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Abstract This paper investigates a multi-pair full-duplex (FD) communication system aided by an active

reconfigurable intelligent surface (RIS) with spatial correlation and imperfect channel state information (CSI).

We apply the linear minimum mean square error (LMMSE) method to estimate the cascaded user-RIS-user

channel. The approximation for the sum achievable rate (ACR) is derived in closed form over correlated

Rician fading channels. To provide insights in a poor-scattering environment, the sum ACR limits are also

given when the Rician factors grow infinite. Subsequently, a method based on a genetic algorithm (GA)

is designed for the sum ACR maximization considering the cases of continuous and discrete phase shifts.

Simulation results validate the derived results, and present that the sum ACRs in the active RIS system are

higher than the passive counterparts with the same power consumption, which indicates the superiority of

the active RIS in overcoming the “multiplicative fading” effect.
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1 Introduction

Owing to the emergence of the booming applications, future communication networks are expected to
realize high quality service requirements, such as extreme connectivity [1], ultra-reliable low latency
communication [2], seamless global coverage [3], and massive data transmission [4]. In the beyond 5G
wireless communication area, the technology of the reflective radio has attracted extensive attention as
one of the state-of-the-art techniques to design spectral and energy efficient communication systems [5–7].
To meet the increasing demands for modern network traffic, the reconfigurable intelligent surface (RIS)
has been introduced to assist wireless communications [8, 9]. The RIS integrates many programmable
reflecting elements (REs) that is treated as a burgeoning meta-material to boost the signal quality at
the receivers [10, 11] and extend the wireless coverage [12]. To be specific, the wireless communication
environment can be reshaped by independently inducing the phase shift at each RE [13]. Accordingly,
the desired signal can be steered to a desired direction while the interference signals can be weakened [14].

Recently, RIS has been integrated with the full-duplex (FD) communication technology [15–18]. FD
communication supports bidirectional and simultaneous data transmission within the same frequency
band, which is theoretically capable of doubling the data rate and improving the spectral efficiency [19].
The application of RIS in FD communication was investigated for the suppression of the interference
between the transmit and the receive antennas in [15], and was proved efficient for mitigating different
interferences in [16]. The RIS with plenty of REs can remarkably reduce the performance degradation
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caused by residual interferences in FD transmission [17]. In [18], the RIS was deployed to cover the dead
zone and ensure the user fairness of an FD communication network.

The considered RIS in [11–18], which is called passive RIS, does not require radio frequency (RF)
chains or amplifiers, thus it greatly reduces the hardware cost and power consumption. Nevertheless,
the “multiplicative fading” effect is non-negligible since the signal experiences double attenuation of
the cascaded channel in the RIS-aided communication systems [20]. Thus, the passive RIS obtains
constrained performance improvement. Recently, the active RIS has been proposed to break through
the performance bottleneck [20]. Specifically, supported by low-power reflection-type amplifiers [21],
the active RIS simultaneously reflects and amplifies the incident signal, acting as a remedy for the
“multiplicative fading” effect at the price of additional power consumption. In [22], a cost-effective
structure of REs was designed for the active RIS. The authors in [23] studied the single-input single-
output system aided by active/passive RIS under the same power budget, and demonstrated that the
active RIS performs better with a small number of REs. In [24], an active RIS was deployed for achievable
rate (ACR) enhancement in a single-input multiple-output system. The maximum computational latency
was minimized in a mobile edge computing system with the aid of the active RIS under the same power
budget [25]. The authors in [26] optimized the transmit beamforming vector and the reflecting matrix of
the active RIS to achieve a higher secrecy rate in a multi-antenna wiretap system.

However, we note that the RIS-related channels are usually correlated since the REs are closely packed
due to physical constraints [27, 28]. In [27], a practical model was proposed for the RIS-related channels
considering spatial correlation. The authors in [28] derived the approximate lower bound expression for
the ACR in closed form in an RIS-aided massive multiple-input multiple-output system over correlated
Rician channels with imperfect channel state information (CSI) and electromagnetic interference.

Against the above background, we investigate an active RIS-aided multi-pair FD communication system
over spatially correlated channels relying on imperfect CSI. The main contributions are summarized
below: (1) The linear minimum mean square error (LMMSE) method is applied to estimate the cascaded
user-RIS-user channel. Then, the tractable expressions of the approximate sum ACRs are derived over
correlated Rician fading channels with imperfect/perfect CSI; (2) The asymptotic expressions of the ACRs
are obtained in pure line-of-sight (LoS) channels. Besides, we optimize the phase shifts by exploiting the
genetic algorithm (GA); (3) Simulation results demonstrate the correctness of our derivations and the
significance of the phase shifts design. We also draw comparisons of the sum ACRs between the active
RIS system and the passive RIS system.

