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Abstract This paper develops a control strategy based on immersion and invariance (1&I) adaptive method-
ology for a class of multi-input multi-output (MIMO) systems in the presence of parametric uncertainty, input
saturation, and external disturbance. To avoid the analytic calculation in the backstepping process, a high-
gain auxiliary system is constructed to compensate for the effect of command filter error. The first-order
command filters are also employed in the construction procedure of the I&I adaptive law to simplify its
design and remove the structural conditions on the regressors. A filter-based disturbance observer is devel-
oped to counteract the effect of the external disturbance produced by a partially known exogenous system.
To overcome the input saturation nonlinearity, a smooth function is introduced to approximate the input
saturation with an extended state and a bounding estimation law. Stringent analysis guarantees the stability
of closed-loop system. Finally, simulated examples confirm the effectiveness of the suggested method.
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1 Introduction

Adaptive control issues of single-input single-output (SISO) and multi-input multi-output (MIMO) non-
linear systems have attracted the attention of many researchers as a hot control field topic. Extensive
research has been performed so far. The purpose of adaptive control is to control plants with unknown
parameters, which is a reason for its rapid development and ongoing popularity [1].

To address shortcomings such as poor transient response and sensitivity in the presence of noises or
disturbances in the classical adaptive approach, immersion and invariance (I&I) adaptive methodology
provides an extra design of freedom to shape the estimation error manifold via domination to enhance the
transient performance of the system [2,3]. However, this shaping strategy heavily depends on the solution
of the partial differential equation (PDE), which is particularly challenging for multivariable systems. One
way to remove this obstacle is the dynamic scaling method [4], in which a reduced-order observer, an
output filter, and a dynamic scaling parameter are co-designed with the adaptive law. Another technique
to avoid solving PDEs is to use low-pass filters as in [5,6], whereby filtering the state or error variables,
the derivatives needed in the adaptive law are replaced by the constructed filter equations. Although the
I&I adaptive method has been effectively applied in typical MIMO systems such as robot manipulator [6]
and quadrotor [7,8], it is still an open issue to apply I&I estimators in higher-order plants and consider
the above-mentioned problems at the same time. Therefore, to construct more feasible 1&I adaptive laws
for a general class of MIMO high-order nonlinear systems is one of the goals of this study.
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For higher-order plants, backstepping provides a systematic approach to design stabilizing controllers,
yet its implementation becomes increasingly difficult, and increasing order of the system causes the
“explosion of terms” problem. To address this, dynamic surface control is suggested in [9] for creating
backstepping-based controllers where virtual controls are passed through first-order low-pass filters to
eliminate the arising complexity. This method has been effectively applied in many classes of MIMO
systems subject to unmeasured states, output constraints, and disturbances [10-12]. On the other hand,
command-filtered backstepping method in [13,14] additionally constructs compensating signals to remove
the effect of the unachieved portion between the virtual control and the filtered virtual control. This
method is frequently used in conjunction with other techniques, such as adaptive neural network [15-17],
and fuzzy logic system [18-20]. Therefore, the command-filtered backstepping technique is a plausible
contender for our interest in the control problem of higher-order plants.

Physical restrictions always result in saturation constraints for control inputs or actuators, which
can impair control performances and possibly lead to instability. One technique to compensate for
input saturation is to introduce an auxiliary system [21,22], where an auxiliary system is created to
remove the effect of saturation between the error of the control input and saturated input, and this
method has been applied in studies such as [16,23-25] for various kinds of systems with saturated
input. Another solution for this problem is to use a smooth function to approximate the saturation
nonlinearity [17,19,20,26]. In [19,20], the smooth function and mean-value theorem are employed to deal
with saturation limitations for adaptive fuzzy control of nonlinear systems. In [26], a well-defined smooth
function is used to approximate the saturation, and the Nussbaum function is introduced to compensate
for the nonlinear term arising from the input saturation. However, it has been reported that the usage of
numerous kinds of Nussbaum functions shows poor transients and control shock [27,28], which suggests
that there is still room for further improvement of smooth function-based approach.

Disturbance attenuation problem continues to receive frequent attention recently due to its significance.
Among existing methods, disturbance observer-based approaches have been created and applied to many
practical systems such as quadcopters, robot manipulators, and hydraulic knee exoskeleton systems [29-
34], to mention a few. Various kinds of disturbance observers can be used in different settings, namely
nonlinear disturbance observer [31], sliding mode disturbance observer [32], and fixed-time disturbance
observer [33], aiming to obtain asymptotic, finite-time, or practical tracking control results. Furthermore,
the studies in [29,34,35] created efficient disturbance observers to estimate unknown external disturbances
produced by an exogenous system whose model information is only partially known. This encourages us
to build a disturbance observer that estimates unknown exosystem states and embed it in the controller
along with adaptive laws.

