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Abstract In this paper, the issues regarding the input-to-state stability (ISS) and integral input-to-state
stability (iISS) of the stochastic delayed switching systems with Lévy noise and input control (SDSS-LN-IC)
are proposed by employing the comparison theorem approach, mode-dependent average dwell time (MDADT)
method, delay integral inequality (DII), and Lyapunov-Razumikhin (L-R) technique. Two switching situa-
tions, namely, synchronous switching and asynchronous switching, are considered. Applying integral inequal-
ities, sufficient stability conditions in both cases are given. Moreover, the sequences of this paper allow for the
coefficients for the upper-bound expectation estimation of the infinitesimal operator to be mode-dependent,
regardless of the sign and time-varying function rather than a constant, as is the case in certain existing
results, which manifests the condition of the Lyapunov-Razumikhin technique in this paper is looser and less
conservative. Finally, the validity and correctness of the theoretical results are verified by two examples and
some simulations.
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1 Introduction

Since their introduction in the late 1980s [1] and 2000s [2], respectively, input-to-state stability (ISS)
and integral ISS (iISS) have attracted interest from researchers due to their remarkable role in stochastic
system analysis [3,4]. For systems with ISS properties, the norm estimation of the solution should
consist of an upper bound of an initial state-dependent disappearing transient term plus a term that is
proportional to the external input norm. Therefore, ISS illustrates that not only the systems without
input are asymptotically stable but also retain the property of being bounded when their external input
is bounded [5]. Lately, several invariants of ISS for different dynamical systems have been studied, such
as iISS of discrete-time systems [6], local ISS of production networks [7], and exponential-weighted ISS
of hybrid impulsive system [8].

For all we know, time delays often occur in many control applications, especially due to transmission
phenomena and measurement, causing instability, performance degradation, and oscillations in the con-
sidered systems. A delayed system is a dynamic system in which its current state rate is affected by its
bygone state. In recent decades, there have been increasing studies on time-delay systems (TDSs) [9,10],
especially ones focusing on the stability of TDSs [11]. To the best of our knowledge, the Krasovskii ap-
proach [12] and the Razumikhin method [13,14] expanded the Lyapunov direct approach to TDSs. Both
methods are highly applicable to the stabilization/stability analysis of TDSs, such as impulse TDSs [15],
functional TDSs [16], and neutral TDSs [17]. In addition, adequate conditions for the stability of TDSs
with time-invariant delays/time-varying delays are provided. When there exists a time delay in the sub-
system of switching systems, the systems can be regarded as switching time delay systems (STDSs), and
their stabilization/stability analysis has also been extensively studied in the past [18,19]. The STDSs offer
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a consolidated criterion for the mathematical modeling of artificial systems or abundant physical systems
displaying switching properties such as network control systems [20,21] and flight control systems [22].
Different switching signals distinguish STDSs from general time-varying systems because the solutions of
STDSs depend not only on the initial conditions of the systems but also on the switched signals; thus,
research on STDS stability/stabilization has invariably posed considerable challenges. The Krasovskii
approach is slightly conservative because it is not easy to discover a communal Lyapunov-Krasovskii
(L-K) function, particularly with time delays. However, by utilizing multiple Lyapunov functions in [23],
the switching systems are exponentially stable, provided that the dwell time (DT) 7 is large enough.
Moreover, certain studies identified a smaller bound of DT bound to ensure system stability [24, 25].
However, it is worth noting that in some circumstances, the development of DT switching is limited.
In [26], average DT (ADT), which is more effective and flexible for system stability analysis, is proposed.
The MDADT was shown in [27], indicating some easily verified sufficient conditions for system stability.
Chen et al. [28] investigated the ISS/iISS of impulse TDSs whose impulse time series possess the fixed
DT (FDT) characteristic.

The authors [29,30] always considered the switching signal or semi-Markovian switching in the systems.
Two probable control scenarios exist in controlled STDSs. First, synchronous switching implies that
input-controlled switching signals are consistent with controlled systems. Second, asynchronous switching
indicates that controller switching may not be exactly the same as subsystem switching. Further, a system
driven by a controller passes through a communication channel, and the present subsystem switches to
the next subsystem, which takes some time. This delay occurs due to the time taken to recognize the
activity of the subsystem and alter the controller from the present subsystem to the relevant subsystem;
the time taken is called the switching delay, and in this status, the corresponding closed-loop system
will undergo asynchronous switching [31,32]. For this type of STDSs with asynchronous switching, using
the L-K functional is difficult. In [33], the synchronous switching was considered by the L-K functional,
which cannot be directly extended to TDSs depending on ADT with asynchronous switching. This can be
attributed to the fact that the maximum increment of the current L-K functional in any mode-switching
process must be shown. Moreover, the exponential decay bounds and the limits on the maximum growth
rate about the functional need to be described in the case of match and mismatch, respectively. Moreover,
Lévy noise can describe both continuous noise and discontinuous noise, which makes the SDSS-LN-IC
noise more comprehensive and practical.

Based on the aforementioned instructions, ISS/iISS of TDSs under synchronous switching and asyn-
chronous switching are explored in this article. Different from our previous studies [34-36], the DII will be
utilized. Multiple Lyapunov functions, DII, comparison theorem approach, L-R technique, and MDADT
are used for studying the ISS/iISS of TDSs under synchronous switching. For asynchronous switching, a
novel hybrid switching signal is generated by merging switching signal technology. The contributions of
this study are given as follows.

e Sufficient conditions for the ISS/iISS for stochastic TDSs under synchronous switching and asyn-
chronous switching are gotten. In this work, the system with Brownian motion and Lévy noise is inves-
tigated, which increases the scope of the model studied.

e We consider the TDSs under asynchronous switching depend on MDADT, which reduces the con-
servatism of ADT and is more general than [37-39], wherein the synchronous switching and ADT were
investigated. Moreover, a new merging switching approach is used to handle the problem of asynchronous
switching.

e The upper bound estimate for the infinitesimal operator expectation is mode-dependent, has the
indefinite sign, and is time-varying, providing a more accurate mathematical analysis.

e A mode-dependent hypothesis related to active time (i.e., MDADT in this paper) is proposed, which
can preserve the different property subsystems of active time.

The article is structured as follows: Section 2 presents the preliminaries/definitions/models studied.
Section 3 shows the investigation of the ISS/iISS of TDSs under synchronous switching/asynchronous
switching. Examples and simulations are revealed in Section 4. Section 5 concludes the paper.