2 System model

We investigate an active RIS-assisted multi-pair FD communication system as shown in Figure 1. Denote
the l-th user-pair as U2l−1 (on side A) and U2l (on side B) for ∀l = 1, . . . ,K. Each user is equipped with
one transmit antenna and one receive antenna. And we assume that the direct link between side A and
side B is not available owing to the severe shadowing effects. Therefore, the active RIS acts as a remedy
against the blockage, which is equipped with N = NH×NV REs. NH and NV are the number of REs per
row and per column. Let φn and ηn respectively denote the phase shift and the amplification factor of the
n-th RE. The phase shift matrix is Φ = diag(ejφ1 , . . . , ejφn , . . . , ejφN ), and Λ = diag (η1, . . . , ηn, . . . , ηN )
represents the amplification factor matrix. The thermal noise nF ∈ CN×1 introduced by the active
elements is non-negligible, and it is modeled as nF ∼ CN

(
0, σ2

FIN
)
.

2.1 Spatially correlated channel model

The channels from the transmit antenna of Ui (i = 1, . . . , 2K) to the active RIS and from the active RIS
to the receive antenna of Ui are respectively denoted as gti ∈ CN×1 and gri ∈ CN×1, which are assumed
to follow the spatially correlated Rician fading

gxi = ḡxi +R
1
2

xig̃xi, (1)

where x ∈ {r, t}. ḡxi is the LoS component under the uniform planar array model, which is given by

ḡxi =

√
αxiµxi
1 + µxi

a (θaxi, θ
e
xi) , (2)
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Figure 1 (Color online) Model of an active RIS-assisted multi-pair FD communication system.

where αxi represents the large-scale fading coefficient, and µxi represents the Rician factor. θaxi and θ
e
xi

stand for the azimuth and elevation angles, respectively. The array response vector a (x, y) ∈ CN×1 is

a (x, y) =
[

1, . . . , ej
2π
λ

(v1(n)dH sin x cos y+v2(n)dV sin y), . . . , ej
2π
λ

((NH−1)dH sin x cos y+(NV−1)dV sin y)
]T

, (3)

where v1(n) = mod (n− 1, NH), v2(n) = ⌊(n− 1) /NH⌋ and λ is the carrier wavelength. Note that
mod(x) denotes the modulus operation and ⌊x⌋ truncates the argument. dH and dV stand for the width
and length of each RE. Since the REs are tightly arranged, dH and dV also represent the horizontal and
the vertical element-spacing, respectively. Additionally, g̃xi stands for the small fading component and
Rxi characterizes the spatial correlation whose (p, q)-th element is modelled as [24]

[Rxi]p,q , rpq = sinc

(
2||up − uq||

λ

)

, (4)

where sinc(x) = sin(πx)/(πx) and un = [0, v1(n)dH, v2(n)dV]
T.

Besides, we assume that the direct links only exist between the users on the same side due to the short
communication distance. When Ui and Uk are on the same side, and the channel between them is denoted
as hik({i, k} ∈ Sk, i 6= k), where Sk = {1, 3, . . . , 2K − 1} when k is odd and Sk = {2, 4, . . . , 2K} when
k is even. Particularly, hii represents the loop channel between the transmit and receive antenna of Ui.
The channels hik and hii follow typical Rayleigh fading [29], i.e., hik ∼ CN (0, βik) and hii ∼ CN (0, βii).

2.2 Channel estimation and data transmission

The accurate CSI is crucial but difficult to obtain, especially in RIS-related channels for lack of the
RF chains [30], which means we cannot estimate the user-RIS channel and RIS-user channel separately.
Instead, the CSI of the cascaded user-RIS-user channel can be acquired. We denote the cascaded channel
from the transmitter Ui′ to the receiver Ui through the active RIS as qii′ , and it is written as

qii′ = gT
riΦΛgti′ . (5)

The users simultaneously transmit orthogonal pilot sequences of τ symbols with power τp where τ > 2K.
We denote S = [s1, . . . , s2K ] ∈ C

τ×2K as the pilot matrix of all users, where si ∈ C
τ×1 is the pilot

sequence transmitted from user Ui. Note that SHS = I2K .
The pilot signal received at Ui is given by

xH
i =

√
τpgT

riΦΛGtΥiS
H +

√
τpρLhiis

H
i +

∑

{k,i}∈Sk,k 6=i

√
τphiks

H
k + gT

riΦΛNF + nH
i , (6)

where xH
i ∈ C1×τ , Gt = [gt1, . . . , gt2K ] ∈ CN×2K is the transmit channel matrix of all users. Υi =

diag(1, . . . ,
√
ρS, . . . , 1) ∈ C2K×2K where the i-th element of the matrix Υi is

√
ρS and the other elements
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are 1. ρL and ρS indicate the loop-interference (LI) and self-interference (SI) coefficients satisfying
0 < ρL, ρS 6 1. NF = [nF,1, . . . ,nF,τ ] ∈ CN×τ is the thermal noise matrix introduced by the active
RIS, and nH

i ∈ C
1×τ is the static noise vector at Ui. Then, by multiplying (6) with si′√

τp , the observation

scalar for Ui′ is obtained as

ypi =
1√
τp

xH
i si′

= gT
riΦΛGtΥiS

Hsi′ +
√
ρLhiis

H
i si′ +

∑

{k,i}∈Sk,k 6=i
hiks

H
k si′ +

1√
τp

gT
riΦΛNFsi′ +

1√
τp

nH
i si′

= qii′ +
1√
τp

gT
riΦΛNFsi′ +

1√
τp

nH
i si′ . (7)

Then, we use the LMMSE method to estimate the cascaded channel qii′ as follows.

