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Abstract A model reduction approach is presented for discrete-time linear time-variant input-delayed
systems. According to this proposed approach, a dynamical variable is constructed by taking advantage
of the current state and historical information of input. It is revealed that the behavior of this dynamical
variable is governed by a discrete-time linear delay-free system. It is worth noting that the presented variable
transformation does not require the system matrix to be invertible. Based on the reduced delay-free models,
stabilizing control laws can be easily obtained for the original delayed system. For the case with a single
input delay, the constructed variable is an exact prediction for the future state, and thus the stabilizing
control law could be designed by replacing the future state with its prediction. Finally, three discrete-time
periodic systems with delayed input are employed to illustrate how to utilize the presented model reduction
approaches.

Keywords reduction approach, predictor-based feedback, time-varying systems, delayed input, periodic
system

1 Introduction

Time delays appear in practical engineering plants with aftereffects. Some familiar examples include the
manufacturing process [1] and the internal combustion engine [2]. In addition, owing to the information
transmission for feedback control, delays may arise in control inputs [3]. Owing to the wide applications,
systems with delayed states and/or delayed inputs have been attracting persistent attention from many
researchers [4-6].

A state transformation was proposed by Kwon and Pearson [7] to develop controllers for linear time-
invariant (LTT) systems with delayed control. It was revealed in [7] that the dynamics of the new variable
is governed by an input-delay-free system. Further, a control law was designed to stabilize this input-
delayed system with the aid of the reduced delay-free system. In 1982, the approach in [7] was generalized
by Artstein to general continuous-time LTI (CT-LTT) input-delayed systems in [8], where the approach
was named reduction approaches. In [9], a class of feedback control laws using past information of the
control input was developed for LTI systems with general input-delays. According to the result in [9],
the resultant closed-loop system possesses a preassigned finite spectrum in the complex plane. It was
pointed out by Artstein in [8] that the reduction-type scheme was implicitly utilized in the finite-spectrum
approach in [9].

Since 1982, the model reduction method presented by Artstein has been widely utilized, and has been
named Artstein’s reduction method [10,11], or Artstein reduction [12]. In [13], the model reduction
approach was applied to CT-LTT input-delayed systems subjected to parameter uncertainties and the
feedback gain in the reduction-based control law was given by feasible conditions of a group of linear
matrix inequalities. In [14], a state transformation as presented in [7,8] was utilized to design a control
law to robustly stabilize continuous-time uncertain systems with a time-variant input delay by adopting
the linear matrix inequality (LMI) technique. Such a state transformation was also used in [15,16] to
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design robust stabilizing controllers of uncertain CT-LTT systems with one unknown input delay. Based
on the variable change in [8] for CT-LTI systems with multiple input delays, a recursive method was
presented in [17] to establish controllers of blocked linear systems with delayed inputs, delayed outputs,
and delayed interconnections among these blocks.

The Artstein’s reduction method has also been utilized in discrete-time input-delayed systems. In [11],
the Artstein’s reduction method was utilized to stabilize an uncertain discrete-time LTT system with one
time-variant input-delay. A state transformation was firstly constructed by using the bounds of the input
delay, and then the LMI technique was used to solve the control gains. The reduction method presented
by Artstein was generalized in [18] to transform discrete-time LTT systems with multiple input-delays
into delay-free systems. The reduction method in [18] was also utilized in [19] to design an observer-
based controller of discrete-time LTI plants with multiple input-delays. Obviously, system matrices are
required to be invertible when the reduction methods in [11,18] are utilized. Recently, the model reduction
technique was also utilized to design anti-disturbance control laws for a discrete-time LTI system with a
delayed input and a delay-free input in [20].

In the aforementioned results on model reduction approaches, the involved systems mainly include LTT
systems with input-delays. Recently, model reduction approaches were investigated for linear time-variant
(LTV) systems with single constant input-delays in [21], where two state transformation methods were
presented to convert delayed systems into delay-free systems. In the first method, the state transition
matrix obtained by setting the input to zero needs to be utilized. In the second method, the transition
matrix was not utilized under the condition of the periodicity of the system matrix. The model reduction
approach was further investigated in [22] for an LTV system with one input-delay by using Floquet theory.
The key of the approach in [22] is to reduce the considered time-variant system to a new system with a
time-invariant system matrix.

In the results of the aforementioned studies, the state transformation generated by taking advantage
of current states and past information of control input plays a key role. In [23], a predictor to exactly
predict a certain future state was utilized to construct a control law for continuous-time LTT input-delayed
systems with a single constant delay. The application of this control law results in a closed-loop system
with a finite spectrum. The prediction scheme in [23] was also applied in [24] to design dynamical control
laws in the form of observer-based state feedback in LTI systems with uncertain time-variant delays in
inputs and outputs. In [25], exact predictor-based feedbacks were designed for multi-input LTT systems
with distinct input-delays. Actually, there also exist state transformations in the control law. In [26], the
prediction scheme for continuous-time LTT systems with single delays was utilized to establish controllers
for a type of input-delayed system with a stochastic delay. Compared with the results in [13,16], a
significant difference of the schemes in [23-25] lies in the fact that the state transformation is constructed
based on the zero-input response (not simply the state) plus past information of control input, and
the change variable is the exact prediction of delayed systems. The discrete counterpart of the scheme
in [23] was investigated in [27], and a prediction scheme was also given. The method in [27] does not
require invertibility of the system matrix, which overcomes the shortcoming of that in [11]. It is easily
found that time-delay systems can also be converted into ordinary systems without delays when the state
transformation is defined according to the prediction schemes in [23,27]. Such a fact implies that the
predictor-based feedback should be viewed as a reduction-type scheme.

In the present paper, discrete-time LTV systems with multiple input-delays are investigated. We aim to
develop a model reduction approach to convert such a class of delayed systems into time-variant systems
without delays. The motivation for such an investigation stems from two aspects. On one hand, time-
variant discrete-time and continuous-time systems should play equally important roles. However, there
seems a lack of results on the model reduction approach for discrete-time LTV systems with multiple
input delays. On the other hand, the system matrix is required to be invertible for some existing results
on model reduction for discrete-time LTI systems. If the result in this current paper is adopted in
discrete-time LTT systems with multiple input-delays, the invertibility restriction for system matrices can
be removed.