2 Problem statement and preliminaries

Notations. |z| refers to the Euclidean norm for vector z (r € R™) and its transpose is defined as zT.

(Q, F,{Fi}t>0,P) on behalf of the complete probability space with some filtration {F;}:>0 meets the
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general conditions. Let K denote the class of strictly increasing and continuous function (;3 :RT = RT
with ¢(0) = 0. Moreover, Ko is unbounded and represents the subset of K functions. VI(VKs) and
CK(CK) are convex and concave functions, respectively, which are also the subsets of (K ) functions.
Let CH2(RT x PCY ([to — 7, to]; R™); RT) be the family of nonnegative functions V (¢, 1) which is defined
on R x PCY ([to — 7, to]; R™) that are continuously twice differentiable in ¢ and once in ¢. PC([a, b]; R™)
on behalf of the class of sectional-continuous functions, provided that the functions have no more than
a limited amount of discontinuous jumps on (a, b] and are continuous from the right for all points [a, b).
PCY ([to — 7, to]; R™) (PCY%, ([to — 7, t0]; R™)) means the family for all bounded F;(Fo)-measurable, PC-
value stochastic variables ¢, which satisfies sup;, . <;<;, E[¢(t)[P < 0. Let ¢(t7) = lim,_,o- p(t + s) and
Dt p(t) = limsup,_, o+ (@(t+s) — @(t))/s be called the Dini derivative about @¢(t). w = (w1, wa, ..., w,)T
represents the n-dimensional (n-D) F;-adapted Brownian motion. @ : RT x RT — RT is defined as
a class of KL provided that ®(-,%) is a class of K for arbitrarily fixed ¢ > 0 and ®(-,¢) decreases to
zero on t — oo. N signifies the set for positive integers. For any £, 8 € R, &1 V R = max{R, R},
.Ql AN RQ = min{f{l, .QQ}

Study the following stochastic delayed switching systems with Lévy noise and input control (SDSS-
LN-IC):

da(t) = fpm(t,xt,U(t))dt+gp<t>(t,xt,U(t))dw(t)+/}th(t)(t,xt,U(t),e)N(dt,de),

xyy, =9t +5s), —7<5<0,

(1)

where t > to, u(t) € PC([to, +00); R™) means the external input control with input disturbance and
switching signal. 9 € Pbeo([to —1,to];R™), v = (z1,22,...,2,) € R™ stands for the system state, x; is
a PC-value random process and z; = z(t + s),s € [—7,0]. Define an index set N' = {1,2,...,9}. p(¢) :
R* — A represents the switching function and is supposed as a sectional-continuous constant function
from the right side. The switching sequence of p(t) is defined as {(oo,%0), (01,t1),. .., (Ok,tk)}, 0k €
N,k € N, which indicates the oj-th subsystem is contributing on t € [tg,try1). For any o € N,
Jor (t, 0, u) : RT XPC?—t([tofT, to]; R™) xR™ = R"™, gy, (t,9,u) : RT xPC?_—t([tof'r, to]; R™) x R™ — R™*"™,
o (t, 9, u,€) : RY x PCY ([to — 7,t0); R™) x R™ x R — R". Suppose that w(t), p(t), N(t, €) are mutually
independent and presume that f,, (t,0,u) = 0, go, (t,0,u) = 0, hy, (t,0,u,€) =0, t € RT,u € R, ¢ € R,
which declares the SDSS-LN-IC (1) has a trivial solution x(¢) = 0. Moreover, the SDSS-LN-IC (1)
satisfies the linear growth condition and Lipschtiz condition as standard hypothesis such that it possesses
a unique solution which is defined as z(t) = x(t;to, v, p(to)) [40]. 7 is the Lévy measure, N(dt,de) =
N(dt,de) — 7 (de)dt, and [, e[’ A 1v(de) = € < oo.

For each V,, (t,¢) € C12(R* x PCY, ([to —7, to]; R™); R"), we define an infinitesimal operator as follows:

LV, (t, 0, u) =Vo, 1t 1) + Vo (b, 9) fo, (9, u) + trace[gak( Y, u)Vop 2o (t, ) 9o, (8,0, u)]
+/mww+m&m%m—mmwww,
R

where

avcrk (ta 1/1)
t

Vo, (t,9) Vo, (8, ¥)
bo T Ba

Vg, (t, w)) .

Vak,t(tvw) = al‘kaxl

Vot ) = ( ) Voraalts ) = (

According to the above formula, one could quote the underlying generalized It6 formula,

Vo) (8,90(1)) = Vipey) (to, ¥(to)) + My +/t LV,y(s)(5,1(5), u(s))ds, (2)
where

M, = /p@z (5)) 0oy (5 9(5), u(s))duo(s)

//’m> (5) + ooy (5, 5(5), u(5), ) — Vigey (5, ()] N (ds, de).
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Definition 1 ([41]). For Vt € [to,T], let N, (T, t) be the switching number for p(t) on (¢, T], provided
that

T—t
Np(t)(T;t) < No + ‘I—, No >0, T, > 0;
a

then Ny and ¥, are called a chattering bound and ADT of p(?).

Definition 2 ([41]). For a switching signal p(t), Vt € [to,T], o € N, let N, o, (T, t) be the switching
amounts of the oi-th subsystem that is active on the interval (¢, 7], and Ty, (T,t) be the entire elapsed
time of the ok-th subsystem on (¢, 7], provided that

T,,(T,t)

{Za,ak
then Ny, and T, ., represent the mode-dependent chattering bound and MDADT of p(¢).

Moreover, for Vi = o € N, Ny (T,t) = 2311 Now),i(Tt), T —t = 2311 T;(T,t). Let Save[Ta,0n
No,o,.] be the family for switched signals which carry with the o-th MDADT ¥, ,, and chattering bound
Noo,-

Definition 3. The SDSS-LN-IC (1) is said to be
(i) ISS, provided that there are functions ® € KL, o,w € K, such that for ¢ > ¢,

a(Elz(t)]) < D(E[J]],t —to) + S<11p<tw(|up(s)(5)|)§

0X5%

]Vp(t),c;;C (Ta t) g NO,O'k + 5 NO,ak > 0; ‘Ia,ak > 07

(ii) iISS, provided that there are functions ® € KL, a,w € Koo, such that for ¢ > ¢y,

a(Elz(t)]) < @(E[[]],t — to) +/t w(|up(s)(s)])ds.

