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Abstract Previously, the metasurface was usually manufactured on a dielectric substrate using the printed

circuit boards (PCB) technology. However, due to the existence of the substrate interface, the electromagnetic

radiation and coupling of the sub-wavelength metasurface becomes more complex for theoretical analysis. To

this end, an indirect method is developed to transform the problem of a metasurface in a dielectric half-space

into a simpler problem of the same metasurface in a homogenized dielectric space. Specifically, two different

theoretical models of complementary metasurfaces in a dielectric half-space are first given. A specific yet

unknown relative permittivity is included in one model to realize the above transformation. By comparing

these two theoretical models in terms of the surface impedance matrix, the specific yet unknown relative

permittivity is analytically derived as
√
ǫr,unk =

√
ǫr,1/2 +

√
ǫr,2/2. Finally, two arbitrary metasurfaces

are given to verify the proposed theory for arbitrary incidence wave in dielectric half-space. The theory

can greatly simplify the analysis and design of the metasurface in a dielectric halfspace, because only the

metasurface in a homogenized dielectric space like vacuum needs to be theoretically solved after completing

the above transformation.

Keywords dielectric half-space, homogenized dielectric space, metasurface, relative permittivity, surface

impedance matrix, substrate interface
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1 Introduction

The metasurface is composed of periodic sub-wavelength metallic elements [1, 2]. Due to the unique
periodicity of the metallic structure, the metasurface can be employed to realize various devices with
superior performances, such as polarization converters [3–8], filters [9–11], cloaks [12–15], and metagrat-
ings [16–21]. Besides numerous application-oriented designs of metasurfaces, much attention has been
paid to the electromagnetic theories of the metasurface. Since the metasurface is usually manufactured
on a dielectric substrate using the printed circuit boards (PCB) technology, it is highly desirable to solve
the boundary condition of the metasurface on the substrate interface.

According to the previous study, when the periodicity is much smaller than the operation wavelength,
the metasurface can be regarded as a homogenized surface with surface impedance (matrix) in the network
transmission theory [22, 23]. To this end, many methods have been developed to solve the metasurface
on the substrate interface. (1) The first kind of method is the equivalent RLC (resistance, inductance,
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and capacitance) circuit method [24–27]. According to the method, the metasurface is equivalent to the
capacitance and inductance related to the metallic elements and substrate. However, due to the physical
ambiguity of equivalent capacitance and inductance, these electrical parameters are always solved through
the numerical fitting rather than the analytical solution. Thus, the method makes great progress in partial
metasurfaces, but it is restricted by the difficulty in obtaining solutions to these electrical parameters.
(2) The second kind of methods is the average boundary condition method [28–34]. In the method, the
surface impedance (matrix) actually corresponds to the average electrical field and current. It should be
noted that these electrical fields and currents must satisfy the boundary condition of the metasurface. To
this end, researchers need to analyze the electromagnetic radiation and coupling of the sub-wavelength
metallic element on the substrate interface. However, due to the influence of the dielectric interface, the
electromagnetic radiation and coupling of the sub-wavelength metallic elements become highly complex,
which results in difficulty in solving the electromagnetic fields for the metasurface on the substrate
interface. (3) Finally, some numerical methods like the method of moments (MoMs) can be also applied
for the problem [35, 36]. Similar to software simulations, these numerical methods hold valid for the
metasurface, but there is still room for improvement in the influence of the substrate interfaces. For
example, the scalar function e−jk0r/4πr is applied for the current radiation in vacuum for the MoMs.
When the metasurface is placed in the homogenized medium like air, only the induced current on the
metallic element needs to be considered. However, when the metallic element is placed on the substrate
interface like air and FB4 substrates, the FB4 substrate needs to be regarded as air with the polarization
current for the scalar function e−jk0r/4πr, which obviously increases the difficulty in acquiring the solution
for the boundary condition of the metasurface. Thus, it can be concluded that, due to the existence of
the substrate interface, the boundary condition of the metasurface becomes more complex than the case
in vacuum for many existing methods.

Here, an alternative approach is given to simplify the problem. For example, we can try to convert
the metasurface on the substrate interface into the same metasurface in a homogenized medium (Note
that the homogeneous medium is not the equivalent one of the metasurface [37]), so that the above
analysis methods like MoMs will easily hold valid. Specifically, in our previous work [38], we introduced
a kind of zero-thickness homogeneous media for complementary metasurfaces on the substrate interface.
More importantly, it is then found that this kind of zero-thickness homogeneous media can have the
problem of the metasurface on the substrate interface transformed into another problem of the same
metasurface in a homogenized media. If so, the problem of the metasurface on the substrate interface
can be greatly simplified after completing the above transformation, because only the metasurface in a
homogenized media like vacuum needs to be theoretically solved. However, the specific yet unknown
relative permittivity of the homogeneous medium remained to be solved, which exactly transforms a
metasurface on the substrate interface into the same metasurface in a homogenized media.