Based on above discussions, this study creates an adaptive control strategy based on the I&I method
with command filters for a class of MIMO uncertain nonlinear systems that are subject to control input
saturation. To be more precise, to compensate for the parametric uncertainties, 1&I adaptive laws are
developed with command filters for the plant with satisfactory performance, and the challenge of solving
PDEs is removed. As will be depicted in the backstepping procedure, the control design is based on
the filtered dynamics using command filters, and the virtual control law to be used in the tracking
error variable requires to be recovered from its filtered form, which varies from traditional command-
filtered backstepping design with Lyapunov-based adaptive law [14-20]. In addition to compensating for
parametric uncertainties, a filter-based disturbance observer is built to estimate external disturbances
produced by exogenous systems. Motivated by [24], a high-gain auxiliary system is created to remove
the effect of the errors of command-filtered virtual control law and the original virtual control law.
Furthermore, a smooth function is introduced to approximate the abrupt saturation control with an
extended state, and the bounding estimation approach is used to offset the effect of time-varying input
gain. The main contributions of this study are listed as follows.

(1) The filter-based I&I adaptive method [5,6] in this study is co-designed with the backstepping method
and is applied to MIMO systems with subsystems in the strict feedback form, and the structural conditions
on the regressors needed in [3] are removed. Compared with the traditional adaptive backstepping
technique, the performance of estimation errors and tracking errors can be efficiently enhanced due to
the I&I adaptation mechanism. Furthermore, the controller is free from solving PDEs, which is not
considered in I&I adaptation-based results [36,37].

(2) A filter-based disturbance observer is created in this study to deal with the external disturbances
caused by unknown exosystems with bounded modeling errors. Compared with the existing approach [29,
34], the disturbance observer in this study is developed in the filtered fashion to make the design more
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integrated with the command filter-based 1&1 adaptive law.

(3) Compared with the smooth function-based approach [26] for input saturation using the Nussbaum
function, in this paper, the bounding estimation approach [38,39] is selected to deal with the effect of
time-varying input gain for better transient performance.

The rest of the study is organized as follows. The plant model and problem formulation are depicted in
Section 2. The adaptive control design is introduced in Section 3, as well as the stability analysis of the
closed-loop system. Numerical simulation examples are provided in Section 4 to confirm the suggested
control strategy, and finally, Section 5 draws a summary of this paper.

2 Problem formulation
Consider the following MIMO nonlinear system (j = 1,...,m):

ij1 =m0+ 0] 101(%50) + fi1(Z50) + dja(),

. T _ _
Ejng—1=Tjn; T 050, 195n;—1(Zjn;—1) + fin;—1(Zjn;—1) + djny—1 (1),

ij,nj = Uy (Uj) + 9]’1?71] Pjn; (I) + fj7nj ($) + d}nj (t)a

where x = [I’ll“, . ,I%]T € Rt +mm with Ty = [$j71, . ,Ij,nj]T € R™ and Tji; = [Ij,l, . ,Ij,ij]T S
R™,ij =1,...,n; are the state vectors, ¢; ;, () e R¥% and f;;;(-) € R,i; = 1,...,n; are known smooth
functions, 6;;;, € R is the unknown constant parameter vector, and d; ;, (t) is the external disturbance
generated by the following exosystem:

iy = Wii;Nja; + @5, (1), @)

dj,ij(t):Cj,ijnj,ij7 ij=1,...,nj, j:l,...,m,
where 7;;, € R' is the state, Wj;, € R""*" and Cj;; € R'*7i are the known system matrices with
(Wj,i;,Cj4;) observable, and @ ;, € R™ describes the modeling error of the exosystem. In (1), u;(v;(t)) €
R is the control input for the jth subsystem with saturation type nonlinearity described by

sign(v;(t))u;ar, |vj(t)] = wj s
Uj(t), |’Uj(t)| < WUj M,

u;j(v;(t)) = sat(v;(t)) = { (3)

with u; as being the known saturated bound of u;(v;)(¢).
To handle input saturation nonlinearity, as in [26] we introduce the following smooth function to
approximate it:
95(vj) = wj,m tanh(v; /uj ar), (4)

and by using (3), the last dynamics of (1) is rewritten with the auxiliary signal v;,

Ejny; = 95(05) + 05 0, 05im; (@) + Fim, (@) + djin; () + dj s (v7), 5)
’l'Jj = —hjUj + Wy,
where h; > 0 is a positive constant to be designed, d; s(v;) = u;(v;) — g;(v;) is bounded, and w; is the
control signal to be designed.
The following assumptions are made in this paper.

Assumption 1. The reference for the jth subsystem y; () and its first-order derivative y;,(¢) are
smooth, available, and bounded.

Assumption 2. The exosystem states 7);;,(t) are bounded and the modeling error @; ;; (¢) is bounded.
Remark 1. Assumption 1 is made thanks to the command filter backstepping technique which removes
the requirement in traditional backstepping where the reference and its first n;th order derivatives need to

be known and bounded. Assumption 2 is reasonable since in practice the energy of external disturbance
is finite, and similar requirements can be found in [29, 35].
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Figure 1 (Color online) The block diagram of the control scheme.

Remark 2. Compared with SISO systems, the MIMO system in the form of (1) exhibits high coupling
characteristics and can represent a large class of practical systems, which is more meaningful to be
investigated. Moreover, in this paper the factors of external disturbance and input saturation nonlinearity
are also considered, which make the design task more challenging.

