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Abstract The cooperative control of trains is proposed as an innovative method for further improving

operation efficiency. Model predictive control (MPC) has been widely discussed for multiple trains because

it can handle the challenges posed by the cooperative control problem, such as complex constraints. In real

situations, multiple objectives, such as comfort and safety, must be considered when controlling multiple

trains with MPC, and the total objective may change during operation, affecting control performance. In

this paper, a distributed structure based on switching cost function model predictive control (ScMPC) for

multiple trains in a switching situation is given, where the cost functions of the train control problem change

with the variable demand of cooperative operation. Furthermore, the feasibility of the proposed method

and stability of the closed-loop system are proved to guarantee the stable operation of the controlled trains.

Finally, the control method’s effectiveness is verified. Three kinds of cost functions are given, and their

control performance is compared to show the effect of different weights and the advantage of ScMPC.
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1 Introduction

Railway has become one of the most popular forms of transportation worldwide due to its rapidity,
economy, and punctuality. Because of the growing demand for higher efficiency and better service, the
automation level of train operation attracts much attention, and it has recently been improved, leading
to more exact and efficient train operation [1,2]. As a typical example, the Jing-Zhang high-speed railway
in China was equipped with an automatic train control system. An important achievement is that trains
can operate automatically at 350 km/h on this line. Therefore, research on exact and stable control
methods is essential theoretically and practically. Much work focusing on tracking control methods for
single-train operation control is given [3, 4]. The designed controllers guarantee that trains can track
specific speed profiles under disturbance without considering real-time constraints from other trains.

However, trains are not isolated when they operate on the line, and their competition for resources
occurs not only on the line but also in the station. Further reducing the tracking distance between
trains and strengthening the connection between trains during operation have become a worldwide and
irreversible trend. For example, work on the moving block system and even virtual coupling is included
in the Shift2rail project of the European Union. To achieve this target, innovation in communication and
advanced control methods is needed to enhance the relationship between different trains in management,
information transmission, and cooperative control [5–8]. In these research fields, the cooperative control
of trains has recently become a popular topic because it directly relates to operation performance and
safety.

*Corresponding author (email: hrdong@bjtu.edu.cn)

http://crossmark.crossref.org/dialog/?doi=10.1007/s11432-022-3662-x&domain=pdf&date_stamp=2023-6-28
https://doi.org/10.1007/s11432-022-3662-x
info.scichina.com
link.springer.com
https://doi.org/10.1007/s11432-022-3662-x
https://doi.org/10.1007/s11432-022-3662-x
https://doi.org/10.1007/s11432-022-3662-x


Zhang Z X, et al. Sci China Inf Sci July 2023 Vol. 66 172206:2

An essential aim of cooperative control methods for multiple trains is improving operation efficiency.
Different from a single-train scenario, multiple trains are considered a convoy with the same desired
velocity in the cooperative operation mode. In addition, on the basis of the advanced control method and
real-time communication technology, a train in the convoy can track the one ahead at a shorter distance
after achieving a cooperative state. A series of control methods have been researched for cooperative train
control, such as fuzzy control [9], robust control [10], and model predictive control (MPC). The main
task of the controller is to guarantee the stable operation of the trains to achieve the cooperative desired
states and satisfy various constraints. In many studies, the constraints resulting from line conditions and
train motion are transformed into input-constrained and state-constrained problems, and only one type
of constraint is considered [11, 12]. Therefore, MPC has been widely discussed recently for its ability
to deal with multiple constraints. In [13], an event-triggered MPC strategy is given to control multiple
high-speed trains under random switching communication topologies. In [14], an efficient velocity control
method for multiple trains under communication constraints is investigated, and an MPC scheme is used
to solve the control problem. When applying MPC in the train control field, some researchers pay more
attention to the model description. In other words, the proof of the stability and feasibility of the system
needs to be completed.