Throughout this paper, for two integers a < b, the set {a,a + 1,...,b} is defined as [[a, b].
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2 Problem formulation and preliminaries

In this paper, two types of discrete-time linear time-variant (DT-LTV) delayed systems are investigated.
The first type of systems is in the form of

N

2(t+1) = A(M)x(t) + Y Bi(tyult — hi), (1)

=0

where x(t) € R™ is the system state, u(t) € R" is the control input, h;,i € 1[0, N] are known input delays,
and A(t) € R"*™ and B;(t) € R"*", ¢ € [[1, N] are matrix sequences with proper dimensions. Without
loss of generality, the delayed inputs can be assumed to be ordered such that 0 = hg < hy < hy < --- <
hny = h. The second type of systems takes the following form:

a(t+1) = At)a(t) + Z bi (t)ui(t — hy), (2)

where u;(t) € R,i € I[1,r] are the scalar inputs, and b;(t) € R™,¢ € I[1,7]. Similarly, for the system (2)
the scalar delayed inputs are also assumed to be ordered such that 1 < hy < he < --- < h, = h. For the
system (1), there are multiple delays in the same control input. Moreover, these delays are the same for
all the input channels. For the system (2), the input delays in different input channels may be distinct.
For the system (2), let

BO) = [0 1at) -+ 1) ] €271 ) = [1n0) wa0) -+ )] R (3)

If all the input-delays h;,i € I[1,r] are equal to h, the system (2) is degraded to the following system
with a single input delay
z(t+1)=A)x(t) + B(t)u(t — h). (4)

For LTT input-delayed systems, the celebrated model reduction approach [8] and the finite spectrum
assignment approach [9] can be used to transform them into delay-free systems. For LTI systems with
single input-delays, the control laws designed by these two approaches possess the structure of predictor-
based feedback. For this case, the predictor is utilized to predict a certain future state of the original
system. The concept of finite spectrum is not appropriate for LTV systems. In this paper, we aim to
generalize the model reduction approach in [8] to DT-LTV input-delayed systems. In addition, feedback
control laws are also designed to stabilize the delayed systems (1) and (2) with developed model reduction
methods as tools.

In the sequel, the concept and properties of transition matrices are introduced for DT-LTV systems.
For details, one can refer to [28].

Definition 1. For the DT-LTV system
z(t +1) = A(t)z(t) + B(t)u(t) (5)

with the state z(t) € R™ and the input u(t) € R, a matrix sequence ®(k,1) is called its transition matrix
if ®(k,1) satisfies
O(k+1,1) = A(k)D(k, 1),
{ Ok, k) =1,
for any integers k and [.
According to Definition 1, it is easily known that ®(I + 1,1) = A(l), and

(k1) = Ak — )A(k —2)--- A(D), k > 1. (6)

In addition, the system matrix A(t) and transition matrix ®(k, () satisfy the commutativity-like law. This
is the following conclusion.

Lemma 1. For the DT-LTV system (5), let ®(k,[) be its transition matrix. Then, for & > [ there holds

Ok, 1) = Bk, + 1)A(l).
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With transition matrices as tools, the state response of the system (5) could be explicitly expressed.
Lemma 2. For the system (5), let ®(k, 1) be its transition matrix, and xg be the initial value of z(t) at
t = to. Then, the state response of this system is explicitly given as

t—1

(t) = ®(t,to)zo + »_ B(t i+ 1)B(i)uli). (7)

1=to

At the end of this section, a formula for the determinant of partitioned matrices is provided in the
following lemma. This result will be used in the sequel three sections.

Lemma 3. Let A and D be two square matrices, and B and C' be matrices with appropriate dimensions.
If D is invertible, then there holds

A

det = det D det (A — BD*1C’) .

3 The case with a single input delay

In this section, the system (4) with a single input-delay h > 0 is investigated. It has been known that the
dynamic of an h-ahead step predictor of a discrete-time linear time-invariant system (DT-LTI) with a
single input-delay can be characterized by a delay-free system. Inspired by this result, the exact prediction
scheme is taken into consideration for this time-varying system (4).

By using Lemma 2, the exact expression for a certain future state x(t 4+ h) is expressed as

t+h—1
a(t+h) =@t +ht)a(t) + > O(t+h,i+1)B(i)uli—h) (8)
i=t
by utilizing the current state and historical information of the control input. The right-hand side in (8)

is available at time instant ¢. For the notational convenience, let y,(t) denote it. That is to say, xx(t) is
the exact estimation for the future state x(t 4+ h) of (4). By simple calculation, it is deduced that

t—1

Xn(t) = ®(t+h,t)a(t) + > B(t+hh+j+ 1B+ julj). (9)
j=t—h

For the variable transformation in (9), the following conclusion is obtained.

Theorem 1. For the discrete-time LTV delayed system (4), construct a variable change in (9). Then,
the dynamic equation of y(¢) can be characterized by

Xn(t+1) = A(t+ h)xn(t) + Bt + h)u(t). (10)

Proof. By using the system equation in (4), for the variable x5 (¢) in (9) it is deduced that

Ot + 1+ ht+Dat+1)+ Y ®E+1+hh+j+1)Bh+ j)u))
j=t+1—h
= Ot +1+h,t+1)[A)z(t) + Bt)u(t — h)]

Xn(t+1)

t

+ > ®t+1+hh+j+1)B(h+j)ulj)

j=t+1—h

Dt +1+ht+D)AB)zE) + Ot +1+ht+ 1)BE)ult — h)
t

+ Y @(t+1+hh+j+1)B(hA+ jul).

j=t+1—h

By using the property in Lemma 1 for transition matrices, from the previous expression we have

Xn(t+1) =@t +1+h,t)x(t) +(t+ 1+ h,t+1)B(t)u(t — h)
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t—1
+ Y (t+1+4hh+j+1)B(h+ j)ul))

+B(t + h)u(t) — ®(t + 1+ bt + 1)B(t)u(t — h)
= O(t+ 1+ h,t)z(t) + z_: Bt + 1+ h,h+j+1)B(h+ j)u(j) + B(t + h)u(t).

j=t—h

By Definition 1, from the previous relation it is deduced that

Xa(t+1) = A(t + R)®(t + h,t)z(t) + A(t + h) z_: Ot + hyh+ 3§+ 1)B(h+ j)u(j) + B(t + h)u(t)
j=t—h
= A(t+h) |®(t + h, t)x(t) + Y O(t+h,h+5+1)Bh+u(j) | + B+ h)u(t)
j=t—h

= A(t + h)xn(t) + B(t + h)u(t).

