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Abstract In this paper, continuous time-varying stabilizing controllers for the type of general nonholonomic
systems proposed and treated in part 1 are designed using the fully actuated system (FAS) approach. The
key step is to differentiate the first scalar equation, and by control of the obtained second-order scalar
system, a proportional plus integral feedback form for the first control variable is obtained. With the
solution to this designed second-order scalar system, the rest equations in the nonholonomic system form
an independent time-varying subsystem which is then handled by the FAS approach. The overall designed
controller contains an almost arbitrarily chosen design parameter, and is proven to guarantee the uniformly
and globally exponential stability of the closed-loop system. The proposed approach is simple and effective,
and is demonstrated with a practical example of ship control.

Keywords nonholonomic systems, feedback stabilization, fully actuated systems, Lyapunov stability, con-
tinuous controllers

1 Introduction

This paper is a continuation of [1], which investigates the stabilization of a type of nonholonomic systems
using the fully actuated system (FAS) approach.

Ever since the celebrated work of Brockett [2] in 1983, nonholonomic systems have attracted a great
deal of attention and have been extensively studied by numerous researchers. Among these systems, two
types of chained forms, which are natural extensions of the Brockett’s two examples proposed in [2],
have been crucially investigated, since they arise from many application backgrounds, including car-type
vehicles, mobile robots, surface vessels, underwater vehicles, and spacecraft [3,4]. It has been shown that
the Brockett’s chained forms are in fact some kinds of canonical forms for a wide class of nonholonomic
systems, since many nonholonomic systems can be represented by models in these chained forms or are
feedback equivalent to these chained forms [5, 6].

As revealed by Brockett [2], for a nonholonomic system, there does not exist a smooth time-invariant
stabilizing controller, or there may not even exist a continuous time-invariant one. Therefore, in the
literature, two attempts have been generally made in the stabilization of nonholonomic systems, one is
using discontinuous feedback controllers [7-14], and the other is utilizing continuous, but time-varying,
feedback controllers. Discontinuous stabilizing controllers are more natural and are relatively easier to
design, but they often result in nonsmooth system responses. Comparatively, the type of continuous time-
varying stabilizing controllers for nonholonomic systems is preferable [15-21]. For time-varying controller
designs, global asymptotical stability with exponential convergence is achieved in [22] about any desired
configuration by using a nonsmooth, time-varying feedback control law. In [23], a recursive technique is
proposed which appears to be an extension of the popular integrator backstepping idea to the tracking of
nonholonomic control systems. For the design of continuous time-varying controllers for the Brockett’s
second chained form, the approach proposed in [15] is wise and convenient, which employs an extended
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o-process and converts the problem into the stabilization of controllable time-varying linear systems with
the time-varying terms decaying exponentially and therefore being allowed to be neglected in the design.

Most of the reported results for control of nonlinear systems, including nonholonomic ones, are based
on the general state-space approach. Parallel to the state-space approach, recently, the FAS approach
for control system analysis and design has been introduced, which is originated from the two series of
studies [24-26] and [27-36], and has been extended to more complicated systems (see [37—42]). Fur-
thermore, the approach has been successfully applied to solve the stabilization of some nonholonomic
systems [3,4,43]. Particularly, a generalized type of nonholonomic systems has been recently proposed
in [1], and has been treated with the FAS approach.

The generalized type of nonholonomic systems proposed in [1] is an extension of the Brockett’s chained
forms, which involves two sets of nonlinear time-varying terms and a set of “selective” variables, namely,
pi,t=1,2,...,n—1. The set of “selective” variables takes the value of either z(, the first state variable
in the system, or ug, the first control variable in the system. Therefore, instead of representing a single
nonlinear system, this model proposed in [1] really represents a set of 2"~ ! systems. In the case that
the two sets of the nonlinear terms are set to 0 and 1, respectively, the type of systems reduces to the
Brockett’s first chained form if all p;’s are chosen to be x(, and reduces to the Brockett’s second chained
form if all p;’s are chosen to be ug. Under the condition that the first scalar state variable xg is restricted
to be nonzero, with the help of the well-known o-process, a strict-feedback system (SFS) model for the
second subsystem is firstly obtained, and is then converted into a global FAS. Based on the obtained
FAS, a discontinuous controller is designed, which drives all the states of the designed system to zero
exponentially provided that the initial value of the first scalar subsystem is restricted to be nonzero.

In this paper, the stabilization of the general type of nonholonomic systems proposed and studied
in [1] is reconsidered, but using continuous time-varying controllers. Different from [1,15], the first
control variable ug is designed through differentiating the first scalar subsystem. Consequently, the
partial controller is given in a “proportional plus integral” form and is thus a time-varying one. Then,
as in [1,15], by introducing a “o-process”-like transformation, the second subsystem, which is formed by
all the system equations but the first one, is transformed into an almost SFS. The obtained almost SFS
is actually an SF'S with each equation having an additional nonlinear term containing an exponentially
decaying multiplier. Fortunately, it is proven that under very mild conditions, a uniformly globally and
exponentially (UGE) stabilizing controller for the SFS also UGE stabilizes the converted almost SFS. In
other words, the series of additional terms in the almost SFS in general do not affect the stabilization of
the converted system and can be neglected. Hence, the problem is again turned into the control of an SFS
of exactly the same form as the one obtained in [1] for the case of discontinuous controller design. Further,
by converting the SFS into a FAS, a UGE stabilizing controller for the original nonholonomic system
is then derived. The practical example treated in [1] is again treated with the proposed continuous
stabilizing controller. It is worth mentioning that, since the controller contains an integral term, the
designed control system eventually admits such a feature that the arbitrary constant disturbance existing
in the first scalar subsystem is automatically and completely decoupled.

In the subsequent sections, the n-dimensional vector space and the matrix space of dimension m x n
are defined as R™ and R™*", respectively, and the set of all nonnegative scalars is defined as R*. I,
denotes the identity matrix of order n. For a matrix A € R™*™, the notation || A|| represents its spectral
norm. Moreover, for z,z; € R"™ and A; € R™*™ i =0,1,2,...,n, the following standard symbols for
the FAS approach are used in the paper:

x xX;
T Li+1
O~ . .
CE( " = . y Ling = . , 1<,
n
2 .
(0~n) (n4)
Ty Ty
(0~1n) x(nzfrl)
(0~m) _ it (k) _ i+t
inj - ) I'k |k*z~j - , < 75
I(-ONn) I(nJ)
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Aoun = [ Ag A1+ Ay ], @ (Aon) = .

—Ag —Ay - —A,

The paper consists of 7 sections. Section 2 gives the type of general nonholonomic systems to be
stabilized, and the problem is further converted into a problem of stabilizing an almost SFS in Section 3.
Analysis results on stabilizability of the obtained almost SE'S are presented in Section 4. Section 5 further
presents the general FAS approach. Application of the proposed approach to a ship control is provided
in Section 6, followed by some concluding remarks in Section 7.

2 Problem statement

In this paper, the stabilization of the following general type of nonholonomic systems, which is introduced
in [1], is considered

&y = uo,

1 = u,

By = w1 () + praathn (),
i3 = 3@ () + pawatds (+),

gbn == xn@nfl () + pnfll'nfllz)nfl () ’

where z;, 1 = 0,1,2,...,n, are the system state variables, ug and u are the control variables,
Pi ($O;UO)G{I05U10}7 i:172a"'an_1a (2)
and
i () 2 Gi (20, Tis1mm, uo0st) 5 i () 2 Di (B0, Tig1om, uost), i=1,2,...,n—1 (3)
are two sets of scalar functions with zﬁl (-),7=1,2,...,n — 1, being required to satisfy the following
assumption.