3 Main results

This paper also investigates the switching signal p(t) in the input controller, but we study two cases.
(1) Synchronous: the switching (i.e., p(t)) available for the input control (i.e., u(t)) is isochronous with
the p(t) of the systems, such that the candidate input controller is shown as u(t) = U, (t, (), £(t)),
and &£(t) : [to,+00) — R™ is the additional input disturbance. (2) Asynchronous: the switching of
the input controller is inconsistent with the switching of the systems, such that the candidate input
controller is shown as u(t) = U,—r)(t, z(t),£(t)), where 7, is called the switching delay and 0 < 7, <
inf{tk_,_l - tk}, k= O7 1, 2, cee

3.1 The ISS/iISS of TDSs under synchronous switching

In this subsection, we consider the synchronous switching signal in the SDSS-LN-IC (1) first. The
adequate conditions for the ISS and iISS of the SDSS-LN-IC (1) will be investigated by the comparison
theorem approach, MDADT, integral inequality, and L-R technique.
Theorem 1. For Vo, € N, let functions a1,, € VKo, @25, € CKoo, ¢o, € Koo, and B,, € PC([to —
7,00); R). Presume that there exist Lyapunov functions V (¢, z) € CY2(R* x PCY, ([to — 7, to); R"); RT),
some positive numbers c;, 2,75, = 1 and 6 > 1, such that

(Al) algk(|x|) < ng (tvx) < 0‘20k(|$|);

(A2) For Vt € [tg, tri1),

E‘CVUk (t7 xt) < Bo'k (t)]EVO'k (t7 x(t)) + ¢0'k (|u(t)|),

provided EV, ;1) (t + 0, 2(t + 0)) < 0EV, 4 (¢, x(t)), where o € [—T,0];
(A3) For any oy,01 € N(k #1), EV,, (t,2) < 75, EVy, (¢, x);
(A4) Ty o > T3

Inve
o = ok and for any s € [to, ],

t
/ By (v)dv < ¢1 — ca(t — s),

where B, (t) = (—22) V B, (t). Then the SDSS-LN-IC (1) is ISS and iISS over Saye.
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a = inf, en{ais, } € VKo, and Ly = &(E||9]||) and

Proof.  Assume that & = sup,, cxr{020,, } € CKoo,
let

Bﬂ(t) (t) = Bpo (to), te [tO -7, tO)v
Wy (t) = Vo (L, 2(1)), t = to — T,
. N (t,to) . i
Oxiean (t) = Lac b T ot [ B, ute) s
p=1 N(t,tg)

P

N(t;to) p—1 . a [ s
+ Z H ,y;qleff,p By (v) ”/ el P @dvg o (Ju(s)])ds,
p=1 q=1 tp—1

such that ©y(t) = L1 = a(E||9]]), t € [to — 7,t0). By (2), for t € [tx,tx+1), one has
AWy, (t) = LW, (£)dt + Vi (t, 2(t))go, (t, 2, u(t))dw(t).
Then one can easily calculate that
LWy, () = LV, (t,z¢), t € [ty thy1)-

Let t be sufficiently small and ¢ +f € [ty t;+1) and by Fubini theorem,

t+t
EW,, (t +t) — EW,, (t) = / ELW,, (s)ds.
t
Therefore, one obtains for all ¢ € [ty, tx4+1) that
DYEW,, (t) = ELW,, (t) = ELV,, (t, ;).

Next, the remaining proof will be written in two parts: in Part 1, the estimations are given for EW,, (t),
while in Part 2, the ISS and iISS will be shown based on the results in Part 1.
Part 1. We would demonstrate that

N (t,to)
EWo, (t) < H Vo, ON(t,t0) (£); VE =10 — T (3)

p=1
By condition (A1), one knows that for ¢ € [tg — 7, 19),
EWo, (1) < g, (E[[J]]) < Oo(t) = L. (4)

Then, inequality (3) is tenable for ¢ € [to,?1), namely
_ t .
B (1) < Lieo 0O 1 [ gr (ufo))el o1, (5)
to

For any X > 0, consider relevant comparison ODE,

§(t) = Boa ()y(t) + doy (Ju(t)]) + X, t € [to, t1),
y(to) = L1 + N.

The solution of (6) is

t A t _
y(t) = (L + R)elio Frods 4 / (B0 (Ju(s)]) + Rlek: Po®dvds ¢ € [t 1),
to
We claim that

EW,, (t) < y(t), t € [to,11). (7)
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Apparently, EW,, (to) < y(to) = L1 + X, which implies that inequality (7) holds for ¢ = t;. Now, we
presume that inequality (7) is not true; then there are some ¢ € (to, 1), such that EW,, (t) > y(t). Let

= inf{t € (to,t1) : EW,, (t) > y(t)}.

What needs to be pointed out is that EW,, (¢), y(t) are continuous on (tg,t1); one obtains EW,, (t°) =
y(t°) and EW,, (t) > y(t) for Vt € (¢t°,t° +¢) C (to,t1), where ¢ is a constant and sufficiently small.
Hence, for Vt € (t°,t° + 1), one has

EWoo (1) —EWo, (1°)  y(t) — y(t°)

=

t—t° t—te 7
which signifies that
DYEW,, (t°) > D y(t%). (8)
In addition, it may be checked that
EWy104.0)(t° + 0) < SEW,(40)(t°), £ € (t0. 1), )

which would be demonstrated by the following two cases. B
Case 1. t° + o < to, which implies that t* — 1y < —o < 7. For B, (t) > f¥, t > tg, the following
inequality holds:

ft’; —Bp(s)(s)ds <6

)

e

then it follows from inequality (4) that when t® 4 o € [tg — 7, o),
EW (o0 (° + 0) < Ly = Lyelio o036ty =Booy()ds  516fi0 Poier (D95 o 0 (40) = SRV, 40, (£°).