In this work, we provide a solid mathematical and physical foundation to solve the above specific yet
unknown relative permittivity of the zero-thickness homogeneous medium covering the metasurface on
the substrate interface. Firstly, two theoretical models of Babinet’s principle are given for complementary
metasurfaces in a dielectric half-space. One model can realize the above transformation with an unknown
relative permittivity ǫr,unk, and the other does not include arbitrary unknown parameter. Then, two
theoretical models are combined to solve the unknown relative permittivity as

√
ǫr,unk =

√
ǫr,1/2+

√
ǫr,2/2.

Finally, two examples are given to verify the theory, where the boundary condition of the metasurface
in the homogeneous medium is converted into that on the substrate interface. Compared to the existing
methods for metasurface in the homogeneous medium, the study does not directly solve the boundary
condition of the metasurface on the substrate interface, but reveals how to transform a complex problem
of metasurface on the substrate interface into another simple problem of the same metasurface in a
homogenized media. Thus, the proposed method provides an alternative theoretical approach to simplify
the problem of the metasurface on the substrate interface.

The rest of the paper is organized as follows. In Section 2, two theoretical models of complementary
metasurfaces in a dielectric half-space are given. In Subsection 3.1, the concept of the surface impedance
matrix is introduced to simplify these two models. In Subsections 3.2 and 3.3, the two theoretical models
are rewritten in terms of their surface impedance matrices. In Subsection 3.4, the specific yet unknown rel-
ative permittivity is analytically solved by comparing these two models with each other. In Subsection 4.1,
we provide the verification process for the proposed theory. In Subsections 4.2 and 4.3, we use two dif-
ferent kinds of metasurfaces to support the proposed theory, regardless of the substrate and incidence
angle. Finally, Section 5 presents the conclusion drawn from this study.
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Figure 1 (Color online) Original model in a dielectric half-

space for (a) metasurface Ae and (b) complementary metasur-

face Ac.

Figure 2 (Color online) Updated model in a dielectric half-

space for (a) metasurface Ae and (b) complementary metasur-

face Ac.

2 Theoretical basis

In this section, we find a way to transform the problem of a metasurface between two different media
to the same metasurface in a homogeneous medium which includes the information of the two original
media. Specifically, as shown in Figure 1, two complementary metasurfaces Ae and Ac are placed on the
interface between dielectrics 1 and 2. When a x - or y-polarized wave with an electrical field Einc impinges
onto Ae, the transmitted electrical field is denoted as Etra, and the corresponding matrix is denoted as
T

e
21, i.e., Etra = T

e
21Einc, where the subscript “21” indicates that the wave impinges from dielectric 1

to dielectric 2. Similarly, T c
21 is defined as the corresponding tangential transmission matrix for Ac. In

order to establish the relationship between T
e
21 and T

c
21, the metasurface in a dielectric half-space can

be regarded to be embedded into a homogenized dielectric layer with a specific yet unknown relative
permittivity ǫr,unk, as shown in Figure 2 (Note that the specific yet unknown relative permittivity ǫr,unk
is not the equivalent permittivity of the three-dimensional metamaterial [37]). As the thickness of such
an unknown homogenized dielectric layer approaches zero, the updated model (cf. Figure 2) boils down
to the original model (cf. Figure 1). According to the model, the relationship between Ae and Ac can be
established through the process T e

21 ⇒ T
e
unk ⇒ T

c
unk ⇒ T

c
21 as follows [28] (For better comparison with

the second model, only the normal incidence is considered in the following equations, which can be also
extended to the general arbitrary oblique incidence):

(T e
21)

−1 = (tunk,1)
−1

t1,unk

[

(T e
unk)

−1 − 2U + (t1,unk)
−1 + (t2,unk)

−1
]

, (1)

U = T
e
unk − Z2

unkZ
−1
c,unkT

c
unkZ

−1
c,unk, (2)

(T c
21)

−1 = (tunk,1)
−1

t1,unk

[

(T c
unk)

−1 − 2U + (t1,unk)
−1 + (t2,unk)

−1
]

, (3)

with

Zc,unk = Zunk

[

0 −1

1 0

]

, tunk,1 =

{

Zunk − Z1

Zunk + Z1
+ 1

}

U ,

t1,unk =

{

Z1 − Zunk

Zunk + Z1
+ 1

}

U , t2,unk =

{

Z2 − Zunk

Zunk + Z2
+ 1

}

U ,

(4)

where T
e
unk is the tangential transmission matrix for Ae in the homogenized dielectric layer; U is a

