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Abstract This paper investigates the optimal evasive maneuver for a plane to avoid an incoming mis-
sile. To accurately model the system dynamics while improving computational efficiency, a simplified plane
model based on flight quality is established. A missile model with proportional guidance is also formulated.
The problem of determining the optimal evasion plane maneuver is formulated. The Gauss pseudospectral
method (GPM) is proposed as a solution to find the optimal maneuver. The optimized maneuver is validated
by testing it on a high-fidelity 6-degree-of-freedom (6-DOF) model, which demonstrates the effectiveness of
the proposed simplified plane model. The Monte Carlo method is employed to evaluate the capability of the
plane to evade missiles in various scenarios and elucidate general principles for successful evasion.

Keywords optimal maneuver, flying quality, evasive strategy, pursuit-evasion game, air-to-air combat

1 Introduction

Intelligent air combat has the potential to significantly reduce the operational burden on pilots, allowing
them to focus more on critical decision-making tasks. As such, research on air combat extends beyond-
visual-range air combat [1-5], within-visual-range air combat [6-9], and multi-agent air combat [1,10-13],
among others. In particular, the plane-versus-missile (PVM) problem is a prominent topic in air combat
research. In PVM scenarios, the primary objective of the plane is to evade the incoming missile, while
the missile’s goal is to intercept the plane. Due to the high relative velocity and short distance between
the two, the plane must perform significant maneuvers to avoid a collision with the missile. Maneuver
selection based on the library and maneuver generation based on computation are two research approaches
to solving the PVM problem.

For maneuver selection based on library, a pre-established library is used to generate the evasive ma-
neuver of the plane [14-17]. NASA proposes that the most common flying maneuvers comprise seven
elemental movements, including max load left turn, max load right turn, max acceleration, steady flight,
max deceleration, max load pull up, and max load push over [18]. It is assumed that more complex
maneuvers are constructed from elemental movements, and the plane must select the appropriate ma-
neuver from its library based on the current circumstances. In [19], the optimal sequence of elemental
maneuvers is generated using a hierarchical decision-making structure. However, the selection of ele-
mental movements is dependent on situation assessment and threat estimation algorithms, which require
expert knowledge. To address air combat decision-making, a maneuver decision strategy based on deep
reinforcement learning is proposed in [20]. Nonetheless, completing the flight using the sequence of ele-
mental maneuvers alone is highly risky and may not ensure the necessary maneuver flexibility for PVM
scenarios.

For maneuver generation based on computation, the PVM model calculates the evasive maneuver of
the plane [21-23]. In [24,25], the optimal evasive maneuvers for a plane facing a surface-to-air missile
are investigated. Differential game theory is employed in [26] to solve a set of local solutions to the PVM
problem, and the concept of energy maneuverability is introduced to assist in finding the global optimal
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Figure 1 (Color online) System diagram of the optimal evasive maneuver.

solution. In [27], the proportional navigation is considered nearly optimal for the pursuer, and the one-
sided optimal control problem is established and solved using the semi-direct nonlinear programming
method. In [28], a tail chase scenario between two aircraft is assumed, where the attacker attempts
to shoot down the evader with two missiles, while the evader performs optimal maneuvers to avoid
the missiles. In [29], optimal coordinated maneuvers for resolving conflicts among multiple aircraft are
proposed, and a numerical algorithm for computing the optimal resolution maneuvers is presented.

The accurate modeling of the plane and missile dynamics is crucial for solving the optimal maneuver
problem. However, the conventional particle model used to represent the dynamic constraints is limited in
capturing the response characteristics and capability limits of the entire model [30]. Specifically, while the
aerodynamic forces acting on the plane are considered in the model [22], the plane’s normal acceleration is
used as the model input, which only partially reflects the plane’s performance. This simplified dynamics
cannot fully capture the dynamic behavior of the model, especially during the super maneuver stage.
Therefore, it is essential to employ accurate plane and missile models to recast the PVM problem as an
optimal maneuver problem, which can be effectively solved using optimization algorithms [31-35].

Motivated by the need for PVM, this paper proposes a new approach by accurately modeling the plane
and missile dynamics, and formulating the optimal evasion maneuver problem. The key contributions
are the following:

(1) Based on the flight quality standard of a plane, a transfer function from stick force to attitude
angle is proposed in this paper. And the flight quality driven model is established to directly reflect the
dynamic performance of attitude response and avoid the influence of controller design.

