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Appendix A Key symbols of this study

The main symbols of this study are listed in the following table.

Table A1 The main symbols of this study.

Symbol Meaning Dynamics

xi state of agent i ẋi = Axi +Bui

x̂i state of agent i at triggering time x̂i = xi(t
i
k), t ∈ [tik, t

i
k+1)

x̃i measurement error of state x̃i = x̂i − xi

φi consensus error φi =
∑N

j=1 aij(xi − xj)

φ̂i consensus error at triggering time φ̂i =
∑N

j=1 aij(x̂i − x̂j)

φ̃i error between φ̂i and φi φ̃i = φ̂i − φi

ci adaptive gain of agent i ċi = φ̂T
i Γφ̂i, ci(0) > 1

ĉi adaptive gain at triggering time ĉi = ci(t
i
k), t ∈ [tik, t

i
k+1)

c̃i measurement error of adaptive gain c̃i = ĉi − ci

c̄i virtual adaptive gain of agent i ˙̄ci = φT
i Γφi, c̄i(0) > 1

či error between ci and c̄i či = ci − c̄i

di adaptive gain of agent i ḋi = ‖Kφ̂i‖, di(0) > 1

d̂i adaptive gain at triggering time d̂i = di(t
i
k), t ∈ [tik, t

i
k+1)

d̃i measurement error of adaptive gain d̃i = d̂i − di

d̄i virtual adaptive gain of agent i ˙̄di = ‖Kφi‖, d̄i(0) > 1

ďi error between di and d̄i ďi = di − d̄i

Appendix B The proof of Theorem 1

This proof includes two parts, showing that the consensus can be achieved and Zeno behavior can be excluded, respectively.

Part 1: We first prove that consensus can be achieved. Letting φ̃i =
∑M

j=1 aij(x̃i − x̃j), then φ̃i = φ̂i − φi. Denote c̄i and d̄i

virtual adaptive gains, whose dynamics satisfy
˙̄ci = φT

i Γφi,

˙̄di = ‖Kφi‖, i = 1, · · · ,M,
(B1)

with c̄i(0) > 1 and d̄i(0) > 1. Further let či = ci − c̄i and ďi = di − d̄i. We have

ẋ = (IN ⊗ A)x + (C̄ ⊗ BK)φ+ (C ⊗ BK)φ̃ + (Č ⊗ BK)φ + (C̃ ⊗ BK)φ̂ + (D̂ ⊗ B)G+ (IM ⊗ B)F, (B2)

where φ = [φT
1 , · · · , φT

M ]T , φ̃ = [φ̃T
1 , · · · , φ̃T

M ]T , φ̂ = [φ̂T
1 , · · · , φ̂T

M ]T , C̄ = diag(c̄1, · · · , c̄M ), C = diag(c1, · · · , cM ), C̃ =

diag(c̃1, · · · , c̃M ), Č = diag(č1, · · · , čM), D̂ = diag(d̂1, · · · , d̂M ), G = [gT (Kφ̂1), · · · , gT (Kφ̂M )]T , and F = [fT
1 , · · · , fT

M ]T .

The closed-loop dynamics of φ is written as

φ̇ = (IM ⊗ A)φ + (LC̄ ⊗ BK)φ + (LC ⊗ BK)φ̃+ (LČ ⊗ BK)φ + (LC̃ ⊗ BK)φ̂ + (LD̂ ⊗ B)G + (L ⊗ B)F. (B3)
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Choose a Lyapunov function as

V1 = xT (L ⊗ Q)x +
M
∑

i=1

[ 1

2
(c̄i − αc)

2 + βcc̄iV0 +
1

2
(d̄i − αd)

2 + βdd̄iV0

]