2 × 2 identity matrix; Zunk =
√

µ0

ǫ0ǫr,unk
is the wave impedance of the unknown homogenized dielectric,

and other wave impedances like Z1 and Z2 can be similarly defined as Zunk. It should be noted that
these inverse matrices should exist due to their clear physical meanings. For example, in the equation of
Etra = T

e
21Einc, T

e
21 relates the incident field to the transmitted field at the interface of the metasurface,

and these fields should have finite values. If the inverse of the original matrix T
e
21 does not exist,

the determinant of the original matrix should be (nearly) equal to zero, i.e., |T e
21| → 0. Further, the

determinant of the inverse matrix should (nearly) approach infinity, i.e., |T e
21|−1 → ∞, which will yield

an infinite field for the metasurface. Thus, these inverse matrices should physically exist.
Note that Eq. (1) indicates that a specific yet unknown ǫr,unk can have the problem T

e
21 of the metasur-

face in a dielectric half-space transformed into another problem T
e
unk of the metasurface in a homogenized

dielectric, which can be applied to reduce the difficulty in solving the metasurface’s boundary condition
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(It should be noted that, the study is aimed at ǫr,unk to realize the transformation between T
e
21 and T

e
unk

rather than the solution of the specific metasurface). However, since the model does not directly break the
existing Babinet’s principle, it cannot give the theoretical value of the unknown relative permittivity be-
forehand (Through multiple trials and analogies, we assumed its value as ǫr,1/2+ǫr,2/2 in [38,39], while it
will be theoretically verified that the value satisfies the equation

√
ǫr,unk =

√
ǫr,1/2+

√
ǫr,2/2 in Section 3).

Thus, an open problem remains to be solved about the specific yet unknown relative permittivity ǫr,unk.

In order to solve the problem, another model of the modified Babinet’s principle is proposed for
complementary metasurfacesAe andAc in a dielectric half-space. According to the theory, their tangential
transmission matrices will satisfy the following equations at normal incidence [40]:

2Z2
2 (T

c
21)

−1 = 2Zc,1(T
e
21 − t21)

−1
Zc,2 +

(

Z2
2 − Z2

1

)

U , (5)

with

Zc,l = ZlK = Zl

[

0 −1

1 0

]

, t21 =

(

Z2 − Z1

Z2 + Z1
+ 1

)

U . (6)

Since the theory is established based on the modified Babinet’s principle, ǫr,unk does not appear in (5).
Especially, it should be noted that the above theory can also give the general relationship between T

e
21

and T
c
21 at oblique incidence, but it only has high accuracy at small incidence angles. Therefore, only

the normal incidence is considered for the above theory.

Finally, due to the unique reflection and transmission characteristics of the metasurface, these two
theoretical models should be consistent with each other at normal incidence. By combining two kinds of
theoretical models, one can analytically solve the specific yet unknown relative permittivity ǫr,unk. More
importantly, the problem of the metasurface in a dielectric half-space can be transformed into another
problem of the same metasurface in a homogenized dielectric.

3 Solution of the unknown relative permittivity

In this section, two theoretical models about complementary metasurfaces will be expressed in terms of
the surface impedance matrix. By comparing these two models, the unknown relative permittivity ǫr,unk
can be analytically derived. Finally, based on the proposed theory, the problem of the metasurface in
a dielectric half-space can be accurately converted into a simpler problem of the same metasurface in a
homogenized dielectric with a relative permittivity of ǫr,unk.

3.1 Relationship between tangential transmission matrix and surface impedance matrix

In order to solve the unknown relative permittivity ǫr,unk, these two theoretical models need to be
combined together. However, due to their complex mathematical forms, it is hard to directly compare
them with each other. In this case, considering the tangential transmission matrix actually depends on
the incidence dielectric like T

e
21 6= T

e
12, the surface impedance matrix (which is symmetric about the

incidence substrate like Z
e
21 = Z

e
12 in (10)) is introduced to replace the tangential transmission matrix

for convenience. Thus, these two kinds of Babinet’s principles will be rewritten in terms of these surface
impedance matrices for comparison.

Firstly, when a wave with a tangential electrical field Einc impinges onto the metasurface Ae in a
dielectric half-space, the corresponding transmitted electrical field is denoted as Etra. Thereby, the
transmission matrix T

e
21 is given as follows [27]:

Etra = T
e
21Einc =

(

U −Z||,21I
e
21

)

t21Einc, (7)

with

Z||,21 =
Z1Z2

Z2 + Z1
U , (8)

where Ie
21 is the induction matrix relating the external excited field t21Einc to the induced surface current

density J
e
21, i.e., J

e
21 = I

e
21t21E

tan
inc ; the radiation matrix Z||,21 describes the relationship between the

induced surface current density J
e
21 and the secondary re-radiated wave from the metasurface.
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Secondly, the surface impedance matrix Z
e
21 is introduced here to describe the relationship between

the total electrical field Etra and the induced surface current density J
e
21 on the metasurface as follows:

Etra = Z
e
21J

e
21 = Z

e
21I

e
21t21Einc. (9)

Finally, by comparing (7) and (9), Ie
21 can be expressed in terms of Ze

21 as follows:

I
e
21 =

(

Z
e
21 +Z||,21

)−1
, Z

e
21 = Z

e
12, (10)

where I
e
21 = I

e
12 has been previously verified in [20]. Thereby, T e

21 can be represented in terms of Ze
21 by

inserting (9) into (7) as follows:

T
e
21 = Z

e
21I

e
21t21 = Z

e
21

(

Z
e
21 +Z||,21

)−1
t21, (11)

T
e
21 − t21 = −Z||,21I

e
21t21 = Z||,21

(

Z
e
21 +Z||,21

)−1
t21, (12)

with
T

c
21 = Z

c
21I

c
21t21 = Z

c
21

(

Z
c
21 +Z||,21

)−1
t21, (13)

T
c
21 − t21 = −Z||,21I

c
21t21 = −Z||,21

(

Z
c
21 +Z||,21

)−1
t21, (14)

where Eqs. (13) and (14) are resulted from a similar operation for Z
c
21 and T

c
21. Obviously, based on

(11)–(14), Eq. (5) of the modified Babinet’s principle can be successfully rewritten in terms of the surface
impedance matrices Ze

21 and Z
c
21.