Assumption A. For all zg,up € R, 211, € R""% and ¢t > 0, there holds

w’i ($0,$i+1~n,uo,t) 7é 0,7=1,2,....,n— 1L
Clearly, system (1) is a time-invariant one if and only if ¢; (-) and Ui (),i=1,2,...,n— 1, are all
time-invariant.
In the special case of

Sai (Z07xi+1~n;u0at) =0, wz (x07xi+1~n;U07t) =1i=12,...,n—1,

the above system (1) becomes

To = Uo,

jjl =u,

Tog = P11, n
T3 = pPala,

Tn = Pn—1Tp—1-
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Further, choosing in (4) p; = 2o, ¢ = 1,2,...,n— 1 and p; = wp, i = 1,2,...,n — 1, gives, respectively,
the following Brockett’s first chained form:

Zo = uo,
.fl =u,
&y = xoT1, (5)

Tp = LOTn—1,

and the Brockett’s second chained form:

Zo = uo,
jjl =u,
To = X1Ug, (6)

Ty = Tp_1UQ-

These obviously contain the Brockett’s first and second example systems proposed in [2] as special cases [2—
4].

The following result is given in [1], which reveals the nonholonomic feature of the proposed system (1).
Proposition 1. The nonlinear system (1)-(3) does not have a smooth time-invariant exponentially
stabilizing controller. Furthermore, for the special case that both ¢; () and v; (-) are time-invariant,
system (1)—(3) does not have a continuous time-invariant stabilizing controller if, for some 1 <7 < n—1,
one of the following conditions holds:

(1) In the case of p; = xo,

Gi () lug=0 = ¥ (*) Jug=0 = 0;
(2) In the case of p; = uo,
i () Jug=0 = 0.

The above fact states that, under certain circumstances, to realize stabilization of system (1)—(3) with
a continuous controller, the controller must be a time-varying one. In [1], a discontinuous time-invariant
stabilizing controller for system (1)—(3) is designed. While in this paper, a continuous time-varying
stabilizing controller is sought.

Remark 1. In [1], several extensions of the above model (1) have also been given. These include the
locally normal systems, sub-normal systems, the multivariable cases, and the time-delay cases. The time-
delay cases also include the multiple time-delay case and the distributed time-delay case. Furthermore,
adding three sets of system uncertainties, Ag; (-), A, (),i=1,2,....,n—1, and Af; (xo~n, uo,t),
i=0,1,...,n— 1, to the model (1), gives the following uncertain system:

To = up,

1 = u~+ Afo (Tomn, uo, t),

g =22 [p1 () + A1 ()] + prza[thr () + Athy ()] + Afi (Town, o, 1)
i3 = x5 P2 (-) + Ao ()] + pawa[tha (-) + Atha (-)] + Afa (Xown, o, 1)

G = Tn [Pre1 () + Apn1 ()] + pr—12Zn—1[Pn-1 (-) + Athn_1 (-)] + Afa1 (Tomn, uo, t) .

Robust stabilization of the above system can also be solved with the proposed FAS approach (under
consideration).
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3 Problem conversion

To make the treatment simpler, as done in [1], let us divide system (1) into the following two subsystems:

To = uo, (8)
and
i‘l =u,
&y = 221 (+) + pra1th ()
i3 = w3¢2 () + patatha (-), (9)

dn = @1 () + pn1@n1tn1 ().
3.1 Solution of ug
Differentiating the first subsystem (8) gives
o = o (10)
Thus we can design the following simple controller based on (10):
Uy = —apxo — a1do, (11)
or equivalently .
ug () = —ao/o xo (s)ds —ay (zo (t) — z0 (0)) + 20 (0), (12)
where a;, ¢ = 0,1, are two positive scalars. The closed-loop system is
To + a12g + apxro = 0. (13)

Remark 2. The above treatment also has the ability to decouple any constant disturbances in the first
subsystem (8). Specifically, when the subsystem (8) is replaced with

To = ug + d, (14)

where d is a constant disturbance, after differentiating, the same system (10) is obtained. Hence, with
the above controller (12), any constant disturbance d in the subsystem (14) is automatically decoupled.

Regarding the response of the above system (13), we have the following result [44].
Proposition 2. Let ag and a; be determined by

Oé+ﬂ:a1, O‘ﬁ:a@; (15)

where a > 3 > 0. Further, let {y = 20 (0) and 19 = & (0) denote the initial values. Then the response of
system (13) is given by

zo (1) = —cre” ™ 4 cpe P, (16)
i (t) = acie " — Bege P, (17)

where . .
c1 = o (no + Blo), c2 = o (no + ao) - (18)

Impose the following assumption on the initial values of the first closed-loop subsystem (13).
Assumption B. 17y = g (0) # —axo (0) = —alp.
Then, under the above assumption, we clearly have

Cy = a—iﬁ (no + o) # 0.

With the help of the above Proposition 2, the following result can be immediately obtained.
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Proposition 3. Let Assumption B be met, and o > 8 > 0 be scalars satisfying (15). Further, let

t) = coe Pt £ 0, WVt >0,
oo (t) = coe™ "' # (19)
wl(t) = Z—;e’(o‘*ﬁ)t.
Then there hold
zo (t) = oo (t) [1 —w (t)], (20)
ug (t) = o (t) = 00 () [-B + aw ()], (21)
and
pi (i, 9irt) £ pi (0, d0) = o0 () [vi — Viw ()], (22)
where
1,1), if p; = 0,
(Vi, V) = (1.1) e (23)
(_Ba —Oé) ) lf Pi = UQ-
Owing to (16) and (17), we can now write
@ (1) = @5 (C0,M0s Tig1mm, t) = @i (X0, Tiprom, Uo, T) (24)
QM () £ w’IL (CO) Mo, xi+1~n7t) = wl (x07xi+1~n; Uo, t) B 1= 17 2) e 1)
and Assumption A correspondingly becomes the following.
Assumption A’. For all (y,10 € R, 211, € R and t > 0, there holds
1/12 (CosM0s Tit1om,t) #0, i=1,2,...,n— 1.
Furthermore, due to (22), the subsystem (9) can be written as
.fl = u,
&y = 291 () + p1 (1,01, t) 2191 (1),
@3 = 2305 () + p2 (v2,V2, ) 2295 (¢) (25)

Tp = $n§0;,1 () + Pn—1 (’Yn—h Un-1, t) xn—lw{nfl () :

It is seen from the above that, when wug is designed as in (11), z¢ (t) and & (¢) are given by (20) and
(21), respectively. Hence, in the above subsystem (25), p; (7;,%:,t) is really a time-varying parameter.

Based on the above deduction, it can be clearly seen that, to realize the stabilization of system (1)
with the help of the partial controller (11) or (12), it suffices to solve the problem of stabilizing system
(25) under Assumption B.

3.2 o-process

To stabilize system (25), let us transform the system into an almost SFS using an extended o-process.
Theorem 1. Let Assumption B be met. Then, under the following transformation:

P S S U (26)

—q b b )
oy "

system (25) is equivalently transformed into the following system:

(
(

a=g1()+m )2+ Af(),
Z2=g5() +hy () 2+ Afa (),

N~ —~

. e
fat = g () Ky O3+ A (0.

