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Distributed control of multi-agent systems (MASs) has

drawn much attention due to its myriad uses in fields such

as power systems, transportation systems, and vehicle for-

mation, to name a few. Productive outcomes have been

obtained, with most of them centering on MASs over coop-

erative relationships [1]. However, in practice, antagonistic

and cooperative relations coexist within many MASs. When

dealing with hostile interactions, one turns to signed graphs,

in which positive edges represent cooperative interactions

and negative edges represent antagonistic interactions.

Most studies about MASs over non-negative graphs con-

centrate on consensus behavior, whereas the collective be-

haviors investigated for signed graphs are more convoluted.

One such behavior called the bipartite consensus [2] is based

on structurally balanced signed graphs. However, being

structurally balanced is a rather demanding condition to be

satisfied since a simple alteration of the signs of some edges

would disrupt the balance. By using the Perron-Frobenius

property, researchers unveiled that MASs over a certain sub-

class of structurally unbalanced graphs, i.e., the eventually

positive signed graphs, can display unanimity of opinions [3],

which is also known as sign consensus [4].

For some MASs, agents inherently have distinct dynam-

ics. Recent work [5] on sign consensus of heterogeneous

MASs employed a leader-follower architecture to obtain the

synchronization. Nonetheless, a group can be leaderless.

Furthermore, due to different limitations in certain practi-

cal scenarios, the communication network can be dynami-

cally changing. Therefore, leaderless output sign consensus

(LOSC) of heterogeneous MASs over switching signed di-

graphs is difficult and requires further study. We briefly

summarize the motivation of this study here, and a more

comprehensive literature review is provided in Appendix A.

This study addresses LOSC concerns of heterogeneous

MASs over switching signed graphs. We use a distributed

“sign observer” design technique. The “sign observer” cal-

culates a virtual leader, which is not pre-specified but com-

pletely dependent on the interaction of the agents. Based on

the estimation and by using the output regulation approach,

we propose two controllers that drive the output signals of

the MAS to reach LOSC.

Problem formulation. Consider a heterogeneous MAS

over a switching signed digraph G(Aδ(t)) as follows:

ẋi = Aixi +Biui

yi = Cixi, i = 1, 2, . . . , N, (1)

where xi ∈ R
ni , ui ∈ R

mi , and yi ∈ R
p are the state,

input, and output of agent i, respectively. Moreover, each

(Ai, Bi, Ci) is assumed to be both controllable and observ-

able. The purpose of this study is to develop a distributed

control law, such that the MAS eventually achieves LOSC.

The LOSC problem is defined as follows.

Problem 1 ( [4]). Consider the MAS (1) over a signed

graph G(Aδ(t)). LOSC is said to be reached, if there exists

a nontrivial trajectory z(t) ∈ R
p such that

lim
t→∞

[

sgn
(

yil(t)
)

− sgn (zl(t))
]

= 0, ∀l ∈ L1,

lim
t→∞

(

yil(t) − zl(t)
)

= 0, ∀l ∈ L2,

where zl(t) and yil(t) are the lth entries of z(t) and yi(t),

respectively; L1 = {l | limt→∞ zl(t) 6= 0, l = 1, 2, . . . , p},
L2 = {l | limt→∞ zl(t) = 0, l = 1, 2, . . . , p}, L1 ∪ L2 =

{1, 2, . . . , p}, and L1 ∩ L2 = ∅.

Regarding the solvability of Problem 1, we make the fol-

lowing assumption on the signed graph.

Assumption 1. The switching graph G(Aδ(t)) is as-

sumed to be jointly eventually positive in any time interval

[tk, tk+1).

The definition of jointly eventual positivity in Assump-

tion 1 as well as other preliminaries on graph theory is ob-

tained in Appendix C.

