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Appendix A Proof of Theorem 1
(1) Stability proof. Construct the following Lyapunov funcation V. = Vi + V5 + V3, where Vi = IE[Z%GI[LN] erpe), Vo =

(ij=m? | (ij—v?
]E[Ziel[l,N]ZjEI[l,N] 47”7”_’_]7

+u1 ZieI[I,N] 7TL1] with ¢1 being positive constant to be specified.

] with p > {+ X5’ 2} and ¢ being positive constant to be specified, and V3 = E[u 2ier,n) T

Let V™" = ]E[Zz‘el[l,N] £?P€i1{,(t):m}]7 in which 15 (¢)—m} represents the Dirac measure satisfying 1{5()=m} = 1 if o(t) = m,
and 1¢5(t)=m3} = 0 if o(t) # m. In combination with (9) and Lemma 2, one has

dv{”:E[ > fiTP&dl(a(t):m}]-i-E{ > 2£?Pé¢1{g<t>:m}}dt

i€I[1,N] i€I[1,N]

> /\me‘dtJrlEK S T PA+ATPE+2 S S aluy e PBR(E - 7))

q€eI[l,s] i€I[1,N] i€I[1,N]j€I[1,N]

+2 > > alPuel PBsgn[F(@i — i)

icI[1,N]jeI[1,N]

> ¢'PB {%(5&‘)*% > ij(ij):|>1{o‘(t):7n}:|dt' (A1)

i€I[1,N] JEI[1,N]

Based on Amm + 3 gcr(1,6],q5m Amq = 0, one can easily obtain

D D AV =0 (A2)

melI[l,s] q€I[1,s]
By Young’s inequality and ¢Tsgn(s) = ||s]|1, one obtains

2 > > al Vel PBF(3; — )
i€I[1,N]j€I[1,N]

1
< 3 Z Z ao(t),u”(ml — a:]) PBBTP(3; Z Z afj(t)uije?PBBTPei, (A3a)
i€I[1,N]jEI[L,N] i€I[1,N]jEI[1,N]
and
3 ST alMuiel PBsgn[F (3 — ;)]
i€I[1,N]jEI[1,N]
=- > ST al Mg — &) F sen[F(ai — ;)]
i€I[1,N] jEI[1,N]
<= > Y alMulF@ —alh 2N S 3l Feilh. (A3b)
i€I[1,N]j€I[1,N] i€I[1,N]j€I[1,N]
Set ¢(%) = (¢1 (Z1), ..., ¢ (@n))T. Based on Assumption 4, one has

> &fPB %(@)—% > wi(@)

i€I[1,N] JEI[1,N]
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=26T(M ® PB)¢(7) < 2[(M @ BTP)EL (M & In)o(#) o
<w(N-1) > > «VIFGE -i)lh+2eN-1) > > alV|Feils, (A4)

i€I[1,N]j€I[1,N] i€I[1,N]jel[1,N]

where @ represents the supremum of [[(M & I,,)¢(Z)||co-
Substituting (A2), (A3), and (A4) into (A1) and combining with V1 =37, o7y o V1" yield

1

Vi<El X &(PA+ATPIG - >0 >0 el (@ - #)T G — 3)
i€I[1,N] i€I[1,N]j€I[1,N]
2 >0 >0 mgalUelGei— >0 3 al[VuyllF@E - &)k
iEI[l,N]]EI[l N] zEI[l,N]jEI[l,N]
+oN Y Y @i PuliFelh eV —1) >0 S alPIF (@ —35)h
i€I[1,N]jeI[1,N] i€I[1,N]j€I[1,N]
+m(N-1) > 3 a:j(t)HFeiﬂl]. (A5)
i€I[1,N]j€I[1,N]
L>

L vV — R (Hij*#)z (L,J
et V" = [(ZigI[I,N] 2161[1,1\1] dug; +

2 R
) ]E{ = 2 <(#11”z‘j#) * : 2045 : )dla(t)zm]

i€I[1,N]j€EI[1,N]

)1{o(t)=m}])- In combination with (3b) and (3c), one has

Hij — H o ~ =
[ = A EERERT

i€I[1,N]j€I[1,N]

+ > > LU—L)a”(t)HF(wb—ij)Hl)l{,_.,(t):m}}dt. (A6)

i€I[1,N]j€I[1,N]