Except for the second modified Babinet’s principle, Eqs. (1)–(3) have not been rewritten due to
the tangential transmission matrices T

e
unk and T

c
unk. When the metasurface Ae (Ac) is placed in the

homogenized dielectric with ǫr,unk, the relationship between the tangential transmission matrix T
e
unk

(T c
unk) and the corresponding surface impedance matrix Z

e
unk (Zc

unk) can be similarly rewritten as follows:

T
e
unk = Z

e
unk(Z

e
unk +Z||,unk)

−1, (15)

T
e
unk −U = −Z||,unk(Z

e
unk +Z||,unk)

−1, (16)

T
c
unk = Z

c
unk(Z

c
unk +Z||,unk)

−1, (17)

T
c
unk −U = −Z||,unk(Z

c
unk +Z||,unk)

−1, (18)

with

tunk = U , Z||,unk =
Zunk

2
U , (19)

where tunk is the tangential transmission matrix in a homogenized dielectric without metasurface. Finally,
based on (11)–(18), Eqs. (1)–(3) can also be rewritten as the relationship between Z

e
21 and Z

c
21 through

the process Ze
21(T

e
21) ⇒ Z

e
unk(T

e
unk) ⇒ Z

c
unk(T

c
unk) ⇒ Z

c
21(T

c
21).

3.2 The first model in terms of the surface impedance matrix

Here, the surface impedance matrices will be introduced for the first theoretical model with an unknown
relative permittivity ǫr,unk.

Firstly, based on (4) and the equation Z2
unkZ

−1
c,unkZ

−1
c,unk = −U , Eqs. (1)–(3) can be rewritten as

follows:

(T e
21)

−1 =
Z1

Zunk

{

[

(T e
unk)

−1 −U
]

+
Zunk

2Z1
U +

Zunk

2Z2
U

}

, (20)

T
e
unk −U = K

−1
T

c
unkK

−1, (21)

(T c
21)

−1 =
Z1

Zunk

{

[

(T c
unk)

−1 −U
]

+
Zunk

2Z1
U +

Zunk

2Z2
U

}

, (22)

Then, inserting (15)–(18) into (20)–(22), the latter can be rewritten in terms of Zc
unk and Z

e
unk as

follows:

(T e
21)

−1 =
Z1

Zunk

{

Z||,unk(Z
e
unk)

−1 +
Zunk

2Z1
U +

Zunk

2Z2
U

}

, (23)
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−
[

Z
e
unk(Z||,unk)

−1 +U
]

= K
[

U +Z||,unk(Z
c
unk)

−1
]

K, (24)

(T c
21)

−1 =
Z1

Zunk

{

Z||,unk(Z
c
unk)

−1 +
Zunk

2Z1
U +

Zunk

2Z2
U

}

. (25)

Next, based on (23) and (25), Ze
unk and Z

c
unk can be represented in terms of T e

21 and T
c
21 as follows:

(Ze
unk)

−1 =
1

Z1

[

2(T e
21)

−1 −U − Z1

Z2
U

]

, (26)

(Zc
unk)

−1 =
1

Z1

[

2(T c
21)

−1 −U − Z1

Z2
U

]

, (27)

respectively. Further, substituting (26) and (27) into (24) yields the relationship between T
e
21 and T

c
21 as

follows:

− Z1

[

2(T e
21)

−1 −U − Z1

Z2
U

]−1

(ZP,unk)
−1 =

KZP,unk

Z1

[

2(T c
21)

−1 −U − Z1

Z2
U

]

K, (28)

where the equality KK = −U has been adopted in (28).
Finally, according to (11) and (13), Ze

21 and Z
c
21 can be introduced to represent T e

21 and T
c
21, respec-

tively. Thereby, Eq. (28) can be expressed in terms of Ze
21 and Z

c
21 as follows:

−
[

2(t21)
−1 + 2(t21)

−1
ZP,21(Z

e
21)

−1 −U − Z1

Z2
U

]−1

(ZP,unk)
−1

=
KZP,unk

Z2
1

[

2(t21)
−1 + 2(t21)

−1
ZP,21(Z

c
21)

−1 −U − Z1

Z2
U

]

K. (29)

Further, by simplifying (29), there will be the following expression:

−1

4
Z

e
21 = K

Z||,unk(t21)
−1

Z||,21

Z1
(Zc

21)
−1

K
Z||,unk(t21)

−1
Z||,21

Z1
,

−K
−1

Z
e
21K

−1
Z

c
21 =

Z2
unk

4
U ,

(30)

with

2(t21)
−1 =

(

Z1

Z2
+ 1

)

U ,
Z||,unk(t21)

−1
Z||,21

Z1
=

Zunk

4
U . (31)

Eq. (30) gives the mathematical relationship between complementary metasurfaces in terms of their
surface impedance matrices Ze

21 and Z
c
21. Besides, Eq. (30) gives the mathematical relationship between

complementary metasurfaces in terms of their surface impedance matrices Z
e
21 and Z

c
21. Eq. (30) can

be also regarded as an extension of ZeZc = Z2
0/4 from complementary antennas to complementary

metasurfaces.

3.3 The second model in terms of the surface impedance matrix

Similarly, the second model will be rewritten in terms of their surface impedance matrices Ze
21 and Z

c
21.

Firstly, by replacing the subscript “21” with “12” in (5), the following equation can be satisfied:

2Z2
1(T

c
12)

−1 = 2Zc,2(T
e
12 − t12)

−1
Zc,1 + (Z2

1 − Z2
2 )U . (32)

By adding (5) and (32), we can derive the following equation:

Z2
2 (T

c
21)

−1 + Z2
1 (T

c
12)

−1 = Z1Z2K(T e
21 − t21)

−1
K + Z1Z2K(T e

12 − t12)
−1

K. (33)

Then, Z
e
21 is inserted to simplify (33). Based on (12) and the equation T

e
21 − t12 = −Z||,21(Z

e
21

+Z||,21)
−1

t12, Eq. (33) can be rewritten as follows:

Z2
2 (T

c
21)

−1 + Z2
1(T

c
12)

−1 = −Z1Z2K[(t21)
−1 + (t12)

−1]
(

Z
e
21Z

−1
||,21 +U

)

K, (34)
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where Z||,21 = Z||,12 and Z
e
21 = Z

e
12 have been adopted.

Next, the surface impedance matrix Z
c
21 will be introduced for the complementary metasurface Ac.

By substituting (13) and T
c
12 = Z

c
21(Z

c
21 + Z||,21)

−1
t12 into (34), the latter will be simplified into the

following equation:

[

Z2
2 (t21)

−1 + Z2
1 (t12)

−1
] [

U +Z||,21(Z
c
21)

−1
]

= −Z1Z2K
[

(t21)
−1 + (t12)

−1
]

(

Z
e
21Z

−1
||,21 +U

)

K, (35)

Finally, it can be easily verified that the following equations hold:

Z2
2 (t21)

−1 + Z2
1 (t12)

−1 =
(Z1 + Z2)

2

2
U , (36)

Z1Z2K
[

(t21)
−1 + (t12)

−1
]

=
(Z1 + Z2)

2

2
K. (37)

By substituting (36) and (37) into (35), the latter can be simplified as follows:

[

U +Z||,21(Z
c
21)

−1
]

= −K

(

Z
e
21Z

−1
||,21 +U

)

K. (38)

Further, based on (8) and the equality −KK = U , Eq. (38) can be simplified as follows:

−KZ
e
21KZ

c
21 = Z||,21Z||,21. (39)

Similar to (30), Eq. (39) provides another expression of two complementary metasurfaces in terms of
their surface impedance matrices Ze

21 and Z
c
21.

3.4 Solution of the relative permittivity

In this part, these two theoretical models will be combined together to solve the unknown relative per-
mittivity ǫr,unk. Since (30) and (39) both establish the mathematical relationship for complementary
metasurfaces in terms of their surface impedance matrices at normal incidence, they should be consis-
tent with each other due to unique reflection and transmission characteristics of the metasurface. By
comparing (30) and (39), the following equation will be satisfied at normal incidence:

K
−1

Z
e
21KZ

c
21 = Z||,21Z||,21 =

Z2
unk

4
U , (40)

where Eq. (8) and the equality −KK = U have been adopted in (40). Finally, the wave impedance
Zunk and relative permittivity ǫr,unk are given by

Zunk =
2Z1Z2

Z1 + Z2
,

√
ǫr,unk =

√
ǫr,1 +

√
ǫr,2

2
, (41)

where Zunk is the corresponding wave impedance of ǫr,unk. Especially, Zunk is not the surface impedance
matrix of the metasurface. In fact, it should be nearly impossible to find an analytical expression of the
surface impedance matrix for all metasurfaces. Different metasurfaces will have different electromagnetic
characteristics, so that the boundary condition (surface impedance matrix) will be strongly related to
the geometrical structure and parameters of metasurfaces. Thus, the analytical expression of (41) cannot
correspond to surface impedance matrix of metasurfaces.