Zn = U,
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where
9i () £ gi (Co,m0, 21 1) = [(n =) B+ &}, (Cos 105 Tn—it1~om, )] 24, (28)
h; () £ h; (<0a N0y Z1~vis t) = ’)’nfiw:z—i (Cov 70y Tn—it+1l~n, t) ) (29)
Afi (4) 2 Afi (C0sm0s 21mig1s 1) = —n— ity _; (€010, Tr—ition, t) Zig 1 (30)

i=1,2,...,n—1.
Proof.  Recalling the definition of oq (¢) in (19), we have
0"0 (t) = —50'0 (t) . (31)
As in [15], let us introduce the following transformation:
Xy -

Yi=——7, 1=12,...,n. (32)
%0

Then, noting (22), (31), and

T = 9%02_1 () +pic1 (Vie1, Vi1, 1) xi—ﬂ/)éq (), i=2,3,...,m,

we have
1= T1 = u, (33)
and
diob = (i — 1) ol 2600
i = 2(i—1)
Og
[y () + pict (i1, Vi1, t) w1ty (N (i —1) Broi?
- 2(i—1) 2(i—1)
) O¢
’ Ti—1 . / Ty
= (Vo1 = Vi)Y () S + [ -1 B+ ¢ ()] =5
09 09
= (Yic1 = Vi) iy Dy + [ =1 B+ iy ()] v, (34)
1=2,3,...,n.

Combining (33) with (34), gives the following equivalent system of the original system (25):

U1 = u,
92 = [B+¢1 ()] y2 + (1 — dw) P17 () y1,
U3 =128+ 5 ()] ys + (72 — Yaw) ¥4 (+) ya, (35)

Un = [(n —DB+w, ()} Yn + (Yn—1 — Vn—1w) ¥y () Yn—1.
Secondly, applying the following state transformation:
Zi = Yn—i+1, i1=1,2,...,n, (36)
the above system (35) is equivalently transformed into
H=[n-1)8+¢, 1 ()] 21+ Wm1—In1w) ¥, () 22,

Za=1[(n=2)B+¢h_5()] 22+ (-2 — In_2w) ¥}, _5 () 23,
. (37)

i =[B4¢1 () zn1+ (= hw) ¢1 () zn,
Zn = U,
which can be further written in the form of (27) with g. (Co, M0, 21~i, t), R (Co, 10, 21~is t) 5 and A f;(Co, 1o,
Z1mist), 1 =1,2,...,n— 1, defined as in (28)—(30).
Finally, combining the transformations (32) and (36) gives the transformation (26).
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Corresponding to Assumptions A and A’ on the series of functions ¥} (Co, 10, Tit1on,t), i =1,2,...,n—
1, we have the following assumption on the functions h} (¢o,n0, z1~i,t), i =1,2,...,n — 1.
Assumption A”. For all (5,10 € R, z1~; € R?, and ¢ > 0, there holds

h;(COan(JaZlNiat)?éOv i1=1,2,...,n—1.

Clearly, when ¢/ (-) and ¢} (-), i = 1,2,...,n — 1, are state-dependent, unlike the simple case treated
in [15], the transformed system (27) is no longer a linear one.

With the above understanding, to realize the stabilization of system (25), it suffices to solve the
following problem.

Problem 1. Find a UGE stabilizing controller for system (27) under Assumption A”.

4 Solvability

To find out the solvability of Problem 1, we first need some preliminary results.
4.1 A technical lemma

The following result performs an important function in the design of the continuous stabilizing controller
for system (27).

Lemma 1. Consider the following perturbed nonlinear system:
&= f(z,t) + Af(z,t), (38)

where (1) f(x,t) € R™ is a continuous function, such that there exists a continuous function V (z,t) :
R" x RT = R that satisfies the inequalities:

el < V(a,0) < el (39)
ov. oV
A, <_ IU‘O) 4
7+ I pat) < —pslal (10)
ov
—1 < py (1=9)po 41
|52 < oo @10 (a1)

with p;, ¢ = 0,1,2,3, being a set of positive scalars, 0 < ¢ < 1, and p, (t) being a nonnegative scalar
function; (2) Af(x,t) € R™ satisfies

IAF (2, )| < pa (O], (42)

with p, (t) being a nonnegative function satisfying

/000 Po (8) pa(s)ds = M < 0. (43)

Then system (38) is UGE stable.

Proof.  Take the continuous function V (z,t) : R® x RT — R as a Lyapunov function for the perturbed
system (38). Using (39)—(42), we have

V(2.1) = %_Z + ‘z—z (F(. ) + Af(x,1))

oV
palll + | G| 1o
~pllel + o (8)pa (1)

1
V@0 +pe s OV @)

NN

N
|

(~22 4 Lo 0a0) V (220) (44)
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By the Comparison Lemma (see the Lemma 3.4 of [45]), V (z,t) is bounded above by the solution of
the following first-order linear differential equation:

() = (—@ L )0 <t>) y(t), (45)

M2 M1

with the initial value

Since
v =y e ([ (24 Lo p,0) as)
= y(0)e #2'exp (i /O t po (s)pA(s)ds)
<y Eon (L [T 9)a0)
< (O Mo i
we have

This gives, in view of (39),

where
1 (0) 1
= — el
M1y

Therefore, system (38) is UGE stable.

Taking po =2 and 9 = % in the above lemma, immediately gives the following corollary.

Corollary 1. The perturbed nonlinear system (38) is UGE stable if the following conditions are met:
(1) There exists a continuous function V (z,t) : R® x RT — R that satisfies the inequalities

ullz]? < V(@.t) < palle]? (46)
v oV )
- 2 < —
e+ S f(w,) < gl (47)
oV
<
H || <00 ) o]l (48)

with g, i = 1,2, 3, being a set of positive scalars, and p, (t) being a nonnegative scalar function;
(2) Af(x,t) € R™ satisfies

[Af(z, )] < pa@)]], (49)
with p, (t) being a nonnegative function satisfying (43).
When the assumption is further strengthened, the following corollaries can be given.

Corollary 2. The perturbed nonlinear system (38) is UGE stable if the following conditions are met:
(1) There exists a continuous function V (z,t) : R™ x RT — R that satisfies inequalities (46)—(48) with
puv (t) = p, being a nonnegative scalar;
(2) Af(z,t) € R™ satisfies (49) and

/OOO pA(8)ds = M < oo, (50)

with p, (t) being a nonnegative function.
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Corollary 3. Suppose that f(x,t) € R™ is continuously differentiable with respect to ¢, and satisfies
one of the following conditions:

(1) The Jacobian matrix [0f/0z] is globally bounded, uniformly in ¢;

(2) f(z,1) is globally Lipschitz with respect to z, uniformly in ¢.

Furthermore, the system

T = f(zat)v (51)

is UGE stable, and A f(z,t) € R™ satisfies (49), with p, (¢) being a nonnegative function satisfying (50);
then system (38) is UGE stable.

Proof.  Firstly, note that the uniform global exponential stability of system (51) and the first condition
in the corollary implies (see the Theorem 4.14 of [45]) the existence of a continuous function V (z,t) :
R™ x RT +— R that satisfies the inequalities (46)—(48), with p, () being a constant. Therefore, when
Eq. (50) is valid, the conclusion immediately follows from Corollary 1.