Case 2. t° + o > to. Similarly, because Bp(t) (t) = —@,t > ty, we get efttHeBp(s)(s)ds > 61, and
then

t° 2 t© o =
) =1 WeFs O [ g (o)) + el o

to

°+o 3 2 te t°+o 3 N ]
:(Ll + N)efti) + ﬂao(s)dseftfoJrg Bao(s)ds + / (¢0-0 (|U(S)|) I N)eftfg + ﬂ“O(é)déefttOJrQ Bao(s)dsds

to

°to N e £ t°4o 7

207 (B el E O [ G o) + 308 ‘3""(”””“]7 (10
to
which indicates that

Oo+o = to‘i’g 4o 7

y(t2) 2671 (L +R)elio Pro(ds / (6o ([u(s)]) + N)elio " "‘”(”)dvds] — 5y o), (1)
to

which yields that Eq. (9) holds for the both cases. Then we obtain by inequality (9) and condition (A2)
that

DYEWq, (t°) < Boy () EWe, (£°) + by ([u(t%)]) < Bory (£)y () + o, ([u(t®)]) + R = DTy (t%),

which contradicts to (8), and Eq. (7) holds, and then, we let & — 0 so that inequality (5) is obtained.
Suppose that inequality (3) is true on t € [tg, t)), namely

N(t,tg)
Eng (t) < H ’Yap@N(t,tg)(t)a te [tm7tm+1)7 (12)

p=1
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form=0,1,2,...,k— 1. Next, we prove that inequality (3) is true on ¢t € [tg, trr1). Letting N (¢, to) = k
for t € [tg,tr+1), inequality (12) is converted to

k
H , b€ [ty thir)- (13)

Combining (13) with condition (A3), one gets that

k
ak tk H 2.

For any X > 0, consider another comparison ODE,

y(t) = Bak (t)y(t) + ¢0’k (|u(t)|) + N, te [tk7tk+1)7 (14)
y(tk) = L2 + N.
By the variance-of-constant formula, we have
t o t —
y(t) = (Lo + R)elu Pru()ds / (o (Ju(s)]) + R)els P @dvds ¢ € [ty trp).
tr
One would claim that
EWGk (t) < y(t)a te [tk;thrl)a (15)

if Eq. (15) is invalid, one can discover that EW,, (t) > y(¢) on t € (tg,tr4+1). In addition, we can also
easily know that EW,, (tx) < y(tx) holds. Letting

= inf{t € (tp,tr1) : EWo, (t) = y(t)},

we know that EW,, (t) < y(t) on t € (t,t'), EW,, (t') = y(t'), and EW,, (t) > y(t),t € (¢',t’' + ), where
t is a small enough constant, which take account of the continuity for EW,, (¢), y(t) on (¢, tk+1). Then
one has for Vt € (¢/,t' + 1),

EWo, (t) — EW,, () _ y(®) — y(t')

=

t—t t—t
which implies that
DYEW,, (¢) = DTy(t). (16)
Utilizing the similar proof process above,
EW, 40y (t' + 0) < OEW, (1), t' € (ttry1)- (17)

Combining (17) with condition (A2),
DYEW, (') < B, (t)EWs, (') + o, (|u(t)]) < Bo, ()y(t') + o, (lu(t)]) + X = DTy(t),

which contradicts to (16) and then Eq. (15) is obtained. Letting X — 0 and by (15), one obtains for
t € [th, tos),

t g . . t t A
EW,, (t) < Lyela P ()0 / Go, (Ju(s)])e! Ao Idvg g (18)
123

Substitute Ly into (18) and we calculate that

k t _
Wi, ( H ptn)els P9 [ (Jus)])el Por s
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tr _
P (2 5<L1effo Boco(e)ds Hv / el P g (Ju(s)))ds

p=1 tk

k
kE p—1 tn L t .
+Z [] s et Pt [ efvﬂp<v><v>dv¢p<g><|u<<>|>d<> + [ daullu(s)hel oo qs
p=1m=1 1 te

k tp _
H Ly efto Bo(s)(s)ds + Z H Yo, ftp Bow) 7J)dﬂ/ oo ﬂp(v>(v)dv¢p(§)(|u(g)|)d§

p=1 p=1m=p tp—1

+/ ¢gk(|U(s)|)ef; Eak(’u)dfuds

According to the above proof process, the inequality (3) holds for V¢ > ¢ty — 7.

Part 2. The iISS/ISS of the system (1) would be shown in this part. For convenience, let o, = € N,

which could be easily checked that

N (t,s) n

II . =TI, s € [to. 1.
p=1

=1

Then by combining inequality (3), (19), and condition (A1), we get for ¢ > to,

t
s)ds B
a(Elz(t)]) < H,yN «(b10) (B9 |)e Tiy Bots) (5) / ele Bp@)(v)dvqu(g)(|u(g)|)dg
N (t,t0)

=1
N(t to) N f 5 ( tp .
+ Y [N el feer ) ”/t ol Pe @8 g 0 (Ju(<)])ds
p=1 (=1 p—1
£J+ Jo+ Js.

It can also be derived from condition (A4) and Definition 2 that for s € [to, t],

N

[ AN #9els Pocrwrde <ot (Mot B2 ) 1n oy ez (1)
L

=1

Nn In
<ecl+ZL 1 No,.Invy, eZ, 1 (l_av: —c2)T,(t,s)

_ —c3(t—s
—eyocalt=s)

where ¢3 = min,en {c2 — g’”} >0, ¢4 = et 2= NoInve By (21), we have

Ty < caa(E[[D]])e ),
N(t,to)

t _
J2+ J3 <ca Z / eld Pow g (fu(s )I)d§+/ el ot (g (fu(s))ds

tN(t,tg)

_ t
<y / el Boer v (u(o))ds < cae® / e 207, (Ju(s)|)ds

to to
t
Ceqet / 600 (Ju(5)])ds
0

Substituting (22) and (23) into (20) implies that

t
a(Elz(t)]) < ca(E[9]))e0) + C4eCl/t Po(s) ([u(s)])ds,
0

(19)

(20)

(21)

(22)
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which implies that the SDSS-LN-IC (1) is iISS over Save. Moreover, we get from (23)

t
Jo + J3 < 04661/ e~ (790, (lu(s))ds < cae™ ey sup {dy(s)(Juls)])}; (24)

to to<s<t

then combining (22) and (24) with (20) indicates that
a(Ela(t)]) < csa(E[[9]))e™ 071 eseeyt sup e (Juls)]).

to<s<t

Therefore, the SDSS-LN-IC (1) is ISS over Saye.

Remark 1. We used Definition 1 in the following Corollary 2 and Definition 2 in the main Theorem
1; the difference lies in the mode dependence of Definition 2. Definition 1 indicates that for all systems
modes, the ADT between arbitrarily two consecutive switched is no less than ¥,. However, one only
requires the average time among the intervals about the subsystem, which is bigger than ¥, ;, and the
intervals are not adjacent here provided that p(t) possesses the MDADT characteristic. We can deduce
that T, 5, < T4, Vo € N, in other words, mode-dependent features reduce the conservatism existing in

Corollary 2. In reality, if T4 5, = T4, then ZakeN ()0 (T 1) < ZJ env Nooy, + "’“ (7.2) NT >t > 0.
Then there is NO = Zake/\f Noo, and T, 5, = T, naturally, we have the usual 51tuat1on N (t)( ) <
No + L=t VT >t > 0. Nevertheless, the switching signals cannot be defined in the set, provided that

MDADT denotes the set of switching signals; then the consequences in [42,43] are hard to use to get the
stability for the switching system over the switched signal setting. Also, when v,, = 1, the condition of
MDADT is redundant.