This is the conclusion of this theorem.

It is revealed in Theorem 1 that the input-delayed system (4) is converted into the delay-free system
(10) under the variable change (9). According to this result in Theorem 1, a controller can be established
to stabilize the delayed system (4). If its corresponding delay-free system (5) has a stabilizing law
u(t) = K(t)x(t), then under the control law u(t) = K(t + h)xx(t) the closed-loop system of (10) is
obtained as

Xn(t+1) = [A(t+ h) + B(t + h)K(t + h)] xn(t), (11)

which is asymptotically stable. In this case, lim;— o x5 () = 0, and thus lim;—, o u(t) = 0. With these
two relations, it follows from (9) that
tlim O(t + h,t)z(t) = 0. (12)
—00
If the system matrix A(t) is invertible and bounded for each ¢, then ® (¢ + h,t) is invertible and bounded
for each ¢. Thus, it is immediately obtained from (12) that lim; o, 2(¢) = 0. This is the result of the
following theorem.
Theorem 2. For the DT-LTV system (4) with an input-delay, it is assumed that the system matrix
A(t) is invertible and bounded for each . If u(t) = K (t)xz(t) is a stabilizing controller of its corresponding
delay-free system (5), then the control law

u(t)=K(@t+h) | O+ h,t)z(t) + z_: O(t+h,h+j+1)B(h+ j)u(y) (13)

j=t—h

can stabilize the delayed system (4).

It should be pointed out that the term in the square bracket of the control law (13) is the exact
estimation of the future state x(t + h) of the system (4). In this sense, the control law (13) possesses the
structure of predictor-based state feedback. Such a control law was also provided in Chapter 8 of [29).
On the other hand, it seems difficult to prove the result of Theorem 2 for the case where A(t) is not
invertible for each t. Nevertheless, it should be conjectured that this conclusion still holds for this case.
At the end of this section, we attempt to confirm that the result of Theorem 2 is true for time-invariant
systems without the requirement for the invertibility of the system matrix.

When the system (4) is time-invariant, it can be simply written as

x(t+1) = Ax(t) + Bu(t — h). (14)
According to Theorem 1, a variable transformation for this system can be given as

(t) = Aha(t) + 3 AIBu(j), (15)

j=t—h
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and the dynamic equation of xy,(¢) is
Xh(t + 1) = Axh(t) + Bu(t)

According to this model, a control law for (14) can be designed as

u(t) = K | Alz(t) + z_: AT Bu(j) | . (16)

j=t—h

Such a predictor-based feedback was utilized in [27]. In addition, this control law was also utilized as a
basis to attenuate external disturbances in [30]. Since the considered system (14) is a linear time-invariant
system, the spectrum of the resultant closed-loop system can be explored. Such investigation was not
conducted in [27,30]. A possible reason is that it is a bit difficult to deal with the case where the system
matrix A is singular. In the following theorem, the spectrum property of the closed-loop system under
the control law (16) is characterized.

Theorem 3. For the discrete-time LTT delayed system (14), under the control law (16) the characteristic
equation of the resultant closed-loop system is det(z/ — A — BK) = 0.

Proof.  Let xz(z) and u(z) denote the Z-transformations of x(¢) and u(t), respectively. Taking Z-
transformation for the delayed system (14) gives

zx(2) = Az(2) + 27 "Bu(z). (17)
In addition, it is easily derived that the control law (16) can be equivalently expressed as

h—1
u(t) = KA"x(t) + K Y A/Bu(t—j —1). (18)

=0

By carrying out Z-transformation for both sides of (18), it is derived that

h—1
u(z) = KA"z(2) + K Z 2797 AY Bu(z). (19)
j=0
Let
zI, — A —2""B
M (z) = , R (20)
KA -L+K> i 5z A’B

By combining (17) and (19), the following matrix-vector form can be obtained:

M (2) [IT(Z) uT(2) }T =0.

Thus, the characteristic polynomial Aq(z) of the closed-loop system for the considered system (14) under
the control law (16) is obtained as
Aq(z) = det M (2).

I 05 r
M(Z) = h—1 " . e ) (21)
KZ]’:O Zh=1-3 AJ I,

Let

and notice that

0
=K (Ah_1 +2AM2 o 2A zh_lln) (21, — A)
K ("1, — AM). (22)
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Then, it is derived that

zI, — A —2~"B

M(z)My(z) =
( ) 1( ) K(zhln—Ah)-i-KAh —1I,

|2l — A —zhB
a 2hK -1

from which, by using Lemma 3, we have

det [M (2)M1(2)]
=det(—1,)det [2I, — A— 2" "B(I,)"" (:"K)]
= (—1)"det (21, — A— BK).

In addition, it is obvious that det M (z) = 1. Combining this with the previous relation gives Aq(z) =
(—=1)"det (2I,, — A — BK). From this, the conclusion of this theorem can be immediately obtained.

According to Theorem 3, if K is a stabilizing feedback gain for the delay-free system (¢t + 1) =
Axz(t) + Bu(t), then the control law (16) can stabilize the delayed system (14). It should be pointed out
that this conclusion does not require the invertibility of the system matrix A.

4 The case with multiple input delays

DT-LTV systems with general multiple input delays are investigated in this section. The considered
system is in the form of (1). Similarly to the case in Section 3, the aim in this section is to transform
the system (1) into a system without delays. In Section 3, it has been revealed that the dynamics of the
ahead prediction is a delay-free system. For this reason, we firstly investigate the h-ahead prediction for
the system (1).