Distributed “sign observer” design. We solve the LOSC

problem by employing a so-called distributed “sign ob-

server”. The definition of “sign observer” is provided in

Appendix E. The “observer” observes the dynamics and the

states of the virtual leader and is designed as follows:

Ṡi = µ1



−σi(t)Si +
N
∑

j=1

aij(t)Sj



 , (2a)
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ζ̇i =
1

vri
Siζi + µ2



−σi(t)ζi +
N
∑

j=1

aij(t)ζj



 , (2b)

where Si ∈ R
p×p, ζi ∈ R

p, vri is the ith entry of the in-

tegrated adjacency matrix Ā’s right eigenvector vr corre-

sponding to its spectral radius, and

σi(t) =

∑N
j=1 aij(t)vrj

vri
.

It is shown by Lemmas 6 and 7 in Appendix E that the

designed distributed “sign observer” (2) eventually achieves

sign consensus.

Virtual leader construction. By Lemma 7, we have that

ζi(t) → vrie
S∗tζ̂∗ as t → ∞. In analogy to the state

trajectory of a general linear system ẋ = Ax, which is

x(t) = eAtx(0), we develop the virtual leader as follows:

θ̇ = S∗θ, (3)

where θ ∈ R
p and S∗ ∈ R

p×p are the state and system ma-

trix of the virtual leader, respectively. By Lemmas 6 and 7,

we know that the value of S∗ depends on the initial condi-

tion of the MAS, the topology of the switching signed graph,

and the nature of “observer” (2a); furthermore, the initial

condition of η is provided as ζ̂∗. In this way, “observer”

(2a) calculates the system matrix of the virtual leader, and

“observer” (2b) observes the state of the virtual leader.

Controller design. Based on the distributed “sign ob-

server”, we are ready to create a state feedback controller

and an output feedback controller. Both controllers can

drive the output signals of a heterogeneous MAS (1) to reach

LOSC.

We suggest the following state feedback control law:

ui = Kixi +Kζi
(t)ζ, (4a)

Kζi
(t) =

1

vri
Υ2i(t) −KiΥ1i(t), (4b)

where Ki is such that Ai + BiKi is Hurwitz, Υ1i and Υ2i

are generated by Lemma 5 in Appendix D. The following

theorem demonstrates that this designed state feedback con-

troller realizes LOSC of system (1).

Theorem 1. Consider MAS (1). Suppose Assumption 1

holds. For large enough scalars µ1, µ2, µ3 ∈ R
+, LOSC is

reached by control law (2), (D4), and (4).

Proof. See Appendix F.

In practice, the state of system (1) may not be obtained

directly. As a result, we design the following observer-based

output feedback controller to solve this problem:

ui = Kiξi +Kζi
(t)ζi, (5a)

ξ̇i = Aiξi + Biui + Li(yi − Ciξi), (5b)

where Ki and Kζi
(t) are selected as in the state feedback

controller design, Li is such that Ai −LiCi is Hurwitz, and

Eq. (5b) is a Luenberger observer in which ξi ∈ R
ni ob-

serves the state xi of system (1). LOSC of system (1) by

this output feedback controller is examined in the following

theorem.

Theorem 2. Consider MAS (1). Suppose Assumption 1

holds. For large enough scalars µ1, µ2, µ3 ∈ R
+, LOSC is

reached by control law (2), (D4), and (5).

Proof. See Appendix G.

Simulation. We take into account a leaderless MAS with

six agents. Each agent has the form of (1). The commu-

nication network of the MAS switches among four signed

graphs with the switching signal δ(t). We select the scalars

µ1, µ2, and µ3 to be large enough that the conditions of

Lemmas 7 and 5 are satisfied and the matrices Ki and Li

with proper values such that Ai +BiKi and Ai − LiCi are

Hurwitz. The output trajectories of the MAS by the two

designed controllers eventually have the same sign at the

same instant; i.e., LOSC is obtained. The particular design

and detailed results of this simulation can be observed in

Appendix H.

Conclusion. This study examined the LOSC problem of

heterogeneous MASs over signed switching digraphs. We re-

move the common requirement that a practical leader should

exist for the consensus of heterogeneous MASs and enable

the communication network to be dynamically changing. A

virtual leader is induced by a distributed “sign observer”,

and by using the output regulation approach, the MAS

can achieve LOSC. However, the selection of the switch-

ing signed graphs is quite demanding and requires further

investigation.
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