam splitter is reduced, more loss is introduced to the entangled mode,
which decreases the fidelity of quantum teleportation.

In the case of the CV GHZ states with n and m modes in networks A and B, to implement quantum
teleportation between a user (sender) in network A and a user (receiver) in network B, the measurement
results of phase quadratures of the rest n +m — 4 users are simultaneously sent to the receiver in addition
to the joint measurement results in the sender’s station. After receiving the classical information sent by
the sender and other users, the receiver performs a displacement operation on its own optical mode to
recover the input state. Thus, quantum teleportation between any two users in networks A and B built
by two CV GHZ states with n and m modes can be achieved with the help of other users [43].

2.3 Remote preparation of squeezed thermal state between two distant local networks

To implement RSP between nodes at networks A and B, the two networks are merged into one using
entanglement swapping, as presented above. Based on the merged CV GHZ entangled state C, one
user measures mode C; originally in network A with an HD and post-selects the measurement results to
realize the homodyne projective measurement (Figure 2). If the measurement results at node C; satisfy
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Figure 2 (Color Online) Schematic of RSP between two users in two local networks. Modes A; and B; are jointly measured
in the entanglement swapping process. The remaining modes of Ay -+ A, of Alice’s network and By - - - B, of Bob’s network are
entangled after the entanglement swapping. A squeezed thermal state can be remotely prepared on node Cy at Bob’s local network
by performing the homodyne projective measurement on node Cy or C3 at Alice’s network. The classical channels from node C;
(or C3) to node Cs are used to transmit the information about the time that the states collapse to squeezed thermal states.

the condition of z4 = 0, the users at node C; in network B record the data and reconstruct the quantum
state. The amplitude-squeezed thermal states can be prepared at the remaining nodes of network B [42].
The Wigner function of the merged entangled state C with & = n + m — 2 modes is expressed by [47]

1 1
W(xc"pC7$C”pC”---’xC apC):iexp{__ €T0_1€ }a 6
1 1 2 2 k k \/m(?n)k 2 ( ) ( )
where o is the covariance matrix of the state C, f = (20,,PC1 205, DCss - - s By, Doy, ) T is the vector of

the amplitude and phase quadratures of the entangled state. The Wigner function of the homodyne
projective measurement IT, on amplitude quadrature of the mode C} is expressed by [48]

W] (zc,) = 6(we, — @), (7)

where « is the projective value and it equals zero for the RSP of squeezed thermal states.

In case-1, after entanglement swapping, the modes ¢} in network A and C, in network B form a CV
EPR entangled state. To implement RSP between nodes at networks A and B, homodyne projective
measurement is implemented on amplitude quadrature of mode Cy. Correspondingly, a squeezed thermal
state is obtained at node Cy with the Wigner function expressed by

ww@mm://mea%xwmmmm (8)

where W5 is the Wigner function of the merged EPR entangled state which can be obtained from the
covariance matrix of the merged EPR entangled state according to (6).

In case-II, two modes C’l and C’g in network A and one mode C’g in network B form a tripartite
GHZ state after the entanglement swapping. To implement RSP between nodes at networks A and B,
homodyne projective measurement is implemented on the mode o (or C’g) Correspondingly, a squeezed
thermal state is obtained at the node Cs in network B with the Wigner function expressed by

Wm%mJ:/m/®m®aMWMM%XWmA%J (9)
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Figure 3 (Color Online) Dependence of fidelity on the transmission distance Lap between two local networks. The black solid,
red dashed, and blue dotted curves correspond to case-I, case-II, and case-1II of teleportation are based on a merged EPR state,
tripartite entangled state, and four-partite entangled state, respectively. The squeezing parameter of the entangled state is r = 1.15
and the variance of the excess noise in the fiber is § = 0.01 in the calculation.

where Ws is the Wigner function of the merged tripartite entangled state which can be obtained from
the covariance matrix of the merged tripartite entangled state.

In case-III, two modes 6'1 and C’g in network A and two modes 6'2 and 6'4 in network B form a four-
partite CV GHZ state after the entanglement swapping. To implement RSP between nodes at networks
A and B, homodyne projective measurement is implemented on the amplitude quadrature of the node Cy
(or C3). The squeezed thermal state is obtained at node Cy (or Cy4) in network B. The Wigner function
of the state at node C5 is expressed by

W(xc2ap02) = /"'/dxC1dp01dx03dp03dmC4de4W4 X W[Hz](l‘cl), (10)

where Wy is the Wigner function of the merged four-partite entangled state which can be obtained from
the covariance matrix of the merged four-partite entangled state.

In the case of the CV GHZ states with n and m modes in networks A and B, to implement RSP between
a user in network A and a user in network B, if the homodyne projective measurement is performed on one
mode in network A, the m — 1 modes in network B collapse to squeezed thermal state simultaneously [42].
Therefore, remote preparation of the squeezed thermal state can be achieved between networks A and B
built by two CV GHZ states with n and m modes.

3 Results

3.1 Results of the quantum teleportation

The performance of quantum teleportation between space-separated networks A and B is verified by
quantum fidelity which quantifies the overlap between the input state and the received state. When a
coherent state is the input state, the fidelity of quantum teleportation is given by [24,26]

2 2
F=— - in217 27 11
~o |~ o lwl* (- g) (11)

where og = /(1 +0%,)(1 + of,) is the variance of the @ function of the teleported field, 0%}, and of,
are the variances of amplitude and phase quadratures of the output state in the Wigner representation, g
is the gain of the classical channel which is chosen to be unit in our calculation and v;, is the amplitude
of input coherent state.