Secondly, in view of the fact that the second condition on the global Lipschitz property of f(z,t) is
equivalent to the first condition, the whole proof is completed.

4.2 Stabilizability

In this subsection, let us further give a stabilizability condition for system (27) based on the stability
results in Subsection 4.1.

4.2.1 Case of ng = — (o

In this case, we have
c1 ="+ ﬂ(o =0. (52)

Thus w = 0, and it further follows from (30) that
Af;()=0,i=1,2,...,n— 1. (53)

Consequently, system (27) reduces to

g (CO; Mo, Zlat) + hll (C(Ja Mo, Zlat) 22,

: !
Z1 1
5 (G0, 105 21~2, 1) + By (Co, M0, 212, 1) 23,

2’2 =g
(54)
Zn—1 = Gr_1 (€0sM0, Z1~n—1,1) + by, _1 (C0, 105 Z1on—1,1) Zns

Zn = U,

which is clearly an SFS when Assumption A3’ is met. Therefore, in this case, in order to solve Problem 1,
it is equivalent to solving the following one.

Problem 2. Find a UGE stabilizing controller for system (54) under Assumption A”.

There are two important things to be noted.
Firstly, under the condition of 19 = —3(y, following Proposition 2 we can get co = (p, and

o (1) = Goe ™, o (t) = —Bloe™ 7. (55)
Thus, by further using the relations in (15), the controller (12) is reduced to
¢
ug (1) = faoco/ e P%ds — a1Coe Pt + (a1 — B) Go
0
1
= aOCOE (efﬂt — 1) - alcoeiﬁt + Oégo

(GO% - al) Coe™ P!

= 76<0675ta (56)
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that is,
uo (t) = =Bz (1) . (57)
Secondly, it is Assumption B, which guarantees ¢y # 0, and hence o (t) # 0, t > 0, remembering
that this is needed in the o-process of deriving system (54). Considering the condition of 179 = —f5¢p

and « > (3, we can obviously observe that Assumption B holds if and only if (5 # 0. Therefore, in this
particular case, the initial value of ¢y must not be chosen to be zero.

Combining the above two aspects, it can be easily recognized that this particular case exactly coincides
with the case treated in [1]. Eventually, the controller derived in [1] for this case should be no longer a
continuous one due to the restriction of xq (0) # 0.

Remark 3. As pointed out in [1], the above Problem 2 can be indeed solved by applying the well-
known backstepping technique. However, as it is well-known, the method of backstepping suffers from the
serious problem of “complexity explosion”, which renders the application of the method of backstepping
extremely difficult or even impossible when the dimension of the system is large. Furthermore, compared
with the FAS approach given in Section 5, the method of backstepping may have two drawbacks:

(1) Tt is not guaranteed that a UGE stable closed-loop system can be always obtained as the UGE
stabilizability of system (27) requires UGE stabilization of SFS (54);

(2) Tt does not always provide a linear closed-loop system like the FAS approach does.
Remark 4. Please note that, although ng is an initial value of system (10), relative to the original
Problem 1, it is only an external design parameter. Hence it can be allowed to be set to any desired
value. From this point of view, choosing 19 = —[(y may just sufficiently and perfectly solve the problem
in the above sense of converting the problem into Problem 2. However, as an initial value of system (10),
after all, np may affect the response of system (10), that is, z¢ (t) and ug (¢) , and hence that of the whole
system.

Owing to the above Remark 4, let us now also give a treatment for the case of 19 # — 5y, which will
produce a continuous controller.

4.2.2 Case of no # —Bo

Please note that, in this case, we have ¢; # 0. Hence all the terms Af; (-), i =1,2,...,n— 1, may present
in system (27). To cope with this case, let us introduce the following assumption.
Assumption C. There exists a series of positive functions py; (t), i =1,2,...,n — 1, satisfying

1 .
‘wizfz (C07770521Ni;t)2’i+1‘ g prl (t)H21~n||, t>o7 1= 1725"'5’”‘_1'
n—i

When a feedback stabilizing controller u = w (z1n,t) for SFS (54) is found, the closed-loop system
can be represented in the form of & = f (z,¢) with

fx,t) = : , = Z1on- (58)
In1 () + g () 2n

U (Z1mm, t)

When the same feedback stabilizing controller u = u (z1p,t) is applied to system (27), the closed-loop
system can be represented in the form of (38) with f (x,¢) being given by (58) and

T
Af (o, t) = [ AST () AFF () - AT () 0] (59)
Under Assumption C, we have, using the expression of w (¢) in (19), the following relations:
[Afi () < [Pn—iwl [¥5—; () zisa]

pyi ) e @Az Ll i=1,2,...,n— 1.
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Therefore,
c (a—
[FAYAQIIES é lpw ()l =D |z1nll (60)
where
T
pu (8) = [ p1 (6) pya (£) -+ pyna (B)] - (61)

This implies that, in view of ¢; # 0, inequality (42) is satisfied with

pa () = llpy ()]l e~ =", (62)

With the above analysis, the following result can be immediately obtained by using Corollary 1.

Theorem 2. Let Assumption C be satisfied, u = u (21~n, t) be a UGE stabilizing controller for system
(54) such that, with f (z,¢) and Af (z,t) being given by (58) and (59), respectively, there exist a contin-
uous function V (z,t) : R” x R — R and a positive function p, () satisfying the inequalities (46)—(48).
Further, if

/pumm@mﬁwwsz<m, (63)
0

then w = u (z1n, ) is also a controller that UGE stabilizes system (27).
Similarly, using Corollary 3, the following result can also be immediately obtained.

Theorem 3. Let Assumption C be satisfied, ¢/ () and A} (), i = 1,2,...,n — 1, be continuously
differentiable with respect to ¢, and satisfy one of the following conditions:

(1) The Jacobian matrices % and %, i=1,2,...,n— 1, are globally bounded, uniformly in ¢;

(2) g; (-) and R (+) zi41, i = 1,2,...,n—1, are globally Lipschitz with respect to z1.;+1, uniformly in ¢.
If system (54) is UGE stabilizable with a controller u = u (21n,t), and

o0
[ I oe s = a1 < o, (64)
0

then system (27) is also UGE stabilizable with the same controller u = u (z1n, ).

Conditions (63) and (64) are not strict at all. They allow p, (t) ||py ()] or ||py ()] to diverge with
exponential rates. Specifically, Eq. (63) allows

po (1) llpy ()] < =2,

and Eq. (64) allows
llpy ()]} < el@=2.

For given functions ¢} (-), i = 1,2,...,n — 1, these conditions are often satisfied or can be satisfied by
adjusting the design parameters « and 3. Therefore, roughly speaking, in most cases the stabilization of
system (27) can be realized by finding a UGE stabilizing controller of system (54).

With the above understanding, again, to solve Problem 1, under Assumption C and the mild condition
(63) or (64), it often suffices to solve Problem 2.

5 FAS approach

In this section, let us give the solution to the original stabilization problem stated in Section 2. Firstly,
let us present the FAS model of SFS (54).