In this paper the following first-order command filter is defined:
il 425 =2, 27(0) = 2(0), (6)

where z € R is the input, the superscript (-)7 denotes the filtered variable, and 7 > 0 is the filter constant.
The filter (6) will be employed to generate filtered versions of tracking error variables, regressors, and
virtual controls, and the outputs z/ as well as 2/ will be used in the control design.

The control objective of this paper is to design an appropriate adaptive controller for the uncertain
and disturbed plant (1) subject to input saturation to track the given references y; (t),7 =1,...,m as
precisely as possible.

3 Control design

The block diagram of the control scheme is shown in Figure 1. The tracking errors will be determined
first which contain the states, filtered virtual controls, and auxiliary states. In every step except for the
final step, we apply the command filter to filter both sides of the error equation; then the virtual control
law, the corresponding adaptive law, and disturbance observer will be designed. The virtual control laws
are passed through command filters and an auxiliary system is assigned to remove the effect of command
filtered error of the virtual controls. Finally, the designed control law in the last step is passed through
the filter in (5) to derive the signal v;.

First, define the error variables for the jth subsystem,

Zj1 = Tj1 — Yjir — &1,
o f - S .
Zji; = Ty — Oy 1 — &Gy 1= 25,1y, (7)

— f
Zjvnj""l - g](’U]) - aj,nj - é‘j,'r‘ﬁ-}-la

where 51, . .., @jn; are the virtual control law to be determined in each step of the control design, a{ij is
the filtered variable of oy ;; passed through the command filter (6), and &; 1, ...,&;n;+1 are the auxiliary

system states to remove the effect of the error in the command-filtering backstepping process, designed
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as
U f
§in = =€ &2 +agy — g,
> — T e , S , 8
Eimy—1 = —€; Cjn;&ia + &y + Qjn;—1 — Xjnj—1, (8)
; g f
§imy = =€ Cim,; &1 + &gt T QG — Xy
: _ ’anrl
'fj,nj+1 =€ Cj,nj+1€j,17
with ¢;1,...,¢jn;4+1 Hurwitz coefficients and €; > 1 the high-gain parameter. The design steps are

illustrated below in detail.
Step 7, 1. First, the derivative of z;; is calculated as

Zia=dj1 — Ui — &
—Z],2+Oz +§J2+9j i1+ fin+din — Ui —E&in 9)
=2zj2+ 9]-,1%‘,1 + a1 +dj1,
where the equivalent virtual control &;; is given by
aji =1+ €&+ fin = Gir (10)
Now using the filter (6) to filter both sides of (9) as

=2, 407,00 +dl, +al,, (11)
where the exponential decaying term due to filter error is omitted and df, 1 to be estimated is generated
by the following filtered exosystem:

77{,1 = ijln% + wf,p

df,l = Cj,lnf,r 12
Now we design the filtered equivalent virtual control 64;’ L as
5‘;,1 = *kj,lzij - (éj,l + ﬁj,l)Tsof,l - dj,p (13)
where k; 1 > 0 is a positive control parameter, (éj,l + 5;,1) is the I&I estimate for 6,1 updated by
éj,l = a9l (“kjazly + 2ly) — el 2l —viaeia @i + Bia), (14)

Bia = ’Yj,lsﬁf,ﬁj:p

with 7; 1,051 > 0 being positive design parameters with appropriate dimensions, and 6251 is the distur-
bance observer developed as

il = Wi (il + Tyazly) = Tya(—kjazl, +20,),

N . (15)
df,l = Cj,l(ﬂj@ + Fj,lzjf,ﬁa
with I'; 1 a suitable parameter vector to be designed.
Now substituting (13) into (11) yields
ng1 = *kj,lzng + ng,2 - 4;1:150;,1 + C',lﬁf,la (16)

where ¢j1 = 01 — 0,1 + ;.1 is the off-the-manifold co-ordinate and 77 1= 77 1 ﬁfJ - Fsz]J-il is the

observer error. The time-derivative of (; can be calculated by 1nvok1ng (14) and (16) as

CL J,l + 71,190] 1( k’z,lzng + ng,2 - C;F,lspr + C’,lﬁf,l) + Vj,l‘:b;,ﬁf,l
= =yl 1001 G+l Ciail s — via051 (050 + Bia).
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Moreover, the time-derivative of ﬁf, | satisfies

ﬁ;,l = Wj71ﬁ£1 + w{,l - ijl(*C]T,ﬁD;J + C',lﬁ]f,ﬂ

) (18)
=Wj1 - Fj,lcj,l)ﬂf,l + wf,l + Fj,1<jT,1</>f,1,

where the matrix W; 1 —I'; 1C} 1 can be made Hurwitz by selecting appropriate I'; 1 since (W, 1,C} 1) is
observable. Now choosing the Lyapunov function,

1 2 g
Vii = 5 ]{14‘]7 317]1<gl+7731pj,177]1 (19)

for the (j,1)th subsystem where ;1 > 0 is a positive constant, and P;; > 0 is the solution of the
equation (Wj1 —T;1C51) Pj1 + Pja(Wj1 —T1C;1) = —Qj1 with @1 > 0. The time-derivative of
Vj 1 is calculated using (16)—(18) as