Since train operation control in an MPC structure is described as a multi-objective optimal control
problem, particularly in a cooperative scenario, another issue discussed is the choice of cost functions.
Several factors, such as energy saving and tracking errors, should be considered at the same time, while
some conflicts could occur during the optimal process. Determining an appropriate cost function for the
predictor in an MPC structure is vital in controller design, for it is associated with control performance,
as shown in [15]. Therefore, many studies have been conducted on the choice of cost functions and weights
for trains. Most of these studies place a priority on one kind of cost function, such as mainly focusing
on the energy consumption in [16, 17] or the tracking error in [13]. However, the environment of trains
and the objectives could change during the operation. In this situation, a single cost function and weight
may not satisfy the higher requirement. Particularly in the cooperative control mode, the states of the
convoy are more complex and variable. How to guarantee the changing demand and states without the
loss of control performance is a challenging task. Therefore, to further improve the control performance
of multiple trains in complex and variable situations, an MPC method with switching cost functions for
cooperative train control facing changing cost functions is given in this paper.

The main task of designing a controller in an MPC structure with switching cost functions is to prove the
feasibility of the solution and the stability of the closed-loop system. In [18], a switched MPC algorithm
for nonlinear continuous-time systems is proposed, and essential assumptions need to be satisfied to
guarantee the stability of the problem. A time-varying and state-dependent cost function is used in
the MPC structure in [19], and the final control action is chosen among the calculated Pareto optimal
solutions under the cost function. In [20], a lexicographic multi-objective model predictive control scheme
is proposed for nonlinear systems that have to switch objective prioritization. The MPC method with
switching cost functions is also used in industrial fields, such as chemical processes [21–23]. However, the
mentioned methods cannot be applied directly to train operation control because of the characteristics of
train operation, including the unique operation objective and constraints. A suitable MPC structure for
multiple trains facing switching cost functions is designed considering the constraints and train dynamic
motion.

On the basis of the discussion mentioned above, model predictive controllers with switching cost
functions are designed for multiple trains, which should achieve cooperative operation. Compared with
the existing literature, the main contribution of this paper is as follows:

• A switching cost function MPC (ScMPC) method is proposed to adapt to the varying cooperative
demand better. At the same time, the control performance is guaranteed. Furthermore, trains calculate
their control inputs in a distributed way, reducing the computation burden of applications.

• Under switching cost functions, the feasibility and stability of the closed-loop system are verified.
In addition, terminal cost, terminal region, and local input are given in the switching condition.

Notation. First, notations are introduced. Let ‖x‖2 denote the 2-norm for any vector x ∈ R
n, where R

is the field of real numbers. Additionally, the weighted norm ‖x‖p is defined as ‖x‖p :=
√
xTPx, where P

is any symmetric positive definite matrix and satisfies P ∈ R
n×n. For any symmetric matrix M , λmin(M)

and λmax(M) denote the largest and smallest real parts of its eigenvalue, respectively.
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2 Train motion and the distributed ScMPC problem

In this section, the longitudinal dynamic motion for a multiple-train convoy is given. Then the distributed
MPC problem with switching cost functions is introduced for the cooperative control of the convoy.

2.1 Longitudinal dynamic motion of trains

Consider a convoy formation that comprisesN trains running on a railway line. According to the modeling
guidelines given in [24, 25], the longitudinal dynamic motion of the ith train, where i ∈ [1, N ], is defined
as follows:

dpi(t)

dt
= vi(t), (1a)

mi
dvi(t)

dt
= fi(t)−miR(vi(t)), (1b)

dfi(t)

dt
=

1

ι
(Fi(t)− fi(t)) , (1c)

where pi(t) and vi(t) represent the position and velocity of the train i, mi is the mass of the ith train,
Fi(t) and fi(t) are the controlled force of the servo motor and the integrated driving/braking force,
respectively. Moreover, the inertial lag is also considered and defined as ι. The other major external
force for train operation is the air resistance miR(vi(t)), where R(vi(t)) = Ca + Cbvi(t) + Ccv

2
i (t), and

Ca, Cb, and Cc are the Davis coefficients that can be calculated beforehand on the basis of historical
operation data.

