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Notation: The following notation will be used throughout this paper. (Ω,F, {Ft}06t6T , P) is a complete probability space. I

denotes the identity matrix; R denotes the set of real numbers; Sn denotes the normed space of all n-by-n real symmetric matrices;

XT denotes the transpose of a vector or matrix X; 〈·, ·〉F denotes the Frobenius inner product; ‖ · ‖ denotes the Euclidean vector

norm or Frobenius matrix norm and 〈·, ·〉 is the standard Euclidean inner product. For a vector z and a matrix Q, ‖z‖2Q = zTQz,

Q > 0(Q > 0) means that Q is positive definite (positive semidefinite). For a matrix M ∈ Rn×m, vec(M) = [MT
1 M

T
2 · · ·M

T
m]T ,

where Mi ∈ Rn is the ith column of M . For any M ∈ Sn, let vech(M) = [M11M12 · · ·M1nM22M23 · · ·M(n−1)nMnn]T , where

Mij ∈ R is the (i, j)th element of matrix M . Denote u = {u1, · · · , uN}.

Appendix A Proof of proposition 1
First we denote

x̃i(t) = xi(t)− x(N)
(t), ũi(t) = ui(t)− u(N)

(t),

W̃i(t) = Wi(t)−W (N)
(t), Ξ , Γ

T
Q+QΓ− Γ

T
QΓ,

u
(N)

(t) ,
1

N

N∑
i=1

ui(t), W
(N)

(t) ,
1

N

N∑
i=1

Wi(t).

Under (A1)-(A2), the AREs (3) and (4) admit the unique symmetric postive definite solutions [1]. By (1) , we have

dx
(N)

(t)=
(
(A+G)x

(N)
(t) + Bu

(N)
(t)
)
dt+DdW

(N)
(t). (A1)

Subtracting (1) from (A1), we have

dx̃i(t) = (Ax̃i(t) + Bũi(t)) dt+DdW̃i(t), 1 6 i 6 N. (A2)

Then by Itô’s formula, for any i = 1, 2, · · ·N, we obtain

x̃i(T )
T
Px̃i(T )− x̃i(0)

T
Px̃i(0) =

∫ T

0

{
〈(ATP + PA)x̃i(t), x̃i(t)〉+ 2〈PBũi(t), x̃i(t)〉+

N − 1

N
D
T
PD

}
dt

+

∫ T

0

2x̃i(t)
T
PDdW̃i(t),

(A3)

and

x
(N)

(T )
T

Πx
(N)

(T )− x(N)
(0)

T
Πx

(N)
(0)

=

∫ T

0

{
〈[(A+G)

T
Π + Π(A+G)]x

(N)
(t), x

(N)
(t)〉+ 2〈ΠBu(N)

(t), x
(N)

(t)〉+
1

N
D
T

ΠD

}
dt

+

∫ T

0

2x
(N)

(t))
T

ΠDdW
(N)

(t).

(A4)

Let

J
(N)
soc (T, u) ,

N∑
i=1

∫ T

0

{‖xi(t)− Γx
(N)

(t)‖2Q + ‖ui(t)‖2R}dt.

Then by (3) , (4) , (A3), (A4) and direct calculations,

J
(N)
soc (T, u) =

N∑
i=1

∫ T

0

[
‖xi(t)‖2Q − ‖x

(N)
(t)‖2Ξ + ‖ui(t)‖2R

]
dt

=
N∑
i=1

∫ T

0

[
‖xi(t)− x(N)

(t)‖2Q + ‖x(N)
(t)‖2Q−Ξ + ‖ui(t)− u(N)

(t)‖2R + ‖u(N)
(t)‖2R

]
dt
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=

N∑
i=1

∫ T

0

[
‖ui(t)− u(N)

(t) + R
−1
B
T
P (xi(t)− x(N)

(t))‖2R + ‖u(N)
(t) + R

−1
B
T

Πx
(N)

(t)‖2R
]
dt

+
N − 1

N

∫ T

0

D
T
PDdt+

1

N

∫ T

0

D
T

ΠDdt+ x̃i(0)
T
Px̃i(0)− x̃i(T )

T
Px̃i(T )

+ x
(N)

(0)
T

Πx
(N)

(0)− x(N)
(T )

T
Πx

(N)
(T ) + 2

∫ T

0

(x
(N)

(t))
T

ΠDdW
(N)

(t) + 2

∫ T

0

x̃i(t)
T
PDdW̃i(t).