By using Lemma 2, the future state (¢ + h) for the system (1) is expressed as

t+h—1 N
2(t+h) = S(t+ht)at)+ > S(t+hj+1)> Bi(j)u(j — hi)
j=t i=0
N t+h—1
= ®(t+ht)zt)+ Y Y Ot +hj+ DBi(j)ulj — hi).
i=0 j=t

Let k = j — h;. In view of hg = 0, by the previous relation it is deduced that

N t+h—1—h;
O(t+ht)z(t)+> > (t+h b+ k+ 1)Bi(h + k)u(k)

i=0 k=t—h;

t—1
= (t+htat) + Y ®(t + h, hi + k + 1)Bi(hi + k)u(k)
i=1 k=t—h;
N—1t+h—1—h; t+h—1
- > @(t+hhi+k+1)Bi(hi + k)u(k) + > ®(t+h,k+ 1)Bo(k)u(k). (23)

k=t k=t

z(t+h)

.
Il
i

In the previous expression, the last two terms cannot be available at the current time instant t. Therefore,
we cannot construct a new variable in terms of the true prediction of the state x(t + h). Alternatively,
the last two terms in (23) are deleted, and the following variable transformation is constructed

N t—1
Ent) = ©(t+ht)z(t)+ > Y Ot +hhi +j+ 1)Bi(hi + j)u(y). (24)

i=1 j=t—h,

For this new variable &, (t), the result in the following theorem is obtained to describe its dynamics.

Theorem 4. Given the DT-LTV delayed system (1), construct a variable &, (t) in (24). Then, the
dynamic equation of &, (t) can be characterized by

En(t+1) = At + h)&n(t) + B(t + h)u(t), (25)
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with

N
B(t+h)=>_"®(t+1+hhi+t+1)Bi(h; +1). (26)
i=0

Proof. By using the system equation (1), for the variable &, (¢) in (24) it is deduced that

N t
Ot +1+ht+Det+1)+> Y (t+1+hhi+j+ 1)Bi(hi + j)u())
i=1 j=t+1—h;

En(t+1)

= ®(t+1+ht+1) [A@B)z(t) + > Bi(t)u(t —

+> > (414 hhi+j+ 1)Bi(hi + j)u())
i=1 j=t+1—h;
N
O(t+1+h,t+ D)AE)z() + (t+ 1+ bt +1) > Bi(t)u(t — hy)
=0

N t

+3° N @+ 1+ hhi+j+ 1)Bi(hi + j)u(y).
i=1 j=t+1—h;

By using Lemma 1, in view of hy = 0 it follows from the above relation that

Gt +1) =t +1+ht)at)+P(t+1+ht+1) ZB u(t — hy)
i=0

N t—1
+>° ) @(t+ 14 hohi+j+ 1)Bi(hi + j)u(j)

i=1 j=t—h;
N

+ D Ot + 1+ h, b+t + 1) Bi(hs + thu(t)
1=1
N

=D @(t+ 1+ ot + 1)Bi(tyu(t — hi)
=1

= ®(t+1+h,t)x(t) +@(t+ 1+ h,t + 1)Bo(t)u(t)

N

+3° N @t + 1+ hyhi+j+ 1) Bi(hi + §)ulj)
i=1 j=t—h,
N

+ > D(t+ 1+ h, b+t + 1)Bi(hi + thu(t). (27)
=1

From Definition 1, it is derived from (27) that

N t—1
En(t+1) = A(t+ )@t +h,a(t) + At +h)> > ®(t+h hi +j+ 1)Bi(hi + j)ulj)

i=1 j=t—h,
N
+ > D(t+ 1+ h, b+t + 1)Bi(hi + thu(t). (28)
1=0

By defining the time-varying matrix B(¢ + h) as in (26), the expression in (28) is rewritten as

N
En(t+1) = A(t+h) | Ot +ht)a(t) + > Z Ot + hyhy + 7+ 1)Bi(hi + Hu(G) | + B(t + h)u(t),

i=1 j=t—h,

which is the system (25) without input delays. The proof is thus completed.
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In Theorem 4, a model reduction approach has been presented to transform the time-varying discrete-
time input-delayed system into a delay-free system by constructing a new variable in terms of the state
and historical information of control input. Different from the system with one input-delay, the defined
variable & (t) is not the prediction for the future state of (1).

From the result in Theorem 4, the stabilization problem for the delayed system (1) may be solved
based on its reduced delay-free system. According to Theorem 4, its corresponding delay-free system is

w(t +1) = A)z(t) + B(t)u(t), (29)

where B(t) is obtained by (26). It should be pointed out that the time-variant matrix B(t) is related to
all the input delays h;, i € 1[1, N]. Now, assume that its corresponding delay-free system (29) is stabilized
by controller u(t) = K(t)x(t). Then, the control law u(t) = K (t + h)&,(t) can stabilize the system (25).
With this, similar to the case with a single input delay the following conclusion is easily obtained.

Theorem 5. For the DT-LTV system (1) with multiple input-delays, its corresponding delay-free system
is given in (29), where the time-variant input matrix B(t) is provided in (26). If the system matrix A(t)
is invertible and bounded for each t, and u(t) = K(t)x(t) is a stabilizing controller of the system (29),
then under the control law

N t—1
u(t) = K(t+h) |®t+ht)zxt)+ Y > @t +hhi+j+1)Bi(hi + j)u(j)| . (30)

i=1 j=t—h,

the resultant closed-loop system is stable.

Similarly to the case in Section 3, it is a bit difficult to prove the conclusion of Theorem 5 without the
requirement of invertibility of the system matrix A(t). At the end of this section, we make much effort
to provide complete results for time-invariant systems.

The result in Theorem 4 is applicable for DT-LTT systems with multiple input-delays in the following
form:

N
a(t+1) = Az(t) + > Byu(t — hy). (31)
=0

Similar to the system (1), the delayed inputs are ordered such that 0 = hy < by < hg < -+- < hy = h.
For this time-invariant system, there hold

O(t+h,h;+j+ 1) = Ath=himi=1
and
Q(t+1+hhi+t+1)=A""

Thus, from Theorem 4 a conclusion can be deduced as a corollary.