(2) The proposed flight quality driven model is combined with missile constraints to ensure that the
optimized maneuvering of the plane meets the performance and dynamic constraints of the plane. And
the optimal evasive maneuver could be applied in the real 6-degree-of-freedom (6-DOF) model directly.

This paper is organized as follows. Section 2 presents the plane model based on flying quality and the
missile model with proportional guidance law. In Section 3, it covers the problem of optimal evasion of
plane maneuver problem and the Gauss pseudospectral method (GPM) to optimal maneuver problem.
Afterward, Section 4 demonstrates and analyzes the test of the suggested algorithm. Finally, in Section 5,
the conclusion is stated. Figure 1 depicts the optimal evasive maneuver diagram.
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Figure 2 (Color online) Diagram of the flying quality driven model.

Table 1 Symbols and definitions in the equivalent transfer function

Symbol Definition Symbol Definition
K, Gain of pitch rate response K, Gain of roll response
Esp Short-period damping ratio I Damping ratio of roll response
Wsp Short-period natural frequency Ea Damping ratio of dutch roll
zZ Reciprocal of molecular time constant for pitch rate wd Natural frequency of dutch roll
Tq Delay constant of pitch rate response Wy Natural frequency of roll response
Ts Time constant of spiral mode Tu Delay constant of roll response
Tr Time constant of roll mode

2 Mathematical model

2.1 Flying quality driven model

In this subsection, an attitude angle model is developed based on flight quality. Furthermore, the track
angle and speed model are calculated using the force of the plane. The geometrical structure of the plane
coordinate system is used to establish an angle of attack (AOA) model. Finally, a simplified dynamic
model based on flight quality is established through the combination of the aforementioned equations.
The diagram of the flying quality driven model is shown in Figure 2.

(1) Attitude angle subsystem based on flying quality. The flying quality defines the requirements for
the flying and handling qualities, which are commonly utilized by plane controller engineers as guidance.
Therefore, the general manned plane’s flight quality was always excellent after attaching the satisfactory
stability augmentation system. The model from manipulator to plane attitude is established and displayed
as follows:

s) Kqy(s+Z7)

qa(s) _ T, ()
Fy(s) 8 4 28pweps + w3,

u(s) _ K (5% + 26w, +w)) o~ ThS (2)
Fo(s) (3 +26awas + D)5+ )5+ %)

where ¢ and p refer to the pitch rate and roll angle of the plane in the body coordinates, F,, and F, are
the stem force of pitch and roll which are considered the input of the plane.

The definitions of parameters in the equivalent transfer function (1) and (2) are shown in Table 1. The
parameter of flying quality is declared in the standard MIL-1797A.

To calculate ¢ and p, the transform function mentioned in (1) and (2) can be converted into the form
of the state equation provided as

tq = Aqxq + Bgug,

(3)

G = Cyiq,

Ty = Aux, + Buuy,

(4)

p= Cuiua

where z, and z,, are the state variables of ¢ and p, respectively. (A4, By, Cq) and (A, B,,C}) are the
state matrices that are determined by the transform function (1) and (2), respectively.
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The pitch angle 6 can be obtained as

0 = qcospu — ¢sin g, (5)

where ¢ will be given in (6).
Remark 1. The simplified flying quality driven model (FQM) enables the direct acquisition of dynamic

response outcomes for the attitude system, unaffected by controller design.

(2) Flight path angle subsystem based on plane force. The force equation is applied to calculate the
path angle and speed of a plane, which are given as

mV cosfp = Lsinp + Tsin(a + ¢7) sin p
— cos(a + ¢r) sin § cos p],
mV4 = Lcospu —mgcosy + Tsin(a + ¢7) cos (6)
+ cos(a + ¢p) sin B sin pl,
mV = T cos(a + ¢7)cos f — D — mgsin,

where « is flight path angle, ¢ is heading angle, V' represents the fligh velocity, « refers to the AOA
of plane, ¢ refers to the engine mounting angle, g refers to the sideslip angle, T refers to the trust of
engine, L refers to the lift of the plane, D refers to the drag of plane, and m refers to the mass of plane.