(A5)

Recalling u ∈ Ud and Lemma 12.3 of [2], for ∀ε > 0, we have

∫ T

0

(x
(N)

(t))
T

ΠDdW
(N)

(t) = O(T
1
2

+ε
), (A6)

∫ T

0

x̃i(t)
T
PDdW̃i(t) = O(T

1
2

+ε
). (A7)

Then the follwing holds:

J
(N)
soc (u) = lim sup

T→∞

1

T
J

(N)
soc (T, u)

= lim sup
T→∞

1

T

[ N∑
i=1

(‖x̃i(0)‖2P − ‖x̃i(T )‖2P + ‖x(N)
(0)‖2Π − ‖x

(N)
(T )‖2Π) + (N − 1)

∫ T

0

‖D‖2P dt

+

∫ T

0

‖D‖2Πdt+

N∑
i=1

∫ T

0

{‖ui(t)− u(N)
(t) + R

−1
B
T
P (xi(t)− x(N)

(t))‖2R + ‖u(N)
(t) + R

−1
B
T

Πx
(N)

(t)‖2R}dt
]

> lim sup
T→∞

1

T

[ N∑
i=1

(‖x̃i(0)‖2P − ‖x̃i(T )‖2P + ‖x(N)
(0)‖2Π − ‖x

(N)
(T )‖2Π) + (N − 1)

∫ T

0

‖D‖2P dt+

∫ T

0

‖D‖2Πdt
]
.

(A8)

Thus we can obtain the optimal control law (5), and the corresponding social cost is given by

J
(N)
soc (û) = lim sup

T→∞

1

T

[ N∑
i=1

(‖x̃i(0)‖2P − ‖x̃i(T )‖2P + ‖x(N)
(0)‖2Π − ‖x

(N)
(T )‖2Π) + (N − 1)

∫ T

0

‖D‖2P dt+

∫ T

0

‖D‖2Πdt
]
.

�

Appendix B The robust ADP algorithm and more details
Due to the appearance of random disturbance, we consider the following variant

A
T
K4 +K4A−K4BR−1

B
T
K4 +Q+4 = 0 (B1)

where 4 represents a stochastic noise. We can solve it by the following robust ADP algorithm [4].

Algorithm B1 An offline robust VI algorithm

1. Choose K0 = KT
0 > 0. k, q ← 0.

2. Loop Kk+1/2 ← Kk + hk

(
A>Kk +KkA−KkBR

−1BTKk +Q+4k

)
3. If |Kk+1/2| > q or Kk+1/2 ≯ 0 then

4. Kk+1 ← K0. q ← q + 1.

5. else

6. Kk+1 ← Kk+1/2

7. k ← k + 1

In the above, where 4k is a stochastic process defined on a complete probability space, and
∑∞
k=0 hk4k converges with

probability 1. {hk}∞k=0 is a real sequence satisfying hk > 0, limk→∞hk = 0,
∑∞
k=0 hk < ∞.

Applying Itô’s formula, we have

d(x̃
T
i Px̃i) = 2x̃

T
i P (Ax̃i + Bũi)dt+

N − 1

N
D
T
PDdt+ 2x̃

T
i PDdW̃i

= (ψ
i
(z
i
))
T
θ(P )dt− r1(z)dt+ 2x̃

T
i PDdW̃i,

(B2)
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d
(

(x
(N)

)
T

Πx
(N)
)

= 2(x
(N)

)
T

Π
(

(A+G)x
(N)

+ Bu
(N)
)
dt+

1

N
D
T

ΠDdt+ 2(x
(N)

)
T

ΠDdW
(N)

= φ
T

(y)α(Π)dt− r2(y)dt+ 2(x
(N)

)
T

ΠDdW
(N)

, (B3)

where zi = [x̃Ti , ũ
T
i , 1]

T
, y = [(x(N))

T
, (u(N))

T
, 1]

T
, φ(y) = [y2

1 , 2y1y2, · · · , 2y1yn+m+1, y
2
2 , · · · , y

2
n+m+1]

T
,

ψi(zi) = [(zi1)
2
, 2zi1z

i
2, · · · , 2z

i
1z
i
n+m+1, (z

i
2)

2
, · · · , (zin+m+1)

2
]
T

, and

θ(P ) = vech



PA+ ATP +Q PB 0

BTP R 0

0 0 N−1
N DTPD


 ,

α(Π) = vech




Π(A+G) + (A+G)T Π +Q− Ξ ΠB 0

BT Π R 0

0 0 1
N
DTPD


.