, (B4)

where αc, αd, βc, βd > 0 are design constants, and V0 =
∑M

j=1

εj
kj

. According to (4) and (5), we have e−(ki+σiγi)tεi(0) 6 εi(t) 6

e−kitεi(0). Then, we have

V̇1 = xT [L ⊗ (QA + ATQ)]x − 2φT (C̄ ⊗ Γ)φ − 2φT (C ⊗ Γ)φ̃ − 2φT (Č ⊗ Γ)φ − 2φT (C̃ ⊗ Γ)φ̂ + 2φT (D̂ ⊗ QB)G

+ 2φT (IN ⊗ QB)F +
M
∑

i=1

(c̄i − αc + βcV0)φ
T
i Γφi +

M
∑

i=1

(d̄i − αd + βdV0)‖Kφi‖

−
M
∑

i=1

(βcc̄i + βdd̄i)
M
∑

j=1

(

εj +
σj

kj

x̃T
j Γx̃j +

δj

kj

√

x̃T
j Γx̃j

)

.

(B5)

Next, we focus on analyzing (B5).

(i) We first deal with −2φT (C ⊗ Γ)φ̃. By Young’s inequality [1], we get

−2φT (C ⊗ Γ)φ̃ 6
1

2
φT (C ⊗ Γ)φ + 2φ̃T (C ⊗ Γ)φ̃

=
1

2
φT (C̄ ⊗ Γ)φ +

1

2
φT (Č ⊗ Γ)φ + 2φ̃T (C̄ ⊗ Γ)φ̃ + 2φ̃T (Č ⊗ Γ)φ̃.

Since

či(t) =

∫

t

0

(φ̂T
i (τ)Γφ̂i(τ)− φT

i (τ)Γφi(τ))dτ + či(0)

=

∫

t

0

(φ̃T
i (τ)Γφ̃i(τ) + 2φT

i (τ)Γφ̃i(τ))dτ + či(0)

6
∫

t

0

φT
i (τ)Γφi(τ)dτ + 2

∫

t

0

φ̃T
i (τ)Γφ̃i(τ)dτ + či(0)

= c̄i(t) + 2

∫

t

0

φ̃T
i (τ)Γφ̃i(τ)dτ + či(0) − c̄i(0),

(B6)

and

φ̃
T
i Γφ̃i =

M
∑

j=1

aij(x̃i − x̃j)
T
Γ

M
∑

j=1

aij(x̃i − x̃j)

6 2l2iix̃
T
i Γx̃i + 2

M
∑

j=1

aij x̃
T
j Γ

M
∑

j=1

aij x̃j

6 2l2ii

M
∑

j=1

x̃T
j Γx̃j ,

(B7)

by substituting (B7) into (B6), we get that

či 6 c̄i − c̄i(0) + či(0) + 4l
2
ii

M
∑

j=1

∫

t

0

x̃
T
j (τ)Γx̃j(τ)dτ

6 c̄i − c̄i(0) + či(0) + 4l2ii

M
∑

j=1

∫ ∞

0

γjεj(τ)dτ

6 c̄i − c̄i(0) + či(0) + 4l2ii

M
∑

j=1

γjεj(0)

kj

.

(B8)

Thus,

2φ̃T (Č ⊗ Γ)φ̃ =
M
∑

i=1

2čiφ̃
T
i Γφ̃i 6

M
∑

i=1

(2c̄i + β1) φ̃
T
i Γφ̃i,

where β1 > max{−2c̄i(0) + 2či(0) + 8l2ii
∑M

j=1

γjεj(0)

kj
} is a positive constant. Then, it is easy to derive

−2φT (C ⊗ Γ)φ̃ 6
1

2
φT (C̄ ⊗ Γ)φ +

1

2
φT (Č ⊗ Γ)φ +

M
∑

i=1

(8c̄i + 2β1) l
2
ii

M
∑

j=1

x̃T
j Γx̃j . (B9)

(ii) We then consider − 3
2φ

T (Č ⊗ Γ)φ. Obviously,

−či = −či(0) +

∫

t

0

(φ
T
i (τ)Γφi(τ)− φ̂

T
i (τ)Γφ̂i(τ))dτ

6 −či(0) +
1

3

∫

t

0

φT
i (τ)Γφi(τ)dτ + 2

∫

t

0

φ̃T
i (τ)Γφ̃i(τ)dτ

6 −či(0) +
1

3
c̄i −

1

3
c̄i(0) + 4l2ii

M
∑

j=1

γjεj(0)

kj

.