Here, we consider quantum teleportation between two star-shaped local networks with a radius of
L =5 km, i.e., the distances between users and quantum sever are 5 km. Two GHZ entangled states with
a squeezing parameter of » = 1.15 are produced by quantum servers in the two networks. Figure 3 shows
the dependence of fidelities of quantum teleportation on the transmission distance between networks for
three cases. For quantum teleportation without entanglement, the corresponding fidelity is 0.5, which is
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Figure 4 (Color Online) Wigner functions of the squeezed thermal states obtained by the receiver with transmission distances
(a) Lag = 0 km, (b) Lag = 20 km, and (c) Lag = 40 km in case-I. The squeezing parameter of the entangled state is r = 1.15
and the variance of the excess noise in the fiber is § = 0.01 in the calculation.

known as the classical limit. The total distance between two users is Ly = (Lap + L+ L) km, where Lap
is the distance between two local networks. When the distance Lap is zero, the total distance between two
users at nodes C and C5 is 10 km, and the fidelity for quantum teleportation of a coherent state are 0.74,
0.7, and 0.67 for case-I, case-1I, and case-1II1, respectively. The fidelities of the teleported coherent states
decrease with increasing distance between the two local networks. Fidelities of quantum teleportation
are below 0.5 when the distances Lap are more than 22, 22, and 17 km for case-I, case-II, and case-III,
respectively. This implies that the quantum teleportation of the coherent state between nodes C; and
C5 with distances shorter than 32, 32, and 27 km can be realized for the three cases, respectively.
Different user numbers are involved in case-I, case-II, and case-III. It is obvious that the fidelities
and transmission distances of the three cases decrease with increasing user numbers in the two local
networks. This is mainly because all users are distributed 5 km from the server in the local networks,
which decreases the entanglement of the multimode entangled state with the increase in user numbers.

3.2 Results of remote preparation of squeezed thermal states

The performance of RSP between two star-shape local networks is quantified by the squeezing level and
average photon number of the remotely prepared squeezed thermal state. The Wigner function of an
ideal squeezed thermal state is given by [49]

W = ! x%’“ p%’“ 2(142n 12
(s01p0) = g o4 (25 + 28 ) 2 om (12)
where 7 is the average photon number of a squeezed thermal state. By calculating the fidelity of RSP,
i.e., the overlap between the remotely prepared state and an ideal squeezed thermal state, the squeezing
level and average photon number are obtained by the maximum fidelity.

For example, in case-1, a squeezed thermal state is obtained at node C5 in network B by implementing
a homodyne projective measurement on node C; in network A. Figure 4 shows the Wigner functions
of the remotely prepared squeezed thermal states at different transmission distances between two local
networks of Lag = 0 km, Lag = 20 km, and Lap = 40 km, corresponding to the total distances between
two users of Ly = 10 km, Ly = 30 km, and Ly = 50 km, respectively. It is obvious that the squeezing
along the amplitude direction of the remotely prepared state decreases as the transmission distance Lap
increases. This is because the shared entanglement between C; and Cy decreases.

Figures 5(a)—(c) show the dependence of the squeezing levels, average photon numbers, and fidelities of
the remotely prepared squeezed thermal states on the transmission distance between two local networks.
The squeezing levels and average photon numbers are obtained from the maximum fidelity of RSP. A
detailed calculation can be found in Appendix C. When the distance Lap is zero, squeezed thermal states
with squeezing levels of —3.9, —4.5, and —6 dB and corresponding average photon numbers of 0.35, 0.5,
and 0.85 are remotely prepared for case-I, case-II, and case-III, respectively (Figures 5(a) and (b)). As
shown in Figure 5(c), the fidelity of the remotely prepared squeezed thermal state is always equal to one
at different transmission distances.
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Figure 5 (Color Online) Dependence of (a) squeezing level, (b) average photon number, and (c) fidelity of the remotely prepared
squeezed thermal states on the transmission distance between two local networks. The black solid, red dashed, and blue dashed-
dotted curves correspond to case-I, case-II, and case-III of RSP are based on a merged EPR state, tripartite entangled state, and
four-partite entangled state, respectively. The squeezing parameter of the entangled state is » = 1.15 and the variance of the excess
noise in the fiber is § = 0.01 in the calculation.

As the distance between the two local networks increases, the squeezing level of remotely prepared
squeezed thermal states decreases. This is because the mode used to perform entanglement swapping
involves loss and noise in the fiber channel, which decreases the entanglement. In case-I and case-II,
squeezing levels approach zero, and the average photon numbers approach the value of the single mode of
the merged entangled state as the distance approaches infinity. In case-III, the squeezing level approaches
—4.2 dB, and the average photon number approaches 0.67 as the distance approaches infinity. This is
because the state at node Cy after entanglement swapping is a squeezed thermal state with a squeezing
level of —4.2 dB and an average photon number of 0.67.

4 Conclusion

In this study, we propose quantum teleportation and RSP between users of two space-separated local
networks established by CV multipartite entangled states. Here, two local networks are first connected
by entanglement swapping. These two quantum communication protocols are then realized based on
a merged CV EPR entangled state, a merged tripartite CV GHZ entangled state, and a merged four-
partite CV GHZ entangled state. We demonstrate that quantum teleportation of a coherent state between
any two users of space-separated local networks of a distance of approximately 30 km can be realized,
with the assistance of other users. Moreover, we show that remote preparation of squeezed thermal
states is achieved between the users from two local networks with a distance of approximately 80 km by
performing homodyne projective measurement on the state in one local network. Our results demonstrate
the feasibility of quantum teleportation and RSP in merged networks and provide a feasible method for
quantum communication between space-separated quantum networks.
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