5.1 FAS models

Note that the SFS (54) is in the exact same form of the SF'S obtained in [1]. Simply modifying a result
in [1] (see also [28]), gives the following theorem.
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Theorem 4. Let Assumption A” be satisfied, and g}, (o, 10, 21~k t) and hj, (Co, 70, 21~k,t) , k= 1,2,.. .,
n — 1, be differentiable with respect to all variables. With the convention of ¢, (Co, 70, 21~n,t) = 0, let

B, (€0, M0, 21k t)
t

k

:th(COaanMi’t), k=1,2,...,n—1, (65)
i=1

Bn (C05n0721~n7 ) = Bn—

1 (CO) 705 Z1~m—1, t) ) (66)
and
F1(Cos 0, 21mks ) = Fi—1(C0s M0y Z1mk—151) + Br—1(Co, 105 21mk—1, ) 2k
+Bk71(CO; 105 Z1~k—1, t)g;c (COa 70,5 1~k t) ) k= 2; 37 .z (67)

with the initial value
f1(Cosm05 215 t) = g1 (Cos0s 21, 1) - (68)
Then, under the following transformation:

Z1
f1 (Co, M0, 21,t) + B1 (Cos 10> 21, 1) 22
ZO0~n—1) = f2(Co:m0s 21~2,t) + B2(Co, M0, 21~25 1) 23 : (69)

L fn=1(C0sM0s 21on—1,t) + Bn—1(C0: 10, Z1~n—1,1)2n |
the SFS (54) is equivalently transformed into the following FAS:
Z(n) - fn (C(Ja 10y Z1~mn t) + Bn ((07 10y Z1~n, t)uv (70)

with
B,.(€0,M0, 21m, t) # 0, Yo €R, 210n € R, mg # —alp, and ¢ > 0.

To complete this subsection, let us now consider the case of n = 2. For convenience, in the rest of this
subsection let us omit the subscript in the variables p1 (1), ¢1 (+), ¥1 (+), ¥} (), ¥4 (+), g5 (+), and R (*).
Then the original system (1) reduces to

&y = Uo,
-fl = U, (71)
iy = 22 (Co, Mo» T2, 0, t) + p1t) (o, M0, T2, U0, T)

which is a generalized form of the Brockett’s first example system [2, 3]

i'O = Uo,
il =u, (72)
To = xoT1,

and also the well-known Brockett’s integrator [2,4]

To = uo,
T = u, (73)
ig = T1UQ-

Design for the first scalar subsystem of system (71) the controller ug = —pfxg. Then the second

subsystem of system (71), corresponding to (25), is

{ fr=v, (74)

j;2 = $2(‘0/ (Coﬂ’]o, X2, t) + /mlwl (CO) 77073527t) .

Applying the above Theorem 4, immediately gives the following result.
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Corollary 4. Suppose

Y (Co,mos z2,t) # 0, YCo,m0, 22 € R,and ¢t > 0, (75)

and define
g’ (Cosmo,21,t) = [B+¢ (1)) 21, (76)
h/ (C(Jan()azlat) = wa/ () (77)

Then, under the following transformation:

{ =T (78)

2 =g"(Cosm0, 21, 1) + h' (Co, 10, 21, 1) 22,
system (74) can be transformed into the following FAS:

2:.](‘2 (C07770;ZIN2;t)+hl (C077707215t)u7 (79)

where
T2 (Cosm0s 21025 t) = ' (Cos 10, 21, 8) + B (Cos 10, 21, ) 22. (80)

5.2 Stabilizing controller design

Once the FAS model (70) of SFS (54) is obtained, a stabilizing controller for system (1) can then be
immediately designed by a standard procedure [24,28]. Combining the solution to Problem 2 given in [1]
and controller (12), yields the following result.

Theorem 5. Let Assumptions A”, B, and C be met, ap and a1 be determined by (15), with a > 8 > 0,
and bp.,—1 be an arbitrary vector making ®(bp~,—1) Hurwitz. Then (1) a stabilizing controller for
system (1) is given by

Uy = —agp f(f xo (s)ds — ay (zo (t) — Co) + 10,

U= =BG (600, 21 ) + ] (81)

u* = b0~n712(0~n71)7

where 21, is given by (69), (o = 20 (0), and 19 # —a(p is a design parameter; and (2) the corresponding
closed-loop system is given by

Zo + a1do + apro = 0, (o = 20 (0), @0 (0) = 70, (82)
Z(n) + b0~n712(0~n71) = 07

or equivalently, by
io + a1do + apro = 0, (o = 20 (0), 2o (0) = no, (83)
2-/,(0~n71) _ (I)(bONn_l)Z(O~n71)-

It should be noted that the states of the original system (1) include only zg~.,, but not @q. It can be
recognized that the designed controller (81) is, in nature, a feedback of the system states zg~,. Relative
to the original system (1), 7o is an external design parameter. It is only required to meet the condition
no # —alp = —axg (0), and can be almost arbitrarily chosen.

Obviously, the well-known technique of pole assignment can be applied to solve for the vector bp,—_1.
Particularly, the complete parametric approach proposed in [24] (see also the Proposition 2 in [27]) can
be readily applied. Please note that the controller (81) is smooth under Assumption B. Different from
the discontinuous controller designed in [1], even when the open-loop system (1) is time-invariant, that
is, when all the functions g¢; (-) and h; (1), 4 =1,2,...,n— 1, are time-invariant, the above controller (81)
is still time-varying.

In the case of n = 2, we immediately have the following result.
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Corollary 5. Let b;, i = 1,2, be two positive scalars, f2 (¢o, 10, 21~2,t) be given by (80), and

h' (Co,mo, 21,t) # 0, ¥Co,21 € R, and ng # —alo, t > 0.
Then a stabilizing controller for system (71) is given by
Uup = —ag fot xo (s)ds — ay (xo (t) — Co) + Mo,
u= e (f2 (Coymos 212, ) + u") (84)
u* = boz1 + b1 [9" (Co, M0, 21, ) + B’ (Cos 10, 21, 1) 22]
which results in the following constant linear closed-loop system:
To + a129 + apgrg = 0,
Z+b12+b02:0,

with the following initial value conditions:

Lo (0) = CO; i'O (0) = "o ?é *Oé(o.
5.3 Response and stability analysis

It follows from the above results that, with the controller u given by (81) applied to FAS (70), the
closed-loop system is given by
20 = Dby 1)z, (86)

whose solution can be immediately given as
20D (1) = Zgem om0t 7y = 20~ () (87)
On the other side, recall that the open-loop system, that is, FAS (70) is equivalent to SFS (54) under

the homeomorphism (69). Meanwhile, the controller v in (81) can be expressed as

U=1u (Coanoa Z(ONn_l)at> =u ((07770a ZlN’rHt) .

Applying this controller to SFS (54), gives the closed-loop system

21 =91 () + R ()22,
2o =g5(") +hy (") 23,

(88)
Zn1=Ggn_1 () + Ry () 20,

Zn = (COa o, Zl~n7t) .

