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Abstract This paper investigates the prescribed-time state-feedback stabilization and prescribed-time in-
verse optimality problems for stochastic high-order nonlinear systems. First, a time-varying controller is
designed by developing scaled quartic Lyapunov functions, which can guarantee that the system has a unique
strong solution almost surely on the prescribed interval for any system initial conditions and that the states
and the control converge to the origin in a mean-square form within the prescribed time. Then, the controller
is redesigned to address the problem of prescribed-time inverse optimal mean-square stabilization. Finally,
a concrete example is provided to confirm the efficiency of the proposed design schemes.

Keywords stochastic high-order nonlinear systems, prescribed-time stabilization, the scaled design, inverse
optimality

1 Introduction

Stochastic nonlinear systems have widespread applications in many fields, such as finance and engineer-
ing [1,2].

The stochastic nonlinear design has gained significant attention [3,4] since Krstic and Deng presented
a global asymptotic stabilization control design by developing quartic Lyapunov functions [5-7]. Tremen-
dous advancements have been made in asymptotic stabilization designs for a class of important stochastic
systems called stochastic high-order nonlinear systems, whose Jacobian linearizations are likely to possess
unstable structures [8-12].

In recent decades, stochastic finite-time control has attracted considerable interest due to its advan-
tages, such as faster convergence rates and improved stability. Refs. [13, 14] first defined finite-time
stability and established the stability theory in stochastic finite-time control. Successful treatments of
finite-time stabilization problems of stochastic high-order systems are presented in [15,16]. Unfortunately,
in the results presented in [13-16], the settling time is uncertain and relies on the initial conditions of a
system, which makes it difficult to apply the results in practice.

Prescribed-time control, namely the settling time of a controlled system being deterministic and exactly
assignable, is uniquely superior in that it allows the control designers to set the convergence time in ad-
vance regardless of the initial conditions of the system. Although numerous solutions to the deterministic
prescribed-time control have been reported [17-21], few studies have addressed stochastic settings. In the
realm of stochastic prescribed-time control, Ref. [22] addressed the problems of stochastic prescribed-time
stabilization together with prescribed-time inverse optimality with nonscaled new Lyapunov functions for
the first time. The design employing the new scaled quartic Lyapunov functions proposed by [23] has
a smaller control effort than the design proposed by [22]. Ref. [24] proposed two different output feed-
back control design solutions for the systems where unobservable states and unknown growth rates exist
without or with sensor uncertainty to resolve the prescribed-time mean-square stabilization problems.
Recently, Ref. [25] resolved mean-nonovershooting prescribed-time control problems in the presence of
the finite-time vanishing noise. However, notably, Refs. [22-25] have not considered stochastic high-order
nonlinear systems.
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In addition to stabilization, another important topic in stochastic control is inverse optimality. Ref. [6]
published the first paper to present inverse optimal designs for general stochastic nonlinear systems. Sub-
sequently, Refs. [26,27] addressed the inverse optimal design problems of stochastic high-order systems.
However, inverse optimal stabilization could only be achieved asymptotically in these studies. Further-
more, to the best of our knowledge, only Ref. [22] has considered the stochastic prescribed-time inverse
optimal design but did not consider high-order systems.

Motivated by the above observations, this paper addresses the prescribed-time control problems in
stochastic high-order nonlinear systems. The contributions comprise the following three components:

(1) This paper studies more general system models. Unlike the designs described by [28], where a
system with only two integrators is investigated, this paper investigates more general stochastic high-
order systems with an arbitrary number of integrators. Further, the system model studied herein is
more general than those studied by [22-25] because it allows the Jacobian linearizations to have unstable
modes.

(2) Unlike the designs described in [15,16], where the convergence time depends on the initial condi-
tions of a system, the designs developed herein have the significant advantage of the convergence time
independent of the initial conditions of the system. The convergence time is deterministic, known, and
can be arbitrarily preset as required.

(3) Unlike the inverse optimal designs described by [26,27] where asymptotic stabilization controllers
are constructed to minimize meaningful cost functionals, a new inverse optimal controller design in the
prescribed-time sense is developed herein based on the results described by [22,26].