Multiplying both sides of (B2) by ψi(z), we can get

1

T

∫ T

0

ψ
i
(ψ
i
)
T
dtθ(P ) =

1

T

∫ T

0

ψ
i
d
(
x̃
T
i Px̃i

)
+

1

T

∫ T

0

ψ
i
r1dt−

2

T

∫ T

0

ψ
i
x̃
T
i PDdW̃i. (B4)

Multiplying both sides of (B3) by φ(y), we can obtain

1

T

∫ T

0

φφ
T
dtα(Π) =

1

T

∫ T

0

φd
(

(x
(N)

)
T

Πx
(N)
)

+
1

T

∫ T

0

φr2dt−
2

T

∫ T

0

φ(x
(N)

)
T

ΠDdW
(N)

. (B5)

By [3, Theorem 6.1], we know

lim
tk→∞

1

t2k
E
[∥∥∥∥ ∫ tk

0

ψ
i
x̃
T
i PDdW̃i

∥∥∥∥2
]

= lim
tk→∞

N − 1

N

1

t2k
E
[∫ tk

0

∥∥∥∥ψix̃Ti PD∥∥∥∥2

dt

]
= 0, (B6)

and

lim
tk→∞

1

t2k
E
[∥∥∥∥ ∫ tk

0

φ(x
(N)

)
T

ΠDdW
(N)

∥∥∥∥2
]

= lim
tk→∞

1

N

1

t2k
E
[∫ tk

0

∥∥∥∥φ(x
(N)

)
T

ΠD

∥∥∥∥2

dt

]
= 0. (B7)

Then under (A3) and (B6), (B7), we denote

θ̂
i
(P, tk) =

(∫ tk

0

ψ
i
(ψ
i
)
T
ds
)−1(∫ tk

0

ψ
i
d
(
x̃
T
i Pkx̃i

)
+

∫ tk

0

ψ
i
r1ds

)
, (B8)

and

α̂(Π, tk) =
(∫ tk

0

φφ
T
ds
)−1(∫ tk

0

φd
(

(x
(N)

)
T

Πkx
(N)
)

+

∫ tk

0

φr2ds
)
, (B9)

where the time sequence {t0, t1, ..., tk, ...} is increasing. θ̂i(P, tk) and α̂(Π, tk) represent the values of θ(P ) and α(Π) at time tk,

respectively.

Appendix C Lemma 1 and proof of Theorem 1

First we denote

∆k(P ) = θ̂
i
(P, tk)− θ(P ), ∆k(Π) = α̂(Π, tk)− α(Π).

Let’s take ∆k(Π) as an example to start the following discussion, and ∆k(P ) is similar.

Lemma C1. lim
k→∞

∆k(Π) = 0, a.s.

Proof. Under (A3), we have

∆k(Π) =2
(∫ tk

0

φφ
T
ds
)−1

∫ tk

0

φ(x
(N)

)
T

ΠDdW
(N)

62(tkβ̄I)
−1
∫ tk

0

φ(x
(N)

)
T

ΠDdW
(N)

.

Recalling u ∈ Uad and Lemma 12.3 of [2], for ∀ε > 0, we have

∫ tk

0

φ(x
(N)

)
T

ΠDdW
(N)

= O(t
1
2

+ε

k ),

so ∆k(Π)→ 0, a.s. k →∞.
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Now the updating equation for Πk in Algorithm 1 is equivalent to

Πk+1 ← Πk + hk
(
R(Πk) + ∆k(Πk),

where R(Π) = (A+G)TΠ + Π(A+G)− ΠBR−1BTΠ +Q− Ξ.

Proof of Theorem 1 Below we only prove lim
k→∞

Πk = Π∗. First we construct a differential matrix Riccati equation

Π̇ = (A+G)
T

Π + Π(A+G)− ΠBR
−1
B
T

Π +Q− Ξ,

by [4, Proposition 3.6], we know Π is exponentially stable at Π∗, and have a smooth Lyapunov function [4, Lemma 3.3] V : RA → R,

where RA ⊂ Sn represents the attraction of Π∗, such that for Π ∈ RA

〈∂xV(Π),R(Π)〉F < 0,
〈
∂xV

(
Π
∗)
, R

(
Π
∗)〉

F
= 0,V(Π

∗
) = 0.

We can find a sufficiently small constant η > 0, such that for all ξ ∈ Sn satisfying ‖ξ‖ < η,

〈∂xV(Π),R(Π) + ξ〉F = −ι, (C1)

where ι > 0. At the same time, {Π : V(Π) < C} is compact and a subset of RA for all C > 0. Therefore, there exist C0 > 0 and

C1 > 0 such that

C0 < V(Π0) < C1.