Let xi,1(t) = pi(t), xi,2(t) = vi(t) and xi,3(t) = 1
mi

fi(t) − R(vi(t)). Then, the function (1) is re-

duced to ẋi,1(t) = xi,2(t), ẋi,2(t) = xi,3(t), and ẋi,3(t) = 1
miι

(Fi(t)− (1 + ι(Cb + 2Ccvi(t))) fi(t)) +
(Cb + 2Ccvi(t))R(vi(t)). Let Fi(t) = miιui(t) + (1 + ι(Cb + 2Ccvi(t))) fi(t)−miι(Cb +2Ccvi(t))R(vi(t))
to compensate for the resistance and inertial lag, and ui(t) is part of the control input that needs
to be designed. In addition, let xi(t) = [xi,1(t), xi,1(t), xi,3(t)]

T for simplification. When trains op-
erate cooperatively, they should reach the same velocity and maintain the desired distance. For that
purpose, the tracking errors of train i in a convoy are given as x̃i(t) = [x̃i,1(t), x̃i,2(t), x̃i,3(t)]

T =
[xi,1(t)− xi−1,1(t) + pides, xi,2(t)− xi−1,2(t), xi,3(t)− xi−1,3(t)]

T and ũi(t) = ui(t)− ui−1(t), where p
i
des is

a constant representing the desired tracking distance between train i− 1 and train i. In addition, define
train 0 as a virtual leading train. In particular, a predefined speed profile [p0(t), v0(t), u0(t)] is given to
train 0, and thus x0(t) and u0(t) are known. When trains operate cooperatively, the desired state of
train 1 is x0(t). Other trains need to reach v0(t) and maintain the desired distance from adjacent trains.

Combining tracking errors with the dynamic motion of trains shows the following equation:

˙̃
xi(t) = Ax̃i(t) +Bũi(t), i = 1, 2, . . . , N, (2)

where

A =









0 1 0

0 0 1

0 0 0









, B =









0

0

1









.

It can be seen that (A,B) is controllable. In addition, on the basis of model (1), a function that can
represent the energy consumption of train i in time interval [0, T ] is usually defined as

Wi =

∫ T

0

|Fi(t)vi(t)|dt, (3)

when Fi(t) > 0. The braking process of trains is neglected when calculating the energy consumption
because of the wide use of regenerative braking systems that can transmit kinetic energy to electricity [26].

To introduce the cooperative operation and ScMPC method for trains, some basic techniques, such
as reliable real-time communication, should be provided to meet the information need. In this paper an
assumption is made.
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Assumption 1. Suppose that all the trains are instrumented with a real-time communication module.
In this case, trains in the convoy can instantly send and receive operation states and control commands,
as well as real-time changes of the desired speed profile, which also means the prediction problem of each
train is solved instantly if the communication is available.

2.2 Distributed MPC with switching cost functions

In real scenarios, the cooperative objective could be affected by the environment and upper demand
in real time. Hence, a situation in which the desired objective changes is considered. For example, the
desired velocity needs to be adjusted due to external constraints. In this situation, the main task of trains
is to track the changed objective as soon as possible. In contrast, if the desired velocity remains constant,
the weight of velocity tracking could decrease slightly, which means admitting velocity deviation while
increasing the weight of comfort. Therefore, an ScMPC method is chosen to meet variable requirements.
Because of limited computational resources, a distributed MPC structure is employed in this paper,
where trains calculate their optimal control input in a subsequent order. In contrast to a centralized
MPC scheme, the proposed distributed structure reduces the model complexity by dividing the whole
control system problem into a series of subsystems control problems while considering the correlation
between subsystems. In other words, the constraints between trains in a convoy are guaranteed, and
every train has an independent controller.

In Figure 1, the whole structure of the proposed control method for multiple trains is given. This
structure comprises three main parts, upper demand, cost switching, and cooperative calculation. The
upper demand determines the whole objective of the cooperative trains. Since the requirements and line
conditions are complex and variable, the objective may change and switch during operation. Therefore, it
is further divided into stage objectives based on the switching time. Specifically, when the cost switching
part receives a sudden change signal from the upper demand part, it will adjust the prediction cost and
then trigger switches between stage objectives to improve control performance. The switched real-time
stage objective is sent to the cooperative calculation part. Finally, on the basis of that objective, the
predictor and controller in an MPC structure calculate the control input for every train in the convoy
subsequently.