The rest of the paper is structured as follows: Section 2 elaborates on the problems to be studied.
Sections 3 and 4 focus on the design and analysis of the prescribed-time stabilization and prescribed-time
inverse optimality, respectively. Section 5 provides a concrete example to demonstrate the validity of our
designs. Finally, this study is summarized in Section 6.

Note. The implication of each notation, the requisite definitions, and lemmas are the same as those
presented in [22] and have been omitted here.

2 Problem description

Consider the following stochastic high-order nonlinear systems:

da; = ¥ dt + ) (t2)dw, i=1,...,n—1, (1)
dz, = uPdt + o} (t, 2)dw, (2)
where p > 1 is an odd integer, * = (71,...,7,)" € R" is the system state vector, and v € R is the

control input. ¢; : RT x R — R™ are smooth functions and satisfy ¢;(¢,0) = 0. w is an m-dimensional
independent standard Wiener process defined on the complete filtered probability space (Q,F, F;, P)
with a filtration F; satisfying the usual conditions (i.e., it is increasing and right continuous while Fy
contains all P-null sets).

For the system (1) and (2), the following assumption is made.
Assumption 1. There exists a positive constant ¢ such that the smooth functions ;,7i = 1,...,n
satisty

pil ptl
pitt,@)] < (Jaa |5 4o ] ) (3)

Remark 1. Compared with [28], we consider a more general system model in (1) and (2). Specifically,
the system (1) and (2) allows that the number of integrators is arbitrary. However, Ref. [28] only studied
a system with two integrators. Hence, the system model in [28] is a special case of (1) and (2).
Remark 2. Assumption 1 is natural for the prescribed-time control of stochastic high-order nonlinear
systems. When p = 1, Assumption 1 reduces to Assumption 1 presented in [22]. In addition, Assumption 1
is important in ensuring the prescribed-time stability of (1) and (2). More details can be found in the
design process.

Herein, we aim to address prescribed-time control problems for the high-order system (1) and (2).
Specifically, we first designed state-feedback controllers to render the system (1) and (2) prescribed-time
mean-square stable. Thereafter, a new controller was redesigned to force the system (1) and (2) to achieve
inverse optimal stabilization in the prescribed time.
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3 Prescribed-time mean-square stabilization

3.1 Controller design

To start with, a scaling function is introduced as follows:

T m
t) = ——— , Vt € [to,t T), 4
w) = (msg=;) -+ et D) (@)
where T > 0 refers to any prescribed time and m > 2 is an integer.

Next, we implement the prescribed-time controller design for the system (1) and (2) based on the
backstepping technique.

Step 1. We first construct the virtual controller x3.

Define
Z1 = X1, (5)
and choose the 1st Lyapunov candidate function
1
Vi = Zz;*. (6)

From (1), (6), and Lemma 1 in [22], we have
LV) = Zah + o 21|501|2

3
< zfxg + 202zf+3

w3
<Ay —a3) + ey’ + S (7)
Choosing
Ty = —o 2, (8)
3 1/p
] = <7l+ 502> y (9)

which substitute into (7), we can get
LVy < —npP2PT3 4 23 (:cg - :E;p). (10)

Deductive step: In this step, we aim to design the virtual controller z;j.
Assume that the design procedures from Step 1 to Step [ — 1 have been completed, and the virtual

controllers z7} for Step j — 1 (j =2,...,1) have been constructed as follows:
SL'; = 704]',1‘LLZ]',1, (11)
Zj-1 = Tjo1 — Ty, (12)
where a1 is a positive constant, and the (j — 1)th Lyapunov candidate function V;_1 = Vj_o +

4u4<+2) z;-& ; satisfies

Jj—1

LV 1<~ (n—(j—2)) Zﬂp k- 1)Z£+3 + ‘u4(j72) ZJ3'*1 (xf a ij)
k=1
j—2
D SIRTSISERES SR 03
k=1 k=2

Next, we verify that Eq. (13) is also valid for Step .
Define
2= x— ], (14)
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and choose the [th Lyapunov candidate function

1 4
Vi=Vioi+ mzl .
From (11) and (14) we get
-1
a=z+ Y Be(t)z,
k=1
1-1
Br = H Havg.
i=k