Corollary 1. For the LTI delayed system (31), construct the following variable:

N t—1

En(t) = Ala(t) + > Y AFThThTITBj), (32)

i=1 j=t—h,

Then, the system (31) is transformed into the delay-free system

N
En(t+1) = A& () + <Z A’l—”iBZ) u(t). (33)

Remark 1. A model reduction is also considered for the DT-LTI system (31) in [18], where the variable
transformation is constructed as

N h;

() =a(t)+ > > A" Bt - j),

i=1 j=1
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and the delayed system (31) is transformed into

N
Ct+1) = Az(t) + <Z A’“BZ) u(t).

Obviously, the approach in [18] needs a restriction that the system matrix A of the system (31) is
invertible. However, such a restriction can be avoided if Corollary 1 is applied. This fact illustrates the
advantages of the model reduction approach presented in the current paper.

Based on the resulting delay-free system (33) and the variable transformation (32) in Corollary 1, the
following control law can be designed:

N t—1

u(t) =K |Alz(t) + > Y AT Bgg) (34)

1=1 j=t—h;

for the delayed system (31). The spectrum of the closed-loop system under this control law is characterized
in the following theorem.
Theorem 6. The characteristic equation of the closed-loop system for the DT-LTT delayed system (31)
under control law (34) is

N
As(z) = det (dn —A- Z Ah_hiBiK> =0. (35)
=0

Proof.  For a time sequence f(t), its Z-transformation is defined as Z(f(t)). For the sake of notational
simplicity, let z(z) = Z(x(t)) and u(z) = Z(u(t)) for the system (31). By taking Z-transformation for
both sides of (31), we have
N
2x(z) = Az(2) + Z 2 M Biu (2). (36)

i=1

It is easily known that the control law (34) can be equivalently written as

N hi—1
u(t) = KA"z(t) + > Y KA " H Bu(t — j - 1),
i=1 j=0
from which we have
N hi—1
u(z) = KAz (2) + Z Z 2T I K AR B (2). (37)
i=1 j=0

By combining (36) and (37), the following matrix-vector form is obtained

zI, — A - Zi]\;o 2B, x(z)
N h:—1 . . - 0 (38)
KA LY PARD Py ZITIARTHIB — I | | u(2)
Let
I, — A N 2B,
MQ(Z) = ’ h N hv—zl:zz_o‘z_l h—h;+j : (39)
KA KZi:1Zj;o zTITRAMTTIB — I

Then, it follows from (38) that the characteristic polynomial of the closed-loop system for the considered
system (31) under the controller (34) is Ag(z) = det Ma(z).
It is easy to derive that

N hi—1 N hi—1

KY N i tAhitip = Ky N g hiA TR,

=1 j=0 i=1 j=0
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With this, it is derived that

h—1 N N h;—1
_ KZzh_l_jAj <Z Z_hiBi> — I+ KZ Z Z—j—lAh—hﬁjBi
=0 i=0

i=1 j=0
h—1 N N h;—1
=— | K) At (Z z_hiBz) —L+KY > zitA B,
=0 i=0 i=1 j=0
N h—1 N h;—1
=-K> Y ZMAMIIB 4 Ky Y AN B — T,
i=0 j=0 i=1 j=0
N h—1
=-KY Y g maArITIB I,
i=0 j=h;

In view of this relation and (22), pre-multiplying Ms(z) in (39) by M (z) in (21) yields

N — g
M(z)My(z) = [ 2 = A — s Biz ™" ]

K ("1, — AM) + KAM KX S0 imhiAhmioip o,

|zl —A ZivOBiz’hi
DK K S kA |

Further, by calculation it is obtained that

N h—-1

ZI _AZZZJ hi— hAhle Zz—hqB

1=0 j=h;
h

I
-

N h-1

]h h+1Ahj1B Zzzjh hAh ]B Zz*h’B

i ’LO]h

I
.MZ

Il
o
I
>

1=07j

=> z "B~ Zz’hAh hip; — Zzi

=0
N
— Y aharhip,
=0

and

N h-1 N h-1
(Z}LK) Z Z Zj_h7’_hAh_j_lBi o KZ Z Zj_hiAh_j_lBi — I, =—1I,.

i=0 j=h; i=0 j=h;

In view of these two relations, if the following matrix R(z) is constructed

N h—1 h—j—1 j—hi—h
In Xm0 jon, A Bz
?

then it follows from (40) that

M(2)My(2)R(2) = [

from which, by Lemma 3, we have

det [M (2)M2(z)R(2)]
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N
= det(—1I,) det lzln —A+Y 2 hAMB, (=1,)7" (th)]
=0

N
= (—1)" det <zIn —A->" Ah’“BZ-K> . (42)

i=0

In addition, owing to the structure of the matrices M (z) and R(z) it is easily known that det M (z) =
and det R(z) = 1. With these two relations, the conclusion of this theorem follows from (42). By now,
the proof of this theorem is completed.

According to Theorem 6, if K is a stabilizing feedback gain for the delay-free system (33), then the
control law (34) can stabilize the system (31) with multiple input delays. Owing to the result of Theorem
6, it has been confirmed that the designed control law (34) is also applicable to the case where the system
matrix A in (33) is not invertible.

5 The case with distinct input delays

In this section, we investigate the system (2) with distinct input-delays. Similarly to the cases in Sections
3 and 4, we also aim to transform the system (2) into an LTV delay-free system. An analogous treatment
is adopted for this purpose.