Consequently, the above system is equivalent to the above system (86) under homeomorphism (69).
By Theorem 3 in [1], when the assumptions in Theorem 4 are met, the transformation (69) is one-to-one,
keeps the origin unmoved, and simultaneously guarantees
lim 20D (1) =0 = lim 2, (t) = 0. (89)
t—00 t—o0
That is, the response of system (88) converges to zero. Since ®(bo,_1) is Hurwitz, 2>~V (t) UGE
converges to zero. Now the question is, when z1.,, (¢) is also UGE approaching zero. To give an answer
to this question, it suffices to give directly the response of system (88). This can be achieved with
Algorithm 1.
Once the response zi.., (t) = z1on(Zo, (o, Mo, t) is explicitly solved, the UGE stability of system (88)
can be directly checked by verifying the UGE convergence of z1..,,(Zo, (o, 70,t) with respect to Zy € R™,
(o € R, and ng # —(y. Therefore, by Theorem 2, the following result is immediately derived.
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Algorithm 1 Getting response of system (88)

1: The homeomorphism (69) gives an explicit transformation from z1~, to Z(O~n—1) Therefore, we can define

FilCosmo, 201 8) & £i(Cormo, 21mis 1), (90)
Bi(Co,m0, 207V 1) 2 Bi(Co,mo, zimin ), i=1,2,...,m — 1, (91)
and get the expressions of these new functions.
2: Define
B (20,207~ ) = diag(1, Bi (0, 2, 1), B (0,2 1), ..., Br_1 (w0, 207" ). (92)

Then, in view of (90)—(92), transformation (69) can be rewritten as

0
fl (d?g, z, t)

rs 0~1
20D 2 B (2, 20D )y, 4 | 20200 (93)

Fr—1(zo, 207" 1)

or, equivalently,
0

fi (o, 2,t)

s . 0~1
2ten = BZ @0, 20Dy | 2O | Fawo 2OV ] (94)

fr—1(zo, 201 1)

3: Through substituting (87) into (90)—(92), we can define

fi(Zo,Co,mo,t) & fi(Co,mo, 20710, (95)
Bi(Zo,¢o,m0,t) 2 Bi(Co,mo, 2~V 0), i=1,2,...,n— 1, (96)
Be(Zo, ¢osmo,t) £ diag(1, B1(Zo, Co,n0,t), B1(Zo,Co,m0,1), - - -, Bu—1(Z0, G0, 1m0, 1))- (97)

Therefore, by using (94)-(97), the response of system (88) can be directly given as

0
fi(Cosmo,t)
21 (Z0, Cos 05 t) = B H(Cosmos t) | Zoe™ TCo~n—0t _ | f2(Co 70, 1) . (98)

fn*l(COf M0, 1)

Theorem 6. Let Assumption C be satisfied, and z1..,,(Zo, (o, 70, t) given by Algorithm 1 UGE converge
to zero for all Zy € R™, (y € R, and 1y # —B(y. If, further,

o0
/0 low ()] o=@ Pods = M < oo, (99)

then u = wu (o, 70, 21n,t) given by (81) is a controller that UGE stabilizes the system

(
(

)+ ()2 +AA(),

g
9o () + 5 ()23 + Afa (),

N~ —~

Z
29

(100)
Zn—1 = 941—1 () + h%—l () Zn+ Afn-1 () .

Zn =1 (€0, M0, Z1~n, t) -

Through examining (98), we can conclude that in many cases z1~.,(Zo, Co, 0, ) exponentially converges
to zero. The following corollary reveals a particular case.

Corollary 6. Let Assumption C be satisfied, and fi(Zo, Co,Mm0,t),i=1,2,...,n—1,and BZ(ZO7 €0, Mo, t)
be given by Algorithm 1. If BS(ZO, o, Mo, t) is uniformly lower bounded, f;(Zo, (o, n0,t),71=1,2,...,n—1,
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uniformly and exponentially converge to zero for all Zy; € R™, {y € R, and 1y # —/(y, and further
[ee]
[ Ipeole s = a < o, (101)
0

then u = u (o, N0, 21n,t) given by (81) is a controller that UGE stabilizes the system (100).

Please note that the condition, ﬁ-(ZO, Co,Most), © = 1,2,...,n — 1, uniformly and exponentially con-
verge to zero, is not very strict, because these functions have already been shown to converge to zero
asymptotically.

6 Application to ship control

In this section, we will illustrate the validity of the proposed continuous stabilizing controller with a
surface ship control.

6.1 System model

The dynamic equations of a considered surface ship in surge, yaw, and sway are given as follows [46]:

Mgy = MyVywo — do1vy — dozv? tanh(v, /e) — dozv3 + 7o,
Mo = (Mg — My)Vz0y — d11w, — d1aw? tanh(w,/g) — dlgwg + Tw, (102)

S 2 3
Myy = —MyUpwo — do1vy — da2vy tanh(v, /€) — da3vy,

where v, w,, and v, represent the surge, yaw, and sway velocities, respectively; m, > 0, m,, > 0, and
m, > 0 stand for the system inertia constants; constants d;; > 0 (i = 0,1,2;j = 1,2,3) denote the
hydrodynamic damping terms; 7, and 7, are the surge force and the yaw moment, respectively; ¢ is a
proper small positive number.

Under the state transformation

Lo = Myy,
L1 = Mo, (103)

T2 = My Uy,

and the input transformation

g = MyvyWe — do1v; — dogv? tanh (v, /) — dosv? + 7s, (104)
u = (my — my)vvy — di1wo — diaw? tanh(w,/e) — disw? + T,
system (102) can be written into the following standard form:
To = UQ,
i1 =, (105)
To = T2y’ (x2) + xox19 (22),
where
1
V' (2) = ——, ¢'(22) = di + dax2 tanh 72y dy, (106)
My, y
with
o
di = ——2, i=1,2,3.
my,

Obviously, the form of system (105) corresponds to the case of

p(xo,u0) = xg and 7 =¥ = 1.
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Following the proposed approach, the almost SF'S corresponds to (27) is obtained as

{ 21 = 9'(Co, M0, 21, 1) + 1 (o, M0, 21, 8) 22 + A f(Cos 105 Z1~2, 1), (107)

2.2:’11,,

where )
hl((Oﬂ]OaZlat) = 77’77,_’ gl(Coanoazlvt) = [ﬁ+ @l(xQ)]Zl’

w

1
Af(<07770721~2;t) = —Wwa2zy, with w(t) = c—le_(a_ﬂ)t.
My, (6]

6.2 Controller design

Applying the proposed controller development, the continuous stabilizing controller of (105) can be for-
mulated as

ug = —ag [y xo(s)ds — ax(zo(t) — Co) + 1o,
U:mwf2(C0a770721~27t) +U*7 (108)
u* =my, [bo + b1 (B + ¢’ (22))] 21 — b122,

where

f2(<07770721~2at) = gl(COanoazlat)
= [ﬂ + CP/(CO; Mo, Zlat)]’él + Sb/(COanOa Zl~2,t)21,

with

{ &' (Co, M0y 21~2,t) = (2100 + 2160)[d2 tanh leg + z100(2ds + dy sech2m)],

m myE myE
oo (t) = coe L.

