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Abstract In this paper, we solve the output feedback control problem of stochastic high-order planar
nonlinear systems with output constraint and stochastic integral input-to-state stability (SiISS) inverse dy-
namics. By employing a key coordinate transformation, a stochastic nonlinear system with output constraint
and SiISS inverse dynamics is converted into an unconstrained system. By skillfully constructing an observer
and adopting SiISS small-gain conditions, we develop a new output feedback control design and analysis
method, and prove that all the closed-system signals are bounded almost surely, the output constraint is not
violated almost surely, and the equilibrium point of the closed-loop system is stochastically asymptotically
stable.

Keywords stochastic high-order planar nonlinear system, output constraint, stochastic inverse dynamics,
output feedback stabilization, stochastic integral input-to-state stability (SiISS)

1 Introduction

Due to the intrinsic nonlinearity of high-order nonlinear systems and the potential nonexistence of the
Jacobian linearization at the origin, the stabilization of high-order nonlinear systems has been recog-
nized as a challenging problem. Fortunately, with the help of the adding a power integrator technique,
these difficulties were successfully overcome by [1]. Subsequently, this method was applied to stochastic
nonlinear systems and produced many interesting results. Regarding state feedback control design, the
adaptive state feedback stabilization of stochastic high-order systems with nonlinear parameterization
was first addressed in [2]. Subsequently, some issues, such as inverse optimal stabilization [3], adaptive
control [4,5], control of stochastic systems with a time-varying delay [6-8], and the stabilization problem
for stochastic high-order switched nonlinear systems [9], were further addressed. Regarding output feed-
back control design, stochastic high-order nonlinear systems were first considered in [10]. Then, in [11,12],
the output feedback stabilization was achieved under some weak assumptions on high-order nonlinearities
as well as drift and diffusion terms. In [13], the output tracking problem for a benchmark stochastic high-
order mechanical system was investigated. In [14], stochastic high-order nonlinear systems were further
investigated using homogeneous domination and the sign function.

A more desirable objective than the conventional stabilization task is the stabilization of stochastic
nonlinear systems with the pre-specified output constraint. This is necessary for the system operation
security and performance specifications. By incorporating the barrier Lyapunov function (BLF) [15]
into control design, the finite-time stabilization and the adaptive control problem for stochastic high-
order nonlinear systems with output constraint were investigated in [16-18], respectively. Then, in [19],
these results were extended to the systems with full-state constraints. These control methods, which
were reported in [16-19], essentially depend on the information about the state of the entire system.
In many practical applications, because of the difficulty of measuring all states, developing some new
methods based on output feedback design is an interesting topic. In [20,21], two explicit stabilizer design
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schemes were presented by merging a tan-type BLF into an output feedback control design. However,
the radial unboundedness of the Lyapunov function constructed in [20,21] cannot be ensured, and then
the stochastic stability theorem cannot directly be applied to stability analysis. Recently, in [22], a
system transformation method in [23] was developed and successfully solved this problem in stochastic
high-order planar nonlinear systems. However, its obvious drawback is that stochastic inverse dynamics
are neglected.

Unmodeled dynamics, which are one of the main causes of system instability, exist in many practical
systems. To deal with these dynamics, input-to-state stability (ISS) in [24] and integral input-to-state
stability (iISS) in [25] are regarded as the two most representative tools. Refs. [26,27] extended ISS
to stochastic systems and proposed the definition of stochastic input-to-state stability (SISS). Using
this definition, a sufficient condition for SISS based on the Lyapunov function was formulated in [28].
By applying this condition, state feedback stabilization, global practical tracking control, and output
feedback control for a stochastic system with SISS inverse dynamics, were studied in [29-31], respectively.
Stochastic integral input-to-state stability (SiISS), a weaker concept than SISS, was proposed in [32]
and refined in [33], in which the authors established two SiISS small-gain conditions. By applying the
results obtained in [32,33], some feedback control problems of stochastic systems with SiISS were studied
in [34-37]. However, all these results are not applicable if an output constraint exists in the system,
which provides great motivation for our research goal.

Due to the existence of stochastic noise, inherent nonlinearities of stochastic nonlinear systems, and
invalidity of BLFs, the design of an output feedback controller and analysis methods to deal with the
output constraint and stochastic inverse dynamics is a challenging and interesting problem. The objective
of this paper is to design an output feedback controller for stochastic high-order planar nonlinear systems
with output constraint and SiISS inverse dynamics. Our main contributions are summarized as follows:

(i) Our work is not an easy generalization of [22]. In fact, even without considering stochastic inverse
dynamics, the results in our work are also new and more general than those in [22] since the powers of
the studied system are greater or equal to one rather than some ratios of two odd numbers.