Sci China Inf Sci 3

It follows that

− 3

2
φT (Č ⊗ Γ)φ =

M
∑

i=1

− 3

2
čiφ

T
i Γφi

6
M
∑

i=1

( 1

2
c̄i −

3

2
(či(0) +

1

3
c̄i(0)) + 6

M
∑

i=1

l2ii

M
∑

j=1

γiεj(0)

kj

)

× φT
i Γφi

6
1

2
φT (C̄ ⊗ Γ)φ + φT (β2IM ⊗ Γ)φ,

(B10)

where β2 > max{− 3
2 (či(0) +

1
3 c̄i(0)) + 6

∑M
i=1 l2ii

∑M
j=1

γiεj(0)

kj
}.

(iii) Now, we consider −2φT (C̃ ⊗ Γ)φ̂. It follows from the triggering rule (3) that

−2φT (C̃ ⊗ Γ)φ̂ = −2
M
∑

i=1

c̃iφ
TΓφ̂i

6 θ1

M
∑

i=1

φ
T
i Γφi + θ1

M
∑

i=1

φ̂
T
i Γφ̂i

6 3θ1

M
∑

i=1

φT
i Γφi + 2θ1

M
∑

i=1

φ̃T
i Γφ̃i

6 3θ1

M
∑

i=1

φT
i Γφi + 4θ1

M
∑

i=1

l2ii

M
∑

j=1

x̃T
j Γx̃j .

(B11)

(iv) We can get that

2φT (D̂ ⊗ QB)G = 2
M
∑

i=1

d̂iφ
T
i QBg(Kφ̂i)

= 2

M
∑

i=1

d̂iφ
T
i QB

−BTQφ̂i

‖BTQφ̂i‖

= −2

M
∑

i=1

d̂i‖BT
Qφ̂i‖ + 2

M
∑

i=1

d̂iφ̃
T
i QB

BTQφ̂i

‖BTQφ̂i‖

6 −2

M
∑

i=1

d̂i‖BTQφi‖ + 4

M
∑

i=1

d̂i‖BTQφ̃i‖.

(B12)

Note that

−ďi = −
∫

t

0

(‖Kφ̂i(τ)‖ − ‖Kφi(τ)‖)dτ − ďi(0)

6
∫

t

0

(
1

2
‖Kφi(τ)‖ − 1

2
‖Kφ̂i(τ)‖ +

1

2
‖Kφ̃i(τ)‖)dτ − ďi(0)

6
1

2
d̄i −

1

2
d̄i(0) − ďi(0) +

1

2

∫

t

0

‖Kφ̃i(τ)‖dτ,

(B13)

where

1

2

∫

t

0

‖Kφ̃i(τ)‖dτ 6
1

2

∫

t

0

√

√

√

√2l2ii

M
∑

j=1

x̃T
j (τ)Γx̃j(τ)dτ

6

√
2

2
lii

M
∑

j=1

√

∫

t

0

γjεj(τ)dτ

6

√
2

2
lii

M
∑

j=1

√

γjεj(0)

kj

.

(B14)

Substituting (B14) into (B13) yields

−ďi 6
1

2
d̄i −

1

2
d̄i(0) − ďi(0) +

√
2

2
lii

M
∑

j=1

√

γjεj(0)

kj

. (B15)

According to (B13), we then have

−2

M
∑

i=1

d̂i‖BTQφi‖ = −2

M
∑

i=1

(d̄i + d̃i + ďi)‖BTQφi‖

6 −
M
∑

i=1

d̄i‖BTQφi‖ +

M
∑

i=1

β3‖BTQφi‖,

(B16)

where β3 > max{2θ3 − d̄i(0) − 2ďi(0) +
√
2lii

∑M
j=1

√

γjεj(0)

kj
}.
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Also note that

ďi =

∫

t

0

(‖Kφ̂i(τ)‖ − ‖Kφi(τ)‖)dτ + ďi(0)

6
√
2lii

M
∑

j=1

√

γjεj(0)

kj

+ ďi(0).