Remark 2. The system (1) is asymptotically stable when u(¢) = 0, implying that there is no external
input in the system. The upper-bound estimate for the infinitesimal operator expectation is mode-
dependent and not only has an indefinite sign but is also time-varying. We are able to get Theorem 6.1
in [40] of stochastic continuous delay systems provided that S, (t) = —A(A > 0) in Theorem 1 in
this paper. In [33], authors used the condition LU (t,x) < =9 U(t,z(t)) + MU (¢, x¢) + o(|u(?)]),
0 < My < My, but we can get this condition when By, (t) = —9M3 and § = ™7 in Theorem 1, where
the unique solution of —M; + Mae™3™ + M3 = 0 is M3 (M3 > 0) and the ISS/iISS of the system (1) can
be gotten likewise. Under these circumstances, we can also get the stability visualization criterion and
the Lévy noise plays a positive role. If g, (t, 2, u(t)) = 0, hyu) (t, 24, u(t),€) = 0, then our results can be

reduced to those in [33]. Condition (A4) is shown that, for any s € [to, ] f Bowy (v)dv < ¢ — ca(t — s),
which indicates that (,5)(s) is said to be a uniformly exponentially stable functlon Wlth a guaranteed
decay rate co [42].

Corollary 1. For Vo, € N, allow the conditions (A1) and (A3) in Theorem 1 hold; let functions
b0, € Koo and By, € PC([to—T,00); R). Presume that there are Lyapunov functions V (t,z) € C*2(RT x
Pbet([to — 7,t0]; R™); RT) and some positive numbers ¢1, ¢2,7,, > 1, such that

(A2)* For Vt € [tk;thrl);

ELV;, (t,2(1)) < Bo, ()EVG, (8, 2(1)) + ¢o, (Ju(?)]);
(Ad)* T, > “2% and for s € [to, 1],

/ ﬁp y) Cl—Cg(t—S)

then the SDSS-LN-IC (1) without delay is ISS/iISS over Saye.
Corollary 2. Study the general continuous switching system @(t) = fi)(z(t),u(t)), A(t) € N; let

constants 171 > 0,72 > 1 and functions a1 € VK, a2 € CK, ¥ € Koo; assume that there are Lyapunov
functions V (t, ) € CH?(RT x R";R™"), such that, Vi € N/

ar(fz]) <Vilt, z) < ag(|z]),
Vi(t,x) < —mVi(t, ) + ¢i(lu(t)]),
and V(p,q) e N x N, p # q,
V, (t x) < nVy(t, x);

then the system is iISS/ISS with T, > T& = 772 .
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3.2 The ISS/iISS of TDSs under asynchronous switching

In the preceding theorem, the synchronous switching is investigated in the SDSS-LN-IC (1). Next, we will
investigate the asynchronous switching and also study the ISS/iISS for the SDSS-LN-IC (1). For the sake
of overcoming the difficulties generated by asynchronous switching, we consider the case of the merging
switching approach, which can be seen in [44]. Define a new merging switching: p(t) = (p(t), p(t — 7)) :
[to, +00) = N X N. Then let & denote the merging action, p(t) = p(t)®p(t—7s), and p1 (t) = p(t), p2(t) =
p(t — 75). According to this definition, the set of switched times of p(t) = p(t) & p(t — 75) is the union of
the sets of switched times of p(t) and p(t — 7). Before we manifest the main conclusion, we outline two
lemmas worth noting.

Lemma 1 ([45]). Supposing that pi(t) € Save[Ta,.; No,.|, we have pa(t) € Save[ZTa,is No,, + {TS], for
Ve N. ,
Lemma 2 ([45]). For Vi € N, let H,(t,to) be the total time of pi(t) = p2(t) = ¢ and H,(t,ty) =
T,(t, to) — H,(t,to), provided

TS(aL + bL) < (a’L - a‘L)Ta,L; a’LabL > 07 a'L S [O,GL);
then
—a,H,(t,to) + b H,(t, to) < d, —a,T,(t,to), t > to,

where d, = (a, + b,)No,, 7.
Remark 3. One can notice that for k € N, p(t) = ok, t € [tg,tkt1), p(t — Ts) = ok, t € [tk + Ts, tht1)s
such that p(t) = (ok,0%),t € [tk + Ts,tkt1), p(t) = (Ok,0k-1),t € [tk,tr + Ts), which means that p(t)
has the switching time instants g, to + 75, t1,%1 + 75, . . ., such that the sequence of p(t) can be shown as
{(po;t0), (p1,t0 + 75), (P2, 1), - - - (paks th), (partrs tr + 7o) }-
Theorem 2. For Vp, € N, let functions v, € VKoo, @z, € CKss, ¢p, € Koo, and S,, € PC([to —
7,00); R). Assume that there are Lyapunov functions V (¢,z) € C+2(RT x PCY, ([to — 7, to]; R™); RT), and
some positive numbers ci, 2, Cs,p, s Cu,pp s Cs,p, € R, Cu,p, € R, and 6 > 1, such that

(Bl) alﬂk(|x|) < Vﬂk (t,l‘) < O‘2Pk(|z|);

(B2) For Vt € [tk, tkt1),

ELV,, (1) < By (EV,, (&, (1)) + dpy (Ju(?)]),

provided EVj;1 o) (t + 0,2(t + 0)) < SEVﬁ(t) (t,x(t)), where g € [—7,0];
(B3) For any (pi, pj, pr, pr) €N X N x N'x N, and p; # pr, pj # pi.