Theorem 1. The LMMSE estimation of the cascaded channel qii′ is derived as

q̂ii′ = ǫii′ + ιii′

(

qii′ +
gT
riΘΛNFsi′√

τp
+

nH
i si′√
τp

− ǫii′

)

, (8)

where

ǫii′ , ḡT
riΦΛḡti′ , ψii′ ,

αriαti′µriµti′

(1 + µri)(1 + µti′)
, (9)

ιii′ ,
η2ψii′(

1
µti′

Ω̂ri +
1
µri

Ω̂ti′ +
1

µriµti′
Ω̂0)

η2ψii′ (
1
µti′

Ω̂ri +
1
µri

Ω̂ti′ +
1

µriµti′
Ω̂0) +

Nσ2
Fη

2αri

τp +
σ2
i

τp

, (10)

Ω̂xi and Ω̂0 are respectively defined in (A12) and (A16) in Appendix A, x ∈ {r, t}.
Proof. See Appendix A.

And the received signal of user Ui is expressed as

yi =
√

Pi′ q̂ii′si′
︸ ︷︷ ︸

desired signal

+
√

Pi′ (qii′ − q̂ii′ ) si′
︸ ︷︷ ︸

estimation error

+

2K∑

k 6=i,i′

√

Pkqiksk

︸ ︷︷ ︸

inter-pair interference

+
√
ρS
√

Piqiisi
︸ ︷︷ ︸

self interference

+
√
ρL
√

Pihiisi
︸ ︷︷ ︸

loop interference

+
∑

{k,i}∈Sk,k 6=i

√

Pkhiksk

︸ ︷︷ ︸

inter-user interference

+ gT
riΛΦnF
︸ ︷︷ ︸

dynamic noise

+ni, (11)

where si is the information symbol sent from Ui with power Pi. ni ∼ CN (0, σ2
i ) is the additive white

Gaussian noise (AWGN).

Based on (11), the signal-to-interference-plus-noise ratio (SINR) at Ui is given by

γi =
Pi′ |q̂ii′ |2

Pi′ |qii′ − q̂ii′ |2 +
∑2K

k 6=i′ ρ1Pk |qik|
2
+
∑

{k,i}∈Sk
ρ2Pk |hik|2 +

∥
∥gT

riΛΦ
∥
∥
2
σ2
F + σ2

i

, (12)

where ρ1 = { ρS, k = i,

1, k 6= i,
and ρ2 = { ρL, k = i,

1, k 6= i.

The sum ACR can be derived as

R =
T − τ

T

2K∑

i=1

Ri =
T − τ

T

2K∑

i=1

E{log2(1 + γi)}, (13)

where T stands for the coherence interval length.
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2.3 Total power consumption

The amplification power of the active RIS is given by

PR =

2K∑

i=1

PiE{‖ΛΦgti‖2}+ E{‖ΛΦnF‖2}. (14)

The total power consumed in the active RIS system is

PA =
2K∑

i=1

Pi + ε−1PR +N(PDC + PSW), (15)

where ε is the amplifier efficiency, PDC and PSW respectively stand for the direct current biasing power
and the power consumed by the switch and control circuit at each RE [18]. The total power consumption

of the passive RIS system is PP =
∑2K

i=1 P
′
i +NPSW where P ′

i is the transmit power of Ui in the passive
RIS system. If PA 6 N(PDC + PSW) (or PP 6 NPSW), the active RIS (or passive RIS) does not work,
and the sum ACR is zero. In this paper, we assume that PA = PP = P for fairness.

3 ACR analysis

In this section, the approximate expressions of the sum ACRs are derived in closed form for the con-
sidered active RIS-aided multi-pair FD communication system over correlated Rician channels relying
on imperfect/perfect CSI. Then, we provide more insights in some special cases when the Rician factors
grow infinite. First of all, the amplification factor is obtained as follows.

Lemma 1. Assuming that the amplification factors are the same, i.e., ηn = η, ∀n, we have

η2 =
PR

∑2K
i=1NPiαti +Nσ2

F

. (16)

Proof. See Appendix B.

According to Theorem 1, Eq. (13), and Lemma 1, the approximate sum ACR is derived below.

Theorem 2. For an active RIS-aided multi-pair FD communication system, the approximate expression
of the sum ACR over spatially correlated Rician fading channels and imperfect CSI is given by

R ≈ R̃ =
T − τ

T

2K∑

i=1

log2(1 + γ̃i), (17)

where

γ̃i =
Pi′(η

2ςii′ + |ιii′ |2(Nσ
2
Fη

2αri

τp +
σ2
i

τp ))

Pi′(η2̺ii′+|ιii′ |2(Nσ
2
Fη

2αri

τp +
σ2
i

τp ))+
∑2K
k 6=i′ Pkη

2ρ1ξik+
∑

{k,i}∈Sk
Pkρ2βik+Nη2αriσ2

F+σ
2
i

, (18)

ξik , ψik

(

Ω̄ik +

(
1

µtk
Ω̂ri +

1

µri
Ω̂tk +

1

µriµtk
Ω̂0

))

, (19)

ςii′ , ψii′

(

Ω̄ii′ + |ιii′ |2
(

1

µti′
Ω̂ri +

1

µri
Ω̂ti′ +

1

µriµti′
Ω̂0

))

, (20)

̺ii′ , ξii′ + ςii′ − 2
(
(1− ιii′ )ψii′ Ω̄ii′ + ιii′ξii′

)
(21)

with Ω̄ii′ defined in (A9).