. - i
Via =2 (—kjuzl, + 20, %,1@@ +Cianl ) + e (—el 10l TG+l Ol

f ~fT f (20)
— 051050+ G1)) — i1 Qi + 20 T Pl Ayl + 20 TP
Using Young’s inequality,
fofT L,
251951651 S ) zi1+ ( ],1<J 1) )
_ 1 _ 2
L Caniify < SICIPIL P + 5253
T 94,1 2 UJ, 2
= G (ln +Ga) < === IGall” + == 105407 (21)
- €4,1 T € ,1/7 j,1 .
5j71<jT,180£1Cj7177£1 < 2pj‘ (‘Pf@ j71)2 + b 2j ||C',1H2||77f,1|‘2a
~fT T -
27 Ilerj,l el Il salP(e]1Ga)? + 17417,
2] 1 Pawly <P Pl P + [ 1%,
with p;1 > %, then we have
. 5‘71(2p‘,1 € 110-7
o € (g = 02f3 sl - (B2 s - ) (o162 - S g 2
2pja (22)
€j,1pj1 +1 _ 3 ,10 ,
- (Amin(Qj,l) - —lICal —2) 17417 + 222 10,.007 + 1Pyl 17
Now we shall recover the virtual control law o 1. First the derivative of 64{71 is calculated as
&fy = —kjazly — O+ 709l 20 + vl 2l D) el — (050 + B0 el — Cianly, (23)

which is available due to the defined low-pass filters and the adaptive laws. From (6), (13), and (23), a;1
can be obtained as

Q1= mf + af — €180 — fin + Uy (24)

The obtained ;1 is then passed through the command filter (6) to get the filtered signals 0‘;,1 and 0";,1
which will be used in the next step.

Remark 3. With the filter operation, the regressor ¢ is replaced by the filtered variable cpf, 1, thus
avoiding the requirement of solving PDEs, as displayed in the constructed 1&I adaptive law. A similar
operation will be applied to the following design steps (j, 2)—(j,n;), and this largely releases the pressure
due to the tedious calculation, particularly for regressors with miscellaneous arguments. Therefore, the
structural conditions on the regressors required in [3] can be removed for systems in the parametric strict
feedback form.
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Step j,i; (j =1,...,m, i; = 2,...,n;). The process for the second step to the n;th step of the jth
subsystem will be illustrated here. Differentiating z;;; using (1) and (8) gives

Z]"ij = Zj, iy T j,zj—l é.] ij
ZJ1J+1+O[]’L +£]1J+1+9]1]<p]1]Jrf]’LJer]’L +5]'LJ - _]1,—1 Ej,ij (25)
= Zji;j+1 —+ 0j7ij<pj,ij —+ dj,ij -+ 5j,ij -+ aj,ija Z]- = 2, N (Y ].,

where 6j1 =+ =0jn,-1 =0, 0jn; = djs(v;), and the equivalent virtual control a;;; is given by

Qji; = Qjg; + €’ '¢j, 17‘5371 + /3, i; ] =1 (26)
Filtering both sides of (25) by using (6) yields

[

Jo=al a0l el +d, val, 4ol =2, (27)

Jstj Jstj?

where d;,ij is generated by the filtered exosystem,

- ! f
nj7i1 - Wj’ij njvij + wjvij’
df = Cj7ij ’[7]‘)(;1] .

Jrtj

(28)

—
Assign ;. as

= _ f f ) T, f 3f S
Qi = % —1 kji; i T (ejﬂ'j + 5]‘71';) Pihi; — dj,z'j ij=2,...,n; — 1, (29)
where k; ;. > 0 is a positive control parameter, (ém + B;,i;) is the I&I estimate for 6;;, updated by

5 f f f f o f j
0515 = —Vii; <PJ L=zl ka2l 42l ) =@l 2l = a0, 054 + Biay)s (30)

A !
Bii; = i %pij i

where 7v;,;, > 0 and 0, > 0 are positive design parameters, and dg’ij is the disturbance observer updated
by

Af ~f f f f f
Mii; = Wi, (nj,ij + Fj,lzj,ij) - Fjaij(_zj,ijfl - kj,ij Zj.i; + Zj,z'j+1)a

31)
i ~f f (
dj,ij = Cj,ij (nj,ij + Fj,lzj,ij)a
with I'j ;, a suitable design parameter vector. Substituting (29) into (27) yields
f f I I ST = I
Fjiy = T Fjai—1 T kji; Zji; T Zi1 ~ P Civiy + Cj’iinjvij + 5]',1'1" (32)
with ;4 = ] i — 0, + ﬂj,ij and ﬁjf’ij = nf’ij — ﬁjflj — Fj,lzj{ij is the observer error. The time-derivative
of (j4; and njﬂ-j can be calculated respectively as
: _ o T f ~f foosf
Gisis = —Viis Pj,i; Pisiy Siis + Visis P, Civis Wiy Viis 56,034, — Viis iy (0,5 + Gy ) (33)
Sf f f !
Mi; = (iju Lji; ¢, 11)77] i + @;j + Ly, j,ij Pii; — Ljs, 5j,z'j-
Now consider the following function:
v L.z S T p. A
Jiiy — 2 _] ij + 2 ]71]7]71] Cj ij + T’J i; I 7’J,njvij (3 )