The main procedure of the control progress can be described as follows. Dynamic function (2) is used
as a prediction model in the MPC structure during the operation. After receiving a switching signal, the
cost function used in the prediction part, which is determined by the real-time requirements, is changed
and transferred into the cooperative calculation part. Furthermore, trains in the convoy will operate
according to the switched cost functions. By minimizing the cost function given in Section 2 under
constraints, the control input ui(t) is optimized, and then the control force Fi(t) is calculated according
to ui(t) and applied to the ith train. Specifically, in a sampling period, the first train transmits its states
and control input to the second train, which calculates its predictive states and input based on that
information. The processor will repeat until the last train in the convoy obtains its control input. Define
a set of j ∈ Λ := {1, 2, . . . ,M} different cost functions. At each sampling instant, one cost function is
chosen to be minimized, which means that switches occur at instants tk. Let σ(·) denote the switching
signal, which is a piecewise constant function. Its value changes when the switching command is detected.
Following the definition in [27, 28], let Nσ(t1,t2) denote the total number of switchings in time interval
(t1, t2]. In time interval (0, T ], the switching times can be written as τ1, τ2, . . . , τNσ(0,T )

. Furthermore,
the value of time units that lies in two switches on average is defined as τa. The index of the active cost
function in a time interval [τj , τj+1) is defined as j. Notably, the switching time τj in which different cost
functions are switched is determined according to the operation scenarios, and it should coincide with
some of the sampling time tk, which means that τj = tk should hold for j = 0, 1, . . . and some k = 0, 1, . . ..

On the basis of the above analysis, the optimal control problem of trains in an ScMPC framework is
described as (4) at time tk, where Tp is the prediction horizon, and tk+1 − tk := δ 6 Tp is the sampling
time. Tc is the control horizon, which can be equal to or less than Tp. Here Tc = Tp := T with
T = hδ, h = 1, 2, . . . is chosen in the theoretical proof. In this work, a continuous MPC structure is used
to achieve the desired control performance. In addition, the train dynamics motion (1) and the state
equation (2) show that the train control system can be mathematically described as a continuous-time
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Figure 1 (Color online) ScMPC structure for multiple trains.

form,

min
ui(·|tk)

Ji,j (xi(·|tk), ui(·|tk)) =
∫ tk+T

tk

Li,j (x̃i(s|tk), ūi(s|tk)) ds+ F
f
i,j (x̃i(tk + T |tk)) ,

˙̃
xi(s|tk) = Ax̃i(s|tk) +Bũi(s|tk),
x̃i(tk|tk) = x̃i(tk),

(x̃i(s|tk), ūi(s|tk)) ∈ Zi,j , ∀s ∈ [tk, tk + T ],

x̃i(tk + T |tk) ∈ Ωf
i,j ,

(4)

where x̃i(·|tk) and ūi(·) represent the predicted states and input of train i over the prediction horizon, re-
spectively, Ji,j (xi(·|tk), ui(·|tk)) is the cost function for each train, Li,j (x̃i(s|tk), ūi(s|tk)) is a continuous
and positive definite stage cost at any non-switching time, and Zi,j = Xi,j×Ui,j is the state and input con-
straint sets. Moreover, state region Xi,j ⊆ R

3 and input region Ui,j ⊆ R
1 contain the origin. The positive

definite terminal cost F f
i,j (x̃i(tk + T |tk)) is related to the terminal region Ωf

i,j , which is set to guarantee

the stability of the system with x̃i(tk+T |tk) ∈ Ωf
i,j required. By solving problem (4), an optimal input and

state trajectories for train i can be obtained and defined as U∗
i (tk) = [u∗

i (tk), u
∗
i (tk+δ), . . . , u∗

i (tk+T−δ)]
and X∗

i (tk) = [x∗
i (tk + δ), . . . ,x∗

i (tk + T )], respectively, in which the subscript j means the problem is
solved with the cost function Jj . The optimal input U∗

0 (tk) = [u0(tk), u0(tk + δ), . . . , u0(tk + T − δ)] and
state X∗

0 (tk) = [x0(tk + δ), . . . ,x0(tk + T )] of train 0 are also known variables.

In most situations, trains are expected to track the desired speed profile and keep a predefined distance
from adjacent trains, so a major objective is to reduce the tracking error. In addition, considering traveler
satisfaction, the change rate of acceleration and deceleration should also be included. Since ui(t) is a part
of the derivation of xi,3(t), which represents the acceleration/deceleration value, it should be included
as an objective in the MPC structure. The cost functions and constraint sets are given according to the
above characteristics of train operation. Define Li,j (x̃i(t), ūi(t)) and F

f
i,j(xi(t)) as follows:

Li,j(x̃i(t), ūi(t)) = ‖x̃i(t)‖2Qi,j
+ ‖ūi(t)‖2Ri,j

, (5)
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F
f
i,j(x̃i(t)) = ‖x̃i(t)‖2Si,j

, (6)

where Qi,j , Ri,j and Si,j are weight matrices. For different trains, the choices of weights can differ.
Without loss of generality, the same matrices can also be chosen for the trains in the convoy if these
trains are usually supposed to achieve the desired states synchronously.