(B17)

According to (B17), we have

4
M
∑

i=1

d̂i‖BTQφ̃i‖ 6 4
M
∑

i=1

(d̄i + d̃i + ďi)‖BTQφ̃i‖

6 4(1 + θ3 + ďi(0) +
√
2lii

M
∑

j=1

√

γjεj(0)

kj

)
M
∑

i=1

d̄i‖BTQφ̃i‖

6 β4

M
∑

i=1

d̄ilii

M
∑

j=1

√

x̃jΓx̃j,

(B18)

where β4 > max{4(1 + θ3 + ďi(0) +
√
2lii

∑M
j=1

√

γjεj(0)

kj
)}.

Substituting (B16) and (B18) into (B12) yields

2φT (d̂⊗ QB)G 6 −
M
∑

i=1

d̄i(t)‖BTQφi‖ +

M
∑

i=1

β3‖BTQφi‖ +

M
∑

i=1

β4d̄ilii

M
∑

j=1

√

x̃jΓx̃j . (B19)

(v) We can also obtain that

2φT (IM ⊗ QB)F 6 2
M
∑

i=1

‖BTQφi‖ · ‖fi‖

6 2f0

M
∑

i=1

‖BTQφi‖.

(B20)

According to the above analysis, substituting (B9), (B10), (B11), (B19), and (B20) into (B5) yields

V̇1 6 xT [L ⊗ (QA + ATQ)]x+ φT [(β2 + 3θ1)IN ⊗ Γ]φ +
M
∑

i=1

((−αc + βcV0)φ
T
i Γφi + (−αd + βdV0)‖Kφi‖)

+ (β3 + 2f0)
M
∑

i=1

‖BTQφi‖ + β4

M
∑

i=1

d̄ilii

M
∑

j=1

√

x̃jΓx̃j +
M
∑

i=1

(8c̄i + 2β1 + 4θ1)l
2
ii

M
∑

j=1

x̃T
j Γx̃j

−
M
∑

i=1

(βcc̄i + βdd̄i)

M
∑

j=1

(εj +
σj

kj

x̃
T
j Γx̃j +

δj

kj

√

x̃T
j Γx̃j)

= xT [L⊗ (QA + ATQ)]x+ φT [(−αc + βcV0 + β2 + 3θ1)IN ⊗ Γ]φ +

M
∑

i=1

((−αd + βdV0 + β3 + 2f0)‖Kφi‖)

+

M
∑

i=1

M
∑

j=1

(β4d̄ilii − βdd̄i

δj

kj

)
√

x̃jΓx̃j +

M
∑

i=1

M
∑

j=1

((8c̄i + 2β1 + 4θ1)l
2
ii − βcc̄i

σj

kj

)x̃T
j Γx̃j .

(B21)

By choosing βc > 2(4 + β1 + 2θ1)max{l2ii}max{ ki
σi

}, βd > β4 max{lii}max{ ki
δi

}, αc = α1 + βcV0(0) + β2 + 3θ1, and αd =

βdV0(0) + β3 + 2f0, we get from (B21) that

V̇1 6 x
T
[L ⊗ (QA + A

T
Q)]x − φ

T
(α1IM ⊗ Γ)φ

6 xT [L ⊗ (QA + ATQ − Γ)]x

6
1

λM (L)
φT [IM ⊗ (QA + ATQ − Γ)]φ

6 0,

(B22)

where we have used Lemma 1 1) and chosen α1 > 1
λ2(L) , λ2(L) and λM (L) represent the smallest and largest nonzero eigenvalues

of L, respectively.