Proof. See Appendix C.

According to Theorem 2, the ACR of l-th user-pair increases when the channel fading reduces for the
l-th user-pair (through enlarging αx(2l−1) and αx(2l)), and decreases when the channel fading reduces for
other user-pairs except the l-th user-pair (through enlarging αx(2l′−1) and αx(2l′) for l

′ 6= l).
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Corollary 1. When τ → ∞, we have q̂ii′ → qii′ . Similar to the imperfect CSI case, the approximation
of the sum ACR in the active RIS system with perfect CSI is derived as

R̃P =

2K∑

i=1

log2(1+γ̃
P
i )

=
2K∑

i=1

log2

(

1 +
Pi′η

2ξii′
∑2K

k 6=i′ ρ1Pkη
2ξik +

∑

{k,i}∈Sk
Pkρ2βik +Nη2αriσ2

F + σ2
i

)

. (22)

Proof. According to Theorem 2, if τ → ∞, we have 1
τp → 0. We can further derive that ιii′ → 1,

ςii′ → ξii′ and ̺ii′ → 0. Substituting these results into (18)–(21), the sum ACR in the active RIS system
relying on perfect CSI is obtained.

Note that R̃P in Corollary 1 is higher in comparison to R̃ (i.e., the counterpart with imperfect CSI in
Theorem 2) since the channels are well-conditioned.

When the environment has few scatters, i.e., the Rician factors grow without bound, only LoS compo-
nents exist. Then, the asymptotic expression of the sum ACR in the active RIS system with pure LoS
channels and imperfect CSI is given below.

Corollary 2. If the Rician factors µti = µti′ = µri = µri′ → ∞, ∀i, i′, the sum ACRs in the active RIS
system with imperfect and perfect CSI respectively converge to R̄ in (23) and R̄P in (24).

R̃ → R̄ =
T − τ

T

2K∑

i=1

log2 (1 + γ̄i) , (23)

R̃P → R̄P =
2K∑

i=1

log2
(
1 + γ̄Pi

)
, (24)

where

γ̄i = γ̄Pi =
Pi′αti′αriΩ̄ii′

∑2K
k 6=i′ Pkρ1αtkαriΩ̄ik +

∑

{k,i}∈Sk

Pkρ2βik

η2 +Nαriσ2
F +

σ2
i

η2

. (25)

Corollary 2 indicates that when the active RIS is deployed properly in a poor-scattering environment,
the approximation of the sum ACR will approach a nonzero constant value. Comparing (23) and (24),
we reveal that with pure LoS channels, γ̃i in (17)and γ̃Pi in (22) will converge to the same value regardless
of the CSI quality, i.e., γ̄i = γ̄Pi .

Corollary 3. For the passive RIS-aided multi-pair FD communication system, the approximate ACRs
relying on imperfect CSI and perfect CSI are respectively given by R̃Pas in (26) and R̃Pas,P in (27).

R̃Pas =
T − τ

T

2K∑

i=1

log2



1 +
Pi′(ςii′ +

|ιPas
ii′

|2σ2
i

τp )

Pi′ (̺Pasii′ +
|ιPas

ii′
|2σ2

i

τp ) +
∑2K
k 6=i′ Pkρ1ξik +

∑

{k,i}∈Sk
Pkρ2βik + σ2

i



 , (26)

R̃Pas,P =

2K∑

i=1

log2

(

1 +
Pi′ξii′

∑2K
k 6=i′ ρ1Pkξik +

∑

{k,i}∈Sk
Pkρ2βik + σ2

i

)

, (27)

where

ιPasii′ ,
ψii′ (

1
µti′

Ω̂ri +
1
µri

Ω̂ti′ +
1

µriµti′
Ω̂0)

ψii′ (
1
µti′

Ω̂ri +
1
µri

Ω̂ti′ +
1

µriµti′
Ω̂0) +

σ2
i

τp

, (28)

̺Pasii′ , ξii′ + ςii′ − 2
((
1− ιPasii′

)
ψii′ Ω̄ii′ + ιPasii′ ξii′

)
. (29)

Similar to Corollary 2, for the passive RIS system, the asymptotic expressions of the sum ACRs with
pure LoS channels relying on imperfect CSI and perfect CSI are respectively given by R̄Pas in (30) and
R̄Pas,P in (31).

R̃Pas → R̄Pas =
T − τ

T

2K∑

i=1

log2
(
1 + γ̄Pasi

)
, (30)
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R̃Pas,P → R̄Pas,P =

2K∑

i=1

log2
(
1 + γ̄Pasi

)
, (31)

where

γ̄Pasi =
Pi′αti′αriΩ̄ii′

∑2K
k 6=i′ Pkρ1αtkαriΩ̄ik +

∑

{k,i}∈Sk
Pkρ2βik + σ2

i

. (32)

Corollary 4. When the users have the same transmit power (i.e., Pi = Pu, ∀i) and the signal-to-noise
ratio (SNR) Pu

σ2
i

is very high, the sum ACRs for the active RIS system relying on imperfect and perfect

CSI respectively converge to Ṙ in (33) and ṘP in (34).