By contradiction, suppose {Πk}∞k=0 is unbounded. Then there would exist an uncrossing interval [C2, C3] such that {Πk}∞k=0

crosses this interval infinitely many times, and V(Π0) < C2 < C3 < C1. Obviously, there exist two subsequences
{

Πkj
}

,
{

Πk′
j

}
,

such that

V(Πkj ) < C2 < V(Πm) < C3 < V(Πk′
j
), kj 6 m < k

′
j .

Choosing a sufficiently small ε > 0, such that for any Π ∈
{

Πkj

}
, we have

ε < ‖ΠLε(j) − Πkj ‖ =

∥∥∥∥∥∥
Lε(j)−1∑
i=kj

hi
(

R(Πi) + ∆i(Πi)
)∥∥∥∥∥∥ 6 γ

Lε(j)−1∑
i=kj

hi, (C2)

where γ > 0 is a constant and Lε(j) = inf{i > kj : ‖Πi − Πkj ‖ > ε}. Then we have

V
(
ΠLε(j)

)
− V

(
Πkj

)
=

∫ 1

0

〈
∂xV

(
Πkj + t

(
ΠLε(j) − Πkj

))
,
(

ΠLε(j) − Πkj

)〉
F
dt

=
〈
∂xV

(
Πkj

)
,
(

ΠLε(j) − Πkj

)〉
F

+

∫ 1

0

∫ 1

0

〈
d

ds
∂xV

(
Πkj + st

(
ΠLε(j) − Πkj

))
, t
(

ΠLε(j) − Πkj

)2
〉
F

dsdt

=

Lε(j)−1∑
i=kj

hi
〈
∂xV

(
Πkj

)
,R
(

Πkj

)
+ R∆i

+ ∆i(Πi)
〉
F

+

∫ 1

0

∫ 1

0

〈
d

ds
∂xV

(
Πkj + st

(
ΠLε(j) − Πkj

))
, t
(

ΠLε(j) − Πkj

)2
〉
F

dsdt,

where R∆i
= R(Πi)−R(Πkj ). Note that

lim
j→∞

‖ΠLε(j) − Πkj ‖ = ε,

because lim
k→∞

hk = 0, then we have

lim
j→∞

∣∣∣∣∫ 1

0

∫ 1

0

〈
d

ds
∂xV

(
Πkj + st

(
ΠLε(j) − Πkj

))
, t
(

ΠLε(j) − Πkj

)2
〉
F

dsdt

∣∣∣∣ = O(ε
2
).

By Lemma 1 and lim
k→∞

hk = 0, we have lim
j→∞

∑Lε(j)−1
i=kj

hi∆i(Πi) = 0 a.s., there exists a sufficiently large j̄, such that for all j > j̄,

by choosing sufficiently small ε, it follows that

V
(
ΠLε(j)

)
− V

(
Πkj

)
=

Lε(j)−1∑
i=kj

hi
〈
∂xV

(
Πkj

)
,R
(

Πkj

)
+ R∆i

+ ∆i(Πi)
〉
F

+O(ε
2
)

<

Lε(j)−1∑
i=kj

hi
〈
∂xV(Πkj ),∆i(Πi)

〉
F
−
ιε

γ
+O(ε

2
)

<0.

which shows that {Πk}∞k=0 is bounded with probalility 1. �
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Appendix D An offline robust learning algorithm for the unseparable case
(A4) There exists t0 > 0, c > 0, such that for all 1 6 i 6 N , t > t0, the inequality

1

t

∫ t

0

 ψi
φ

[ (ψi)
T
φT
]
ds > cI

with probability 1.

Similarly, we first apply the Itô’s formula

d
(
x̃
T
i Px̃i + (x

(N)
)
T

Πx
(N)

)
)

= 2x̃
T
i P (Ax̃i + Bũi)dt+

N − 1

N
D
T
PDdt+ 2x̃

T
i PDdW̃i

+ 2(x
(N)

)
T

Π
(

(A+G)x
(N)

+ Bu
(N)
)
dt+

1

N
D
T

ΠDdt+ 2(x
(N)

)
T

ΠDdW
(N)

= (ψ
i
)
T

(z
i
)θ(P )dt+ φ

T
(y)α(Π)dt− r(z, y)dt+ 2x̃

T
i PDdW̃i + 2(x

(N)
)
T

ΠDdW
(N)

=
[

(ψi)
T

(zi) φT (y)
] θ(P )

α(Π)

 dt− r(z, y)dt+ 2x̃
T
i PDdW̃i + 2(x

(N)
)
T

ΠDdW
(N)

.