By z; —x; =& — & + e; — e; and Young’s inequality, one obtains

14 o(t) /~ . . .
-5 Y @ -) "6 - &)

i€I[1,N]j€I[1,N]

1
D DI DR R ARG AR DD DRy (A7)
1€I[I,N]jEI[1,N] i€I[1,N]jEI[1,N]

Substituting (A7) into (A6) and combining with Vo =37 ;1 o V2™ yield

. 255 — B ot - ~
vz@[ D D i LAl FE D DI DI CHEn Ll LG ]

i€I[1,N] j€I[1,N] i€I[1,N]j€I[1,N]

m

5 X 2 G -GG -t 3 Y alYel el (A8)
i€I[1,N]j€I[1,N] i€I[1,N]j€I[1,N]

Similar to (A5) and (A8), and combining with (7b) and (7d), one has

K2 4 % ¥ — @
VBZE[ T 2 > @Y - 3)T6@ - 8)
i€I[1,N]jeI[1,N]

—pvz Y > (Ut dpialVel Gei —pys >

i€I[1,N]j€I[1,N] i€I[1,N]
tu Y (v;{éz S alPNFGE - i)l - > <1+5MJ)a““)nFelul}wéw})} (A9)
i€I[1,N] JEI,N] JjEI[1,N]

Then, combining Vi in (A5), Vs in (A8), V3 in (A9) and triggering mechanism in (6), we obtain

ng[ > 5?<PA+ATP)si—g S0 PG - ¢

i€I[1,N] i€I[1,N]j€I[1,N]

tul=vm =] > m+ReNG+aW-1-d Y > ofPIFE -5

i€I[1,N] i€I[1,N]jeI[1,N]

+ [(2wN - Ll'yzl)'yll - Ll'yg] Z 7r1-1 R (A10)
i€I[1,N]

where ¢ > 2wN§2 + w(N — 1) and (20N — 1172)7v+ — t173 < 0 can be ensured by selecting L1-
When t € [tk7tk+1)7 it follows from triggering mechanism in (15) that «; > —(7172 + v3)m;, which implies that w; >

L (t}v)ef(71”’2+73>“7’k) > 2 m(0)e” (172478t 5 0. Similarly, 7 > 7} (0)e ~(193+73)t % 0 can be ensured.
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Since v3 > (1 — v2)v1, Eq. (A10) can be written as

U(t)}

V< iy o (aP+PAT) - LE[L7 ] g Ge. (A11)

Based on Assumptions 1 and 3 and Lemma 1, there must exist an orthogonal matrix O such that OTE[L”(t)]O = diag{0, A2, ...,

An} ascending. Set € = [€],...,Exn]T = (OT ® I,,)¢, from which we can obtain & = 0. Then, Eq. (A11) can be written as
. i _ _
v > EE(APJFPAT_QPBBTp)gig_ S gl (A12)
i€I[2,N] 4 i€I[2,N]

which implies that &; is stable. Therefore, z; — % Ziel[l N Ti £ 7 can be obtained as t — oo.
(2) Optimization proof. Based on Assumption 5 and extreme value theorem, we can obtain that 3=,y n) fi(Z) has a lower

a4y, (&
bound. Therefore, one obtains that M

lim {dZiEI[l,N] fi(@) 1 (aZiEI[l,N] fi(@)TR,l (aZiEI[l,N] fi(@) }

= 0. Then, consider the following formula:

TN oz oz

dt N
ay, @\ " Tdz 1 Y, fi(z
— Lm ZlEI[l,_N] (@) 1. Zze[[l,_N] (@) ' (A13)
t—oo oz dt N oz
Since the following formula is satisfied:

lim {92 L 9% icinm Fi(7)
t— oo dt N 9%

= lim {i 3T [Awi + Bo(:)] — %R*l > RA[Q-HB@(;E)]} =o0. (A14)

t— o0
i€I[1,N] i€I[1,N]

t— o0

= 0 one obtains

Jlim (327161[1,71\@ fi(f)>TR,1 (327:61[1,71\@ fi(f)> —o

ay, (2
Combining (A13) and (A14), and lim,_, o, —i€1LNTi(®)

o0z oz

Since matrix R is nonsingular, one can further obtain lim¢_,
Lemma 3.

