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Dear editor,

Solving linear matrix equations is a basic and important
problem in many fields such as the computation of general-
ized inverses of matrices and (generalized) Sylvester equa-
tions. Also, the linear algebraic equation is a fundamental
problem, which is a special form of linear matrix equations.

For linear algebraic equations of the form Az = ¢, which
is a special case of AX B = C, alarge number of distributed
algorithms have been proposed to obtain the exact solution
or least squares solution [1,2]. However, distributed algo-
rithms of solving linear matrix equations are far less inves-
tigated. Ref. [3] has developed a distributed algorithm to
achieve the exact solution of the Sylvester equation. For
solving the linear matrix equation of the form AX B = C,
Ref. [4] has developed four distributed algorithms for all
standard structures of A, B, and C. However, those dis-
tributed algorithms for solving AX B = C are rather com-
plex and the corresponding convergent rates are not clear.

In this study, we concentrate on a distributed least
squares solution of linear matrix equations of the form
AX,B = C with the following contributions: firstly, we
establish a simpler optimization problem with two consen-
sus constraints and propose a succinct algorithm with four
variables; secondly, we show the proposed algorithm linearly
converges to the optimum with an explicit rate. Before pro-
viding our main results, the following preliminaries on graph
theory are necessary.

Graph theory. Let G = (V, E) denote an undirected graph
of anetwork, where V = {1,...,n}and € CV x V are sets of
nodes and edges, respectively. We mark j € N if {j,4} € &,
namely, node j is the neighbor of node i and exchanges in-
formation with node i. P = [p;;] € R™*™ is the adjacency
matrix such that p;; = pj; > 0, if {j,i} € £ and p;; =0
otherwise. Moreover, D = diaug{Z:?:1 Pijs-- s 2?21 pnj}
and L = [l,;] = D — P is the Laplacian matrix of the
graph G. Specifically, if the undirected graph G is con-
nected, we have that L = LT > 0, rank(L) = n — 1, and
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ker(L) = {k1n|k € R}.

Assumption 1. The graph G is connected and undirected.

Problem formulation. Consider the following linear ma-
trix equation:

AX,B=C, (1

where A € R™*P B € R?%*" and C € R™*" are known
matrices, while X, € RP*? is an unknown matrix to be
determined.

If vec(C) € span(BT ® A), then Eq. (1) has exact so-
lutions; if vec(C) ¢ span(BT ® A), then Eq. (1) has least
squares solutions. The objective of this study is to solve the
least squares solution of (1) with rank conditions rank(A) =
p and rank(B) = q. X5 = minx %HAXOB —C|% is a least
squares solution of (1), namely, AT(AX*B — C)BT = 0.

In this study, we consider the case that A, B, and C have
a row-column-column (RCC) structure, namely,

A= [AEDAEQV'WAE;L]T?
B = [Bvlan27---7an}7
C= [Cvlvcv27"'vcvn]7

where A, € R™i*P B . € RI*", and C,, € R™*"i with
>t omi =mand > r; =7 . A subscript “h” (“v”)
means a “horizontal (vertical) partition” corresponding to a
split of the matrix across the row (column) dimension.

In a distributed scheme, agent ¢ only has access to sub-
blocks Ap;, By, Cy; and holds local variable X, € RP*9,
To decouple A and B, we introduce an intermediate matrix
Y, = [V YT € R with Y, € R™X, j e v
for agent ¢, such that

Y.

ihi

A X, C

hi“*a vi

:Yvtii’ Xi:va )/7;:5/]" (2)

where Vi,j5 € V. Furthermore, we transform (2) into the
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following distributed optimization problem:

mln Z (||AhZ

s.t. Xi :X]., Y, =Y, VijEV.

®3)

Remark 1. This study devotes to solving the linear ma-
trix equation with the RCC structure of A, B, and C. The
algorithm design and the convergence analysis of this study
can be easily extended to other standard structures. We
omit this discussion due to space limitations.

Different from the algorithm in [4] with 2 primal and 3
dual variables, we formulate the optimization problem by
constructing two equalities Y; B, = C; and A, X, =Y,
in the objective function, simultaneously. Then the for-
mulated optimization problem (3) only has consensus con-
straints of variables X and Y and is simpler than the coun-
terpart of [4], which has three equality constraints.

For (3), we have an augmented Lagrange function:

Z |Ahz
=1
(A, Ly X)p + (Mg, Ly Y)p + = <X LX)y W

1
+5(Y=L2 )F

= Yiill% + 1By, — Cvz”%‘)

I\B\H

where X = [XT,XT,...,XT]T € RPXa, vV = [YT, YT,
LY TIT ¢ R"qu A = (AT, 12,...,A?n}T € R"PXaq,
A2 = [A3, A%y, ., A5 )T € R"™X9, L1 = L ® I, and
Ly = L ® Im. Based on (4), we propose the following algo-
rithm from the primal-dual perspective:
T n
Xi,t+1 = Xi,t @ [Ahi(AhiXi,t - Yihi,t) + '21 lij
j=
(A, +X.,t)],

it41 :Yi,t_ ( _C ')BT'+I (Yhzt

A th)+ le](A2]t+Y )] (5)
Ajpp1 =Dt Z UTRORS

A 22t+azl7,] 7,t?

26,441 —

— T T T
where Imi = [Om[i,I]Xmi’Imq,’O(mfm yxm, |t e RmXm;
Zn 1M = m, Mg :Z; 1m]',X0€Rqu, Y:L,OE

R™MX4, Ay, o € RPX4, and Ay, , € R4,

We show that the least squares solution of (1) can be
achieved by solving the distributed optimization problem
in (3).

Theorem 1. Under Assumption 1, if (1,, ® X3,1, ® Y.5)
is an optimal solution of (3), then X} is the least squares
solution of (1) and (X,Y,") satisfies AT(AX} —Y>) = 0.

Remark 2. The authors in [4] have established the opti-
mization model with the necessary constraint AX—Y* =0
and introduced a dual variable for this constraint. In our op-
timization model, we relax the constraint AX} —Y, =0 as
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AT(AX} — Y7) = 0 and still ensure that the least squares
solution of (1) can be achieved by solving (3).

Define H = blkdiag{H{ H,,HT H,,...,HYH,} with
H;=[1,® I, A),~I,®1L, ;0,(I, BT)®1I,] and

O<a<—1t (6)
a< ——,
hm + s1

where h,, is the spectral norm of H and s; is the largest
eigenvalue of L.

Next, we provide the explicit linear convergence rate of
the algorithm in (5).
Theorem 2. Under Assumption 1, let X,, Y, Al’t, and
Ay, be generated by (5). If Eq. (6) holds, then X, ,
linearly converges to the least squares solution X with
X, — Xzl = 7t||XZ.’0 — X, Vi € V, where v = 1 — alo1]
and |o1]| € (0, hm + s1).
Remark 3. In comparison with the method for solving
algebraic equations in [2], which is a special case of linear
matrix equations, we propose a scheme to achieve the exact
solution and least squares solution. Moreover, in comparison
with the convergence results in [4], the proposed algorithm
can achieve the optimum with an explicit linear rate of con-
vergence. Furthermore, compared with the necessary com-
putations on Moore-Penrose pseudoinverse in the network
flow method in [3], the proposed method is more efficient.

Conclusion. This study designed an efficient distributed
scheme for finding the least squares solution to linear ma-
trix equations over undirected and connected graphs. Based
on the simplified optimization model, we proposed a dis-
tributed optimization algorithm from the primal-dual per-
spective. Moreover, we investigated the effectiveness of the
proposed optimization model and provided an explicit linear
convergence rate for the proposed algorithm.
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