for the (j,i;)th subsystem where €;;, > 0 is a positive constant and P;;, > 0 is the solution of the
equation (Wj71/J F] ij Cj zJ) Jyij + Pj,ij (Wj,ij - Fj,ij Cj,ij) = 7@]‘77;3' with Qj,ij > 0. The time-derivative
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of Vj;, is calculated using (32) and (33) as

y _f f f f fT ~f
Vii; = 23 i,(*zj i,—l — kji, Zj i T34 — ‘Pj,ijCj,ij +Cj, iﬂ?j ij) +€5,4; 65, zj( 90] i 90] i CJ i
+ soj e 1,77] i+ soj 3 5J i — O3y (0545 + Giiy)) — nj i Qj,zmj i T 277j i L P T i, (pj i

T T
+oily Pyl —2nli PTy el
f f f2 f _f €5,i;(2p5.i;, — 1) 9 1
S =254, 1%, — (kg = 1255, + 255, %5511 — <—] 2 i’ 1854, 053,17 = 5 (35)
2ty
i,i075,44 El,i'pj,"'i_l -
(% e lj) _ %HCN‘J‘ % — <>\min(Q‘j7ij) — %”Cj,ij I -2 ||7igfz, |12
€5,i;04,i; T
+ =57 1105, 12+ 1P, 12wl i 12 + €5, Gy el 075 — 2005 P Tya,07,
with pj1,...,pjm,—1 > % and pj,, > % Note that the virtual control law c;;; should be recovered
according to (29),
Qji; = Td;,ij + af,z'j - 6;; ;6510 — Jia; + O‘ =1 (36)

where the derivative of 64{ i is

S Y S o f
aj,'ij - Zj,ij—l k]aljzj,ij (ejﬂj + 7]71] (10]71] _] ij + ,YJJJ (‘0],1] 7505

2 T
— B, + B33, el — Cragil

fosf T f
) @i, (37)

which is available due to the filters and adaptive law. By passing «; ;; through the command filter, the
filtered signals aiij and diij can be obtained.
Step j,n; + 1. This is the final step of the design. Differentiating z, using (5) and (8) gives

: 9g,(v;) :
Zjni+1 = (;’U ( hj jU; + w]) Oé] n; €j7"j+1
J

(38)

_ .c n;+1
= Xj(=hjvj +wj) — a5, + €7 cjn+1&51,

with x; = 891(1’]) > 0. In [26], the Nussbaum-based approach is used to deal with the time-varying term
X;- In this paper inspired by [38,39], we use an update law with a smooth function for the lower bound
of x;, defined as x; = inf;>o{x; ()}

The control law is designed as

_ .22 2 21
w5 = ijjZ]nJJrl/(X] 7 jnJ+1+19 )27
_ . f ni+1
Wi = Kjn;+12Zjm;41 — Xjhjvj — &5+ €7 ¢y, (39)
Xj = VW Zjn;+1 — Vi ViX5,

with &j 41,5, ¥5,9 > 0. Note that the following holds [38,39]:

2 2 2 2\ 1
XjWjiZjm;+1 = X]X_]w_] ],TL]-'rl/(X_] j ],n +1 +9 )2
—2 2 2
X]X_] 7 ],nj—i-l/(x_] 7 ] nj+1 + v ) (40)
X5V = XiXjZjn;+10;

XjV = Zjn 105 + XjX52j,n; 105,

=

N //\ //\

with the estimation error x; = % - Xj-
J

Consider the following function:

Xj ~
+1 + 21; X?a (41)

V}mj-i'l 2 ]n,
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whose time-derivative is derived using (38)—(40) as

9 9 1 . v Xj ~
Viny 1= 2jm, 4106 (—hjvs — 503 2jn, 41/ (00322, 41 +0)7) —ad 4+ €0 11651) — w—J_Xij
j
< k172 GO+ iR Zimy 1@ — %%
S —Rjn 4125 01 T XV T XGXG25m+1W5 wXJXJ
j
< k4127 41+ X0+ X0 VX
(42)
Using Young’s inequality,
o . )*( A 9 L\
XiX; WXy S —=57X; + ﬁ]j’ (43)
then Eq. (42) becomes
: Y, U
Vj,anrl < *kj,anrlZ?,anrl T Ty 2+ X;0+ ﬁ (44)

4 Stability analysis

The stability of the closed-loop system under the designed control scheme will be illustrated in the
following theorem.

Theorem 1. Consider the uncertain MIMO nonlinear system (1) subject to the external disturbance
(2) and the input constraint (3). It is closed with the control laws (24), (36), and (39), the I&I adaptive
laws (14) and (30), and the disturbance observers (15) and (31). Under Assumptions 1 and 2, it can be
guaranteed that (1) all the signals in the closed-loop system are ultimately bounded and, (2) the output
tracking error e;(t) = x;1(t) — y;,-(t) finally converges to a small residual bound around zero that can
be adjusted by choosing appropriate design parameters.