The lift and drag in (6) are supplied as

1
L= §CLSPV2,

2 ™)
D = §CDSpV2,

where Cr, and Cp represent the lift aerodynamic derivative and drag aerodynamic derivatives, respectively,

S is the wing area, p is the air density at current altitude, and V' is the speed of a plane.

The thrust of an engine is the function of throttle, altitude, and Mach number. It is believed that the
plane’s engine thrust is a linear function of the throttle, which may be represented as

T = 77Tmax7 (8)

where Tiax is the maximum thrust at current altitude and speed, n € [0,1] is the throttle of plane.

(3) Angle of attack. According to the definition of plane coordinates, the relationship between flight
path angle, AOA, sideslip angle, pitch angle, and roll angle is given as

sin~y = cos a cos B sinf — cos sin B sin g — cos @ sin « cos 3 cos fi. (9)

The AOA could obtain by solving (9), which is provided as

. £sin 01/ cos2fcos?p — sin’y + sin6 siny cos 6 cos
sina =

. - . ’
sin6 + cos2fcos2y sin6 + cos2fcos2y

where £ = sign(sin 0)sign(cos p) is used to select the solution.

Remark 2. The sideslip angle 3 is assumed to be zero in this paper. Due to the fact that when the plane
incorporates a stability augmentation system, the sideslip angle is maintained at a small and near-zero
value through feedback control.
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(4) Flying quality driven model. From (3)—(10), the simplified dynamics model of plane is
& =V cos~ycos g,
y = V cos~ysin g,
z =V sinvy,
mV =T cos(a + ¢7) cos f — D — mgsin,
mV4 = Lcospu —mgcosy + T[sin(a + ¢r) cos u
+ cos(a + ¢r) sin B sin pl,
mV cosf¢p = Lsinp + T[sin(a + ¢p) sin p (11)
— cos(a + ¢r) sin S cos p],
&y, = Aux, + Buuy,
po=Cuiy,
Lg = Aqrq + Byug,

G = Cyiq,

6 = q Cos |t — @ sin p,
where x,y, z refer to the coordinates of the plane.

2.2 Missile model with proportional guidance law

The proportional guidance law is implemented to update the guidance heading commands U,,, and U,,,,
. 2 3ng
Umh = Ummax_tanil <\/_ ¢h> - Umha
T Uninax
o (12)
. 2 3n
Un, = Ummax_tan71 ( d)x) —Un,»
T Untanax
where n is the navigation constant, U,,,... = 9%mumax rofers to the maximum missile guidance heading rate

Mconst

which is used to limit the maximum missile overload Gy,,,.., ¢n and ¢, are the vertical and horizontal
line-of-sight rotation rates calculated as

Az AzAzAZ  AzAyAy
3 3

(éh — [hor Thor — Thor 7
I+ (13)
: AyAx — AyAiz
¢l‘ = 7"2—7
hor

where Ar = & — Ty, Ay = Y — Y, Az = 2 — 2y, and 12 = Az? + Ay?, Zon, Y, and zy, refer to the
coordinates of the missile.
The kinematic model of a missile is

T = Vi COS Yy €COS @iy,

Ym = Vin COS Yo SIN Oy,

Zm = Vi sin v,

;}/m = Umy, s

. 2 3ng

Umh = Ummax_ta'n_l <m> - Umm
T Mmax

. 2 3nd

Un, = Umnlax_ta’n_l <M> —Un,,
Tt Unimax

where v, and ¢,, are flight path angle and heading angle, respectively, V,, refers to the speed of the
missile.
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3 Optimal evasion maneuver based on the GPM

3.1 Optimal evasion maneuver problem

The objective of the optimal evasion plane maneuver problem is to maneuver the plane so as to avoid
being struck by an oncoming missile, which can be formulated as an optimal problem. The bolza objective
function of plane optimal control is

J(U) = /tf L(X,U,t)dt + ¢ (Xy,t5),

. { X = f(X,U,t), X (to)= Xo,
S.T.