R̃ → Ṙ =
T − τ

T

2K∑

i=1

log2 (1 + γ̄ui ) , (33)

R̃P → ṘP =
2K∑

i=1

log2 (1 + γ̄ui ) , (34)

where

γ̄ui =
η2ξii′

∑2K
k 6=i′ ρ1η

2ξik +
∑

{k,i}∈Sk
ρ2βik

. (35)

Corollary 4 indicates that with high SNR, the sum ACRs for the active RIS system approach to
different constants. We can also derive the asymptotic expressions of the sum ACRs for the passive RIS
system by setting η = 1 in Corollary 4.

4 Optimization of RIS phase shifts

We propose a GA-based method to obtain the phase shifts design for maximizing the sum ACR in this
section. The optimization problem is formulated below.

max
Φ

R̃ (36a)

s.t. φn ∈ [0, 2π), ∀n, or (36b)

φn ∈
{

0,
2π

2B
, . . . ,

(
2B − 1

) 2π

2B

}

, ∀n, (36c)

where R̃ is given by Theorem 2, and B is the resolution bit. Note that Problem (36) is non-convex.
Due to the fact that the GA only needs the expression of the objective function and does not require

complex mathematical derivations, it is suitable for solving the non-convex optimization problem. To
be specific, GA is a heuristic search method simulating natural selection. During the searching process,
GA searches for a cluster of solutions rather than just a single one, which can avoid falling into the local
optimum. The proposed method is detailed as follows.

(1) Chromosome representation. We denote the n-th gene information as φn to represent the chromo-
somal characteristics.

(2) Fitness evaluation. Next, we evaluate the individuals with a fitness function, which is the only
judging standard to evaluate the entire population. The fitness function is defined as

f(Φ) = R̃. (37)

(3) Evolution strategy. We apply a roulette-wheel selection function for twice to obtain two candidates
as parents. According to (37), the individuals with a higher fitness value are more likely to be chosen for
the reason of “survival of the fittest” in natural selection. The algorithm of the selection function is in
Algorithm 1 described on the top of the next page.

The next step is the crossover, which is designed to introduce variations into the new population by
exchanging portions of their internal representation. We select the single-point crossover operation, and
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Algorithm 1 Selection function

1: Input: The number of parents Nc;

2: Output: r′-th individual of the fitness value list;

3: Set a number s randomly within (0,1);

4: for r = 1, . . . , Nc do

5: Calculate C(r) =
∑r−1

i=0 (Nc − i);

6: end for

7: Calculate Cp =
∑Nc

r=1 r;

8: Define a vector r = [C(1)/Cp, . . . , C(r)/Cp, . . . , 1] to store the cumulative probabilities;

9: Find the maximum elements C(r′)/Cp closest to s and note down its index as r′;

10: Select the r′-th individual as final result.

the crossing position is randomly adjusted. Take a binary chromosome representation as an example, two
individuals i1 = 110 · 10110 and i2 = 010 · 01110 are about to crossover at the random point as indicated.
The final results are i′1 = 110 · 01110 and i′2 = 010 · 10110.

After the crossover, there is a low probability of the genetic mutation occurring in individual, which
is detailed in Algorithm 2. The mutation function is designed to produce the chromosomes that display
new properties and avoid falling into the local optimum. Moreover, we note that the mutation function
is applied on individuals except the elite to maintain the superiority of the population.

Algorithm 2 Mutation function

1: Initialization: The number of RIS units N , population size Np and mutation rate m;

2: Calculate the number of genes to be mutated as Nm = m× (Np − 1) ×N ;

3: Set a number s randomly within (0, 1);

4: for i = 1, . . . , Nm do

5: Identify the location point n′ of mutated genes;

6: Replace φn′ randomly with (36b) or (36c);

7: end for

8: Update the information about the newly-mutated population.

The details of the proposed method are given in Algorithm 3, where both the continuous and discrete
phase shifts are considered. The computational complexity of GA is Np × t, where Np is the population
size and t is the iteration number [31].

Algorithm 3 GA-based method for phase shifts optimization

1: Initialization: The iteration number t, the population size Np, the number of RIS elements N , convergence precision ε, the

maximum iteration number Ni;

2: Generate initial gene information φm according to (36b) or (36c);

3: for t = 1, . . . , Ni do

4: while
f̄fit(t)−f̄fit (t−1)

f̄fit(t−1)
> ε do

5: for p = 1, . . . , Np do

6: Calculate the fitness value ffit(p) = f (Φp,t) of the p-th individual Φp,t according to (37);

7: end for

8: Rank all individuals on the basis of the fitness value to find an elite Φe,t;

9: Use Algorithm 1 to generate a pair of parent chromosomes of the mating pool;

10: Crossover the parent chromosomes to get children chromosomes;

11: Use Algorithm 2 on the current generation except Φe,t;

12: Calculate the average fitness value of the current generation as f̄fit(t) =
∑Np

p=1
1

Np
ffit (p);

13: Set f̄fit(t) = f̄fit(t+ 1);

14: end while

15: end for

16: Output: The iteration number t, the elite Φe,t of the current generation.