From Lemma 2, the future value z(t 4+ h) of the state at the time instant ¢ + h for the system (2) is
given as

t+h—1
a(t+h) = B(t+ht)z(t)+ > S(t+h,j+1) Zb Dui(j — hy)
j=t i=1
r t+h—1
= ®(t+htat)+ Y > B(t+h,j+ 1bi(j)ui(j — hi).
=1 j=t

Let k = j — h;. Then, the above expression is calculated as

r t+h—1—h;
at+h) = St +hOxt)+> Y Bt +hhi+k+ Dbi(hi + k)ui(k)
1=1 k=t—h;

= B(t+htat) + Z Bt + h, hi + k + )b (hi + k)ug (k)

i=1 k=t—h;
r—1t+h—1—h;
+3 Z Ot + h, hi + k + 1)bi(hi + k)u(k). (43)
=1

In (43), the last term is not available at the current time instant ¢, and thus cannot be utilized to construct
control laws. Therefore, we consider an alternative variable transformation

En(t) = B(t+ht)z(t) + ) Z (t + hyhi + 5+ D)bi(hi + )ui(4), (44)
i=1 j=t—h;

which is obtained by deleting the last term from (43). In the following theorem, the dynamics of this
new variable &, (t) in (44) is provided.
Theorem 7. For the LTV delayed system (2) with distinct input-delays, construct the variable change
&n(t) in (44) and let

Bt+h)= [ Bi(t+h) Balt +h) - Bolt +1) | (45)
with

Bi(t+h)=@(t+1+h,h; +t+1)bj(h; +1). (46)

Then, the evolution of &, (t) is governed by

En(t+1) = A(t + h)En(t) + Bt + h)u(?). (47)
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Proof.  For the variable &, () in (44) it is deduced from (2) that

T t
Ot +1+ht+Dat+1)+> . > (t+1+hhi+ 5+ Dbi(hi + 5)ui(j)

i=1 j=t+1—h;

En(t+1)

Ot +1+h,t+1) |At)z(t) + ibi(t)uz'(t — hi)

T t
+3° T Bt 1+ i+ + Dbihi + G)ua())
i=1 j=t+1—h;
= Ot +1+ht+ D)AB(E) + O+ 1+ht+1) Y bi(t)ui(t — h)

i=1

T t
+ 0 B+ 1+ bk 4+ Dbi(hi + 5)ui()-
i=1 j=t+1—h;
By Lemma 1, it is derived from the above relation that

En(t+1) = B(t+1+hta(t) +(t+1+ht+1) > bi(tuilt — hi)
=1
T t—1

A3 DT B+ 14 hohi 4§+ Dbi(hi + §)ua(s)

i=1 j=t—h,

D O+ 1+ by g+t + 1)bi(hi + tus(t)

i=1

=D Ot + 1+ byt Dbi()ui(t — hi)
i=1
r t—1
= O(t+1+ht)zt)+ > Y B(t+1+hhi+j+bi(hi + j)ui(j)

1=1 j=t—h;

+ZT:cI>(t+1+h, hi + t + 1)b; (h + t)u,(t). (48)

i=1
By Definition 1, it is obtained from (48) that
r t—1

En(t+1) = A(t + h)®(t + h, t)x(t) + A(t + h) Z O(t+ h,hi + 5+ 1)b;(hi + 5)ui(5)

i=1 j=t—h,

+ZT:cI>(t+1+h, hi + t + 1)b; (h + t)u, (1) (49)

i=1
With the time-variant matrix B(t + h) in (45), the expression in (49) is written as

En(t+1) = A(t+ h) <I>(t+h,t)x(t)+i i O(t + hyhi + § + 1)Bi(hi + 5)u(f) | + B(t + h)u(t),

i=1 j=t—h,

which is the delay-free system (47). The proof is thus completed.

In Theorem 7, a model reduction technique is developed to transform a DT-LTV system with dis-
tinct input-delays into a delay-free system. Similarly to the system (1) with multiple input-delays, the
constructed variable &, (¢) is not the prediction for the future value of the state at the time instant ¢ + h.

Based on the conclusion of Theorem 7, the stabilization problem for the delayed system (2) can be
solved. According to Theorem 7, its corresponding delay-free system is

z(t+1) = A®)z(t) + B)u(t), (50)
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where B (t) is obtained by (45). Analogously to the case with multiple input-delays, the time-variant
matrix B (t) is related to all the input delays h;,i € I[1,7]. Similarly, it is assumed that the delay-free
system (50) is stabilized by controller u(t) = K (t)x(t). Then, the control law u(t) = K(t + h)&,(t) can
stabilize the system (47). Similarly to the treatment in Section 3, the following conclusion is immediately
provided by summarizing the previous statement.

Theorem 8. For the discrete-time LTV input-delayed system (2) with distinct input-delays, its cor-
responding delay-free system is given in (50), where the time-variant input matrix B(t) is provided in
(45). If the system matrix A(t) is invertible and bounded for each ¢, and u(t) = K (t)x(t) is a stabilizing
controller of the system (50), then under the control law

u(t) = K(t + h) <I>(t+h,t)x(t)+i: z_: Ot + h, by + 5+ 1)bi(hi + Hui(G) | , (51)

i=1 j=t—h;

with u(t) defined as in (3), the closed-loop system composed of (2) and (51) is stable.

The conclusions of Theorem 7 can be utilized to design stabilizing laws for DT-LTI systems with
distinct input-delays in the following form:

$(t + 1) = AI(t) + ibluz(t - hl), (52)

where z(t) € R™ is the state of this system, and w;(t) € R,i € I[1,r] are the control inputs in the r
channels. Similarly to the system (2), the delayed inputs are ordered so that 1 < hy < ha < -+ < hy = h.
For this time-invariant system, there hold

Ot + h,hi+ 5+ 1) = AFh—himi=L
and
S(t+1+hhi+t+1)=A""N

Thus, by Theorem 7 we have the following corollary.
Corollary 2. For the LTI delayed system (52), construct the following variable:

T t—1

En(t) = Ala(t) + > Y AThThTI T (). (53)

i=1 j=t—h;
Then, the dynamic of the variable &, (t) can be captured by
Enlt +1) = ALy (t) + Bu(t), (54)
with
B =[Artpy A2y o Aheeip b ] u(t) = [ua(t) us(t) - ()" (55)

Based on the resulting delay-free system (54) and the variable transformation (53) in Corollary 2, the
following control law can be designed for the system (52):

T t—1
ug(t) = Ky | Alx(t) + Z Z AP A== () | k€ T[1, 7, (56)

i=1 j=t—h,

with Kj € R1*" k € I[1,7]. For this time-invariant system, the characteristic equation of the closed-loop
system is provided in the following theorem.