E‘/pmpj (t7 x) < ’YpuﬂjEVﬂmﬂz (ta I)a

where Yy, p; = Vp, > 1(pi # Pk)s Voiro, = L(pi = pr);

1 Cs.p s w s
(B4) T > %, = 0 Y0y, PR F(Corpy FCuip )T ,and for any tg +7s < s <t < tga1,

a,Pk Cs,pp

t
/ ﬁﬁ(v) ('U)dv < Cs,p, — Cs,pp H,, (ta 5);
S

for any t; < s <t <ty + 7s,

t
/ Bﬁ(v) (v)dv < Euyﬂk + Cu,pp, Hpk (ta S)a
S

where 35 (t) = (7Tnz§) V B5()(t). Then the SDSS-LN-IC (1) is ISS and iISS over Saye.
Proof.  Let uo, p1, b2, - - - s HUN ) (t,t) denote the switching times of p(t) in (to,t), po = to, and At =
b= BN,y (tt0)+15 such that BNy (tt0)+1 = & — At £ T, where At < tpy1 — tr. Assume that & =

suppkeN{agpk} € CKoo, & =1nf,, cx{a1,, } € VKoo, and L= &(E|[9|]) and let

_ Cs, _ Cu.
’rlyﬂk = Vpi€ 7k, Tlﬂk = ek,
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Bat) (t) = Bpo (10), t € [0 — 7, o),
W (t)= Vit (t,x(t), t = po—,
. N(t,p0) t .
O (1) (1) = Lyedro P (s 4 11 7,;1/ ef< v (fu(<)])ds

p=1 IN (o)

N (t,p0) p—1 11 B (0)d I s
+ Z H ,yp—qle pup PP(@) / efg Bﬁ(v)(v)dvqf)ﬁ(g)(|U(§)|)d§,
p=1 q=1 .

p—1

such that Qo(t) = Ly = &(E||9]]), t € [po — 7, o).
Using (2), we get for t € [ug, ftk+1)

dWp, (t) =LW,, (t)dt + Ve (t7 x(t))gpk (t7 Lt, u(t))dw(t)'
Then, we can calculate

EWPk (t) = EVPk (taxt)a te [:U/ka/-l/k-i-l);

let & be sufficiently small and ¢ + i € [ug, pte+1), by the Fubini theorem,
t+fi
EW,, (t+ i) — EW,, (t) = / ELW,, (s)ds.
H

Hence, for Vt € [ug, pr+1), we have

DYEW,, (t) = ELW,, (t) = ELV,, (t, 7).

Next, the proof will be also divided into two parts: in Part 1, we give the estimation for EW,, (t); the

iISS/ISS of system (1) with asynchronous switching will be shown in Part 2.
Part 1. We demonstrate that

N(t,po0)

EW,, (8) < [ o0 @(tu) (), ¥ = pao — 7
p=1

By condition (B1) one can know that for ¢ € [ug — 7, o),
EW,, () < az, (E||9]]) < Qo(t) = Li.

Next, we would show Eq. (25) is true for ¢ € [uo, 1), namely
_ t B
EW,, (£) < Lyeli o0 4 / Do ([u(s) el Pro @0 s,
Ho

For any o > 0, consider correlative comparison ODE,

{ Y(t) = Boo ()y(t) + dp, (lu(t)]) + g, t € [po, p1),
y(uo) = L1 + p.

The solution of (28) can be drawn as

t a3 t t =
y(t) = (L1 + p)elio Fro e 4 / (60 ([u($)]) + ek Po@8¥ds 1 € (g, ).

Ho

It is shown that

EWPO(t) < y(t)a te [,U'Oalufl)'

(26)

(27)

(28)
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Obviously, EW,, (10) < y(p0) = L1 + g, which means Eq. (29) holds when t = po. Assuming that
Eq. (29) is not true, there exist some t € (o, 1), such that EW,, (t) > y(t). Let

p =inf{t € (o, p1) : EW,, (t) = y(t)}.

What needs to be pointed out is that EW,,, (), y(t) are continuous on (i, ft1). One has EW,, (u*) = y(u*)
and EW,, (t) > y(t) for Vt € (u*, p* 4+ 1) C (po, 1), and [ is a constant and sufficiently small. Therefore,
for Vt € (u*, p* + fi), one has

EWp, (8) = EWpo () _ y(t) — y(p7)
t— :U/* = t— :U/* ’
which indicates that
DYEW,, (1*) = DFy(u*). (30)

It may be checked in the same way as Theorem 1 that
EWj5 (5 40) (1" + 0) < OEW(,0y (%), 1™ € (pto, p11)- (31)
Then, by (31) and condition (B2), one obtains

DYEWp, (1) < Boo (1 )EWp, (17) + & o (1)) < Boo (17)y(16") + o (lu(p)]) + 9 = DTy ("),

which contradicts (30), and then inequality (25) holds for ¢ € [uo, pt1). Assuming that inequality (25)
holds for ¢ € [uo, k), k € N, one gets

N (t,p0)
Eka (t) < H ’YPpQN(t,#o)(t)v te [Mmaﬂm-ﬁ-l)a (32)
p=1

form=0,1,2,...,k—1. Next, we show that Eq. (32) also holds for ¢ € [ug, prt1). Let N (¢, uo) = k, for
t € [k, pr+1), which is equivalent to proving that

k
EW,, (8) < T 700 20(8), ¢ € [pa1s ptisn)- (33)
p=1

Combining (33) with condition (B3),

k
EW,, (1) < T 7op (i) £ Lo
p=1

For any @ > 0, consider another comparison ODE,

9) = B (DY(E) + by (W) + 9, ¢ € [ 1151), o

y() = La+ p.
Eq. (34) has the following solution:

~ t 2 s s t _—
) = (La + )P P [ 0 (o)) + el P80, £ € )
HEk
We may show that
EW,, (t) <y(t), t € [pr, prs1). (35)

If Eq. (35) does not hold, we have EW,, (t) > y(t) on t € [k, tr41). Also, we can easily know that
EW,, (1) < y(ug) holds. Letting

p' = inf{t € (s, 1) : EW,, (t) = y(8)},
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we know that EW,, (t) < y(t) on ¢t € (ug, '), EW,, (1) = y(i'), and EW,, (t) > y(t),t € (@', 1/ + f2),
where [ is sufficiently small, which are all due to the continuity of EW,, (¢), y(t) on (tt, tk+1). Then, for
te (W, + ), we obtain

EW,, (1) ~ EW, () _ (t) — y(s')
t— T ot—u

which implies that
DYEW,, (1) = D¥y(u). (36)
One can also get the following inequality by the identical approach to Theorem 1:
EWsw+0) (1 + 0) < OEWp() (1), 1 € (piks pisr)- (37)
Combining (37) with condition (B2), one has
DYEW,, (1) < Bow (0 VEWary (1) + G ([0t < B (2 Yy (i) + b (1)) + 9 = DT y(at),

which contradicts (36) and then, Eq. (35) is true. Using (35) and letting o — 0, for ¢ € [pg, prt1), we
have