Proof.  Consider the function V,, = Z;’;l Vjn;+1 whose derivative can be calculated using (44) as

m

XY o ¥,
. ( ],nj-i-lz jns+l T g X +Xj79+ ﬁ

(45)

j:

< —kn Vi + Ay,

where k, = min{2k;jn;+1,¢;¥;} and A, = 3701, (x;0 + &) This implies that V,,(¢) is bounded
and zj,;41(t) and x;(t) are also bounded. Now consider the function V = Zj 1 ZzJ_1 ji;» whose
€4, (205, i; T

time derivative is calculated by using (22), (35) and choosing T —\P;i, T, |I* — % > 0,
i
€j,i:Pj,i: 1 . 3€j,n,Pjn; —2€5,n

Amin(Qi,) = =57 [1Chig 1P =2 = 1,5 = 1, ymy — 1, =gt — | Py T |2 = 5 > 0, and
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€j,n; pgn +1||

)\min(Qj,nj) - C] nJ||2 3: ].,

m
. €j1(2pj1 —1) 1 T £ ,10 ,
<Y ( (kjn — 1)z + 20,20, - < e — 1P Tjall* ~ 5 (P11¢1)* = L2 IGa 1P

= 2pja

€j1pja +1 ~
- <Amm<@j,1> - S - 2) P +

5, IUJ,

16111 + 1| P 1=, 1||2>

2 €j,i; (2/) iy 1) 1
+Z <_ZJ'L *IZJ'LJ _(kj’lﬂ - ) f + ]f'LJ Jf'LJ+1 (%_||P]JJFJ,ZJH2_§

200,
Jj=11;=2 pj,zj

T 8'7',.0"7',. 8'7',./)'7',. +]_ _
X (@;‘iijgjfij )2 - %ng,zj ||2 - ()\min(Qj,ij) - %HCYL} ||2 - 2) ||77]f,zj ||2

€5,i;04,i; T
+ =00, 12 4 1By 1P o, 17 + €56, Gy 7., 6 s, — 2003, P, T, 8] )

riy 35 %5,i;
m n;—1 i O m 3
2 3,15 03sd5 . 2
SN (= thaay — =12, = g 2 — il 17) + ( (koms — 3 ) 22,
j=11i;=1 j=1
 Eim, O']n - _
|Gy |12 ||77f,nj||2> +A
—RV + A,
(46)
where the mequahtles 5] nJ(j n; 9, n]5]fnj < JT( }:n] ©5 n]) + ¢, nJ(Sf and 277]n Pjn,T;, nJcSJ ny S
||77],n]||2 + | Pjn; T, ]7 ||2 have been used and R = minj—; . m{2kj1 — 3 2kjn,—1 — 2,2k,
Tjn 1 € ij 94,0
3, ma?(;;f)""’ )\maxj('y;’i])’ pwwere oy IRRRED wow v - )} and A =377, Zl,_l( sup{zgn 41t )}+7] =
X110, 1>+ Pj.i, 112 |w ||2+€jnJ5f2 HPjn; Ljin, ]n [?). Note that since zj ,,+1(t) is bounded from the

previous ana1y51s from Assumptlon 2 @j,qi,;(t) is bounded and 6;,,,; = gj(v;) is bounded; then the filtered
variables ZJ ny+1(8); wf, ;; (1), and 6;1 n, are also bounded which implies that from (f14) V(t) is bounded
and thus zf (t), Cji;(t), and 7;;; (t) are all bounded. Immediately the estimates 0;;, (t) 4 i, (t) and
i, (1) + T, J ;; (t) are also bounded. Because ij,z'j (t) are all generated by the stable filters with the
input z;;, (), then 2j,i;(t) is also bounded.

Next, to analyze the boundedness of §; ;; we define the scaled variable {; = €; [{Ll, . ,£j7nj+1]T with
¢; = diag{e;, €2 FTR ?’4_1}, then the dynamics of §; in (8) can be rewritten in a compact form as
§ =€ A6+ & ' By, (47)
where B; = [of | — of  —aj, 0T with
7,1 Jols e Qgin; Jsmjo

—Cj,1 10...0
—¢j2 01...0

AJ _ . .o (48)
_Cj,nj 00...1
_Cj,nj-i-l 00... 0_
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Consider the function Ve = 2311 f;ijfj with A;-ij + PjA; = —1, P; > 0 whose time derivative is