(ii) Based on a new state transformation function, the output-constrained system can be converted
into an unconstrained form. For this unconstrained system, by using the adding a power integrator
technique and introducing a delicate manipulation of sign function, an innovative state feedback controller
is designed without employing some commonly-used BLFs. To implement the output feedback, a reduced-
order nonsmooth observer equipped with a nonlinear gain function is constructed accordingly by taking
into consideration the inherent nonlinearities of the system. Then, by combining the state feedback
controller with this observer, an output feedback controller is constructed to ensure that all the closed-
loop system signals are bounded almost surely, the output constraint is not violated almost surely, and
the equilibrium point of the closed-loop system is stochastically asymptotically stable.

Notations. R, R*, and R" represent the set of all real numbers, the set of all nonnegative real
numbers, and the real n-dimensional space, respectively. For any z, |z| represents its norm. C* is the
set of functions with the ¢th continuous partial derivatives. a A b is the minimum of a and b. K is the
set of all functions that are strictly increasing, continuous and vanishes at the origin. K is the set of
all functions that are of class L and unbounded. For simplicity, a function f(x(t)) is usually defined as
f(z) or f. Tr{A} denotes the trace of matrix A. [-]¢ = sgn(-)| - |2, o is a positive constant, and sgn(-)
represents sign function.

2 Preliminaries and problem statement

2.1 Preliminaries

Consider the following stochastic nonlinear system:
da(t) = f(a(®)dt + g (2(t))dw, VE > 0, (1)

where z(t) € R™ is the system state with the initial value 2(0) = x9, w is an m-dimensional standard
Wiener process defined on a complete probability space (€2, F, P), and f(z) : R® — R™ and g(z) : R" —
R™*" are local Lipschitz with f(0) =0 and g(0) = 0. For any given V(x(t)) € C?, define the differential

operator
ov 1 0*V
= 4 Trig——g"'}. 2
LV 8x+2 {gazQQ} @
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Definition 1 ([38]). The equilibrium x = 0 of system (1) is (i) stochastically globally stable, if for any

e > 0, there exists a class of K function A(+) such that P{|z(t)| < A(|zo])} =1 —¢, ¥Vt > 0, 29 € R"\{0};

or (ii) stochastically asymptotically stable, if it is stochastically globally stable and P{lim; . |z(t)| =

0} =1, 20 € R™.

Lemma 1 ([39]). Let ¢ > 0, ¢o > 0, and @ > 0 be real numbers. For any z,y € R, there holds
(

2l y]% < (@1/ (a1 + @2))alel ™+ + g2/ (@1 +g2))a” 5 [yl 222,

Lemma 2 ([40]). For a given continuous function p(x,y) with z € R™, y € R™, there exist smooth
functions c¢(z) > 0, d(y) = 0, u(z) > 1, and v(y) > 1 such that |p(z,y)| < c(z)+d(y), |p(z,y)| < u(z)v(y )
Lemma 3 ([14]). p(z) = [2]¢, ¢ > 2is a C? function for z € R and p(z) = c|z|*7, p(z) = c(ec—1)[2]¢~
Lemma 4 ([41]). Let!= ¢ >1withn>1and s>0 be real values For any =,y € R, |[z]" — [y]Y <
A+ 272)(|lr =yl + |z - y||y|l N, (T2]17 = [y1T] < 27Tl — g, Jo! — '] < 270 ([2]® — [y]°],
—[z—yl*([2]' = [y]) < =2z —y|"**.

Lemma 5 ([41]). For a given continuous monotone function p(x) : [a,b] — R with p(a) = 0, there holds
S, p(s)ds < [p(b)| - [b—al.

Lemma 6 ([39]). Let [ > 1 be real numbers. For any x; € R, i = 1,...,n, there holds (3], |z;|)! <
b> 0 |zil', where b=n!"tif I > Tand b=1if [ < 1.

Lemma 7 ([38]). For the stochastic system (1), if there exists a C? function V (z), a nonnegative function
W (z), class Ko functions «; and ag, constants ¢; > 0 and ¢ > 0 such that aq(Jz]) < V(z) < az(|z]),
LV (z) < —eaW(x) + c2. Then (i) there exists an almost surely unique solution on [0,00). (ii) When
¢ = 0 and W(z) is a continuous positive definite function, the equilibrium point 2 = 0 is stochastically
asymptotically stable.