On the basis of the requirement of safety and comfort, constraints (7)–(9) are made for all the trains,
and the total state constraint set is Xi,j = X 1

i,j ∪X 2
i,j ∪X 3

i,j . The minimum distance between train i and
train i− 1 is defined as pi,min, and this value is chosen based on train parameters and safety conditions.
Define vmax as the maximum velocity of the trains which is determined according to the line conditions
and the type of trains. The acceleration and deceleration are also limited because of the force bounds.
Additionally, comfort is one of the most important factors influencing traveler satisfaction.

xi,1(t) ∈ X 1
i,j = {xi,1(t) 6 xi−1,1(t)− pi,min}, (7)

xi,2(t) ∈ X 2
i,j = {0 6 xi,2(t) 6 vmax}, (8)

xi,3(t) ∈ X 3
i,j = {amin 6 xi,3(t) 6 amax}. (9)

Remark 1. The maximum velocity of trains vmax is limited by the automatic train protection (ATP)
system in real scenarios. In this method, an active speed limit is set in the proposed MPC method to
guarantee the operation safety. Therefore, under the MPC structure, control inputs are adjusted to avoid
the appearance of an emergency brake.

As mentioned above, ui(t) represents the change rate of acceleration and deceleration. Therefore, it
is also limited to guarantee the comfort of travelers, and umin and umax should be chosen based on line
conditions and experience. The constraint is defined as ui(t) ∈ Ui = {umin 6 ui(t) 6 umax}.

3 Feasibility and stability analysis

Based on the dynamic motion and control structure given before, the feasibility of control solutions and
stability of the closed-loop system is discussed in this section. A terminal controller and constraint sets are
given, which can guarantee the iterative feasibility and stability of the control problem (4). Furthermore,
the asymptotical stability of the system in the switching cost functions condition is proved.

3.1 Feasible solution and terminal constraints

The closed-loop stability of the traditional MPC scheme has been illustrated in many studies; see [29].
One helpful method to guarantee the asymptotical stability of the system is applying terminal constraints
and costs to the optimal control problem in each prediction horizon. The definition of terminal constraints
and costs can be found in [30]. A local control law is used with terminal constraints and costs, and the
following Lemma is usually given.

Lemma 1 ([29]). For the system ẋ(t) = f(x(t), u∗(t)),x(t) = x0, suppose there is an auxiliary local
control law uf(t) ∈ U , ∀x ∈ Ωf satisfying d

dtF
f (x, uf (t))+L(x, uf(t)) 6 0, ∀x ∈ Ωf . Then the closed-loop

system is nominally asymptotically stable in some invariant set Ωf .

The proof of Lemma 1 can be found in [31]. In a time interval [tk, tk+1], suppose the active cost
function of train i is Ji,j for some j ∈ Λ, and there is a feasible solution ui(t) = u∗

i (t) in this time for
system (2). Based on the proof in [29, 32, 33], a feasible solution for a time interval [tk+1, tk+1 + T ] can
be written as

ūi(·) =
{

u∗
i (s), s ∈ [tk+1, tk + T ],

u
f
i,j(s), s ∈ [tk + T, tk+1 + T ],

(10)

where uf
i,j(t) is the designed terminal control input. Here a traditional feedback form u

f
i,j(t) = k

f
i,jx̃i(t)−

ui−1(t) is chosen to guarantee the asymptotic stability of the system. It is easy to obtain that ˙̃
xi(t) =

(A+Bk
f
i,j)u

f
i,j(t). In addition, following the method given in [18], a same terminal function F

f
i,j(x̃i(t)) =

F
f
i (x̃i(t)) and a local control law u

f
i,j(t) = u

f
i (t), ∀j ∈ Λ are chosen because it might be difficult for the

controller to satisfy the terminal region and the condition in Lemma 1 for different cost functions and local
controllers at the same time. In this case, the derivation of F f

i,j(x̃i(t)) = F
f
i (x̃i(t)) is calculated based
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on (6), which is d
dtF

f
i (x̃i(t)) = x̃

T
i (t)((A+Bk

f
i )