Thus, V1(t) is bounded, and so are φi, c̄i, and d̄i. And V1 has a finite limit as t → ∞, denoted by V ∞
1 . It then follows from

(B22) that
∫ ∞

0

φ
T
[IM ⊗ (−(QA + A

T
Q − Γ))]φdt 6 λM (L)(V1(0) − V

∞
1 ).

Besides, by (B8) and (B17) we have ci = či + c̄i 6 2c̄i − c̄i(0) + ci(0) + 4l2ii
∑M

j=1

γjεj(0)

kj
and di = ďi + d̄i 6 d̄i + ďi(0) +

√
2lii

∑M
j=1

√

γjεj(0)

kj
, implying that ci and di are bounded. Then, či = ci − c̄i is also bounded. According to the triggering rule,

1) Lemma 1. [2] The smallest nonzero eigenvalue λ2(L) of an undirected connected graph G satisfies λ2(L) =

min
x 6=0,1T x=0

(xTLx/xTx).
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x̃T
i Γx̃i is bounded, implying that (IM ⊗BK)x̃ and (IM ⊗BK)φ̂ are bounded. Since d̂i = di + d̃i is bounded, we have (Ld̂⊗B)G

is bounded. Also noting that (L ⊗ B)F is bounded, we get that

φ̇ = (IM ⊗ A)φ + (LC̄ ⊗ BK)φ + (LC ⊗ BK)φ̃+ (LČ ⊗ BK)φ + (LC̃ ⊗ BK)φ̂ + (LD̂ ⊗ B)G + (L ⊗ B)F,

is bounded. Following Barbalat’s lemma [3], φT [IM ⊗ (−(QA+ATQ−Γ))]φ → 0 as t → ∞. Thus, φ → 0 as t → ∞, i.e., consensus

can be achieved.

Part 2: In the following, a contradiction argument is provided to exclude the Zeno behavior. In general, suppose agent i exists

Zeno behavior, i.e., ∃T < +∞ ⇒ limk→∞ tik = T . Then, for ∀∆ > 0, ∃k0 ∈ Z ⇒ for k > k0, t
i
k ∈ [T − ∆, T ).

Since consensus can be achieved, we have xi, φ̂i, ĉi, and d̂i are all bounded for t ∈ [0, T ). Since x̃i(t
i
k0

) = 0, c̃i(t
i
k0

) = 0, and

d̃i(t
i
k0

) = 0, we have

x̃T
i Γx̃i +

√

x̃T
i Γx̃i 6 ‖Γ‖ρ2

1(t − tik0 )
2 +

√

‖Γ‖ρ1(t − tik0 ),

|c̃i| 6 ρ2(t − tik0 ),

|d̃i| 6 ρ3(t − tik0 ),

(B23)

where ρ1, ρ2, and ρ3 denote the upper bounds of ‖Axi + Bfi + BKĉiφ̂i‖, φ̂T
i Γφ̂i, and ‖Kφ̂i‖ for t ∈ [0, T ], respectively.

Denote ∆ , min{∆1,∆2,∆3}, where ∆1 =

√

1+4γie
−(ki+σiγi)T −1

2
√

‖Γ‖ρ1
, ∆2 =

θ1e−θ2T

ρ2
, and ∆3 =

θ3e−θ4T

ρ3
. Under the triggering

rule (3), next event of i after tik0 will happen first when

x̃T
i Γx̃i +

√

x̃T
i Γx̃i > γiεi > γie

−(ki+σiγi)T ∨ |c̃i| > θ1e
−θ2(t−ti

k
) > θ1e

−θ2T ∨ |d̃i| > θ3e
−θ4(t−ti

k
) > θ3e

−θ4T . (B24)

It follows that tik0+1 − tik0 > ∆. We have tik0+1 > T , which does not consist with tik0+1 < T . Thus, there is no Zeno behavior.
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