2.2 Problem statement

This paper considers a class of stochastic high-order planar nonlinear systems,

dZO = fo(Zo, Il)dt + goT(zo, xl)dw,
dzy = ([22]7* + fi(z0,21))dt + ¢ (20, 21)dw,
dag = ([u]P2 + fo(zo,2))dt + g3 (20, 2)dw,

Yy =x,
with a symmetric output constraint

y(t) € Qy = {y(t) € R: —ka, <y(t) <ka,}, (4)

where x = Ty = |11, 22]T € R? is the system state with the initial value z(0) = o, 20 = (21,...,2)T € R!
is stochastic inverse dynamics with the initial value z0(0) = zo1, u(t) € R and y(t) € R are control input
and the measurable output, and x3(t) € R is unmeasurable. System powers p; > 1, i = 1,2, are two
positive values. w is an m-dimensional standard Wiener process defined on a complete probability space
(Q, F,P). Fori=1,2, f; : RExR! — R and g; : R x R? — R™*! are continuously differentiable functions
with £;(0,0) = 0 and ¢;(0,0) = 0, and fp : R! x R — R’ and go : R! x R — R™*! are locally Lipschitz
continuous functions with fy(0,0) = 0 and go(0,0) = 0. k,, is a given positive constant.

The objective of this paper is to design an output feedback controller for the system (3) such that
all the closed-system signals are bounded almost surely, symmetric output constraint (4) is not violated
almost surely, and the equilibrium point of the closed-loop system is stochastically asymptotically stable.

To achieve this objective, we need some assumptions.

Assumption 1. For i = 1,2 and g1(z9,21) = 0, there exist a nonnegative constant w and some
nonnegative smooth functions 51;, B2i, f23, and P24 such that

| fi(z0, )| < Bui(|z0]) 20" + Bas(1) D |25 77, (5)
j=1
2w 2 2rotw
|92(20, ) < Bas(]z0]) 2+ Boa(w) ) Jayl P, (6)

j=1
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r1+w

where 11 =1, ro = . Meanwhile, one of the following conditions should be satisfied:

(1)7“_1:17 (i) ro+w=>=mr andr—1>2. (7)
T2 )

Assumption 2. The zp-subsystem in system (3) is SilSS with z; being the input, along with a Lyapunov
function Vy(29) € C* such that

a1(lzo) < Vo(20) < aa(lz0l), LVo(20) < —as([20]) +7(|21), (8)

where o, g, and v are K, functions and a3 is a positive definite continuous function.

Remark 1. As shown in Assumption 1, the selection of o makes the values of % and 2722% to be
in a certain interval [pi%,O) with 7,7 = 1,2, and pio = 1. Though Refs. [32,36,37] considered output
feedback control for stochastic nonlinear systems with SiISS inverse dynamics, their assumptions on f;

and g;, i = 1,...,n, just depend on zy and x;. More importantly, output constraint is also ignored in
these studies. When z, = 0, Assumption 1 reduces to Assumption 1 in [22].

Assumption 2 implies that zp-subsystem is characterized by SilSS. Compared with SISS, SiISS is a
weaker condition since a3 is only positive definite continuous instead of /Co.

Remark 2. Compared with the existing result [22] on output feedback control for stochastic nonlinear
systems with output constraint, system (3) is more general since the powers in this work only need
some values to be greater than one rather than some fractional powers with both odd numerators and
denominators. What’s more, SiISS inverse dynamics are also not included in [22].

3 Main results

3.1 System transformation

Inspired by [22,23], we first introduce an equivalent coordinate transformation

x1(t
Zo(t) = Zo(t), fl (t) = T(Il(t)) = tan ( ]1:{(1)), fg(t) = Ig(t), (9)
where K; = 2]2‘;1 . By the properties of tangent function, we have

x1(t) = TH& (1)) = Ky arctan(&; (2)). (10)

It is obvious that x4 (¢) is strictly increasing and smooth with respect to & (¢), and the following properties
are obtained:

{ 21 (t) = —ka,, when & (t) = —o0; (11)

x1(t) = kq,, when & (t) — .

Namely, for given initial state y(0) = z1(0) € €2, the symmetric output constraint (4) is not violated al-
most surely provided that &; (¢) is bounded almost surely. From (3), (9), and Itd’s formula, the constrained
system (3) is converted into an unconstrained form:

dZO = f0(207§1)dt + gOT(ZO7§1)dw7
d§1 = (H& |'€2'|p1 + fl (an 61)) dt + ng(ZOa €1)dwa (12)
d£2 = ([u"lpz + f_‘Q(ZOag)) dt + gg(zo,f)dw,

where £ = (£1,62)", fo(z0,&1) = fo(20,81), Go(20,61) = go(20,&1), He, (61) = 1142?%7 f1(20,61) = He, f1(z0,
El)a ng(Z(Jafl) =0, f2(207£) = f2(207£)a and gQT(ZOag) = 92(2075)'
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3.2 State-feedback controller design

Before constructing a state-feedback controller for the system (12), we choose a constant A > 1 such that
maXlgi@{”jw} < ry and set 7 =1;.