Applying It6 differentiation rule, we have
-1 -1 -1
dz = (zfﬂ + Z Br(t)x, + Z Bk (t):ci_H) dt + (cplT + Z ﬁ;&t)cpf) dw.
k=1 k=1 k=1
From (13), (15), (18), and Lemma 1 in [22], we get

-1
1 *
LV <= (= (1=2) Y w0 4 el (af — a7”)

k=1
-2 1
+ Z(l — k)t Z Apop~ 41
k=1 k=2
1 -1 -1
Ry z (xfﬂ + Z Br(t)zr + Z ﬁk(t)xiJrl)
K k=1 k=1
-1 2
mo

4(1-1)+=+ 4 3 2
Z+ 2'&4(5—1)21

of + ) Be(t)or

k=1

,Eu

From (11), (12), (14), and Lemmas 2.1, 2.3, 2.5 in [29] we have

pAa—2) 71 (:cf - zzp)

1 3 —1 *p—1
S Pl ol (27 + 27

1 - _ 1 o _
< ey i Plal (e + Dpa e+ enpef )

< (Cm + l)paf:llﬂpﬂl(limil|Zlfl|p+2|zl| +Cmpui4(lf2)|zlf1|3|zl|p

N

1 . 3 41— 3
5/.1/1) 4(1 2)2’{;;’_1 +Al1/~//p 4(1 l)ZlIH- ,

where

Cm = max{l,Qp*Q},

1 43 —(p+2) o3 43 —3/p
B TN (o)

p+3\4(p+2) 12

From (17) we obtain

-1
I—k
ﬁk =W Hai7
i=k

(15)

(16)

(17)

(18)

(19)

(23)
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-1
o (l B k) l—k+1 (l B k) I—k+1
o M Ttk M) Tt
T 1=k

By (14), (24), and Lemma 2.1 in [29], we obtain

H -
-1 m(l — k) -1
<z T(H ai) pt RO (2] + oy pl 2k a )
k=1 i—k
-1 -1
m(l —k Ch—A(l—
€3 M (T 0 o400
k=1 i—k
-1 3
<Z”74(k D4 X4§Z< <HO‘1> (1 +ap) ) s
k=1
< Z/fﬁl(kil)ﬂzﬁ +‘ulp74(lfl)zlp+3 + App i
where
Py -1 -1 3157
p+3) "3 i (ml—k) [T v
A S g mit — &) Na .
=i () [ (M (e Ja e

By (11), (12), (23), and Lemmas 2.1, 2.3 in [29] we obtain

-1
1 3
A0 A > Blt)af
k=1

-1 -1
1 _ _ —
< g Al k<H‘”’> (27 | + 2 )
i=k
-1
< 9P— 1 1+ak (HO‘> P+lfk74(lfl)|zk|17|zl|3+2p71al_1u74l+3220+3

=1

B
|

1
‘ulp74(k71)zz+3 + Algup74(l71)zél)+3

Y

A~ =

k=1
where
3 [p+3 i =
Ay =——| —— 2P-1(1 ; 2P lay_q.
13 p+3<4p> kz_:l{ +Oék (Ha)] + Qr—1
By (11), (12), (23), and Lemmas 2.1, 2.3 in [29] we obtain
2

-1
Pler + Zﬁk(t)@k
k=1

2,A0—1) &

31>, 1 - 2 1
< g4 [P+ BRla Pt

H k=1

3lc?

2 p p+1 p, ptl p+1_p+1
< A1) ! (2 2P

(26)

(28)
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-1 -1
+ Z 2" <H af) <2pz£+1 + 2paif1u”+lz£fl>>
k=1 i=k

3lc? op P+ | opt+l ptl ptl ptl
2M4(l 0~ z+ o 1T
-2
+22p(1+a£+1) (HO‘ ) pH2(l—k)+1 £H>
k=1