Furthermore, the variables z1.o are given by the following transformation:

)
21 = —, 22 = T1.
go
When the initial values {y and 7 satisfy the relationship 7y = — /3¢y, we have ¢; = 0, which results in

w(t) =0, and further A f(¢o, 10, z1~2,t) = 0. The UGE convergence of all the trajectories of the designed

closed-loop system, starting from arbitrary initial values with ¢y = 2o (0) # 0, is guaranteed. For the

more general case of 19 # —8(y and 1y # —a(y, the designed system is UGE stable as shown below.
Recall that

f1(§077707217t) = gI(C07770;Zl7t) = [6 + (‘01(.%2)]21 = [ﬁ + @1(0021)]217 (109)

with 5
' (00z1) = dy + docozre Pt tanh e + dgcnge*wt. (110)

mye
It can be easily observed that f1((o, 70, 21, t) uniformly converges to zero when z; converges uniformly to

zero.
Further, in view of (106), Assumption C can be obtained as

[ (z2)] < — |22| < — [|lz12]l 5
which gives
1
o=
Since - .
ey = — =M 111
s)|| e s < 00,
| oo e (1)

it follows from Corollary 6 that the designed closed-loop system is UGE stable.
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Table 1 Hydrodynamic damping parameters d;;

ji=1 j=2 j=3

i=0 0.0358 0.5 x 0.0358 0.25 x 0.0358
i=1 0.0308 0.5 x 0.0308 0.25 x 0.0308
i=2 0.1183 0.5 x 0.1183 0.25 x 0.1183

Table 2 Different cases of initial states

Case vz (0) vy(0) w(0) Go 0
I 5 1 0.5 1.1274 x 5 —1.1274 x 0.5
11 5 1 —0.5 1.1274 x 5 —1.1274 x 0.5
111 6 2 0.5 1.1274 x 6 —1.1274 x 0.9
v 6 2 —0.5 1.1274 x 6 —1.1274 x 0.9
6 T T T T 0.6
VX wa
- = -y
0.4
0.2
ot
) ; ; ; ; 02 ; ; ; ;
0 10 20 30 40 50 0 10 20 30 40 50
Time (s) Time (s)
1.5 T 4
- T‘ T(o
3
1.0
2
1
0.5
ol
0 4 ; ; ; ;
0 10 20 30 40 50 0 10 20 30 40 50
Time (s) Time (s)

Figure 1 (Color online) Simulation results for Case I.

6.3 Simulation results
For simulation use, we select the same Bis-scale parameter values as in [46,47], that is,
mg = 1.1274, m, = 1.8902, m,, = 0.1278,

and the values of hydrodynamic damping parameters d;; are given in Table 1. The auxiliary physical
parameter ¢ is set as € = 0.1, and the related design parameters are chosen as

a=3, f=0.1, and by =1, by = 2.

To demonstrate the validity of the continuous stabilizing controller (108), we consider four different
cases of initial states, as given in Table 2. In Cases I and II, the initial values (p and 7y satisfy the
relationship 79 = —f{y. While, in Cases III and IV, the initial values (y, and 79 comply with the
relationship 7y # —f¢y and —a(p.

Corresponding to the four cases, simulation results are respectively provided in Figures 1-4, from which
we can observe that (1) under the four groups of initial values given in Table 2, all the state variables,
that is, the surge velocity v, the sway velocity v,, and the yaw velocity w,, exponentially converge to
zero, with the sway velocity v, and the yaw velocity w, converging much faster; (2) the system inputs 7,
and 7, maintain in a reasonable range and also die out exponentially.

All in all, the designed continuous stabilizing control method has produced a satisfactory performance
for this surface ship control.
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Figure 2 (Color online) Simulation results for Case II.
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Figure 3 (Color online) Simulation results for Case III.

7 Conclusion

This paper reconsiders the general type of nonholonomic systems proposed and treated in [1], which
involve two sets of nonlinear time-varying terms and a set of selective variables. It is shown that the
FAS approach also renders the design of a continuous time-varying stabilizing controller for the system.
Comparatively, the drawback of the discontinuous stabilizing controller proposed in [1] is that it may
result in nonsmooth system responses, but the derived closed-loop system obeys a linear time-invariant
one when the initial value of the first scalar subsystem is restricted to be nonzero, while the continuous
stabilizing controller designed in this paper can no longer give a linear time-invariant closed-loop system,
but guarantees the UGE stability of the closed-loop systems and provides smooth system responses under
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Figure 4 (Color online) Simulation results for Case IV.

very mild conditions.

Technically, an auxiliary variable is introduced by differentiating the first scalar subsystem, and the first
control variable is then designed in a proportional plus integral form. With the solution of the extended
first subsystem, the second subsystem formed by the rest equations is turned into a time-varying one
with two external parameters, which can be further transformed into an almost SFS with the help of
an extended o-process. A stability result is derived to guarantee that a UGE stabilizing controller for
the almost SFS is given by a UGE stabilizing controller for an SF'S which is actually the main part of
the obtained almost SFS. Finally, converting the SFS into a FAS readily gives the feedback form of the
second control variable. The overall controller is then obtained by combining the feedback forms of both
control variables.

The FAS approach proposed for this type of nonholonomic systems can be further generalized in several
directions. As in [1], the proposed results can be extended to locally normal systems and time-delay
systems. Particularly, robust stabilization of the type of uncertain nonholonomic systems in the form
of (7) can be considered, and the type of systems can be further generalized into compact multivariable
forms.

Acknowledgements  This work was partially supported by Major Program of National Natural Science Foundation of China
(Grant Nos. 61690210, 61690212), National Natural Science Foundation of China (Grant No. 61333003), and Science Center
Program of the National Natural Science Foundation of China (Grant No. 62188101). The author is grateful to his Ph.D. students
for helping him with reference selection and proofreading. His thanks also go to Drs. Wei SUN, Xiang XU, and Tao LIU for their
helpful discussions and comments, and he extends his particular thanks to Dr. Zhongcai ZHANG for helping him work out of the
simulation.

References

1 Duan G R. A FAS approach for stabilization of generalized chained forms: part 1. Discontinuous control laws. Sci China Inf
Sci, 2024, 67: 122201

2 Brockett R W. Asymptotic stability and feedback stabilization. In: Differential Geometric Control Theory. Boston:

Birkh&auser, 1983. 181-191

Duan G R. Brockett’s first example: an FAS approach treatment. J Syst Sci Complex, 2022, 35: 441-456

Duan G R. Brockett’s second example: a FAS approach treatment. J Syst Sci Complex, 2023, 36: 1789-1808

Kolmanovsky I, McClamroch N H. Developments in nonholonomic control problems. IEEE Control Syst Mag, 1995, 15: 20-36

Murray R M, Sastry S S. Nonholonomic motion planning: steering using sinusoids. IEEE Trans Automat Contr, 1993, 38:

700-716

Astolfi A. Discontinuous control of nonholonomic systems. Syst Control Lett, 1996, 27: 37—45

8 Rocha E, Castanos F, Moreno J A. Robust finite-time stabilisation of an arbitrary-order nonholonomic system in chained
form. Automatica, 2022, 135: 109956

[S2 N GL I S OV)

K}


https://doi.org/10.1007/s11424-022-2090-8
https://doi.org/10.1007/s11424-023-2282-x
https://doi.org/10.1109/9.277235
https://doi.org/10.1016/0167-6911(95)00041-0
https://doi.org/10.1016/j.automatica.2021.109956

10
11

12

13
14

15

16

17

18

19

20

21

22

23

24

25

26

27
28

29

30

31
32

33
34
35
36
37
38
39
40
41
42
43
44
45
46

47

Duan G-R  Sci China Inf Sci  March 2024, Vol. 67, Iss. 3, 132201:22

Mnif F, Metwally K A E. Particle swarm optimisation of a discontinuous control for a wheeled mobile robot with two trailers.
Int J Comput Appl Technol, 2011, 41: 169-176

Marchand N, Alamir M. Discontinuous exponential stabilization of chained form systems. Automatica, 2003, 39: 343-348
Lin W, Pongvuthithum R, Qian C. Control of high-order nonholonomic systems in power chained form using discontinuous
feedback. IEEE Trans Automat Contr, 2002, 47: 108-115

Lin W, Pongvuthithum R. Recursive design of discontinuous controllers for uncertain driftless systems in power chained form.
IEEE Trans Automat Contr, 2000, 45: 1886—1892

