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Dear editor,

As an effective model of genetic regulatory networks, the

Boolean network was introduced by Kauffman, and has since

been extensively studied in systems biology. Boolean con-

trol networks (BCNs) are Boolean networks with control and

output. Reachability is used to design control sequences

that drive genes from unhealthy to healthy states, which

is an important issue in the control of BCNs. Cheng et

al. [1] proposed the semi-tensor product (STP) method,

which was proved to be powerful in the investigation of

BCNs [2–4]. Given the high computational complexity of

the STP method in BCNs, several effective methods for

studying large-size BCNs, such as the aggregation method,

logical matrix factorization approach, and pinning control

technique, have been established [5]. In particular, based on

the aggregation method, Zhao et al. [6] established a neces-

sary condition for the reachability of large-size BCNs, and

pointed out that the establishment of efficient sufficient con-

dition is challenging. As a result, developing a method for

determining the reachability of large-size BCNs is impor-

tant.

In this study, we explore the reachability of large-size

BCNs. The concept of the κ-matchable condition is firstly

established to deal with the reachability of large-size BCNs,

and a criterion is proposed. The reachability results are

applied to the Mayer-type optimal control problem, and

an algorithm is developed to obtain all optimal solutions.

The reachability analysis of a colitis-associated colon cancer

network with 70 nodes and 153 edges (see Appendix E.3)

demonstrates the application of key findings in large-size

BCNs.

Preliminaries. A BCN can be described as follows:

xi(t+ 1) = fi(U(t), X(t)), i = 1, 2, . . . , n, (1)

where X(t) := (x1(t), x2(t), . . . , xn(t)) ∈ Dn, U(t) :=

(u1(t), . . . , um(t)) ∈ Dm are the states, control inputs of

BCN (1) at time t.

Definition 1. Consider X0,Xd ∈ Dn. BCN (1) is said to

be reachable from X0 to Xd at the κ-th step, if there exists

a control sequence {U(t) : t = 0, . . . , κ− 1} ⊆ Dm such that

X(κ;X0, U) = Xd.

Identify 1 and 0 as δ12 and δ22 , respectively. Setting

x(t) = ⋉n
i=1xi(t), u(t) = ⋉m

j=1uj(t), one can obtain the

following algebraic form of BCN (1):

x(t+ 1) = Fu(t)x(t), (2)

where F ∈ L2n×2m+n . In this study, the default matrix

product is the STP of matrices (⋉) [1].

Aggregation of BCNs. For BCN (1), let N = {xi, uj ; i =

1, 2, . . . , n, j = 1, . . . , m}. Partition the nodes of BCN (1)

into the following ρ blocks:

N = N1∪̇N2∪̇ · · · ∪̇Nρ, (3)

where Ni $ N consists of state nodes Xi = {xij : j =

1, . . . , ni} and control nodes Ui = {uij : j = 1, . . . , mi}. We

call (3) an aggregation of BCN (1). According to [6], we

can obtain the input nodes Zi = {zij : j = 1, . . . , qi} and

output nodes Yi = {yij : j = 1, . . . , pi} for block Ni. Let

Φ1 denote the set of all integers i ∈ {1, 2, . . . , ρ} satisfying

Zi ∪ Ui = ∅, and let Φ2 := {1, 2, . . . , ρ} \ Φ1.

Assumption 1. Xi, i = 1, 2, . . . , ρ are not empty, and

each block in the aggregation is weakly connected.

Let Σi, i = 1, 2, . . . , ρ denote the subnetwork correspond-

ing to block Ni, the dynamics of which can be given as

xij (t+ 1) = fij (zik (t), uil(t), xih(t); k = 1, . . . , qi,

l = 1, . . . ,mi, h = 1, . . . , ni), j = 1, . . . , ni. (4)

Then, the algebraic state space representation of Σi is

αi(t + 1) = Fiũi(t)αi(t), (5)

where αi(t) = ⋉ni
j=1xij (t), ũi(t) = γi(t)βi(t), γi(t) =

⋉qi
j=1zij (t), βi(t) = ⋉mi

j=1uij (t) and Fi ∈ L2ni×2mi+qi+ni .

Reachability analysis. Consider the large-size BCN (1).

Let x0 = δλ2n , xd = δθ2n and an aggregation consisting

of ρ subnetworks Σi, i = 1, 2, . . . , ρ be given. Let α0
i =

σX,Xi
(x0) = δ

λi

2ni
, αd

i = σX,Xi
(xd) = δ

θi
2ni

. If Zi 6= ∅, let
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γi(0) = σX,Zi
(x0) = δ

ξi
2qi

. Let Mi =
∑2mi+qi

j=1 Fiδ
j

2mi+qi

and

Mi(0) =





Mi, qi = 0,
∑2mi

j=1 Fiδ
(ξi−1)2mi+j

2mi+qi
, qi 6= 0.

(6)

Corollary 1. Subnetwork Σi is reachable from α0
i = δ

λi

2ni

to αd
i = δ

θi
2ni

at the κ-th step, iff [Ri(κ)]θi,λi
> 0, where

Ri(κ) = Mκ−1
i

Mi(0) (see Appendix B.1 for the proof).

Suppose that i ∈ Φ1 and the condition in Corollary 1 is

satisfied. Then one can obtain the state trajectory from α0
i

to αd
i as T 1

i = {δ
l10
2ni

→ δ
l11
2ni

→ · · · → δ
l1κ
2ni

}, where l10 := λi,

l1κ := θi and [Fi]l1
t+1

,l1
t
= 1, t = 0, 1, . . . , κ− 1.