Z Bl (1 + apH) ( 1:[ af) pp oAk oL 2
=k

+ 3lc 2”afj11p”+5 4lzlp+1122 + 31022p_1p_4(l_1)zlp+3

I — e 4
< ZZ“ 4k 1)Z£+3+Al4up 41 1)le+37
k=1
where
—EE pLd
2 p+3 RS 26p—1 +1
Ay=———|—— 3lco2P~ (1+ap ) o
“ p+3<4(p+1)> kz_:ll H
7PT+1 +3
2 3 e
L (31022pafj11) © o3l
p+3\4(p+1)
Substituting (20)—(29) into (19) results in
-1 1
4(k—1) p+3 .3 %
LV, <—(n—(1-1)) Zup 2P +—4(z ) Pl =)
k=1
I . A
+ W%fl 2 (Au A+ Ags o+ Ay + 1) 107D
+ Z Apop~ 1 4 Z(l — k= 1AL
Choosing
T = —Qupz,
1
= (Dn+As+Au+mn—(1-1)+1)",
which substitute into (31), we can get
1
1
4(k—1) p+3 .3 X
LV < — (1-1)) Zup ) 2P +—4(z ) Pl =)
k=1
— l
+ Z(l _ k)u_‘l(k_l)ﬂz; + Z Ak2/1_4k+1-
k=1 k=2
Step n: We now design the actual controller u.
Analogous to (32) and (33), by designing the actual controller
U= —QpflZn,
where «,, > 0 is constant, we can acquire
LV, < — Z‘up 4(k—1) p+3+z A1+ 4+ZAk2M 41

k=2

— n 1 4
where Vn = Zk:l Wzk.

(34)

(35)

(36)
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3.2 Stability analysis

Here we present the primary stability results on the system (1) and (2).

Theorem 1. For the system (1) and (2), if Assumption 1 is satisfied, under the controls (8), (11), and
(35), the system has a unique solution on [tg, %o + T') almost surely for all z(ty) € R™. Furthermore, the
equilibrium point of the closed-loop system is prescribed-time mean-square stable with lim; ¢, 7 Fu? =
1imt*>t0+T E|IL’|2 =0.

Proof. From (5), (11), and (12) we have

1 0 0
—aqp 1 0
T = oo z, (37)
1 0
L 0 —ap—1p 1]
where z = (21,...,2,)". From (37) we get
n—1
ol < \|n+ Y uPad |z, (38)
i=1

which is equivalent to

1
2| > |z (39)

n+ Y0, H2a}
From (15) and (39), it is easy to see that the first condition (9) in Lemma 1 [22] holds.
From Lemma 2.1 in [29] we have

(n —k + 1/4)M_4(k_1)+1213 g :u’p_4(k_1)’z£+3 + An,k+4:u’_4k+17 k= 1) sy 1y (40)
where
,%
p—1({p+3\ " p+3
A =— | — —k+1/4)7*". 41
n,k+4 p+3< 1 ) (n +/) (41)

Substituting (40) into (36), LV, in (36) becomes

1 n B 3 n B
LV, < — ; I;M Ah=1)+1,4 ;Akﬂ Akl (42)

where Ap = Ao + Ay kya and Ajp = 0. This term indicates the second condition (10) of Lemma 1
in [22] is satisfied.
Therefore, the plant consisting of (1), (2), and (35) satisfies the locally Lipschitz condition. Hence,
according to Lemma 1 in [22], the conclusion (1) is valid.
We then verify the conclusion (2).
Defining
pr = inf{t:to <t <to+T,|x(t)] =k}, (43)

where k£ > 0 is an integer, choosing

V — eftto M(S)dsvn) (44)

and employing Itd’s formula over [to, p A t], we arrive at

Vipe ANt,z(pr At)) = Vitg,x(to)) Jr/pk LV (z(7), 7)dr Jr/tplC %gT(T,x(T))dw(T). (45)

to 0
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Taking expectation on the both sides of (45) and using Dynkin’s formula in [1] and (42), we have
EV (pr. At,z(pr At))

— Vi (b, (to)) + E{/t:kM L'V(:U(T),T)dr}

PNt N
— Vn(t07x(t0)) + E{/ efto “(5)dé(£Vn + [,Lvn)dfr}
to

n prAt ) .
< Valto, 2(t0)) + / Agp 1 (r)elo 0 qr (46)

i=17to

According to Fatou Lemma, by (44) and (46) we reach

n

EV (t,2(t)) < Va(to, z(to)) + > / A (el Mg (47)

i=1"1t0

From (44) and (47) we obtain
t n t . T
EV, <o Jo s (Vn (to, x(t0)) + Z/ At (7)elw “(S)dsdr), Vi€ fto,to+T).  (48)
i=1"to