EW,, () < Loelus oe ()38 / Gpp (|u(s)])els Pos v g, (38)

Substituting Lo into (38), one calculates that

EW,, \H%pﬁk (aJelon P 1% / Gpn (Ju(s)[)els P )0 ds

k P Pk _
I S (L oSt B S+prp [ e A ut) s
p=1 .

k

k p—1

+ 30 [T ettt o [

p=1m=1 Hp—1

ol: 5o<v><”>d”¢p<<>(|U(<)|)d<>

t —
+ / ¢pk(|u(s)|)eﬁ ﬂﬁ(v)(”)d’uds

n t _
=TT aelia 000 s [ g, (fu(s)el P

p=1 122
A f Bawy (v)d ? 3
p(v)(V)dv p(v
+ 30 TL pulie o [ ol ug) s
p=1m=p Hp—

g

such that inequality (33) holds for ¢t > py — 7.
Part 2. The iISS and ISS of the system (1) are presented here. For simplicity, let £ = p(t) € N,
t € [k, fr+1), and it can be checked that

N(t,s)
N
I 7. = Hv 09 s € [po, 1] (39)
p=1
Then, combining (25), (39), and condition (B1), for ¢ > po, we have
t _
(Ela(0)) < [T 27 a(eo et o 1 [ el B uo)ds
=1 KN (t,10)
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N(t,po
+ 2
p=1

:Il+IQ+I3. (40)

) n Hp _
H /_}/N/z(t JHp) f”p Bpvy (v)dv / ef: ﬂﬁ(v)(v)d”(ﬁﬁ(d(|U(§)|)d§
=1 n

p—1

l s S U
nw7Jrc‘<ce<csg (Couteu)Ts , L e N. It can

For condition (B4), there are ¢, € (0, ¢s ) satisfying o

also be derived from Definition 2 and Lemma 2 that for s € [0, t],

N .
H ,yé\ftz(tas)efs’ Ba(vy (v)dv
=1

H T p1(t) e(t:8) H Tivzz(t),f(t’s)ez‘gnzl[—cs,eHe(t,s)+cu,eHz(t,s)]
(=1
< eZgzl Ny o),e(tss) 111T2,£6221:1 Ny (ty,e(t;s)In Tl,eez‘gnzl[—cs,eHe(t78)+cu,sz(t,S)]

mn Tp(t,s) - n Ts Ty (t,s) cg _
< e2tmt ot 5 7w e 3o Nowb 07 475 7 yee™ ! (ST [ o Ho () e e Ho(1,5)]

o rlnypetsit
o [

<Aje T 7CZ]Tg(t,s) =pq e C08), (41)
where A= ezgzzl Ngyé[(ju’g-‘rln’Y[QE‘Sve]—‘,-Z‘én:l % 1n’weés,e X 6221(051-’-0%@)]\701737 ¢ = min@EN {C€ — %}.
By (41), we have

I a1 &(E[[9]])e 0w, (42)
N(t,po) . t .
heh<a 3 / ol PO u(@ds [ e g (u(o))ds
Hp—1 UN(t,10)
<o / el B W9 (u(s) s
Ho
t
< Ag ¢ﬁ(s)(|u(3)|)dsa (43)
Ho

where Ap=Aq e ¢t Substituting (42)—(43) to (40) implies that

t
A(Elz(t)]) <o1 GE||9]))e= )+ Az/ Pa(s) ([u(s)])ds,
Mo

which implies that the SDSS-LN-IC (1) is iISS over Say.. Moreover, we can get from (43)

t
I+ I3 <0y / e g o (Juls))ds <az ¢ sup {dps) (Juls))}; (44)

o po<s<t

then, combining (42), (44) with (40) indicates that

(4
A(Elz(1)]) <or aEl9])e ) ay et sup i) (Juls)).

po<s<t

Thus, the SDSS-LN-IC (1) is ISS over Saye.

Remark 4. In Theorem 2, we have reordered the switching serial (i.e., asynchronous switching), and a
new switching signal p(t) is proposed. The constants ¢s ,, , Cu,p, are incorporated into Y ,,, Y2 ,,, which
are distinct from Theorem 1, and Yy, > 1,713, > 1 without any restriction. Condition (B2) is also a
more lenient L-R stability condition, which is related to the asynchronous switching.

Remark 5. The conditions (B1) and (B3) generally exist in some pre-existing studies [40,44,46]. Due
to the input control in the SDSS-LN-IC (1) being u(t) = U,¢—r.)(t, 2(t),£(t)), the It operator is shown
as the criterion (B2) with the coefficient j,, (t) rather than the condition (A2). In addition, we suppose
that the ordering of the delayed switching signal p(t — 75) is the same as the ordering of the correlative
switching times of p(t) whenever 7 is time-varying.
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Figure 1 (Color online) The trajectories of the considered system (45) (a) without external control and (b) with external control
u(t) = (sint, cost)T.

4 Numerical simulations

In this section, two examples are provided to highlight the feasibility and theoretical rationality of the
major theorems. Example 1 shows the results of system (1) under synchronous switching, whereas
Example 2 shows those under asynchronous switching.

Example 1. Consider the TDSs with Lévy noise and input control under synchronous switching as
follows:

da(t) = [fo)(t, 2e) +u(t)]dt + g (¢, ¢ )dw(t) + /R o) (t, ¢, €) N (dt, de) (45)

with ¢ > to, where p(t) € N = {1,2}, z(t) = (z1(t), 22(t))", w(t) = (w1 (t), w2(t))T, w1 (t),ws(t) are 1-D
Brownian motion, 7(de) = @i (de), d is the strength for the Poisson distribution, the probability intensity
of standard normally distributed variable € is 7, and

— 34 (¢)sint + x5 (t — 7)|cos
f1:[4 (B)sint + 2 (t = 7)| t'],glz[mxlm Vicostlaa(t)] . b = /Jeostlaa (1)

Sx1(t — 7)sint + Laa(t)|cost|

e [xl(tT)sint +x2(t)sint] . [ Teostle (1) 7\/22:08%2(75)}T, ha = /[cost|za (¢)e.

x1(t)|cost| + zo(t — 7)sint

Then for subsystem 1, letting Vi = 2%(t) + 23(t), 6 = 2, a;1 = 0.9, ag; = 1, and ¢ = 1/4,& = 2,
the condition (A2) of Theorem 1 satisfies ECV; (¢, z;) < (3|cost| + Zsint + 3)EV; (¢, z(t)) 4+ 2a3(t), which
means (31 (t) = 3[cost| + 3sint + 2, uy (t) = 2a3(t), f1(3EHEn) = -1 <0,k =2n+1,n=0,1,2,..., and
Bi(km) =1 >0,k=0,1,2,....