Suppose that i ∈ Φ2 and the condition in Corollary 1 is

satisfied. Let Γk(δ
θi
2ni

) denote the k-th step reachable set

of δ
θi
2ni

. Based on the reachable sets, one can find all possi-

ble state trajectories Ta
i , a = 1, . . . , bi. Let Ta

i = {δ
la0
2ni

→

δ
la1
2ni

→ · · · → δ
laκ
2ni

}, where la0 := λi and laκ := θi. For

each t = 0, . . . , κ− 1, one obtains all possible µa
t such that

[Fiδ
µa
t

2mi+qi
]la
t+1

,la
t
= 1, δ

lat+1

2ni
∈ Γκ−t−1(δ

θi
2ni

). Let Λa
i (t) de-

note the set of such µa
t . Then, the set of control sequences

driving α0
i to αd

i at the κ-th step corresponding to Ta
i is

Ωa
i = {{δ

µa
0

2mi+qi
, δ

µa
1

2mi+qi
, . . . , δ

µa
κ−1

2mi+qi
} : µa

t ∈ Λa
i (t), t =

0, . . . , κ− 1}.

Proposition 1. For i ∈ Φ2, the set of control sequences

driving α0
i to αd

i at the κ-th step is

Ωi =

bi⋃

a=1

Ωa
i . (7)

For each subnetwork Σi, i ∈ Φ2, give the following con-

trol sequence:

w
ai,ci
i ∈ Ωi, ai ∈ {1, . . . , bi}, ci ∈ {1, . . . , |Ωai

i |}. (8)

Then, one can get the corresponding T
ai
i . For T

ai
i , let T̃

ai
i

:= {δ
l
ai
0

2ni
, δ

l
ai
1

2ni
, . . . , δ

l
ai
κ−1

2ni
} denote an ordered set. In addi-

tion, for each subnetwork Σi, i ∈ Φ1, set T̃
ai
i = T̃ 1

i . Let

Y
j
i := Yi ∩ Zj , Zi

j := Zj ∩ Yi. In fact, Y j
i and Zi

j represent

the input nodes of block Nj that lie in Ni.

Definition 2. Consider x0, xd and (8). BCN (1) is said

to be κ-matchable with regard to (8), if

σ
Xi,Y

j
i

(T̃ai
i ) = σZj∪Uj,Z

i
j
(w

aj,cj
j ) (9)

holds for any i ∈ {1, 2, . . . , ρ}, j ∈ Φ2, i 6= j. In this case,

we call {w
ai,ci
i : i ∈ Φ2} a κ-matchable control sequence.

Let M denote the set of κ-matchable control sequences. If

M 6= ∅, then BCN (1) is said to be κ-matchable. We claim

that Eq. (9) naturally holds when Y
j
i = Zi

j = ∅.

Theorem 1. Consider x0 = δλ2n , x
d = δθ2n and an aggre-

gation containing ρ subnetworks Σi, i = 1, 2, . . . , ρ. For

the subnetwork Σi, let α0
i = σX,Xi

(x0) = δ
λi

2ni
, αd

i =

σX,Xi
(xd) = δ

θi
2ni

. Then, BCN (1) is reachable from x0

to xd at the κ-th step, iff (i) for any i = 1, 2, . . . , ρ, it holds

that [Ri(κ)]θi,λi
> 0; (ii) BCN (1) is κ-matchable (see Ap-

pendix B.2 for the proof).

Remark 1. If {w
ai,ci
i : i ∈ Φ2} is a κ-matchable control

sequence, then a control sequence driving BCN (1) from x0

to xd at the κ-th step can be given as u = {u(t) : t =

0, . . . , κ − 1}, where u(t) = ⋉m
j=1uj(t). In fact, if uj ∈ Ui,

then {uj(t) : t = 0, . . . , κ− 1} = σZi∪Ui,{uj}
(wai,ci

i ).

Remark 2. Acyclic aggregation can reduce the number

of times for match ability when verifying the κ-matchable

condition. In fact, given an acyclic aggregation and a com-

bination of control sequences, when verifying (9), one only

needs to consider the unidirectional match ability. The algo-

rithm for obtaining an acyclic aggregated graph that meets

Assumption 1 can be found in Appendix C.

Proposition 2. The choice of partition satisfying As-

sumption 1 does not affect the reachability analysis of large-

size BCNs (See Appendix B.3 for the proof).

Mayer-type optimal control. Consider an initial state

x(0) = x0 ∈ ∆2n , a final time κ > 0 and fix a vector

r = (r1, r2, . . . , r2n )T ∈ R2n . For the convenience of ex-

pression, assume rj1 < rj2 < · · · < rj2n . Consider the

cost-functional

C(u) = r
Tx(κ;x0, u). (10)

The Mayer-type optimal control problem of BCN (1) can

then be stated as follows: find all possible control sequences

u∗ ∈ Ω that maximize the cost-functional C.

Theorem 2. The Algorithm 1 generates optimal control

sequences.

Algorithm 1 Discovering all solutions to the Mayer-type opti-

mal control problem

1: Set i = 1 and calculate x
d
i satisfying r

T
x
d
i = rj2n

;

2: Verify whether or not BCN (1) is reachable from x
0 to x

d
i

at the κ-th step by Theorem 1. If yes, then we can find all

control sequences u
∗

i steering BCN (1) from x
0 to x

d
i at the

κ-th step by Remark 1 and stop. Otherwise, set i = i + 1

and go to Step 3;

3: Calculate x
d
i satisfying r

T
x
d
i = rj2n−i+1

and go back to

Step 2.
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