Step 1. Set z1 = [&] ﬁ, & = 0 and consider the Lyapunov function

4TA—w—r
drd—wony

Mg =wite = [ [1s1% ~ 1617 ds. (13

By (2), (12), (13), and Ité’s formula,

rxwrl ovi )\wrl

LVi = He, [21] ([&]" = [&17) + Th + He,[21]” (&5 17 (14)

From the definition of tangent function, it follows that
|arctanz| < |z, Vz € R. (15)
Taking this into consideration, and using (10) and Assumption 2, we have
LV < —as(|zo0]) + v(Ki|arctan &1]) < —as([zo]) + F([&1), (16)

where §(|&1]) = v(K1lé1]). By (5), (10), (13), (15), and Lemmas 1 and 2,

oV, r1 - ritw
a—Elfl < Helzl (511|ZO| W By | )
ATA—w—r ’1+w
< Hg, |21] Burlzo|" 4 He a7 K, 6]
< a11(§1)|21|4k + 11(|20]) |20, (17)

where a1 and 1 are some nonnegative smooth functions. Choose the virtual controller

&) =—

(a11(§1) +H21+ 12! (’51)) " [1]7 2 —01(&)[2] 7, (18)

2
where H; £ % < 12251 = H¢, and v is a nonnegative smooth function to be determined. Substituting

(17) and (18) into (141) and considering (16), we get

LVi+ Vo) < =2|z1|" = v1(&)]za|™ + ¢1(|z0])z0]*™ = as(|20])
4T A—w—ry

(&) + Hey 2] ([&17 = [& 7). (19)
Step 2. Set
&2 - LR S
Wae) = [ [151% - 1617 ds, (20)
?Hd dfeﬁne 1‘/2(2}?75) = Vo(20) + Vi(&1) + Wa(€) and 2, = [&]72 — [&]72. By (2), (12), (19), (20), and
to’s formula, then

4TA—w—r

LVy < =2z = n1(&)|z)*™ + v1(lzo)) |20 ™ + He, [a]1™ 7 (€17 = [€577") — a3(| o))

- oWy oWy z 10*Wy
H, P1 p2 21
436 + Gl (He [ + )+ G2 (17 + F) + 5 Gt (21)
By the definition of 7 and A, it is easy to get 47’\_%_7'2 > 2. By Lemma 3, there holds

W, /& . B <4T)\wr2) aes]
- sz — [€X] 72 ds - , 22
e =), 7 - : o (22

aW 4T A—w—rgy

f=lam] (23)

982
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02W, 47N —w — 19 dra—w-ry 1 029
= - . 24
03 ( T ) i 9%, (24)
It follows from (5), (10), (15), (18), (22), and Lemmas 1, 2, and 4-6 that
oW, S eEre Ha[gg 172
H L p1 + < b / Ty * 7~2
6, (He, [&17 + f1) < bu(&) . 1 [&2]72 96,
1 +w
(511|Zo|”+w + Ky Balal T+ |€2|p1>
& N 4TA—w—ry €2 m
< mte)| [7[11% - 1 s 2
. 71+w
(onlzollz0 = + o1a(€0)|21] 7 + o15(61)]22 )
1
< Z|Zl|4A + az1(€1)|22]* + ¥21(|20)) 20", (25)

where b11, a1, Y21, 011, 012, and p13 are some nonnegative smooth functions. By (5), (9), (10), (15),
(18), (23), and Lemmas 1, 2, and 6,

OW- 4rA—w—r r2+w
8§2f2 < 22| ’ (512|Zo|r2+w+K 522|Z1| +522|€2 & )
2

AT A —w—rg

+w
< |22 (921(|ZO|)|ZO|T2+W+Q22(§1)|Z1| = 4 023(61)]22] )

< Z|2?1|4A + a2 (&) 22" + ¥22(|20]) 20 *, (26)

where ag2, 122, 021, 022, and 23 are some nonnegative smooth functions. From (6), (9), (10), (15), (18),
(24), and Lemmas 1, 2, 4, and 6, it is clear that

18W2 47N —w — 1o drA—wory
929 — | |2

< (92’2
2 9gg 292 S

o6

272+w

(523 |Zo |

T

27“2 +w

2ry+w 2
+K,* 524|Z1| 5= + Baa|€a] 22

AT\ — @ — 79 ara-w-ry | D29 2
g . 96 = ; ro—+wo
(= )|z2| S| (entzabo
r2+w
o)A TES + a6l )
1
< Z|21|4A+a23(§1)|z2|4A+¢23(|ZO|)|ZO|4M, (27)

where ag3, 123, 031, 032, and 33 are some nonnegative smooth functions. Due to =2+ > 1, by Lemma 4,

e O [ I ik e
< 22 (1027%7) (1l #1615 e) (29)

which, together with (18), and Lemmas 1 and 2, implies that

4TA—w—r

drA—w—ry ropy P |
Ha [l 572 (Gl - [617) < b6l (1l 4 [[615|

1
< Z|2?1|4A + az4(é1)]2z2|*, (29)

where by and ag4 are some nonnegative smooth functions. Substituting (23), (25)—(27), and (29) into
(21) yields

