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The localizability of local-bearing-based-only directed sen-

sor networks is more common and challenging than that

of bearing-based undirected sensor networks. Network lo-

calization is the foundation for multiagent systems to per-

form complex tasks in numerous applications [1–3]. The

bearing-based localization algorithm receives growing inter-

est due to the rapid development of bearing-only sensors.

A distributed pose localization framework based on direc-

tion measurements in leader-follower networks is proposed

for multiagent systems [4]. An edge localization graph is

proposed to address the issue of estimating bearing vectors

between agents based on subtended angle measurements [5].

A new orientation estimation algorithm that does not re-

quire relative orientation measurements is proposed in this

study using only the local bearing measurement informa-

tion. A continuous-time distributed localization estimation

scheme is proposed in conjunction with the new orientation

estimation to address the problems of sensor network ab-

solute localization estimation under a directed graph. The

contributions of this study are twofold. First, a new ori-

entation estimation algorithm is proposed using the local

bearing measurements. Unlike [6], relative orientation mea-

surements are not needed. The rotation matrix, which is

calculated by estimating the unit direction vector between

adjacent nodes, can be used to determine the orientation

indirectly. Second, a distributed network localization algo-

rithm with a directed acyclic structure is proposed, which

can be implemented and extended due to the cascade struc-

ture. The proposed algorithm is concise without an orthog-

onalization procedure while ensuring global convergence.

Preliminaries. The directed graph G = (v, ε) consists of

a vertex set v = {1, 2, . . . , n} and an edge set ε ⊆ v× v. For

sensor node i ∈ v, the neighbor set of i is defined as Ni =

{j ∈ v : (i, j) ∈ ε}. The edge (i, j) means that the node i can

measure the relative bearing of node j and receive the in-

formation transmitted by node j. Consider a directed path

to be the sequence of edges (v1, v2) , (v2, v3) , . . . , (vk−1, vk)

in edge set ε, graph G can be called directed acyclic graph

if the vertex vi1 cannot return to the origin through finite

directed edges; i.e., the directed edge (vk, v1) does not exist.

In this study, each sensor node has its own local reference

frame, which is not aligned with the global reference frame
g
∑

. i
∑

represents the local reference frame of sensor i and

θi is the orientation angle with respect to the global refer-

ence frame g
∑

. The displacement vector between nodes i

and j is defined as pij = pj − pi. Note that gij =
pj−pi

‖pj−pi‖

is the unit direction vector, and gij = −gji. The relative

bearing of j with respect to i in i
∑

is expressed as giij . Let

R (θi) = [
cos(θi) − sin(θi)

sin(θi) cos(θi)
] denote the rotation matrix from

i
∑

to g
∑

; then one has gij = R (θi) giij .

The orthogonal projection matrix Qgij is defined as

Qgij = I − gijg
T

ij , where I represents the identity matrix.

The orthogonal projection matrix Qgij is positive semidef-

inite matrix satisfying QT
gij

= Qgij , Q2
gij

= Qgij , and

Qgij gij = 0, where 0 represents the zero vector. In ge-

ometry, the orthogonal projection matrix Qgij can project

any vector onto the orthogonal complement vector of gij ,

which is widely employed in formation control and localiza-

tion estimation.

A bearing-based sensor network that can be localized

should satisfy certain architectural requirements, referred to

as bearing localizability conditions. The following are some

definitions.

Definition 1 (Bearing localizability). A sensor network

can be called bearing localizable if and only if the position

information of all free nodes can be uniquely and accurately

determined by the anchor node position information and the

local bearing information between adjacent nodes.

Definition 2 (Self-localizability of sensor networks). The

sensor network is self-localizable if and only if the following

two conditions are met:

(1) The number of anchor nodes is greater than or equal

to 2.

(2) Each free node is 2-reachable from the set of anchor

nodes (i.e., every free node has at least two disjoint paths

to the anchor nodes).

Problem formulation. Consider an n-node sensor net-

work in a two-dimensional Euclidean space, with two an-
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chor nodes (labeled as 1 and 2), whose positions in g
∑

are known, and the remaining (n− 2) nodes are free nodes

(labeled as 3, . . . , n) to be estimated in g
∑

.