TSi + Si(A+Bk
f
i ))x̃i(t). To satisfy the condition given

in Lemma 1, the terminal F f
i (x̃i(t)) and the terminal region Ωf

i are calculated such that d
dtF

f
i (x̃i(t)) +

maxj∈ΛLi,j(x̃i(t), u
f
i (t)) 6 0, ∀x̃i(t) ∈ Ωf

i . The detailed procedures on how to calculate the gain k
f
i , the

terminal cost function F
f
i (x̃i(t)), and the terminal region Ωf

i for problem (4) after the transformation
can be found in [31, 34].

Remark 2. It is seen that the stable region of the closed-loop system is affected by the values of weights
because the choice of weights is directly related to the “three ingredients”, i.e., terminal cost, terminal
constraints, and local control input [29]. As a result, choosing different cost functions for trains with
different cooperative demands can influence the control performance and the stability of the system, for
example, a lower weight on position tracking error which has a relatively larger initial value.

When calculating the terminal region and terminal cost, the constraints defined in (7)–(9) are trans-
formed to x̃i,1(t) ∈ {x̃i,1(t) 6 −pimin}, x̃i,2(t) ∈ {−x2,i−1(t) 6 x̃i,2(t) 6 vmax − x2,i−1(t)}, and x̃i,3(t) ∈
{amin − xi−1,3(t) 6 x̃i,3(t) 6 amax − xi−1,3(t)}. However, the constraints cannot be used directly for the
time-varying bounds. When calculating the terminal set, notice that the desired velocity is always lower
than the maximum velocity due to the consideration of safety. Furthermore, the desired states for trains
in the convoy are known since the speed profile of train 0 and desired distances are predefined. Therefore,
the following transformation is made when calculating the terminal set: {x̃i,2(t) 6 min{vmax − v0(t)}},
{x̃i,3(t) > min{v̇0(t)− amin}}, and {x̃i,3(t) 6 min{amax − v̇0(t)}}.
Remark 3. For a sufficiently small δ > 0, the feasibility of the open-loop optimal control problem for
trains under constraints for all t > 0 can be implied by its feasibility at t = 0. The designed controller
for each train will find a feasible solution with an initial prediction horizon after the operation start. If
the initial solution for the problem cannot be found, the prediction horizon will increase until a feasible
solution is solved.

3.2 Stability of distributed ScMPC

It is noticed that the change of cost functions influences the offline calculation values, including the
terminal region and the local solution, which is shown in Algorithm 1. However, the feasibility of the
local control input u

f
i (t) at any time instant does not depend on the switching signals. It also means

that the switching MPC problem’s recursive feasibility is guaranteed with an arbitrary switching signal.
To ensure the asymptotical stability of the closed-loop system, the average dwell-time of the switching
signal δ should satisfy some conditions in Lemma 2, while none priori knowledge of δ has to be known
before switching.

Algorithm 1 Distributed ScMPC

1: Set j = k = 0; initialize states of trains at t0 = 0; obtain the speed profile and control input of train 0; for each train i, offline

compute Si and terminal set Ωf
i
; define the operation ending time Tf ; set τi = 0;

2: Calculate an initial feasible solution for problem (4) with prediction horizon Tp; increase Tp until the solution is found;

3: for each sampling instant tk < Tf do

4: Set i = 1;

5: for i 6 N − 1 do

6: if σ(tk) 6= σ(tk−1) then

7: j := j + 1, τi = tk;

8: end if

9: Measure the states of train i; solve problem (4) using stage cost function Ji,j ; obtain the optimal control sequence

U∗

i (tk) = [u∗

i (tk), u
∗

i (tk + δ), . . . , u∗

i (tk + T − δ)] and the predicted trajectory X∗

i,j(tk) = [x∗

i (tk + δ), . . . ,x∗

i (tk + T )]

based on U∗

i−1(tk) and X∗

i−1(tk); calculate a feasible solution ūi(tk+1) for the next time instant;

10: if i < N − 1 then

11: Transmit U∗

i (tk) and X∗

i (tk) to train i + 1;

12: Set i = i + 1;

13: end if

14: Calculate the control force Fi(tk) using the real-time states and the first part of the computed optimal control input