5 Numerical results

Simulation results are presented to validate the derived results of the sum ACRs. We set ρS = ρL = 0.1,
µxi = µxi′ = 10, K = 3, N = 16, P = 10 W, κ = 0.1, 2KPi = κP , σ2

F = −70 dBm [21], ε = 0.8,
PSW = −10 dBm, PDC = −5 dBm [24], τ = 2K, τp = Pi, T = 196, σ2

i = −104 dBm [28], αxi, θ
a
xi and θ

e
xi

are set according to [32]. The curves marked with “Simu” represent the simulations obtained by averaging
2000 Monte-Carlo realizations, whereas the curves marked with “Appro” represent the approximations.

Figure 2 depicts the sum ACRs versus P in active RIS system and passive RIS system with random and
optimized phase shifts. First, it is clear that the approximate expressions match well with the simulation
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results, which verifies the correctness of our derivations. And we note that the sum ACRs are zero
when P is too small to support the hardware power consumption. Besides, the sum ACRs with perfect
CSI are higher in contrast to the imperfect counterpart since the CSI estimation errors deteriorate the
system performance. And the GA-based method is effective on performance improvement in contrast to
random phase shifts. Moreover, the sum ACRs converge to fixed values with high SNR, which verifies
the derivations in Corollary 4.

Figure 3 investigates the sum ACRs versus the Rician factors with the optimized phase shifts. The
curves marked with “Asym” stand for the asymptotic expressions derived in (23), (24), (30) and (31).
The sum ACRs grow with the increase of the Rician factors at the outset and gradually converge, which
indicates that the RIS achieves limited performance improvement in a rich-scattering environment. Thus,
we should deploy the RIS in a high position with poor scattering.

Figure 4 illustrates the sum ACRs versus the resolution bit B with the optimized phase shifts. The
curves marked with “Continuous” and “Discrete” are obtained by applying Algorithm 3 to Problem (36a)
with the constraint (36b) and the constraint (36c), respectively. When the resolution bit of the RIS
decreases, i.e., B = 1, the system performance obviously degrades. And we can observe that the optimized
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ACRs tend to the ACRs with the continuous phase shifts when B is greater than three. Thus, B = 3 is
suitable for engineering design in practice since the continuous phase shifts are ideal.

6 Conclusion

In this paper, we derived the approximate expressions of the sum ACRs in closed form for the active
RIS-aided multi-pair FD communication system with spatial correlation and imperfect CSI. The LMMSE
estimation method was applied to obtain the CSI of the cascaded user-RIS-user channel. We analyzed the
ACR with various contributing factors and derived the asymptotic expressions of the ACRs in pure LoS
channels. The correctness of our derivations was confirmed through Monte-Carlo simulations. Moreover,
we optimized the phase shifts with an effective GA-based method for both continuous and discrete cases
to maximize the sum ACRs. And the active RIS showed its superiority over the passive RIS in overcoming
the multiplicative-fading effect.
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Appendix A Proof of Theorem 1

The LMMSE estimation of the cascaded channel qii′ is formulated as

q̂ii′ = E {qii′} + Cov
{

qii′ , y
p
i

}

Cov−1 {ypi , y
p
i

} (

ypi − E
{

ypi
})

. (A1)

Recalling the definition of qii′ in (5), we can derive the first expectation in (A1) as

E {qii′} = E

{

g
T
riΦΛgti′

}

= ḡ
T
riΦΛḡti′ , ǫii′ . (A2)

Similarly, we can obtain that
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Appendix A.1 Derivation of Cov{qii′ , ypi }
The covariance Cov{qii′ , y

p
i } can be rewritten as
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where (a) exploits E
{

ypi
}

= E {qii′}. Then, we can obtain that
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Substituting (A5) and (A6) into (A4), we have Cov
{
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p
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We can further calculate the first term in (A7) as
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ḡ
T
riΦRti′Φ

H
ḡ
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riΦḡti′

}

=
αri

1 + µri

E

{

ḡ
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Substituting (A8), (A11), (A14) and (A15) into (A7), we have
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riΦΛgti′ |

2
}

= η2ψii′

(

Ω̄ii′ +
1

µti′
Ω̂ri +

1

µri

Ω̂ti′ +
1

µriµti′
Ω̂0

)

, η2ξii′ . (A17)

Finally, the covariance Cov
{

qii′ , y
p
i

}

is obtained as

Cov
{

qii′ , y
p
i

}

= η
2
ψii′

(

1

µti′
Ω̂ri +

1

µri

Ω̂ti′ +
1

µriµti′
Ω̂0

)

. (A18)

Appendix A.2 Derivation of Cov{ypi , ypi }
The covariance Cov

{

ypi , y
p
i

}

can be rewritten as

Cov
{

ypi , y
p
i

}

= E

{

ypi
(

ypi
)H
}

− E
{

ypi
} (

E
{

ypi
})H . (A19)

Then, we can derive that

E

{

y
p
i

(

y
p
i

)H
}

=E

{(

qii′ +
gT
riΘΛNFsi′√

τp
+

nH
i si′√
τp

)(

qii′ +
gT
riΘΛNFsi′√

τp
+

nH
i si′√
τp

)H}

(a)
=E

{

qii′q
H
ii′

}

+
1

τ2p
E

{

g
T
riΘΛ

(

‖nF,1‖2 + · · · + ‖nF,τ‖2
)