LV < —[z1[" + ¥1(20])|20]*™ + v2(|20])| 20| ™ + az(€1) |22 "
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ATA—w—ry

—vi(€n)z | — as(lz0l) +F(&) + 22|77 [u]™, (30)

where 19 = Zle e9; and ag = 2?21 as;. Choose the state-feedback controller

T T

2 —0a(&1)[2] 7, (31)

A3
A3

u(€) = —(1 + as(€1)) 77 [ 2]

with rg = ’“2;2“’. Putting (30) and (31) together yields

LVa < =z = [z + v (l20]) |20 + w2 (l20]) |20 = 11(&) 21" = @s(|20]) + (&) (32)
3.3 Output feedback controller design

Since zo = & is unmeasurable, a reduced-order observer is constructed as follows:

ri+w

£= L&) (He [=+ 517 + 7). (33)

where S(&;1) is a smooth function with S(0) = 0 and %él) = L(&) > 0 which will be defined later. Let

& be the estimate of & with [£]72 = 2+ S(&) and e = [&]72 — [&]72. It follows from (12), (33),
Lemma 3, and It6’s formula

T
de = (—|§2
T2

~LH ([ - &) )+ Ty

AR g (1) 6

2r9 \ 12

72T dw. (34)

MA:W, and using (2), (34), and Lemma 3, we obtain

Choosing Ws(e) =

47';—12 |€|

ATA—w—T

LW3 = [e]™ + (%KQ

2r9 \ 12

B g (1) 16

- AT —w — 7, jamx-w-r_{ [ T = 1\
it (&1 - &) ) + ST (Ll ) e (9

The following propositions are used to estimate the right-hand side of (35), whose proofs are in Ap-
pendix A.

Proposition 1. It is easy to show that
le]

2@

ATA—w—T

el 7 ([ = [&1) < -

(36)

Proposition 2. There exist nonnegative smooth functions My1(&1), N11(&1), and ts1(]20]) such that

T[] gl N [l + o)
2

ArA-—w—7

1 1
< ol + ggleal™ + Mua(€)lel™ + Nua(€)lel =7

4w
et 4 1y (|z0) |20/ (37)

Proposition 3. There exist some nonnegative smooth functions Mi2(&1) and 32(|20|) such that

A g (5 1) e i

2r9 \ 12

1 1
< Z|21|4A + 1—6|Z2|4A + Mz (1) le]™ + vs2(|20]) 20| (38)

Proposition 4. There exist some nonnegative smooth functions Mi3(£1) and ¥s3(|20|) such that

4T AN —w — T, amr-—wm—1 T 1 27 _
e 1(7,—2|§2|T2 ) 9 G2




Xie R M, et al. Sci China Inf Sci  March 2024, Vol. 67, Iss. 3, 132205:8

1 1
< Z|21|4A + 1—6|Z2|4A + Mus (1) le]™ + vs3(|20]) |20 (39)

With the help of Propositions 1-4, Eq. (35) can be rewritten as

3
3 3
LW3 < Z|2?1|4A + 1—6|Z2|4A + > Myi(&)lel*™ + vs(|z0) |20 *™

i=1

+N11(&) |€

e = ML(E)]e™, (40)

where )3 = Z _, W3 and M = QWK

Because 2o = & is unmeasurable the state feedback controller v in (31) is unavailable. By the
certainty equivalence principle, we obtain an implementable output feedback controller by replacing &
with & generated from (33),

r

u(6n, &) = —oa(6) [[617% — 16515 | (a1)

oo

l

From (41), Lemma 6, and the definition of e and z9, it follows that

. T+w
o s retw | TS
|up2 | 2 e = oy

117 — 16317 |

pa(r+w)
ot

(617 — [&]7 + [&]7 - [&]7

(r+e) . i
< 27y S (|e| HE ) ) (42)

-

N

|U2

By (42) and Lemmas 1 and 2, we obtain

Ni1(&1)lel uP? |25 < Ny (€n)]e]

ATA—w—T 47')\7w77'( 7—+w>
T

< 1—6|Z2|4A + Mg (&)lel*, (43)

where Ny; and M, are some nonnegative smooth functions. Substituting (43) into (40) leads to

3
LW3 < lell4A IZ s +ZMM &)le™ + ¥3(|20]) 20/ — ML(&)e|*. (44)
=1

Under the new controller u(&;, ég) rather than v in (31), Eq. (32) is no longer valid. Instead,

LVy < —|z1|* + 1 (Jz0) 20" + ¥2(|20]) |Z0|47A +a2(€1 )|z2|*?