In this study, the free node has its own local reference

frame, which is not aligned with the global reference frame
g
∑

. Suppose each free node can measure its neighbors’

bearing information in its local reference frame i
∑

and re-

ceive the position information sent by the neighbors. We

have two assumptions regarding the sensor network under

consideration.

Assumption 1. The positions of the sensor nodes do not

overlap, and the three neighbor nodes are not collinear.

Assumption 2. The directed topology graph G = (v, ε)

satisfies the Henneberg construction (the definition of Hen-

neberg construction is given in Appendix A).

Remark 1. Assumption 2 states that the free node i ∈

{3, . . . , n} receives the position information transmitted by

the neighbors, and simultaneously sends its own position es-

timation information to other neighbors. Since the commu-

nication topology of the sensor networks satisfies the Hen-

neberg construction and the communication between sensor

nodes is unidirectional, the neighbor node that transmits

the position information to i and the neighbor node that

receives the information sent from i are distinct nodes.

The objective of this study is to design a distributed es-

timation scheme to realize the orientation alignment and

the absolute position estimation of free node i merely using

the local bearing measurement for the sensor network with

directed acyclic leader-follower structure topology graph

G = (v, ε).

Main results. The absolute position information pi and

the relative position information pi − pj under the global

reference frame g
∑

cannot be measured in this study, and

the orientation angle θi ∈ [0, 2π] is also unknown. There-

fore, let p̂i and R̂ (θi) be the estimates of absolute position

pi and orientation matrix R (θi).

The distributed orientation and localization estimation

algorithms are proposed, respectively, to realize the orienta-

tion alignment and the absolute position estimation of free

node i. The specific is shown below

˙̂gjk = −Qĝjk
R̂ (θi) g

i
jk, (1)

˙̂pi = −Qĝij
(p̂i − p̂j)−Qĝik

(p̂i − p̂k) , (2)

where j and k are neighbors of i, i > j, and i > k. ĝjk =
p̂k−p̂j

‖p̂k−p̂j‖
, p̂k and p̂j represent the estimated position in-

formation of j and k, respectively, and are received by i.

ĝij = R̂ (θi) g
i
ij is the estimated unit direction vector be-

tween nodes i and j in the global reference frame. ĝik =

R̂ (θi) giik is the estimated unit direction vector between

nodes i and k. giij and gi
ik
, respectively, represent the unit

direction vectors of j and k under the local reference frame
i
∑

, which can be calculated directly based on the local

bearing measurement.

In estimation schemes (1) and (2), all the available bear-

ing information of the free node i is measured based on its

own local reference frame, and the free node i only performs

one-way local communication with neighboring nodes, so

the proposed estimation algorithms (1) and (2) are also dis-

tributed.

To better explain the orientation estimation algorithm

(1), a lemma is provided to demonstrate that the orienta-

tion angle θi can be estimated indirectly using the estimated

unit direction vector ĝjk.

Lemma 1. Based on local bearing measurement gi
jk
, the

proposed orientation estimation algorithm (1) can estimate

the orientation angle θi indirectly through estimating the

unit direction vector ĝjk.

A detailed proof is provided in Appendix B.

Remark 2. The orientation estimation algorithm (1) is

an indirect method for estimating the orientation angle θi.

The estimated ĝjk is used to estimate the rotation matrix

R̂ (θi), and the orientation angle θi can then be calculated

using the obtained rotation matrix. R̂ (θi) will eventually

converge to R (θi) when ĝjk converges to the true value gjk.

The convergence of the estimation algorithms (1) and (2)

using only the local bearing measurement is provided.

Theorem 1. If the sensor network satisfies Assumptions 1

and 2, the proposed distributed estimation algorithms (1)

and (2) can ensure that the estimated rotation matrix R̂ (θi)

converges to the real rotation matrix R (θi) and the esti-

mated position p̂i converges to the absolute position pi.

See Appendix C for the proof. Simulations are provided

in Appendix D.
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