It should be noted that Eq. (41) is not completely accurate due to the deviation of the modified
Babinet’s principle whose error gradually increases as the incidence angle increases. Thereby, the math-
ematical derivation of (41) is only conducted at normal incidence to reduce the error. According to the
analysis, the expression of Zunk = 2Z1Z2

Z1+Z2
in (41) should be approximately related to the secondary radia-

tion of the average surface current density on the metasurface. Specifically, when the metasurface on the
substrate interface can be regarded as embedded into a zero-thickness homogenized dielectric layer with
a specific relative permittivity ǫr,unk. Further, due to the sub-wavelength periodicity of the meta-atoms,
the average surface current density (i.e., zero-order Floquet’s mode) should be considered mainly. Since
the induced current on the metasurface is almost unchanged in the two cases, the electromagnetic waves
with the same energy will be radiated from the metasurface. Finally, according to the transmission line
theory, the average surface current density can be regarded as a kind of current source and radiates
waves into both sides of the metasurface, and Eq. (41) indicates the equal output impedances, i.e.,
Zunk||Zunk = Z1||Z2.
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4 Verification

4.1 Verification at arbitrary incidence

Although the mathematical derivation of (41) is only conducted at normal incidence, it is reasonable
to speculate that the relative permittivity, as an inherent electrical parameter, should be independent
of the incidence angle. Thereby, Eq. (41) should also hold at arbitrary oblique incidence. To this end,
Eq. (1) at normal incidence needs to be rewritten at oblique incidence. Specifically, at oblique incidence
with the tangential incident field E

tan
inc and transmitted field E

tan
tra , Eq. (1) can be generally expressed as

follows [38]:

(T e,tan
21 )−1 = (ttanunk,1)

−1
t
tan
1,unk

[

(T e,tan
unk )−1 − 2U + (ttan1,unk)

−1 + (ttan2,unk)
−1

]

, (42)

with

t
(11)
unk,1 =

2Zunk cos θunk
Zunk cos θunk + Z1 cos θ1

,

t
(22)
unk,1 =

2Zunk/ cos θunk
Zunk/ cos θunk + Z1/ cos θ1

,

t
tan
unk,1 =

[

t
(11)
unk,1 0

0 t
(22)
unk,1

]

,

[

ETM
tra cos θ2

ETE
tra

]

= T
e,tan
21

[

ETM
inc cos θ1

ETE
inc

]

,

(43)

where the TM (TE) indicates that the electrical field is parallel (perpendicular) with respect to the

incidence plane; t
(11)
unk,1 and t

(22)
unk,1 are the tangential transmission matrices for the TM and TE waves

resulted from the existing Fresnel’ formulas, respectively; and other tangential transmission matrices like
t
tan
1,unk and t

tan
2,unk can be defined similarly as ttanunk,1.

Eq. (42) will be adopted to verify the proposed theory for the specific metasurface Ae by compar-
ing simulated and theoretical reflection matrices R

e
21(T

e,tan
21 ) through the simulated reflection matrix

R
e
unk(T

e,tan
unk ). Specifically, as shown in Figure 3, we can derive T

e,tan
unk beforehand through full-wave

simulation as follows:

T
e,tan
unk = R

e,tan
unk +U , (44)

R
e,tan
unk =

[

RTM-TM
unk RTM-TE

unk cos θunk

RTE-TM
unk / cos θunk RTE-TE

unk

]

, R
e
unk =

[

RTM-TM
unk RTM-TE

unk

RTE-TM
unk RTE-TE

unk

]

, (45)

where R
e
unk is the simulated reflection matrix for the metasurface Ae (due to the existence of the ra-

diation boundary condition in the HFSS (high frequency structure simulator) simulation, the simulated
transmission matrix will be invalid); R

e,tan
unk is the tangential reflection matrix for Ae, and Eq. (44)

is based on the continuity condition of the tangential electrical field; θunk is the incidence angle in the ho-
mogenized dielectric with the relative permittivity ǫr,unk, and satisfies the refraction law, i.e.,

√
ǫr,1 sin θ1 =

√
ǫr,2 sin θ2 =

√
ǫr,unk sin θunk. After determining T

e,tan
unk , the theoretical T e,tan

21 can be directly solved

through (42) for the metasurface in a dielectric half-space. Finally, T e,tan
21 can be similarly converted into

the following theoretical reflection matrix R
e
21 for comparison with the simulated ones:

T
e,tan
21 = R

e,tan
21 +U , (46)

R
e,tan
21 =

[

RTM-TM
21 RTM-TE

21 cos θ1

RTE-TM
21 / cos θ1 RTE-TE

21

]

, R
e
21 =

[

RTM-TM
21 RTM-TE

21

RTE-TM
21 RTE-TE

21

]

. (47)

Finally, the consistence between the simulated R
e
21 and calculated R

e
21 (from R

e
unk) will support the

proposed theory. Thereby, the derived ǫr,unk can have the problem of metasurface in a dielectric half-
space transformed into another problem of the same metasurface in a homogenized dielectric, which can
be applied to reduce the difficulty in solving the metasurface’s boundary condition.
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r,unk
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θ
unk
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unk
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Figure 3 (Color online) Model applied to verify the proposed

theory. (a) Metasurface represented by black dotted lines in

the homogenized dielectric with the relative permittivity ǫr,unk
and (b) the same metasurface black dotted lines in a dielectric

half-space.