—n (€)™ = aslzol) + AN + 22l T 7 [ulér, &)
< —lal? = |l + |l T o8 [[2] 5 — [ — €] |
+1(|z0)) 120/ + ¥2(|20]) 207 = 1 (&) 21| = as(|20]) +F(61])- (45)

Due to 22 > 1, by Lemma 4,
T

ro+ww ro+ww
1221775 = 22 — €] 77| <

7’2+w<
T

w4 w+r
1N (e P i B (46)

Thus, it follows from (46) and Lemmas 1 and 2 that

AT —w =1y rotw 72+w

[22] 77 — 22 —¢]

AAT—w—ry

|22 5

Naa(€0)le] (Je] =57 4 |z =77

< §|Z2|4A + Mys(&)lel*™, (47)

| <l
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where Ni2 and M5 are some nonnegative smooth function. Substituting (47) into (45) leads to

1
LVy < |z - 5|22|4A + Mis(&1)le]* + ¥1(|20]) 20 *™
+ba(lz0]) 20| = v1(&1) |22 " — as(|20]) + F(I&)- (48)

From (44) and (48), one obtains

5
1 1
L0+ 1) < gl = i+ (32 M)~ Mkten ) e

+(|z0])| 20" = w1 (&) 21" = aa(l20) +F (&), (49)
where ¢ = Z?zl ;. Setting
V(Z) = Va(20,&) + Ws(e), (50)
where = = (20, 1,62, e)T, and choosing M (&) > Zle My;(&1), we get
& .
S(&) = /0 ES)dS + %51; (51)

where 7 is a known positive constant. By the definition of the observer gain S(&;) with ag(él) =L(&) >

_ 5 _
0, it is easy to deduce that L(&;) = % + % > w + %, and then

) 1 1 B ~
LV < —mle|*™ — Z|21|4A - Z|Z2|4A +1(|20]) |20/ = v1 (&) ]2 [* = s(|z0]) + F(|1])- (52)

3.4 Stability and constraint analysis

Theorem 1. For the system (3), if Assumptions 1 and 2 hold with
7(s)

4T 4T
lim sup wls)s? < 00, limsup Yls)s < oo, limsup — = < oo, (53)
50+ 063(8) 5—00 063(8) s—0t S T

then there exists an output feedback controller such that for any initial value y(0) € Q,:

(i) The closed-loop system consisting of (3), (4), (9), (33), and (41) has an almost surely unique solution
on [0, c0);

(i) All the closed-loop system signals are bounded almost surely, and the symmetric output constraint
(4) is not violated almost surely;

(iii) The equilibrium point of the closed-loop system is stochastically asymptotically stable.
Proof. (i) The proof is divided into three parts.

Part I: From (53), there exists a positive constant s such that

P(s)s ™ < kas(s), Vs = 0. (54)
By setting the Lyapunov function V,,(z0) = kVy(20) and using (16) and (54),
LV, < —ros(|zol) + #7(€]) < =v(|20)) 2™ + wF(I1]). (55)

Setting V(Z) = V(Z) + V., (20) and considering (52) and (55), it is clear that
_ 1 1 -
LV < —mle|™ = Zlar[* = 2zl ™ + v(20) 20| + K7 (1€])

—vi(&)lz " = as(l20]) +F(€l) — ¥(z0)2™
= —ag(lz0l) + (s + DA — (@I = el = Tl — Lzl (56)

From (53), there exists a nonnegative smooth function (&) such that

(& + D)F(&l) < ml€)e™. (57)
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Substituting (57) into (56) yields
_ 1 1
LV < —ag(|z0]) = mle|* = Z]za[* = [z (58)
Part II: We prove that [u]?? in (41) satisfies the local Lipschitz condition. By (41) and Lemma 3,

Olu€, &)1 _ 908 (&) [rpq2  rpma] ™ Tsp2 B e
96 == ?351 ﬁfﬂz—f’fﬂz] - p(ﬁ)‘ffﬂ - 1&] ‘

00 £
(e + 26 % + Zof el ),
96
dlu ,A P2 7“ I %71 2T
e8I TP ) 1617 — e | Tl (59)
0&5 T2

From (7), (41), and the definition of 7 and r3, it is obvious that ®2 —1 >0 and = —1> 0,4 = 1,2.
Since 0;(&1), i = 1,2, and L(&;) are some smooth functions, by (59), M and % are

continuous, and then [u({l,fg)]m is C!. Because fi, fo, and go are some locally Lipschitz functions, the
locally Lipschitz condition of the closed-loop system (3), (4), (9), (33), and (41) is verified.
Part III: Firstly, we show that for i = 1,2,