U∗

i (tk); apply the force to the train;

15: end for

16: Set k = k + 1;

17: end for

Lemma 2 ([18]). For the switching objectives MPC problem under state and input constraints, suppose
it is feasible for all t > 0. Define a stage Lyapunov function V (x) and a positive constant λ0. If
the following holds: a constant κ > 1 can always be found such that Vηm

(x) 6 κVηn
(x), ∀ηm,n ∈ Λ,
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Vj(x(t2))− Vj(x(t1)) 6 −λ0

∫ t2
t1

Vj(x(s))ds for any time interval [t1, t2] between two switches and j ∈ Λ,

and the average dwell-time τ satisfies τ > lnκ
λ0

, then the closed-loop system is asymptotically stable.

The following result shows how the lemma can be applied to the cooperative train control problem for
multiple trains to guarantee the feasibility and stability of the system, and a control algorithm is also
given.

Proposition 1. Suppose there is an initial feasible solution for the multiple control problem (4). For all
stage cost functions, there always exist a terminal region and a terminal cost satisfying lemma 1. Then
under the cost function given in (5) and (6), the optimal problem for the trains in the convoy is feasible
for all t > 0. Furthermore, all trains can achieve cooperative operation by using Algorithm 1.

Proof. Firstly, it is shown how the second condition is satisfied. In Algorithm 1, suppose the control
problem is feasible at the initial time. At time tk, define Vi,j(xi(tk), ui(tk)) = Ji,j (xi(tk), ui(tk)) as a con-
trol Lyapunov function for each train in a single time stage. For simplification, define Vi,j(xi(tk), ui(tk))
and Ji,j (xi(tk), ui(tk)) as Vi,j(xi(tk)) and Ji,j (xi(tk)), respectively. By applying (10) and the optimality

of J∗
i,j(xi(t)), inequality J∗

i,j(xi(tk+1))− J∗
i,j(xi(tk)) 6 −

∫ tk+1

tk
(‖x̃i(s)‖2Qi,j

− ‖ūi(s)‖2Ri,j
)ds holds.

In addition, it can be concluded that Vi,j(xi(tk+1))− Vi,j(xi(tk)) 6 −
∫ tk+1

tk
Vi,j(xi(s))ds holds based

on the definition of Vi,j(xi(tk)), which further indicates the first condition in Lemma 2, and the detailed
proof can be found in [31]. Then the second condition of Lemma 2 is discussed. When applying a stage
cost function as (6), the stage control Lyapunov function for train i satisfies

Vi,j(xi(tk)) 6 ξj,1Tωj,1(xi(tk)) + ξj,2ωj,2(xi(tk)) =
1

λ0,j
Li,j(x̃i(tk), ūi(tk)), (11)

where βj,1, βj,2, ξj,1 and ξj,2 are positive constants, ωj,1(xi(tk)) and ωj,2(xi(tk)) are designed functions

such that Li,j(xi(tk), ūi(tk)) > βj,1Tωj,1(xi(tk)) and F
f
i,j(x̃i(tk), ūi(tk)) > βj,2ωj,2(x̃i(tk)) hold for all

x̃i(t) ∈ Ωf
i and ui(t) ∈ Ui,j , and

1
λ0,j

= (
ξj,1T
βj,1

+
ξj,2
βj,2

). Besides, for x̃i(tk) ∈ Ωf
i , a feasible solution ûi(tk)

and its corresponding state x̂i(tk) exist in stage j and guarantee that the inequalities Li,j(x̂i(s), ûi(s)) 6

ξj,1Tωj,1(xi(tk)), tk 6 s 6 tk + T and F
f
i,j(x̂i(tk + T )) 6 ξj,2ωj,2(xi(tk)) hold.