(D1)

Multiplying both sides of (D1) by

 ψi(zi)
φ(y)

, we have

1

T

∫ T

0

 ψi
φ

[ (ψi)
T
φT
]
dt

 θ(P )

α(Π)

 =
1

T

∫ T

0

 ψi
φ

 d(x̃Ti Px̃i + (x
(N)

)
T

Πx
(N)
)

+
1

T

∫ T

0

 ψi
φ

 rdt
−

2

T

∫ T

0

 ψi
φ

(x̃Ti PDdW̃i + (x
(N)

)
T

ΠDdW
(N)
)
.

Denote

β̂θ,α(P,Π, tk) =
(∫ tk

0

 ψi
φ

[ (ψi)
T
φT
]
ds
)−1(∫ tk

0

 ψi
φ

 d(x̃Ti Pkx̃i + (x
(N)

)
T

Πkx
(N)
)

+

∫ tk

0

 ψi
φ

 rds),
and

H
(
β̂k

)
=

 T (θ̂ik)
Λ (α̂k)

 ,
then we have the following Algorithm D1.

Appendix E Numerical example
This section shows the effectiveness of the online robust VI algorithm described in Algorithm 1. Consider a stochastic two-

dimensional system with four agents. Take the parameter matrices in (1) as

A =

 −2 −2

4 1

 , B =

 0.2

0.1

 , G =

 0.2 0.3

0.1 0.2

 , D =

 1

3

 .

The parameter matrices in the cost function (2) are chosen as Q =

4 0

0 5

 , R = 1.25, and Γ =

0.2 0.4

0.4 0.2

 . Then we can get

Ξ =

0.64 2.88

2.88 0.16

 in (4) . Set the initial state values of four agents to be x1(0) = [1,−1]T , x2(0) = [2,−4]T , x3(0) = [−3, 2]T ,

x4(0) = [4, 3]T , respectively. Set the initial value of P i and Π to be

P
i
0 =

0 0

0 0

 , Π0 =

0 0

0 0

 .
P ik and Πk are updated in real time when we run the Algorithm 1. By (B8) and (B9), we can obtain 4 sequences

{
P ik
}∞
k=0

,

i = 1, 2, 3, 4 and 1 sequence {Πk}∞k=0, which eventually convergence to P∗ and Π∗ respectively. The converge matrices P∗ and Π∗

are shown below:

P
∗

=

 2.2283 −4.0928

−4.0928 5.4287

 , Π
∗

=

 2.0362 −4.3194

−4.3194 5.8537

 .
The trajectories of

{
P ik
}∞
k=0

and {Πk}∞k=0 are given in Figure 1 and Figure 2 respectively.

Figure 3 shows the evolution of the first state components of agents 1, 2, 3, and 4. Figure 4 shows the evolution of the second

state components of agents 1, 2, 3, and 4.
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Figure E1 The iteration trajectories of {Pk}∞k=0, i = 1, 2, 3, 4.

Figure E2 The iteration trajectories of {Πk}∞k=0
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Algorithm D1 An online robust learning algorithm for mean field LQ social control: unseparable case

1. Initialize P i
0 = (P i

0)
T
> 0, Π0 = ΠT

0 > 0 k, q ← 0.

2. Loop

β̂i
k ←

( ∫ tk
0

[
ψi

φ

] [
(ψi)

T
φT
]
ds
)−1

(∫ tk
0

[
ψi

φ

]
d
(
x̃Ti P

i
kx̃i + (x(N))

T
Πkx

(N)
)

+
∫ tk
0

[
ψi

φ

]
rds

)
[
P i
k+1/2

Πk+1/2

]
←

[
P i
k

Πk

]
+ hkH

(
β̂i
k

)

3. if

[
P i
k+1/2

Πk+1/2

]
> 0 and (|P i

k+1/2 − P i
k|+ |Πk+1/2 −Πk|)/hk < ε then

return

[
P i
k

Πk

]
as an approximation to

[
P ∗

Π∗

]

else if

∣∣∣∣∣
[
P i
k+1/2

Πk+1/2

]∣∣∣∣∣ > q or

[
P i
k+1/2

Πk+1/2

]
6 0 then[

P i
k+1

Πk+1

]
←

[
P i
0

Π0

]
, q ← q + 1.

else

[
P i
k+1

Πk+1

]
←

[
P i
k+1/2

Πk+1/2

]
, k ← k + 1

Figure E3 Evolution of the first state components of agents 1, 2, 3, and 4

Figure E4 Evolution of the second state components of agents 1, 2, 3, and 4
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