Figure 4 (Color online) Isotropic metasurface without po-

larization conversion (a) in a homogenized dielectric with the

relative permittivity ǫr,unk and (b) in a dielectric half-space

with the relative permittivities ǫr,1 and ǫr,2.

Theoretical R
21
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Simulated R
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Simulated R
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θ
1
=0°  ε

r,1
=1  ε

r,2
=4.3 θ

1
=0°  ε

r,1
=1  ε

r,2
=6.15 θ

1
=0°  ε

r,1
=1  ε

r,2
=8.3 θ

1
=0°  ε

r,1
=1  ε

r,2
=12

TE-TE

TM-TM

TE-TE

TM-TM

(a) (b) (c) (d)

Figure 5 (Color online) Theoretical and simulated reflection coefficients for the metasurface in a dielectric half-space at normal

incidence with (a) ǫr,2 = 4.3, (b) ǫr,2 = 6.15, (c) ǫr,2 = 8.3, and (d) ǫr,2 = 12.

4.2 Isotropic metasurface at arbitrary incidence

As shown in Figure 4, the unit cell of a metasurface is given with geometric parameters of p = 3 mm,
d = 2 mm, and q = 0.2 mm. The commercial software HFSS is applied to verify the proposed theory.
In the simulation, the x - and y-directed boundaries of the unit cell are set to be periodic, and the
radiation boundary condition is adopted to avoid multiple reflections and refractions. Besides, in order
to ensure the simulation accuracy, the maximum error of the reflection (transmission) coefficients is set
to be 0.005, and the adaptive mesh refinement in the HFSS is adopted to achieve a better mesh for the
given metasurface.

Figure 5 shows the theoretical and simulated reflection matrices Re
21 for the isotropic metasurface in

a dielectric half-space. For convenience without loss of generality, the dielectric 1 is set as air (ǫr,1 = 1),
while the relative permittivity ǫr,2 is set as a varying parameter. Since there is no polarization conversion,
only the co-polarized reflection coefficients RTM-TM

21 and RTE-TE
21 are considered. When the relative

permittivity ǫr,2 varies from 4.3 to 12.0, the theoretical results including reflective magnitude and phase
match well to the simulated ones, regardless of the relative permittivity ǫr,2. Especially, due to the cut-
line’s much smaller dimension in the x -direction, there is almost no induced current for x -polarized wave
(i.e., the TM wave at normal incidence), which corresponds to the case of no metasurface. Thereby, the
x -polarized reflection coefficient can be theoretically solved as RTM-TM

21 |θ1=0◦ = Z2−Z1

Z2+Z1
, which conforms

to the simulation.
Further, Figure 6 shows the theoretical and simulated reflection matrices at oblique incidence for the

metasurface in a dielectric half-space. It is observed that, when the relative permittivity ǫr,2 is fixed as
6.15 and incidence angle θ1 varies from 15◦ to 85◦, there is still a good agreement between theoretical and
simulated reflection coefficients including reflective magnitude and phase. Similarly, there is almost no
induced current on metallic cut-line under the TM oblique incidence, so the TM reflection coefficient can
be theoretically solved as RTM-TM

21 = Z2 cos θ2−Z1 cos θ1
Z2 cos θ2+Z1 cos θ1

according to the existing Fresnel’s formulas, which
also conforms to the simulation. Thus, the simulations not only validate ǫr,unk at oblique incidence, but
also support the proposed theory that the problem of the metasurface in a dielectric half-space can be
transformed into a simpler problem of the same metasurface in a homogenized dielectric with the relative
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Figure 6 (Color online) Theoretical and simulated reflection coefficients for metasurface in a dielectric half-space at oblique

incidence with fixed ǫr,2 = 6.15. (a) θ1 = 15◦; (b) θ1 = 30◦; (c) θ1 = 75◦; (d) θ1 = 85◦.
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Figure 7 (Color online) Anisotropic metasurface with polarization conversion in (a) a homogenized dielectric and (b) a dielectric

half-space.

permittivity ǫr,unk.
Besides, it should be noted that the operation frequency of the proposed theory is strongly related to

the periodicity of the meta-atoms and the relative permittivity of the dielectric half-space. The main
reason is that the metasurface is handled as a homogenized surface with an average boundary condition
(i.e., surface impedance matrix), which requests that the periodicity of the meta-atoms needs to be much
smaller than the operation wavelength (i.e., zero-order Floquet’s mode [41, 42]). Otherwise, high-order
Floquet’s modes will influence the accuracy of the average boundary condition (i.e., surface impedance
matrix). Finally, considering that the theoretical magnitude and phase are the almost same as those
of the simulated ones, it can be concluded that the simulation supports the proposed theory at normal
incidence.