Theorem 9. For the DT-LTT delayed system (52), the characteristic equation of the closed-loop system
under control law (56) is

As(z) = det [zln —A- (Z AhhibiKiﬂ =0. (57)

i=1
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Proof. For a time sequence f(t), let Z(f(t)) denote its Z-transformation. For the sake of nota-
tional simplicity, let z(z) = Z(z(t)) and u;(z) = Z(u;(t)),7 € I[1,r] for the system (52). By taking
Z-transformation for both sides of (52), one has

zz(z) = Az(z) + Z 27 Mibu (2). (58)

It is easily known that the control law (56) can be equivalently written as

u(t) = KAz (t) + 27: }il KAV hit g (t — 5 — 1),
i=1 j=0
from which we have .
up(z) = KpAlz(z) + i Z 2T R AR T b (2). (59)
i=1 j=0
Let
[ 2L, — A —zpy —zhap,

KlAh K Z;Llol Z_j—lAh—h1+jb -1
My(z) = | KaAl Ky Y MigtzmimtaAh-hitip

1 -~ .
Klzj —0 z J= lAh h2+]b2

K22h2 12 i— lAhithrjbg—I

Ko AR K Yt it A i,

K, Z 2o 1, —J=1 gh—h2t7p,
_ fhrb
Ky Yyt zmimtan=hetip,

Ksz:61 TITEAR T,

r—1_—j— —h,+7
K, Stz it Al bty

By combining (58) and (59), the following matrix-vector form is obtained:
Ma(2) [T (2) () ud(2) -+ uT(2)]T = 0. (60)

Then, it follows from (60) that the characteristic polynomial of the closed-loop system for the considered

system (52) under the controller (56) is Az(z) = det M3(2).
Let
_ . -
K1 Z] 0 Zh 1- jAJ
G(z) = | Ky Y0” 01 h=1-iqi 0 I . (61)
szozh A0 0 e T
Similarly to (22), it is easily obtained that
h—1
Ky 2"V (2, — A) = K (2", — A"). (62)
j=0
In addition, it is easy to derive that
hi—1 hi—1

K Z Il ph—hitip, — K, Z ZI—hi gh—i=1p.
j=0 j=0
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With this, we have

h—1 h;—1
K, Z PAM I L K Z Ah—hitip, ,—i—1
j=0 7=0
h—1 h;—1
==Ky ZTMAM b 4 K Y 2T AT,
j=0 j=0
h—1
=K § ZI—hi gh=i=1p,
Jj=hi

In view of this relation and (62), pre-multiplying M3(z) in (60) by G(z) in (61) yields

_ZITL — A _Zj_hlbl —Z_thQ
DKy T Ky YT 2 mAh s Ky S dmhe g1,
G(z)M3(z) = | 2"K, — Ky Z?;il Zi=h ph=1=]p, —I—K, Z;};L i—ha gh—1-jp,
KL T o,
fthrbr
-K; Z?;;i Zi=he Ah=1=ip_
K, Z?:_;L Zi—he gh=1=jp (63)
h—=1 _j—h, ph—1—j
: 7'[7KT Z]=hr Z] 7A jbr

Furthermore, by calculation it can be obtained that

h—1
(20 — A) Y 27 Mmh A==y, — o=,
j=h;
h—1 h—1
_ E ijhichrlAhfjflbi o E ijhithhfjbi o Zﬁhibi
Jj=hi j=h
_ Z_h7’bi . Z_}LA}L_hibi _ Z—}lq,bi
_ *Z_hAh_h“bi,
and
h—1 h—1
Z}LKk § Z]—hi—hAh—j—lbi o Kk § : Z]—}Lq,Ah—]—lbi —0.
j=hi j=hi

In view of these two relations, if the following matrix H(z) is constructed:

_ I, Z;L:—;l ijhlthhfjflbl Z;LZ—}L ijhg7h14hfj71b2 . Z;LZ—;T
O1><n 1
H(Z) = len 0 1

_len 0 0

i—hy—h Ah—j—17 ]
27 Ar—1—1p,
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then it follows from (63) that

_zIn A —phpahhay mhph—hey, L thAh—thT_
ZhKl -1 0 c 0
GEMy()H(z) = | 'K, 0 1 . |
K, 0 0 1

from which, by Lemma 3, we have
det [G(z)M3(z)H (z)]

,
= det(—1I,) det [zln —A-— Z 2h Al Ry, (thi)]

i=1

= det(—1I,) det [zln —A- (Z A’l‘hibiKiﬂ . (64)

i=1

In addition, owing to the structure of the matrices G(z) and H(z) it is easily known that det G(z) = 1
and det H(z) = 1. With these two relations, the conclusion of this theorem follows from (64). By now,
the proof of this theorem is completed.

For the control law (56), let
T

K=|KPKf - KF] (65)
Then, by using the notation B in (55) it is clear that
T
> Ay K, = {AHlb1 Ah=hapy oo AhTheoap, br} K = BK.
i=1

With this, it is known from Theorem 9 that if K is a stabilizing feedback gain for the delay-free system
(54), then the control law (56) can stabilize the system (52) with distinct input delays. Due to the result
of Theorem 9, it has been confirmed that the designed control law (56) is also applicable when the system
matrix A in (54) is not invertible.

Remark 2. In [25], a predictor-based approach was presented to develop control laws for continuous-
time systems with distinct input-delays. These controllers need to be obtained by the backstepping
method. It can be clearly observed that the method in the present paper is completely different from
that in [25]. In the present paper, the design of the controllers does not involve iteration, and the control
law is given in an explicit form.

On model reduction approaches for DT-LTV systems, many results have existed. In [22], the Floquet
theory was utilized to transform an input-delayed system into a system without delays. Similarly to the
case of continuous-time case, the key to this method is to change a periodic system into an LTT system.
An evident shortcoming of the approach in [22] is that the system matrix is required to be invertible. In
addition, the approach in [22] is not applicable to systems with multiple input-delays.