g(X7 U7 U7 U) < 07
where X' = [$, Y 2, Vo 0, 1y @50, Ty Yy Zms Yims Prms Umh; Umx]T
plane and missile states, U = [Fm,Fy,n]T is the control input of plane, X, is the initial state, X =
f(X,U,t) is the dynamic constraint of plane (11) and missile (14), g(X,U,U,U) < 0 is the capacity
constraint which is given as

is the state of system containing the

ol <a<aM, <M 0k <n, <M, 16)
FESF,<FM, FF<F,<FM nF<n<a™,

where n, is the overload, R¥ and XM represent the lower and upper bounds of the signal X, respectively.
In this paper, the miss distance (MD) is set as the optimal objective function,

max J = maxg, ¢= 021<Iltf [[dis(?)]| , (17)

where dis(¢) is the function of time that determines the distance between a plane and a missile, and
is the MD of a missile. The aim of optimal evasion maneuver problem is to identify the optimal control
sequence of the plane, which could maximize the MD of a missile.

3.2 Optimal maneuver based on the optimization algorithm

The GPM [36] is utilized to solve the optimal control problem (15) in continuous time that incorporates
the dynamic constraint and capacity constraint.

The state and control are discretized on the Legendre Gauss (LG) points distributing between —1 and
1. The optimal evasion problem described could be converted to the nonlinear programming problem
(18), which can then be solved by the sequential quadratic programming algorithm.

max.JJ = max min ||dis(¢)]|

0<t<ty
N ti—to 1
) DLX (@) - [ F(X (). U (), T)dr =0, (18)
4.9 i=0
C(X(TZ)v U(Ti)a Tis th tf) < 0;
where 7 = tf2_tt0 — %}’%, t € [to,ty], T € [—1,1], to is initial time, ¢y is terminal time, Dy, is the derivative

matrix of the ¢th Lagrange polynomial which could be determined offline as follows:

) g £
Dy = (rre—m7i)h(7:)’ ’ 19
h(7:) k= ’i, ( )

2h(;)’

where h(n) =1+ 7)(Pvyi() — Pn(m)).
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Figure 3 (Color online) Simulation and analysis of the optimal maneuver.

Table 2 Parameters of the plane

Parameter Value Parameter Value
Wing area 45 m? Maximum trust of engine 45500 N

Mass 9100 kg Gravitational acceleration 9.8 m/s2
Air density 0.7787 kg/m?

4 Simulation

In this section, the paper carried out optimal maneuver simulation based on a simplified model, and
verified the accuracy of the simplified model by comparing it with the 6-DOF model response, to ensure
the effectiveness of the proposed algorithm. Furthermore, Monte Carlo methods were used to solve for
the optimal maneuver under different initial states of the plane and the missile, and the ability and law
of the plane’s maneuver to avoid missiles were analyzed. This allowed for a thorough investigation of the
ability of the proposed algorithm to effectively guide the plane safely away from incoming threats. The
simulation and analysis of optimal maneuver diagram are shown in Figure 3.

4.1 Effectiveness evaluation with simplified model and optimal maneuver

The proposed simplified model and optimization algorithm are simulated in a variety of conditions.
Additionally, the response of the proposed FQM under optimal evasion maneuver is defined as “FQM”
whereas the response of the plane’s 6-DOF model under optimal evasion maneuver is marked as “6-DOF”.
To verify the effectiveness of the proposed algorithm, the straight-line flight of a plane is simulated as
the control group which is labeled as “SLF”.

In the simulation, the proposed FQM is the simplification of ADMIRE, and the parameters are shown
in Table 2. The capacity constraint of plane is considered —15° < o < 25°, 0.3 km < 2z < 15 km,
-1 <F, <1, -1<F,<1,0<n<1,and =9 < n, < 9. The initial states of plane are set as
[z, y,2] = [0 km, 0 km, 3 km], V' = 230 m/s, and [0, s, »] = [0°,0°,0°]. And the initial state of the missile
are selected as [Ty, Ym, 2m] = [10 km, 5 km, 13 km], V,, = 230 m/s, and [0, fom, ©m] = [0°,0°, —135°].

Case 1: Simulation comparison under “FQM” and “SLF”. The simulation results can be seen
in Figures 4 and 5. In Figure 4, the trajectory of “FQM” is the optimal evasion maneuver calculated
by the optimization algorithm, and the trajectory of “SLF” shows the positions of the plane during the
straight flight maneuver. Figure 5 depicts the curve of the distance between a plane and a missile, the
MD ¢ > 200 under “FQM” and ¢ = 0 under “SLF”. The results show that the proposed FQM can
evade approaching missiles by using optimal maneuvers, demonstrating the effectiveness of the proposed
optimization algorithm.