Λ
H
Θ

H
g
∗
ri

}

+
1

τ2p
E

{

n
H
i ni

}

=E

{

|qii′ |
2
}

+
Nσ2

Fη
2αri

τp
+
σ2
i

τp
, (A20)

where (a) removes the zero expectations. Note that E{|qii′ |2} = E{|gT
riΘΛgti′ |2} which is derived in (A17). Thus, we have

E

{

ypi
(

ypi
)H
}

= η2ψii′

(

Ω̄ii′ +
1

µti′
Ω̂ri +

1

µri

Ω̂ti′ +
1

µriµti′
Ω̂0

)

+
Nσ2

Fη
2αri

τp
+
σ2
i

τp
. (A21)

Recalling E
{

ypi
}

= E {qii′} = ḡT
riΦΛḡti′ and substituting (A21) into (A19), we obtain that

Cov
{

ypi , y
p
i

}

= η2ψii′

(

Ω̄ii′ +
1

µti′
Ω̂ri +

1

µri

Ω̂ti′ +
1

µriµti′
Ω̂0

)

+
Nσ2

Fη
2αri

p
+
σ2
i

p
− η2ψii′ Ω̄ii′

= η2ψii′

(

1

µti′
Ω̂ri +

1

µri

Ω̂ti′ +
1

µriµti′
Ω̂0

)

+
Nσ2

Fη
2αri

τp
+
σ2
i

τp
. (A22)

Finally, the estimation of the cascaded channel q̂ii′ is obtained by substituting (A2), (A3), (A18) and (A22) into (A1), and it

is written as

q̂ii′ =E {qii′} + Cov
{

qii′ , y
p
i

}

Cov−1 {ypi , y
p
i

} (

ypi − E
{

ypi
})

=ǫii′ +
η2ψii′ (

1
µ
ti′

Ω̂ri + 1
µri

Ω̂ti′ + 1
µriµti′

Ω̂0)

η2ψii′(
1

µ
ti′

Ω̂ri + 1
µri

Ω̂ti′ + 1
µriµti′

Ω̂0) +
Nσ2

F
η2αri

p
+

σ2
i
p

(

qii′ +
gT
riΘΛNFsi′√

p
+

nisi′√
p

− ǫii

)

=ǫii′ + ιii′

(

qii′ +
gT
riΘΛNFsi′√

p
+

nisi′√
p

− ǫii

)

. (A23)

Appendix B Proof of Lemma 1

From (14), we can derive that

E{‖ΛΦgti‖2} = E{gH
tiΦ

H
Λ

H
ΛΦgti} = η2E{gH

tigti} = η2
(

E{ḡH
tiḡti} + E{g̃H

tiRtig̃ti}
)

. (B1)

Then, we calculate the first term in (B1) as

E{ḡH
tiḡti} =

N
∑

n=1

∣

∣[ḡti]n
∣

∣

2 = N
αtiµti

1 + µti

. (B2)
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Next, we have

E{g̃H
tiRtig̃ti} =

N
∑

n=1

E

{

∣

∣[g̃ti]n
∣

∣

2
}

+ 2

N−1
∑

n1=1

N
∑

n2=n1+1

rn1n2E

{

Re
{

[g̃ti]n1

[

g̃
∗
ti

]

n2

}}

(a)
=

N
∑

n=1

E

{

∣

∣[g̃ti]n
∣

∣

2
}

= N
αti

1 + µti

, (B3)

where step (a) is based on the derivation given by

E

{

Re
{

[g̃ti]n1

[

g̃
∗
ti

]

n2

}}

= Re
{

E

{

[g̃ti]n1

[

g̃
∗
ti

]

n2

}}

= Re
{

E

{

[g̃ti]n1

}

E

{

[

g̃
∗
ti

]

n2

}}

= 0. (B4)

Substituting (B2), (B3) into (B1), we arrive at

E{‖ΛΦgti‖2} = η2
(

N
αtiµti

1 + µti

+N
αti

1 + µti

)

= η2Nαti. (B5)

The second expectation in (14) is derived below.

E

{

‖ΛΦnF‖2
}

= E{nH
FΦ

H
Λ

H
ΛΦnF} = η2E{nH

FnF} = η2
N
∑

n=1

E

{

∣

∣[nF]n
∣

∣

2
}

= η2Nσ2
F. (B6)

Finally, substituting (B5) and (B6) into (14), we obtain (16) and complete the proof.