6 Numerical examples

Three examples are employed in this section to demonstrate the effectiveness of the developed model
reduction approaches for discrete-time LTV input-delayed systems. For the sake of simplicity, the con-
sidered time-varying systems are three periodic systems.

Example 1. Consider a DT-LTV system in the form of (4) with periodic state and input matrices. For
this system, for any integer ¢ > 0 there hold

A(t+3) = A(t), B(t+3)=B().
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Figure 1 The state norms under the control law (13).

The system matrices and input matrices are as follows:

S O R U B e

B(0) = H - BO)= [_;J . B) = H ,

the input delay is h = 5, and the period of this system is 3. For this time-varying system, the predictor-
based feedback law (13) is utilized. In this control law, the periodic feedback gain K () is designed to
ensure the stability of the closed-loop system of its corresponding delay-free system. Since the original
system is periodic, naturally the gain K(t) is designed to possess periodicity, that is, the gain matrix
K (t) satisfies K(t + 3) = K(t). Using the LMIs technique in [31], a 3-periodic stabilizing state feedback
gain K (¢) can be obtained with

K(0) = [3.0001 —2.91}, K(1) = [1.0043 —2.5631}, K(2) = [—2.2217 —2.8165}.

When the control law (13) with the designed gain K (¢) is utilized for the system (4), the evolution curve
of the norm of the state of the closed-loop system is as shown in Figure 1, where the initial state is

2(0) = [0.5 0.1}T.

According to Figure 1, the periodic input-delayed system in this example is stabilized by the designed
predictor-based controller (13).

Example 2. Consider a discrete-time system with period 2 in the form of (1). For this system, for any
integer ¢ > 0 there hold

At +2) = A(t), Bi(t+2)=Bi(t), Ba(t+2)= Ba(t).

The system matrices and the input matrices are as follows:

—1.4 0.95 —1.2 0.65
A(O) = ) A(l) = )
-12 —1.44 1.41 0.94

e[ s [25] o[ - 2]

and the input delays are hy = 2 and he = 5. For this time-varying system, the control law (30) is
utilized. In this control law, the feedback gain K (¢) should be designed to make the closed-loop system
of its delay-free system (29) with B(t) given in (26) stable. According to the expression of (26), it can
be calculated that

B(t+2) = B(t)
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holds for any integer ¢t > 0, and

2.6140 ~2.1293
B(0) = , B(1) = :
—5.4262 0.2990

In addition, since the corresponding delay-free system is periodic, the feedback gain K (t) could be de-
signed to be also periodic and satisfy K (t+2) = K(t). By using the LMIs technique in [31], a 2-periodic
stabilizing state feedback gain K (t) can be obtained with

K(0) = [ 0.3035 1.3434 } . K(1) = [ 0.1075  0.4960 } .

A simulation is performed when the control law (30) with the designed gain K(t) is applied to this
example system. The initial value of the state in this simulation is

T
2(0) = [ ~0.3787 ~0.1225| .

The evolution curve of the norm of the state of the closed-loop system is depicted in Figure 2. It is
observed that the discrete-time periodic system (1) with multiple input-delays is stabilized when the
designed control law (30) is applied.

Example 3. Consider a discrete-time system with period 2 in the form of (2). For this system, for any
integer ¢ > 0 there hold
At +2) = A(t), bi(t+2) =b1(t), ba(t+2) = ba(t).

The system matrices and the input matrices are as follows:

~14 095 ~1.2 065
A(0) = ;A = ,
~12 —1.44 141 0.94

-2 s 2] 3] o 5]

and the input delays are hy = 1 and he = 3. For this time-varying system, the control law (51) is
utilized. In this control law, the feedback gain K (t) should be designed to make the closed-loop system
of its delay-free system (50) with B(t) given in (45) stable. According to the expression of (45), it can
be calculated that

o o

B(t+2) = B(t)
holds for any integer ¢t > 0, and

13980 —03]| - ~3.0331 1
0) = , B(1) = .
~1.2338 —0.1 ~1.1165 0.2

In addition, since the corresponding delay-free system is periodic, the feedback gain K(t) could be de-
signed to be also periodic and satisfy K(t+2) = K(t). By using the LMIs technique in [31], a 2-periodic
stabilizing state feedback gain K (t) can be obtained with

~1.8043  — 3.1968 1.0648  0.4255
K(O)Z[ 1 K(1)=[ ]

—4.0728 —10.6463 0.9621  4.1497

A simulation is performed when the control law (51) with the designed gain K(t) is applied to this
example system. The initial value of the state in this simulation is

2(0) = [0.1 0.2}T.

The evolution curve of the norm of the state of the closed-loop system is depicted in Figure 3. It is
observed that the discrete-time periodic system (2) with multiple input-delays is stabilized when the
designed control law (51) is applied.
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Figure 2 The state norms under the control law (30). Figure 3 The state norms under the control law (51).

7 Conclusion

In this paper, model reduction approaches are presented to convert DT-LTV input-delayed systems into
delay-free systems. To realize such a transformation, a variable is constructed in terms of historical
information of control input. For DT-LTV systems with single input-delays, the constructed variable is
in fact the exact prediction of a certain future state. However, such a conclusion is not true for systems
with multiple input-delays or distinct input-delays. When the reduction approach is applied to a system
with a single input-delay, the corresponding delay-free system can be obtained by a simple copy of its
original system. However, for DT-LTV systems with multiple input-delays, input matrices of resulting
delay-free systems need to be calculated by an expression related to transition matrices. With the aid of
the model reduction approaches, stabilizing control laws of discrete-time LTV input-delayed systems can
be designed by taking full advantage of the simple structure of the reduced delay-free systems. Moreover,
stabilizing control laws of DT-LTV systems with single input-delays can be established to possess the
structure of predictor-based state feedback laws. In particular, for time-invariant discrete-time systems,
it is rigorously proven that the stability of the resulting closed-loop systems can be guaranteed without
the invertibility of the system matrix by using the proposed model reduction approach.
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