Laiou M C, Astolfi A. Discontinuous control of high-order generalized chained systems. Syst Control Lett, 1999, 37: 309-322
Khennouf H, Wit C C D. On the construction of stabilizing discontinuous controllers for nonholonomic systems. IFAC Proc
Volumes, 1995, 28: 667672

Tian Y P, Li S. Exponential stabilization of nonholonomic dynamic systems by smooth time-varying control. Automatica,
2002, 38: 1139-1146

Samson C. Control of chained systems application to path following and time-varying point-stabilization of mobile robots.
IEEE Trans Automat Contr, 1995, 40: 64-77

Morin P, Samson C. Control of nonlinear chained systems: from the Routh-Hurwitz stability criterion to time-varying expo-
nential stabilizers. IEEE Trans Automat Contr, 2000, 45: 141-146

Morin P, Pomet J B, Samson C. Design of homogeneous time-varying stabilizing control laws for driftless controllable systems
via oscillatory approximation of Lie brackets in closed loop. SIAM J Control Optim, 1999, 38: 22-49

Jiang Z P. Iterative design of time-varying stabilizers for multi-input systems in chained form. Syst Control Lett, 1996, 28:
255-262

Pomet J B, Samson C. Time-Varying Exponential Stabilization of Nonholonomic Systems in Power Form. INRIA Technical
Report, 2126, 1993

Xi Z, Feng G, Jiang Z P, et al. A switching algorithm for global exponential stabilization of uncertain chained systems. IEEE
Trans Automat Contr, 2003, 48: 1793-1798

Sordalen O J, Egeland O. Exponential stabilization of nonholonomic chained systems. IEEE Trans Automat Contr, 1995, 40:
35-49

Jiang Z P, Nijmeijer H. A recursive technique for tracking control of nonholonomic systems in chained form. IEEE Trans
Automat Contr, 1999, 44: 265-279

Duan G R. High-order system approaches: I. Fully-actuated systems and parametric designs (in Chinese). Acta Autom Sin,
2020, 46: 1333-1345

Duan G R. High-order system approaches: II. Controllability and full-actuation (in Chinese). Acta Autom Sin, 2020, 46:
1571-1581

Duan G R. High-order system approaches: III. Observability and observer design (in Chinese). Acta Autom Sin, 2020, 46:
1885-1895

Duan G R. High-order fully actuated system approaches: part I. Models and basic procedure. Int J Syst Sci, 2021, 52: 422-435
Duan G R. High-order fully actuated system approaches: part II. Generalized strict-feedback systems. Int J Syst Sci, 2021,
52: 437-454

Duan G R. High-order fully actuated system approaches: part III. Robust control and high-order backstepping. Int J Syst
Sci, 2021, 52: 952-971

Duan G R. High-order fully actuated system approaches: part IV. Adaptive control and high-order backstepping. Int J Syst
Sci, 2021, 52: 972-989

Duan G R. High-order fully actuated system approaches: part V. Robust adaptive control. Int J Syst Sci, 2021, 52: 2129-2143
Duan G R. High-order fully-actuated system approaches: part VI. Disturbance attenuation and decoupling. Int J Syst Sci,
2021, 52: 2161-2181

Duan G R. High-order fully actuated system approaches: part VII. Controllability, stabilisability and parametric designs. Int
J Syst Sci, 2021, 52: 3091-3114

Duan G R. High-order fully actuated system approaches: part VIII. Optimal control with application in spacecraft attitude
stabilisation. Int J Syst Sci, 2022, 53: 54-73

Duan G R. High-order fully-actuated system approaches: part IX. Generalised PID control and model reference tracking. Int
J Syst Sci, 2022, 53: 652-674

Duan G R. High-order fully actuated system approaches: part X. Basics of discrete-time systems. Int J Syst Sci, 2022, 53:
810-832

Duan G R. Discrete-time delay systems: part 1. Global fully actuated case. Sci China Inf Sci, 2022, 65: 182201

Duan G R. Discrete-time delay systems: part 2. Sub-fully actuated case. Sci China Inf Sci, 2022, 65: 192201

Duan G R. Fully actuated system approaches for continuous-time delay systems: part 1. Systems with state delays only. Sci
China Inf Sci, 2023, 66: 112201

Duan G R. Fully actuated system approaches for continuous-time delay systems: part 2. Systems with input delays. Sci China
Inf Sci, 2023, 66: 122201

Duan G R. Robust stabilization of time-varying nonlinear systems with time-varying delays: a fully actuated system approach.
IEEE Trans Cybern, 2023, 53: 7455-7468

Duan G R. Substability and substabilization: control of subfully actuated systems. IEEE Trans Cybern, 2023, 53: 7309-7322
Duan G R. Stabilization via fully actuated system approach: a case study. J Syst Sci Complex, 2022, 35: 731-747

Kreyszig E. Advanced Engineering Mathematics. 10th ed. New York: Wiley, 1972

Khalil H K. Nonlinear Systems. 3rd ed. Upper Saddle River: Prentice Hall, 2002

Do K D. Global robust adaptive path-tracking control of underactuated ships under stochastic disturbances. Ocean Eng,
2016, 111: 267-278

Fossen T I. Marine Control Systems. Trondheim: Marine Cybernetics, 2002


https://doi.org/10.1504/IJCAT.2011.042692
https://doi.org/10.1016/S0005-1098(02)00229-7
https://doi.org/10.1109/9.981728
https://doi.org/10.1109/TAC.2000.880993
https://doi.org/10.1016/S0167-6911(99)00037-7
https://doi.org/10.1016/S1474-6670(17)46905-9
https://doi.org/10.1016/S0005-1098(01)00303-X
https://doi.org/10.1109/9.362899
https://doi.org/10.1109/9.827372
https://doi.org/10.1137/S0363012997315427
https://doi.org/10.1016/0167-6911(96)00029-1
https://doi.org/10.1109/TAC.2003.817937
https://doi.org/10.1109/9.362901
https://doi.org/10.1109/9.746253
https://doi.org/10.1080/00207721.2020.1829167
https://doi.org/10.1080/00207721.2020.1829168
https://doi.org/10.1080/00207721.2020.1849863
https://doi.org/10.1080/00207721.2020.1849864
https://doi.org/10.1080/00207721.2021.1879964
https://doi.org/10.1080/00207721.2021.1879966
https://doi.org/10.1080/00207721.2021.1921307
https://doi.org/10.1080/00207721.2021.1937750
https://doi.org/10.1080/00207721.2021.1970277
https://doi.org/10.1080/00207721.2021.1975848
https://doi.org/10.1007/s11432-021-3417-3
https://doi.org/10.1007/s11432-021-3448-1
https://doi.org/10.1007/s11432-021-3459-x
https://doi.org/10.1007/s11432-021-3460-y
https://doi.org/10.1109/TCYB.2022.3217317
https://doi.org/10.1109/TCYB.2023.3242277
https://doi.org/10.1007/s11424-022-2091-7
https://doi.org/10.1016/j.oceaneng.2015.10.038

	Introduction
	Problem statement
	Problem conversion
	Solution of u0
	-process 

	Solvability
	A technical lemma
	Stabilizability
	Case of 0=-0
	Case of 0=-0


	FAS approach
	FAS models
	Stabilizing controller design
	Response and stability analysis

	Application to ship control
	System model
	Controller design
	Simulation results

	Conclusion