For subsystem 2, let Vo = $(23(t) + 23(t)), 6 =2, aa1 = 0.9,00 = 1, ¢ = 1/2, and € = 1. One can get
the condition (A2) of Theorem 1 satisfies ELV; (¢, z4) < (4sint + 3|cost| + 3)EVa(t, z(t)) + 2a3(t), which
implies that Ba(t) = 4sint + 3|cost| + 2, ua(t) = 2a3(t), fo(EEm) = -3 <0, k=2n+1,n=0,1,2,...,
and [a(km) = 1—23 >0,k=0,1,2,....

Taking 7 = 0.25, v; = e, and 72 = €, we can get ¢y = 1/4,%; 1 = 4 in subsystem 1 and c; =
3/2,%; o = 3 in subsystem 2 can be obtained. To sum up, the above example satisfies all the conditions
of Theorem 1; that is, the system (45) is ISS/iISS in the mean square under synchronous switching.
Figures 1(a) and (b) respectively show the state trajectories of 100 sample paths for system (45) without
input control and with input control u(t) = (sint,cost)T, where (z1(t),22(t))* = [~1 1] and the red
dotted line presents the trajectory of E|x(¢)].

Example 2. Consider the TDSs with Lévy noise and input control under asynchronous switching as
follows:

dl‘(t) :[Aﬁ(t)l‘(t) + Fﬁ(t) (t,ﬂ?t, ( ))]dt+ G5 (t) t l‘t dw /H (t) t , Tt, € N(dt,de) (46)
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Figure 2 (Color online) The trajectories of (a) poisson process, (b) switching signals p(t) and p(t — 75).

with ¢ > ¢, where x(t), w(t), 7, G have the same definitions as Example 1, p(t) = p1(t)®pa(t), p1(t) = p(t),
and pa(t) = p(t — 75). We set V = |z(t)|> with a1; = a1 = a12 = age = 1,91 =92 = 1.001,0 = 4,7, =
7/3,6=1/3,& =2 and

A =

LI I Y
BRI R R 1
Hy(t,w) = gaa(t)e, Holt,n) = saa(t)e

1 T
Gi(t, ) = {0 — 21 (t)cost + §x2(t)cost} ,

. 1 7T
Go(t,xy) = {0 —x1(t — 7)sint — §x2(t - T)smt} ,

0
Fl (t; Tt, U(t)) = [%xg (t)COSQt + 1-2(t — T)COSQt — U(t)] ’

Fy(t,xe,u(t)) = l 0 ] )

—x1(t — 7)sin’t + Lzo(t — 7)sin’t — u(t)

Then for subsystem 1, when ¢ € [ty t) + 75), u(t) = S aa(t) — B2a2(t — 7) + £(t)cos?t; then condition
(B2) of Theorem 2 satisfies ECVy1 (£, 24) < (%cos2t — D)EVi (¢, 24) + (sin’t + 1&sin?t)¢%(¢), which means
Bri(t) = 2cos2t— 2, ¢11(t) = (sin*t+212sin’t)€2(t). When t € [ty +7s, typ1), u(t) = —28bay (8)+ 222 (¢ —
) + &(t)cos?t, similarly, ELVio(t, z;) < (Rcos2t + 1)EVio(t, z;) + (sin't — L2sin¢)¢2(¢), which indicates

52
Bra(t) = 2cos2t + 1, 1o(t) = (sin't — Lsin?t)¢2(¢).

For subsystem 2, when t € [ty, ty + 75), u(t) = LLaa(t) — Zay(t — 7) + £(t)sin®t; then the condition
(B2) of Theorem 2 satisfies ELV51 (£, 24) < (cos2t — 2)EVay (¢, 24) + (sin’t — %sin%){Q (t), which indicates
Ba1(t) = cos2t — 5,21 (t) = (sin't — gsin*t)E(t). When t € [ty + 7o, trg1), u(t) = 321 (t) — GRa(t -
7) + &(t)sin’t, similarly, ELVao (¢, 21) < (— 2cos2t + 2)EVas (¢, 2¢) + (sin't + 3sin®t)£(¢), which indicates
Baz(t) = —2cos2t + %, daa(t) = (sin*t + %Sin2t)§2(t). Based on above results we can get ¢s1 = ¢,,1 =
1/2,¢50 = Cyo = —1/8,¢c51 =cCy1 =1/3,¢52 =cy2 = 1/8,3:;71 = 23/6, and o= 11/3. Thus, all the
conditions in Theorem 2 are satisfied and state that the TDSs (46) under asynchronous switching are
ISS/iISS in the mean square. Figure 2(a) gives the Poisson process, Figure 2(b) shows the switching signal
p(t) and p(t—7,), and the system states without input and with u(t) = (sint, cost)™ are respectively shown
in Figures 3(a) and (b), showing the trajectories of 100 sample paths, where (z1(t),z2(t))T = [-1 1] and
the red dotted line refers to the trajectory of E|xz(t)].
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Figure 3 (Color online) The trajectories of the considered system (46) (a) without external control and (b) with external control
u(t) = (sint, cost)T.

5 Conclusion

In this work, the ISS/iISS of SDSS-LN-IC (1) under synchronous switching and asynchronous switching
were studied using the L-R method, DII, MDADT, and comparison theorem approach. In terms of
asynchronous switching, a new merging switching approach was used. In addition, to overcome the
difficulty of switching and randomness, we fully implemented the comparison theorem approach and DII.
The upper bound of the Lyapunov function expectation was time-varying and mode-dependent regardless
of the sign, which can be well reflected in the above two examples. These results are less conservative and
more widely applied compared with previous studies [33,40]. In practice, the MDADT used in this article
is less restrictive than usual ADT, and the DT under asynchronous mode is considered, which is different
from general MDADT. Subsequently, we will consider the stability of nonlinear switching delayed systems
with adaptive controllers and attempt to generalize the hypothesis in the main conclusion. In addition,
for general TDSs, it is imperative to explore the ISS-type character of a Lévy noise or impulse driven
system when discrete dynamics subsystems cannot be ISS. In this regard, neutral systems, particularly
the challenging task of handling neutral operators, are worth considering.
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