Appendix C Proof of Theorem 2

Applying [32, Lemma 1], the ACR of Ui in (13) can be approximated by

Ri ≈ log2



1+
Pi′E

{

|q̂ii′ |2
}

Pi′E
{

|qii′ − q̂ii′ |2
}

+
∑2K

k 6=i′
ρ1PkE

{

|qik|2
}

+
∑

{k,i}∈Sk
ρ2PkE

{

|hik|2
}

+ E{
∥

∥gT
riΛΦ

∥

∥

2}σ2
F + σ2

i



 . (C1)

Exploiting Theorem 1, we can derive that

E

{

|q̂ii′ |
2
}

=E

{∣

∣

∣

∣

∣

ǫii′ + ιii′

(

qii′ +
gT
riΘΛNFsi′√

τp
+

nH
i si′√
τp

− ǫii

)∣

∣

∣

∣

∣

2}

=E

{

|ǫii′ |
2
}

+ E

{∣

∣

∣

∣

∣

ιii′

(

qii′ +
gT
riΘΛNFsi′√

τp
+

nH
i si′√
τp

− ǫii

)∣

∣

∣

∣

∣

2}

+ 2Re

{

E

{

ǫ∗ii′ ιii′

(

qii′ +
gT
riΘΛNFsi′√

τp
+

nH
i si′√
τp

− ǫii

)}}

. (C2)

Recalling (A8), we have E
{

|ǫii′ |2
}

= η2ψii′ Ω̄ii′ . Then, we derive that

E

{∣

∣

∣

∣

∣

ιii′

(

qii′ +
gT
riΘΛNFsi′√

τp
+

nH
i si′√
τp

− ǫii

)∣

∣

∣

∣

∣

2}

= |ιii′ |
2
E

{∣

∣

∣

∣

∣

(

g̃
T
riR

1
2
riΘΛR

1
2
ti′

g̃ti′ + g̃
T
riR

1
2
riΘΛḡti′ + ḡ

T
riΘΛR

1
2
ti′

g̃ti′ +
gT
riΘΛNFsi′√

τp
+

nH
i si′√
τp

)∣

∣

∣

∣

∣

2}

= |ιii′ |
2

(

E

{∣

∣

∣

∣

g̃
T
riR

1
2
riΘΛR

1
2
ti′

g̃ti′

∣

∣

∣

∣

2}

+E

{∣

∣

∣

∣

g̃
T
riR

1
2
riΘΛḡti′

∣

∣

∣

∣

2}

+E

{∣

∣

∣

∣

ḡ
T
riΘΛR

1
2
ti′

g̃ti′

∣

∣

∣

∣

2}

+
Nσ2

Fη
2αri

τp
+
σ2
i

τp

)

= |ιii′ |
2

(

η2ψii′

(

1

µti′
Ω̂ri +

1

µri

Ω̂ti′ +
1

µriµti′
Ω̂0

)

+
Nσ2

Fη
2αri

τp
+
σ2
i

τp

)

, (C3)

E

{

ǫ∗ii′ ιii′

(

qii′ +
gT
riΘΛNFsi′√

τp
+

nH
i si′√
τp

− ǫii

)}

= ǫ∗ii′ ιii′ (E {qii′} − ǫii) = 0. (C4)

Substituting (A8), (C3) and (C4) into (C2), we arrive at

E

{

|q̂ii′ |
2
}

=η
2
ψii′ Ω̄ii′ + |ιii′ |

2

(

η
2
ψii′

(

1

µti′
Ω̂ri +

1

µri

Ω̂ti′ +
1

µriµti′
Ω̂0

)

+
Nσ2

Fη
2αri

τp
+
σ2
i

τp

)

=η2ςii′ + |ιii′ |
2

(

Nσ2
Fη

2αri

τp
+
σ2
i

τp

)

. (C5)

Next, we calculate E
{

|qii′ − q̂ii′ |2
}

which is rewritten as

E

{

|qii′ − q̂ii′ |
2
}

= E

{

|qii′ |
2
}

+ E

{

|q̂ii′ |
2
}

− 2Re
{

E
{

q∗ii′ q̂ii′
}}

. (C6)
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We can further obtain that

E
{

q∗ii′ q̂ii′
}

= E

{

q∗ii′

(

ǫii′ + ιii′

(

qii′ +
gT
riΘΛNFsi′√

τp
+

nH
i si′√
τp

− ǫii

))}

= ǫii′E
{

q∗ii′
}

+ ιii′E
{

|qii′ |
2
}

− ιii′ ǫii′E
{

q∗ii′
}

(a)
= |ǫii′ |

2
+ ιii′

(

E

{

|qii′ |
2
}

− |ǫii′ |
2
)

, (C7)

where (a) uses E
{

q∗
ii′

}

= (E {qii′})∗ = ǫ∗
ii′

. Substituting (A17), (C5) and (C7) into (C6), we arrive at

E

{

|qii′ − q̂ii′ |
2
}

=η
2
ξii′ + η

2
ςii′ − 2

(

(1 − ιii′ ) η
2
ψii′ Ω̄ii′ + ιii′η

2
ξii′
)

+ |ιii′ |
2

(

Nσ2
Fη

2αri

τp
+
σ2
i

τp

)

=η2̺ii′ + |ιii′ |
2

(

Nσ2
Fη

2αri

τp
+
σ2
i

τp

)

. (C8)

Then, we can derive E{‖gT
riΛΦ‖2} similarly to (B1) as

E

{

∥

∥

∥g
T
riΛΦ

∥

∥

∥

2
}

= E{gH
riΛ

H
Φ

H
ΦΛgri} = η

2
E{gH

rigri} = η
2
Nαri. (C9)

The proof is completed after substituting (A17), (C5), (C8) and (C9) into (C1).
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