NE

Ve = (—¢l&117 +2¢) Pie; ' By)
j=1
- - (49)
<D (e = DIgI + 1155 B511%)
j=1
S —hReVe + Ag,
with ke = minj=1,___,m{ﬁ_(ll%)}, A = sup{zg.n:l HPjE;IBj(t)HQ}. Since from [14] the command filter
€errors afﬁij = Qji;y---505 = 1,...,n; are bounded, then A¢ is bounded. As a result we can deduce

the boundedness of Vg(t) and thus &;(¢) is bounded. Given the boundedness of z;1(t), &;1(t), and
Assumption 2 we know z;; is also bounded according to (7). Then immediately the virtual control

law 1 is bounded in (24) and the command filtered variables of oﬂil are also bounded. According

g
to (7) again then z;5 is bounded. By recursive procedures we have ao,...,jn;, afg, e ,a;:nj, and
Tj3,...,T;n,; all bounded. Furthermore, the boundedness of the control law w; in (39) can be established.
Consequently, all the closed-loop signals are ultimately bounded.
On the other hand, solving (46) and (49) respectively yields
% % Rt A —Rt
V() <V(0)e™ 4+ —=(1—e™),
A (50)
Ve(t) < Ve(0)e e + —5(1 —e7rel);
i3

then it can be concluded that lim; o |zjfl(t)| < \/% and limy 0 [£,4; ()] < %ﬁj)ng From (6) the

ultimate bound of z; 1 (t) can be calculated as lim;_, |z]f1(t)| = lim¢ 00 |7',éjf71 + sz1| < % + 7w; with

w; > 0 the ultimate bound of zjfl Consequently, from (7) the output tracking error e;(t) = ;.1 (t)—y;r(t)

: : . A A :
satisfies limy—,o0 [€j(t)] = limyoo |21 (t) + &1(8)] < /22 + 70 + \/m. The proof is thus
completed.

Remark 4. Note that in the development process, the command filters for the tracking error variable

2ji;, the regressor ¢;;., and the virtual control o ;, are actually needed to be implemented to generate

the filtered variables zjf,ij, cp;:ij, and aiij for j =1,...,m, i; =1,...,n;. The filtered exosystems (12)
and (28) are only presented for analysis because their states need to be estimated by the disturbance

observer.

Remark 5. Although the result in [40] can completely dominate the command filter error by introducing
a continuous robust function in the auxiliary system, the upper bound of the command filter error may
be hard to know in practice. Alternatively, in this paper the auxiliary system in the command-filtered
backstepping method is designed in a high-gain form, which restrains the command filter error by simply
increasing the high-gain parameter.

Remark 6. In the suggested control scheme, the main control parameters kji ., ¢ji;, T, €, Vi
Uy 0445, Y5, and ¥y, 5 =1,...,m, i; = 1,...,n; are needed to be chosen appropriately. Besides,
theoretically speaking, the larger values of k;;., €;, ¢;, and ~;;, contribute to faster convergence rates
and smaller residual tracking errors. However, too high values for them can also result in an increase
in control effort and may activate unmodeled dynamics. In particular, the large value of the high-gain
parameter €; implies higher sensitivity to noises such as input and sensor noises. As a result, when
choosing these parameters, users should design and adjust based on the actual situation to determine
the more appropriate values. The I';;;s and c¢;;,s need to be chosen such that the system matrices in
(18), (33), and (48) are Hurwitz. The parameters o;;,,¥; of the leakage terms in the adaptive laws
should be fixed to the appropriate values since their sizes provide the trade-off between the boundedness
of estimates and the size of ultimate bounds. Furthermore, the constant 7 in the command filter for
filtering the virtual control laws should be selected small for a good approximation, while the 7 for
filtering the tracking error variable or regressors need not be chosen small essentially. However, it has
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been indicated from the derived bound of the output error e;(t) that a small value of 7 is beneficial for
decreasing the ultimate bound of e;(t) since it decreases the bound of the term 7w;.

5 Simulations
5.1 Example 1
Consider the following nonlinear system:

T1,1 = T1,2 + 9130%717
Z1.2 = ug + di(t), (51)
B = X + da(t),

o2 = Uug + ox1 1221,

where unknown parameters 6; = 6 = 1 and d; (t) and d»(t) are generated by the following exosystems:

' 0! + @;(t)
- (1),
j 10 j j

(52)
4;(t) = [1 0] ;.

for j = 1,2, wi(t) = [sin(5¢),0]T and w2 (t) = [0,cos(5¢)]T. For simplicity the controller parameters for
the two subsystems are set as the same, given by k1 = ko = ks = ¢ = c2 = c3 = h =5, ¢ = 1.5,
Y1 =7 =2,9=001,0, =09 =®=0.01,T; =Ty =[2,0]T, and ¥ = 0.0001. The filter constants for
generating the filtered tracking error variable and the filtered regressors are set as 7 = 1 and the filter
constant for filtered virtual control is 7 = 0.01. In simulation, the initial states are z1(0) = [1,—0.5]T
and x9(0) = [~1,0]T. The initial values for the update laws are all set as zero. The initial exosystem
states are 71 (0) = [1,2]7 and 72(0) = [~1,0]T. The control saturation magnitude is set as uy p = 80
and usg pr = 170. Simulation results for this case are shown in Figures 2 and 3. In Figure 2, the curves of
tracking errors and control inputs of the two subsystems are depicted, where good tracking performances
can be observed and control saturation occurs shortly in the transient stage. Figure 3 presents the time
evolutions of estimated disturbance and parameter, where it can be observed that they are all bounded
and very close to their true values. In order to further illustrate the performance of the used smooth
function with bounding estimate in (39), we replace the bounding estimation with the Nussbaum-based
approach in [26] under the same condition and parameters. The tracking errors and control inputs of
this case are shown in Figure 4, where it can be seen that the transient tracking performance is relatively
poor. More specifically, the tracking errors increase reversely in the transient process and the control
inputs have longer saturation time compared with the previous case, which illustrate the advantage of
the proposed method.