47-)\

cnl€ — &1 SWiE) < ezl 7, (60)

where ¢;1 and ¢;o are some positive constants. By Lemmas 4 and 5, we deduce that

drA—w—r; dra=

[161%]” = [161%] 7| < calst = (61)

Wi(&) < |zl

where c¢;2 = 2177 . The left-hand side of (60) will be proven by considering two cases.
Case (I): When & <&, 1= 1,2, there are three situations.
(a) If 0 < & < &, by using [|z] — [y||” < [[2[" = [y/?| for p > 1,

& 4rA—w—r;

Wi(&) = /f “s]% _ Rcﬂ%—‘ T ds

& - ANl
:/ (s5-¢") ds

&i ATA-—w oy
AR

*

Ti ATA—w

Zm(fi—ﬁf) e (62)

(b) If & < & <0, similar to (62), there holds

(c) If & < 0 <&, by Lemma 6, there holds

4rrA—w—r;

mie) = /O 1% | ds+/0& 1% - 1g1%]  as
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4T A—w—r;

[eomrce®) e [M(Frcer) T e

247’X F 0 oy A m o 247’X f = & o A m
= AatA—w-ry / (S - gz ) " ds + 4T A—w—ry / (S - gz ) B ds
2 i : 2 - 0
477-)\—w—r1
T T EEDN
47_)\ —w 247-)\;?—7“1 (é"L - é"L*) ° (64)

In conclusion, one has

ATA—w—r;

2 T

AT h—w0  AmA—wm—r; *

where ¢;1 =

2 i
Case (II): Similarly, when & < &, i = 1,2, there holds

— 4T A —w
Wi(&i) 2 el — & (66)
Combining (61) with (65) and (66), Eq. (60) holds.
From Assumption 2, the definitions of Vy(zo) and V,,(2o), it follows that
(r+ Dar(|20]) < Volz0) + Vz (20) < (5 + D)ea(]z0])- (67)

By (60), (67), and the definitions of W3(e) and V(Z), we know that V/(Z) is positive definite and radially
unbounded, and there exist some Ko functions a; (Z) and az(Z) such that

ar(E]) < V(8) < a2([E)). (68)

Clearly, Va(z0,&), Wa(e), and V,(20) are C2, so is V(Z). By Parts I-1II and Lemma 7, the closed-loop
system (3), (4), (9), (33), and (41) has an almost surely unique solution on [0, 00).
(ii) Define the stopping time T, = inf{¢t > 0: |Z(¢t)| > k}. By (58) and It6’s formula,

E{V(E(Ti A1)} = V(E(0) + E / " LV(E(s)ds < V(E(0)). (69)

From (68) and (69), it follows that

V(E(0)) = E{V(E(Ts A1)}

WV

V(E(Ty At))dP

\%4

/SUP0<5<t (s)[>k}

i)

Ty))dP

{supo<s<t [E(s)[>K}

> P{ sup |2(s)| > kz} |”i?>fk@1(|5|)’ vt > 0. (70)

0<s<t

Thus, it is easy to show that for V¢ > 0,

0<s<t

P{ sup |2 ()|>kz} mﬂuﬂ’ (71)

P{ sup |=(s)] <kz} 21—&. (72)

0<s<t

Setting k — oo first and then ¢ — oo, by the monotone convergence theorem and the radial unbound-
edness of ai(|=]), one obtains P{sup,>,|=E(t)] < co} = 1. Therefore, z9(t), {1(t), &2(t), and e(t) are
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bounded almost surely, so are 21 (t), 2(t), and & (t). By the definition of & (¢) and u(t), the almost sure
boundedness of &5 (t) and u(t) can be ensured.

Since &3 (x1) is bounded almost surely, by (11), the constraint (4) is not violated almost surely for any
y(0) € Q.

(iii) From (58), (68), and Lemma 7, we can derive that P{lim; . (|z0(t)| + [£1(¢)| + [€2(¢)| + |e(t)]) =
0} = 1. By the equivalent coordinate transformation, the equilibrium point of the closed-loop system is
stochastically asymptotically stable.

Remark 3. The significance of Theorem 1 is that a systematic approach to continuous output feedback
control is successfully developed to achieve the pre-specified symmetric output constraint for stochastic
high-order planar nonlinear systems with SiISS inverse dynamics.

