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Appendix A Proof of Theorem 1
(1) Stability proof. Construct the following Lyapunov funcation V = V1 + V2 + V3, where V1 = E[

∑
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T
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∑
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(ιij−ι)2
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] with µ >{ 4

λ2
, 2
δ } and ι being positive constant to be specified, and V3 = E[µ

∑
i∈I[1,N] πi

+ι1
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i ] with ι1 being positive constant to be specified.

Let V m
1 = E[

∑
i∈I[1,N] ξ

T
i Pξi1{σ(t)=m}], in which 1{σ(t)=m} represents the Dirac measure satisfying 1{σ(t)=m} = 1 if σ(t) = m,

and 1{σ(t)=m} = 0 if σ(t) ̸= m. In combination with (9) and Lemma 2, one has
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Based on λmm +
∑

q∈I[1,s],q ̸=m λmq = 0, one can easily obtain

∑
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By Young’s inequality and ςTsgn(ς) = ∥ς∥1, one obtains
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and
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Set φ(x̃) = (φT
1 (x̃1), . . . , φ

T
N (x̃N ))T. Based on Assumption 4, one has
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where ϖ represents the supremum of ∥(M ⊗ In)φ(x̃)∥∞.

Substituting (A2), (A3), and (A4) into (A1) and combining with V1 =
∑
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m
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By xi − xj = ξi − ξj + ei − ej and Young’s inequality, one obtains
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Substituting (A7) into (A6) and combining with V2 =
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Similar to (A5) and (A8), and combining with (7b) and (7d), one has
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Then, combining V̇1 in (A5), V̇2 in (A8), V̇3 in (A9) and triggering mechanism in (6), we obtain
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where ι > 2ϖNδ2 + ϖ(N − 1) and (2ϖN − ι1γ
1
2)γ

1
1 − ι1γ3 < 0 can be ensured by selecting ι1.

When t ∈ [tik, t
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Since γ3 > (1 − γ2)γ1, Eq. (A10) can be written as
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Based on Assumptions 1 and 3 and Lemma 1, there must exist an orthogonal matrix O such that OTE[Lσ(t)]O = diag{0, λ2, . . . ,

λN} ascending. Set ξ̄ = [ξ̄T1 , . . . , ξ̄TN ]T = (OT ⊗ In)ξ, from which we can obtain ξ̄1 = 0. Then, Eq. (A11) can be written as
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which implies that ξi is stable. Therefore, xi → 1
N

∑
i∈I[1,N] xi , x̄ can be obtained as t → ∞.

(2) Optimization proof. Based on Assumption 5 and extreme value theorem, we can obtain that
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Since the following formula is satisfied:
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Combining (A13) and (A14), and limt→∞
d
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Since matrix R is nonsingular, one can further obtain limt→∞
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(3) Feasibility proof. Here, the proof by contradiction method is adopted. Suppose agent i exhibits Zeno behavior, that is,

limt→∞ T i
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k , tik+1 − tik, limk→∞ tik = ti∞ < ∞. At triggering instant tik+1, at least one of the following inequations
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under the proposed triggering mechanism in (6). The proof is completed.

Appendix B Proof of Theorem 2
Stability proof. Construct the following Lyapunov function V = V1 + V2 + V3, where V1 = E[
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Similar to (A5), calculate the derivative of V1 along (16) as
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Similar to (A8), one can obtain
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Similar to (A9), calculate the derivative of V3 along (14b) and (14d)
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Combining (B1)–(B3) and triggering mechanism in (13) obtain
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where c > 2ϖNσ2 + ϖ(N − 1) and (2ϖN − c1γ̄
1
2)γ̄

1
1 − c1γ̄

1
3 < 0 can be ensured by selecting c1.

Similar to (A11), Eq. (B4) can be written as

V̇ 6 E
[
ξ
T[

IN ⊗ (AP + PA
T
) −

µ

4
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]
ξ
]
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Then, similar to Theorem 1, one can obtain limt→∞ ξ = 0.

The proof of optimization and feasibility is the same as Theorem 1, which is omitted here.