4.3 Anisotropic metasurface at arbitrary incidence

In order to increase the credibility of the proposed theory, a second meta-atom (cf. Figure 7) is given.
The geometric parameters of the unit cell are p = 2.5 mm, d1 = 1 mm, d2 = 2

√
2 mm, and q = 0.2 mm.

Different from the metasurface in Subsection 4.2, the presented metasurface can result in cross-polarized
secondary re-radiated wave in the dielectric half-space. Finally, a similar simulation procedure will be
conducted to verify the proposed theory.

Figure 8 shows the theoretical and simulated reflection matrices for the anisotropic metasurface in a
dielectric half-space at normal incidence (θ1 = 0◦). Similar to the previous example, the dielectric 1 is set
as air (ǫr,1 = 1), while the relative permittivity of dielectric 2 is set as a varying parameter. Due to the
structure symmetry and reciprocity principle, there will be the equations RTM-TM

21 |θ1=0◦ = RTE-TE
21 |θ1=0◦

and RTE-TM
21 = RTM-TE

21 , so that only RTE-TE
21 and RTE-TM

21 are plotted in Figure 8. It can be found
that the theoretical results including reflective magnitude and phase match well with the simulated ones,
regardless of the ǫr,2 and polarization status. Especially, as

∣

∣RTE-TM
21

∣

∣ varies from −38 to −10 dB and
∠RTE-TM

21 varies from 90◦ to −120◦ in Figure 8(d), the theoretical results still conform to the simulated
ones, demonstrating high accuracy of the proposed theory. Thus, it can be concluded that the proposed
theory holds at normal incidence for the anisotropic metasurface.

Figure 9 shows the theoretical and simulated reflection matrices at oblique incidence. The relative
permittivity of dielectric 2 is fixed as ǫr,2 = 4.6, while the incidence angle varies from 20◦ to 80◦.
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Figure 8 (Color online) Theoretical and simulated reflection coefficients of a metasurface in a dielectric half-space at normal

incidence with varying dielectric 2. (a) ǫr,2 = 3.5; (b) ǫr,2 = 4.6; (c) ǫr,2 = 6.15; (d) ǫr,2 = 10.2.
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Figure 9 (Color online) Theoretical and simulated reflection coefficients of a metasurface in a dielectric half-space at oblique

incidence with fixed ǫr,2 = 4.6. RTE-TE

21
and RTE-TM

21
at (a) θ1 = 20◦, (c) θ1 = 40◦, (e) θ1 = 60◦, and (g) θ1 = 80◦. RTM-TM

21
at

(b) θ1 = 20◦, (d) θ1 = 40◦, (f) θ1 = 60◦, and (h) θ1 = 80◦.

Since the metasurface is no longer symmetrical at oblique incidence, so that the co-polarized reflection
coefficients are unequal, i.e., RTM-TM

21 6= RTE-TE
21 . Nevertheless, the theoretical results still conform to

the simulated ones, regardless of the polarization status and incidence angle. The consistency supports
the proposed theory at oblique incidence again that the metasurface in a dielectric half-space can be
transformed into the same metasurface in a homogenized dielectric with the relative permittivity ǫr,unk.

Besides, it is also noted that there is a little error, especially for RTM-TM
21 at θ1 = 80◦ in Figure 9(h).

According to the analysis, the discrepancy can be explained by the following three aspects. Firstly,
the proposed theory is based on the solution of the tangential fields. It can be easily found that the
discrepancy obviously occurs with the resonance of the metasurface at θ1 = 80◦. In this case, the reflected
TM wave shows much less tangential component than the case of no metasurface (cf. Figure 6(d)),
which results in inevitable errors. Secondly, the derived ǫr,unk is not completely accurate. In the proposed
theory, ǫr,unk is derived based on two kinds of Babinet’s principle. However, it is previously shown that
there is a little error for the second modified Babinet principle. Finally, as discussed in Subsection 4.2,
the metasurface needs to be handled as a homogenized surface with an average boundary condition
(i.e., zero-order Floquet’s mode [41,42]). At larger incidence angle, the high-order Floquet’s modes with
tangential wave number k|| = k0 sin θ1 + 2πm

p
will have more influence on the accuracy of the average

boundary condition.
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5 Conclusion

In conclusion, we transform the problem of a metasurface in a dielectric half-space into another simpler
problem of the same metasurface in a homogenized dielectric space with relative permittivity ǫr,unk.
First, two kinds of Babinet’s principles (models) are given for complementary metasurfaces in a dielectric
half-space. One of the models including a specific yet unknown relative permittivity ǫr,unk can realize
the above transformation. Then, due to their complex mathematical forms in terms of the transmission
matrix, the surface impedance matrix is also introduced to simplify the two models. Next, by comparing
these two theoretical models with each other, the specific relative permittivity ǫr,unk is analytically derived
as

√
ǫr,unk =

√
ǫr,1/2+

√
ǫr,2/2. Finally, two different kinds of metasurfaces are given to verify the theory.

Thanks to the proposed theory, only the metasurface in the homogenized dielectric needs to be considered,
so that the analysis and design of the metasurface can be greatly simplified.
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