5.2 Example 2

To further test the efficiency of the suggested controller, we apply the scheme to an unmanned surface
vehicle (USV). We consider the fully actuated USV modeled by [41,42],

= Jmv,
M = —C(v)v — DW)v + 7 + 7a(t), (53)

where 1 = [z,y,%]T and v = [u,v,r]T with (z,y) being the position of the vehicle in the earth-fixed frame,
1) being the yaw angle, and u, v and r being the velocities in surge, sway, and yaw in the body-fixed frame.
7 and 74 are the control inputs and external disturbances, respectively. J(n) denotes the rotation matrix,

M > 0 is the inertia matrix, C(v) is the total Coriolis and centripetal acceleration matrix, and D(v) is
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Figure 2 (Color online) Tracking errors and control inputs of the proposed method.
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Figure 3 (Color online) Disturbance observer and adaptive law.

the hydrodynamic damping matrix, which are given by

_cosgb —sing 0 My; O 0
J(n) = |sing cos¢p 0|, M= | 0 My M|,
0 0 1 0 Msg Mss
- (54)
0 0 C13 Du(l/) 0 0
Cwv)=1 0 0 Muyu|, D)= 0 Da(v) Das(v) ]|,
_—013 —Mllu 0 0 D32(V) Dgg(l/)

where C13 = —Mav — Magr, M1y = m — Xy, Moz = m — Yy, Magz = mxy — Yy, M3z = I, — Ny,
Dy = —Xu — X|u\u|u| - quuUQ, Doy = Y, — }/|'u\v|v| - }/\'r|v|r|a Doy = —Y, — }/|'u\'r|v| - }/|r\r|r|,
D32 = =Ny — Njyjo|v| = Njpplr|, and D3z = =N, — Njy|r[v] — Njp|r| with m being the vehicle mass, I,
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Figure 4 (Color online) Tracking errors and control inputs using Nussbaum function.

the moment of inertia in yaw direction, Xy, Y3, Yz, and IN; the added masses, x4 the z3-coordination of the
center of gravity, and X(.y, Y.y, N,y the hydrodynamic parameters. The explicit value of these parameters
can be found in [41,42]. In simulation we assume that the matrices M and C(v) are known but D(v) is
unknown. Note that the auxiliary system (8) and virtual control law (36) for i; = n; should be modified
to take the known input matrix M into account. The disturbances in this simulation are the outputs of
the van der Pol oscillators given by 1,1 = 1.2, M2 = —p;1;,1 +nj,2(1 —77?-71), d;(t) =n;1, 7 =1,2,3 with
the parameter p; = j. We assume that the parameter p; is known but the nonlinear part 7;2(1 — 77]271)
is unknown to the control design, acting as the bounded unmodeled error. In simulation the initial
exosystem states are 71 (0) = [0.2,0.5]T, 72(0) = [0.6, —0.3]T, and 73(0) = [0,0.7]T.

The controller parameters are given by ¢;r = 5, j,k = 1,2,3, k;r = 5, j,k = 1,2, k; 3 = h; = 10,
e=15v =3,9 =001 0; =& =001, ;1 =2 = [557T, Iz =[20,10T, ¢y = 0.0000001,
1o = 0.001, and 3 = 0.0001. The filter constants are set as the same with the previous simulation.
The initial states are n(0) = [0.8,1,0.1]7 and v(0) = [-0.3,0.6,0.2]*. The initial values for the update
laws are all set as zero. The control saturation magnitude are set as 71,y = 72,07 = 60 and 73 s = 5.
For the sake of comparison we also implement the controller with the Lyapunov-based adaptive scheme,
which is actually the proposed control scheme whose adaptation part is replaced with the Lyapunov-based
adaptive approach. The Lyapunov-based adaptive controller is labeled as Controller 1 and the proposed
one is labeled as Controller 2. Both controllers are run under the same conditions and parameters.
Simulation results for this case are shown in Figures 5 and 6, where it can be observed that the proposed
method outperforms the Lyapunov-based adaptive controller during the transient stage and the control
inputs saturate less times during 5-10 s, which illustrates the advantage of the filter-based 1&I adaptive
scheme.

6 Conclusion

In this paper, a command filter-based I&I adaptive controller is developed to cope with parametric
uncertainty, external disturbance, and input saturation of a class of MIMO systems. To design I&I
adaptive laws more feasibly, low-pass filters are used to avoid solving PDEs. A high-gain auxiliary system
is constructed to remove the effect of the command filter error of the virtual controls. A disturbance
observer is created and co-designed with the command filter-based adaptive backstepping method. A
smooth function is used to approximate the input saturation with an extended state. It is shown that
the suggested strategy guarantees the boundedness of closed-loop signals and the convergence to a small
residual bound of the tracking error. Numerical simulated examples are finally performed to verify the
proposed design. In future research, we consider experimentally confirming the proposed control scheme
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in actual systems and extending the approach to the multi-agent coordination field.
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