(3) Feasibility proof. Here, the proof by contradiction method is adopted. Suppose agent i exhibits Zeno behavior, that is,
limy oo T,i = 0 with T,i S t?c+1 — t};, limy s o tfe = tio < co. At triggering instant t}ICJrl, at least one of the following inequations
holds:

Y. fi(z
w = 0, which implies Z is the optimal state by

. , . _ i
S A+ ouig)alIFestip )3 > nmi(tiy,) = vimi(0)e 172+73) e
JETL,N]

and

. o 1.1 14,17
ST @+ ual N Feills = vim (th ) = vim) (0)e” P12 e
jEI[1,N]

. o(t i —( +3 )ti .

Therefore, 0 = limi—oo 3 1, n(1 + S;Lij)aij( )HFei(tk_H)H% > 1w (0)e” 12T k41 5 0 or 0 = lims oo eI+
) DO U SN RO

6/L13j)a;.7j(t)HFei(t}Hl)Hl > 'yllﬂil(O)e 1724730t > 0, which is obviously contradictory. Thus, no Zeno behavior is exhibited

under the proposed triggering mechanism in (6). The proof is completed.

Appendix B Proof of Theorem 2

Stability proof. Construct the following Lyapunov function V. = Vi 4+ Vb 4+ V3, where Vi = E[ZieI[I,N] E;FP&;], Vo =
(di;—d)? ij—o)? . ; it i

B> e, m ZjeI[I,N](zLJTij) + (CZJTi”C)] with d > {%,%} and c being positive constant to be specified, and V3 =

E[d Ziel[l,N] Zje][l.N] afj(t)mj + c1 Ziel[l,N] ZjEI[I,N] afj(t)ﬂ'}j] with c¢; being positive constant to be specified.
Similar to (A5), calculate the derivative of Vi along (16) as

) . 1 ey o B
Vi<E| > & PA+ATPEG—- > > dija (355 — 7)" G(Fij — 1)

i
i€I[1,N] i€I[1,N]jE€I[1,N]
+2 >0 D0 dyaUeGey— >0 3 afVe|F(@; — 250
i€I[1,N]j€I[1,N] i€I[1,N]j€I[1,N]
+2N Y S alPeyllFeslh +w(N—1) > ST @l VNF (@ - E0)h
i€I[1,N]jeI[1,N] i€I[1,N]j€I[1,N]
t
+2o(N-1) > S afP|Feylh|. (B1)

i€I[1,N]j€I[1,N]
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Similar to (A8), one can obtain

d;j d
> S Zal @y — 850 Glaiy — F50) — 1 > S° al P @iy — 850 Glaiy — 350)
i€I[1,N]j€I[1,N] i€I[1,N]j€I[1,N]
d - -
8 > > aij(t)(‘fi —)TGE - +d D> > a”(t) 5 Geij
i€I[1,N]j€I[1,N] i€I[1,N]j€I[1,N]
+ > > (e —9aONF @y - &) |- (B2)

i€I[1,N]j€I[1,N]

Similar to (A9), calculate the derivative of V3 along (14b) and (14d)

a2 ot - - - -
V=E|=2 3 3 oG — @l —dv Y Y (4 odialYlIFey)

i€I[1,N]j€I[1,N] i€I[1,N] j€I[1,N]
—dys Yy > alm+avyes Y S alPNF@E; — 350)h
i€I[1,N]j€I[1,N] i€I[1,N]j€I[1,N]
e Y > afP(+dleplFelh —avs > > afm ). (B3)
i€I[1,N]j€I[1,N] i€I[1,N]j€I[1,N]

Combining (B1)—(B3) and triggering mechanism in (13) obtain

ves| 3 d@EaraThe -0 S Y alVelo - &) +ali - 5% - %)

ieI[1,N] icI[1,N]jeI[L,N]
® Z Z a?j(t)ﬂ'ij + [ZWNCTZ +w(N—-1)— CJ Z Z ajj(t)HF(fi” —Zji)|h
icI[1,N]jeI[L,N] i€I[L,N]jeI[L,N]
+ [(2wN — cl"ygl):yi — c19s] Z Z a:j(t)ﬂij] s (B4)
i€I[1,N]jeI[1,N]

where ¢ > 2wwNog + w(N — 1) and (2N — 01’721)'711 — 01’731 < 0 can be ensured by selecting c;.
Similar to (A11), Eq. (B4) can be written as

V< E[g [In ® (AP + PAT) = Lo g G]g] (B5)

Then, similar to Theorem 1, one can obtain lim:—, £ = 0.
The proof of optimization and feasibility is the same as Theorem 1, which is omitted here.