Using Schwarz’s inequality and (12), we can acquire
Elz|* < (El2|*)'/?
=BG+ +2)%)

<V(BE 44 2)?
1/2

1/2

<2/ (BV,) T, V€ [to,to + T). (49)
From (38) and (49) we have
n—1
Elzf? < <n+ > u?ai)EW
k=1
2(n—1) = 2 9 1/2
< 2v/np n+ > pPad | (EV,) 7, V€ fto to +T). (50)
k=1

By (12), (35), and (49) we obtain
Eu? = o2 4%E|z,|?
< o} p’Elz?
< 2V/na2 2 (BEV,)?, Vit € Jto, to + T). (51)
From (4), (48), (50), and (51), we can obtain
limy s, 47 Bu? = limy_yy, 17 E|2[* = 0. (52)

Hence, the theorem is proven.

Remark 3. The value of the growth order p_42-1 in Assumption 1 is important. If this order is greater
than %, then some terms such as d;2F (d; > 0,k > p+ 3) are generated, which cannot be counteracted
by —a;z? 3 So Assumption 1 is crucial in ensuring the prescribed-time stability.

Remark 4. In this part, a new design method is proposed for stochastic high-order nonlinear systems
(1) and (2) such that the mean-square stabilization within the prescribed time can be achieved. Unlike
the asymptotic stabilization control designs in [8-12] where the convergence time is infinite and in the
finite-time stabilization designs in [15,16] wherein the settling time is unknown, stochastic, and reliant
on the initial conditions of a system, the superiority of our designs stems from the fact that they enable
the control workers to preset the convergence time tg + 17" on demand regardless of the initial conditions
of a system. Additionally, from (35), the controller designed herein is time-varying.
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4 Prescribed-time inverse optimality

To begin with, we rewrite (1) and (2) as

b 0 o
dx = : dt + : uPdt + : dw
xh 0 Ph-1
0 1 Pn
2 Fdt + GiuPdt + Gadw; (53)
the controller
U= —QpfiZn (54)
leads to
LV, < —puVy + A3, (55)

where A,, = ZZZQ Apo + Zzzl Ap, i+4 and the meaning of each symbol can be found in Section 3.
We then present the primary results for the prescribed-time inverse optimality problem as follows.

Theorem 2. For the system (1) and (2), if Assumption 1 is satisfied, then the controller

9 P
ut = - <§ﬁ> nptzn, [=2, Vtelto,to+T), (56)

achieves the prescribed-time mean-square stabilization and also minimizes the cost functional

J(u) =limsup E

r—00

28V, (71, (7)) + / (l(t,x(t)) + 27 4p> dt] . (57)

—U
t 1652azpu4(n—1)+3pzzp 3

where

1 ov, 9V,
-9 p_p+3 no_ n
Z(t) I) ﬁ <M4("_1)_p an'zn at ax

— lTr GT%GQ + A3+ ;5(5 — 2)0/’2”"’3 (58)
2 2 Ox2 N4(n71)7p nen

is radially unbounded, positive definite, and not necessarily decrescent.
Proof. By incorporating (55) into (58), we get

1
I(t,x) = 2BuV, + Wﬁ(ﬂ — 2)akh2B*, (59)

From (4) and (39) together with the definition of V,, in (15), we have

1 1
Vo > > ! 60
n 471/.14(”_1) |Z| 4nu4(”_1)(n+22:11 M2ai)2|x| ( )
Noting 8 > 2, from (59) and (60), we have
U(t,2) > 26V, > Bu ], (61)

201 (1 + ) p2ad)?