4 A simulation example

Consider a stochastic nonlinear system

dZO = fo(Zo, Il)dt + gOT(Zo, xl)dw,
dzy = ([2217* + f1(20,%1))dt + g7 (20, 21)dw,
dag = ([u]P2 + fa(z0,2))dt + g3 (20, 2)dw,

Yy =2,

(73)

with output constraint y(t) € ={y(t) e R" : —1.6 < y(t) < 1.6}, Vt > 0, where p; = 1, py =

15 _ 2z 2 1 .2,.4 _ 1 1 =z _ _ —
) fO = _1+§4 25620I15 go = \/Zo"'mzoxu fl - ESID(Il)xl + ﬁlJrozau f2 - 07 g1 = 0; 92 =

L2y cos(z2) +

1+z§ It is easy to verify that Assumption 1 holds by choosing 11 =1, @w =0, ro = 1, and

ry = %. By introducing
x
&1 =T(z1) = tan (71>7 {2 = T2, (74)
1

where K1 = 32, Eq. (73) can be rewritten as

dZO = f0(207 El)dt + gOT(Z(Ja El)dwa
déy = (He, [&17" + f1(20,&1)) At + g{ (20, &1)dw, (75)
dé&s = ([u]?2 + fa(20,€)) dt + g3 (20, &)dw,

_ 2 _ _
where § = (§Ia€2)Ta fO = f07 gO = 4o, Hﬁl = 1[—";§17 fl = H§1f17 f2 = f2) gl = 01, 62 = g2- For

4
zp-subsystem of system (73), by setting Vo = In(1 + z§), one can verify that £Vp < —12+Z;’4 + = Kiet.
0

Assumption 2 is satisfied by choosing as(s) = % and y(s) = 1z K{s*
Following the same procedure as in Section 3, one obtains the output feedback controller

z=—L(&)(He, (2 + S(&)) + He, f1), (76)
fa=2+5(&), e=& — &, (77)
u=—02(€1){52—€§]%a (78)
where o = az + 1, az = 5§§§f}4 + gomz + 4 +3H&|§§2 |+ 2 (He, | % (00 + 22))3 + 2HE + T,
B2 €2 gy (&) = e, g HE L L) = 269705 13,6473 165. 249265 +64.19726.7 16, 261+

5.360 + 3278468 + 4.4425¢,0 +5 95127 +17. 11251 16802468 +59.3196,7 + 1509¢16 63667 +5. 83251 ,
S(£1) = 2697056, +4.54967 +17. 8ET 1 14.2¢7 + 12467 +0.76¢] + 364367 + 0. MET 1167 10167 +

590851 +3. 951 + 88.8¢17 + 25.44£35 + 0. 00951
By choosing the initial value (z0(0), 21(0), z2(0)) = (0.4, —0.9,0.5), Figure 1 clearly shows the response
of the closed-loop system.
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Figure 1 (Color online) The phase curves of (a) zo(t), (b) z1(t), (¢) z2(t), and (d) u(t).
Conclusion

In this paper, we study output feedback stabilization of stochastic systems with output constraint and Si-
ISS inverse dynamics. However, the existing work only discusses the planar case, and the implementation
of an output feedback controller for n-dimensional stochastic state/output-constrained systems needs to
be further explored.
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Appendix A

Proof of Proposition 1. By Lemma 4 and the definition of e,

v rmn ([ pqnER [ one
—fel 7 (&) = [&1™) = [l 7 [€2]72 - |1é&1m
4rr—w r PR s nt=
= - (Jle1® ]| 7T - frem -] )
e[+
< -2 (A1)
Proof of Proposition 2. From (5), (9), (10), (15), (18), and Lemmas 1, 2, and 6, it follows that
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2
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where ka1, koo, k23, koa, M11, Ni1, and 131 are some nonnegative smooth functions.
Proof of Proposition 3. By (6), (9), (10), (15), (18), and Lemmas 1, 2, and 6,

drA—w—T T T ENEPY.
- — (= -1 ra glg
e (= ) e 5k
2rotw 2ry 4w \ 2
- 5 2ro 4w 2ro+w 2
S Croit) I I e (523|Zo|72 FECT faala T 4 el P2 >
2 2
4T AN—w—T o
< e P (km(\zo\)w R D A e )
1 T
< Z\Zl\ > 5\22\“ + Mi2(&1)]el™ + vs2(|zol) 20|, (A3)

where k31, k32, kss, Mi2, and 132 are some nonnegative smooth functions.
Proof of Proposition 4. From (6), (9), (10), (15), (18), and Lemmas 1, 2, and 6, it follows that

4T —w — T, Ad-—w-7 4 [T z _1\?% _p_
T lelT 7 (5\52\72 >9292

27
2
L (’““('ZO'”ZO'Q”“ +haa(€)la | T 4 zm(sl)m%ﬂ)
< i'“'“ + %\zzl“ T Mis(e)|e*® + a3 (lz0) 2047, "

where ka1, kaa, kaz, Mi3, and 133 are some nonnegative smooth functions.
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