Case 2: Simulation comparison under “FQM” and “6-DOF”. The simulation results can be
seen in Figures 6-9. The response of the 6-DOF model, which is controlled by the optimal maneuver
sequence calculated by the simplified model, is displayed in Figure 6. From the side and top views in
Figure 7, it can be observed that the plane performs maneuvers such as level flight, descent, left turn
descent, and right turn climb at (1500 m, 0 m, 3000 m) to avoid incoming missiles. Figures 6-8 indicate
that trajectories between the 6-DOF model and FQM have a high similarity, indicating that the FQM
can be used as a simplified surrogate model of the 6-DOF in missile evasion scenarios.
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Figure 7 (Color online) Trajectories of the plane avoiding the missile under “6-DOF” and “FQM?”. (a) Top view; (b) side view.

The responses of the plane are presented in Figure 9. The attitude angles, velocity, and aerodynamic
angles of the plane are portrayed in Figure 9. Despite the existence of inaccuracy between FQM and
6-DOF, it has been observed that the FQM response time is adequate. In a 30 s simulation, the average
simulation duration of the FQM and 6-DOF is 0.093 and 7.549 s, respectively. It indicates that the running
speed of the FQM is 81 times faster than that of the 6-DOF model, which suggests that the proposed
FQM offers a computationally efficient inference process while still delivering comparable accuracy.
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4.2 Optimal maneuver analysis based on Monte Carlo

To analyze the evasive ability of the proposed algorithm for incoming air-defense missiles, the Monte
Carlo shooting method was employed in this paper. A series of initial states of the plane and the missile
were selected, the optimal maneuver solution was solved by the proposed algorithm, and the simulation
results were statistically analyzed, as shown in Table 3.

The Monte Carlo simulation results of optimal maneuvering actions are shown in Figure 10. The
symbols at different positions represent different initial missile positions, with the green five-pointed
stars representing successful avoidance of incoming missiles, and the red triangles indicating failure of
evasion.

From the scattered plots in Figures 10 and 11, it can be seen that the initial height of the missile has
a considerable effect on the plane’s ability to successfully maneuver to avoid it. The higher the initial
height of the missile, the more time and the longer distance the plane has to respond, thus increasing its
likelihood of evading the missile. Additionally, a larger approaching angle of the missile makes it harder
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Table 3 Initial states of the plane and the missile

Object State Value
Plane Speed (Ma) V € {0.7,0.8,0.9}
Speed (m/s) Vim € {500, 650,800}
Missil Height (km) Zm € {3,4,5,6,7,8,9,10,11,12, 13, 14}
issile
Missile angle (°) ©om € {—60, —40, —20, 0, 20, 40,60}
Distance (km) dis € {5,6,7,8,9,10,11,12,13, 14, 15}
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Figure 10 (Color online) Maneuvering results in different initial missile states. (a) View from the left; (b) view from the right.
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Figure 11 (Color online) Optimal evasion results at different initial altitudes of the missile. (a) z,, = 3 km; (b) 2z, = 4 km;
(c) zm =5 km; (d) zm = 6 km; (€) 2z = 7 km; (f) 2z, = 8 km; (8) zm = 9 km; (h) 2y, = 10 km; (i) 29 = 11 km; (§) 2 = 12 kmyg

(k) zm = 13 km; (1) zp, = 14 km.

for the missile to quickly lock on the plane, allowing the plane to have more

time to react. Furthermore,

the plots are approximately symmetrical when considering both the left and the right sides, demonstrating

that the difficulty in avoiding an incoming missile is the same from both dir

ections.
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5 Conclusion

This study proposes an optimal evasive maneuver using the FQM. The simplified dynamics model of
the plane is constructed to substitute for the traditional 6-DOF model. Furthermore, a missile model
employing the proportional guidance law is formulated to attack the plane. Subsequently, an optimization
problem is established to determine the optimal evasion trajectory, which is verified through simulation.
The results thus obtained prove the effectiveness of the proposed simplified model and optimization
algorithm. For future work, the evolutional methods such as deep reinforcement learning will be used to
solve the optimization problem, while the intelligent controller design [37,38] can be further considered
during the command tracking.
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