From (61), it is evident that [(¢, z) is enough defined well enough. Thereby, J(u) represents a meaningful
cost functional.
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At first, we verify that Eq. (54) is a stabilizing controller of system (53). From (54) and (55), noting
8 > 2, we obtain

23 p p+3 av,, 0V, 02
EVn|(53) 73 i(n-1) pOénZn + — ot -+ %Fﬁ» T G2 O 5 G
1 . 0V, 0V, 1 0%V,
o~ ,p.pt3 Z’n — TZ 'n
u4(n*1)*pa”'z” BT ot + Ox E Tr{G2 Ox? GQ}
—1V 4+ A3, (62)

It can be deduced from (62) and Theorem 1 that the system (53) achieves prescribed-time mean-square
stable under the controller (54).
Next, we prove the inverse optimality. From Dynkin’s formula in [1] we can acquire

ES V(7 a) — Vto,x LV (t,z)dt (63)
{ )=, evaa) o

From (57), (58), and (63), we have

L 0 27 »
J(u) =limsup E {Qﬁvn(ﬂ«,x(ﬂ-)) —|—/ (l(t,x(t)) + 16620(731]”/14("*1)*3?23’)73” )dt}

r—00 to

=lim supE{QﬂVn(to,x(to)) + /TT <255Vn|(53) +1U(t, (1))

r—00 to

27 4p
+ 1652a;3lpu4(n71)+3p2.2p73 u ) dt}

L Tr 25 3 p 52 o i3
=limsup Eq 28V, (to, z(to)) + zouP + ab z

oo t M4(n—1) n M4(n—1)—p n-n

27 4p
+ 16520421)#4(”_1)4'3”27311)_3“ )dt}. (64)

By using Lemma A.3 in [22], we obtain

28 4 5 1 3p 3p49 2
— zouP = -y —uP
i 2t =0 pn=D=ge Band pn—D+pE 1

27

62 p ,p+3 4p
< M4(n—1)—pa"2" + 1652a%pu4(n—1)+3ngp_3u : (65)
The equality in (65) holds if and only if
. 2.\’
u = - 56 anpizn, B2 2. (66)

Consequently, the minimum of (57) is acquired by (66), and accordingly we have
min J(u) = 28V, (to, z(to)). (67)

Thus, this theorem is proven.
Remark 5. In comparison to those in [26,27] where the inverse optimal asymptotic stabilization in
probability can be ensured, the controller (56) we constructed achieves inverse optimal mean-square
stabilization within prescribed time.

Remark 6. As described by Definition 2 in [22], Theorem 2 addresses the inverse optimal mean-square
stabilization within prescribed time by selecting S(t,z) = 28V, (t,z), k = —4(n — 1) — 3p, R(x) =

(o). A(r) = 17, and I(t,x) in (58).
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Figure 1 (Color online) Response of (a) the states and (b) the controller of the system (68) and (69).
5 A simulation example

Consider a concrete high-order system

dry = 23dt + 0.12%dw, (68)
das = uidt + 0.2z z9dw. (69)

Apparently, Assumption 1 can be satisfied by ¢ = 0.1.
In simulation, when | = n = 2, by choosing to = 0, T'= 1, and m = 2, and following (20)—(33), we can
acquire the controller as follows:

u = —844uze — 1069172, (70)
where p(t) = (745)2, t € [0,1). Furthermore, if we randomly select the initial states of the system as
21(0) = 0.2, 22(0) = —0.2, the performance of the states and the controller of the system (68) and (69)
is given by Figure 1. From Figure 1(a), we obtain lim;_,; E|z1|?> = lim;_,; E|x3|?> = 0, which shows that
lim;_,1 E|z|? = 0. From Figure 1(b), we get lim;_,; Eu? = 0.

Thus, the validity of the prescribed-time state-feedback designs developed in Section 3 is verified.

6 Conclusion

This paper investigates the problems of the prescribed-time state-feedback stabilization together with
prescribed-time inverse optimality for stochastic high-order nonlinear systems. A new time-varying con-
troller is designed by developing the new scaled quartic Lyapunov functions, which can guarantee that
the system has a unique strong solution almost surely on the prescribed interval for any initial conditions
and the states and the control converge to the origin in mean-square within the prescribed time. In
addition, we redesigned the controller to stabilize the system within the prescribed time and concurrently
minimized the meaningful cost functional.

Many significant control problems can be studied in the future. These include finding ways to gener-
alize the results presented herein for adaptive control [30,31], distributed control [32], privacy security
control [33], quantized control [34], sampled-data control [35,36], Markovian switching [37], and systems
with full-state constraints [38]. In addition, noting Ref. [39] proposed an interesting improved optimized
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backstepping control via reinforcement learning, another interesting topic is generalizing the results we
achieved herein to more general systems via reinforcement learning.
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