In addition, for all j, p ∈ Λ and j 6= p, inequality ΓminΞJ 6 Ji,j(xi(t)) 6 ΓmaxΞJ is obtained for
any feasible input and resulting states at time tk based on the stage cost functions defined in (6), where
Γmin = [λmin(Qi,j), λmin(Ri,j), λmin(Si,j)] and Γmax = [λmax(Qi,j), λmax(Ri,j), λmax(Si,j)] are parameter

vectors, and ΞJ = [
∫ tk+T

tk
‖x̃i(s|tk)‖2ds,

∫ tk+T

tk
‖ūi(s|tk)‖2ds,

∫ tk+T

tk
‖x̃i(tk +T |tk)‖2ds]T. Then the stage

cost function satisfies Vi,j(xi(tk)) = Ji,j(xi(tk), u
∗
i (t)) 6 µi,maxJi,p(xi, u

∗
i (t)) = µi,maxVi,p(xi(tk)), and

a constant µi,max can always be found based on the optimality of the solution u∗
i (t). It is noticed

that the first condition in Lemma 2 is satisfied when µi,max = max{µi,jp}, ∀j, p ∈ Λ, j 6= p, where

µi,jp = max{λmax(Qi,j)
λmin(Qi,p)

,
λmax(Ri,j)
λmin(Ri,p)

,
λmax(Si,j)
λmin(Si,p)

}.

Based on the above discussion, if the switching time satisfies the third condition in Lemma 2, the
closed-loop system (2) is asymptotically stable. Since the distance between two stations is long, the
constraint of average dwell-time can be satisfied most time. In addition, the total number of switches is
finite during the operation because trains have definite departure and arrival stations. Therefore, after
the last switch has occurred, asymptotical stability can be established by considering the last active cost
function, which is given in standard MPC arguments.

Remark 4. In the proposed ScMPC structure for multiple trains, the cost functions are considered
in a quadratic form, which can be extended to a more general case as long as the stage cost functions
for train i satisfy Li,ℓ1(x̃i(t), ūi(t)) 6 ζi,ℓLi,ℓ2(x̃i(t), ui(t)) for all ℓ1, ℓ2 ∈ Λ and (xi(t), ui(t)) ∈ Zi with

terminal constraints Fi,ℓ1(x̃i(t)) 6 ζi,ℓFi,ℓ2(x̃i(t)), ∀x̃i(t) ∈ Ωf
i , where ζi,ℓ and ζi,ℓ are positive constants.

Additionally, cost functions can be lower- and upper-bounded by exponential functions of ‖xi(t)‖ and
‖ui(t)‖.
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Figure 2 (Color online) Desired speed profile and switching signal.

4 Simulation

4.1 Test environment

A scenario is developed where multiple trains are required to achieve a cooperative state. And it is
also used to compare the influence of different weights. Using MATLAB R2021b, the simulation is
conducted on a PC (3.2-GHz Intel i5 CPU, 8-GB RAM, and 64-bit Windows 10). At each time step,
the optimal control input of each train can be obtained within an average value of 0.031 s. Since a train
only calculates its own control input, the complexity of calculation will not increase even more trains
are considered. Therefore, the proposed method can guarantee real-time calculation and is applicable in
practical applications.

A convoy formed by three trains with a mass of 800 tons for each train is chosen, while inertial lag with
ι = 0.2 is considered. Davis coefficients of three trains are defined as Ca = 0.01176, Cb = 0.00077616,
and Cc = 0.000016. The position, velocity, and control input of train 0 are predefined and transmitted to
Train 1 as its desired tracking speed profile, which is shown in Figure 2. To show the performance of the
proposed ScMPC method, the tracking targets are changed with a switching signal during the operation.
It is noticed that p0(t), v0(t), and u0(t) still need to satisfy the basic properties proposed in Section 2.

The simulation starts with an initial condition where three trains operate at velocities of 263, 256,
and 252 km/h. The initial positions are 0, −4005, and −8005 m, respectively. Set the desired distance
between two adjacent trains at 4000 m. The simulation is assumed to be in an ideal condition, without
uncertainties in state measures and delay in communication.

4.2 Different cooperative objectives

The situation in which desired velocities of trains change is considered to certify the effectiveness of the
proposed method in complex conditions. Higher weights on ‖ui(t)‖ can lead to a better performance in
comfort, while those on tracking errors can guarantee a rapid response on target changes and an exact
operation. Two kinds of operation objectives are given in the following simulation. Firstly, a comfort-first
objective (CFO) based MPC is used in a normal situation. In this mode, higher weights are applied to
the norm and the change of acceleration/deceleration when choosing a cost function. All the trains in the
convoy can achieve the cooperative state in a relatively gentle way. Then, to better adapt to the sudden
change of cooperative objective, an adjusting speed-first objective (SFO) based MPC is chosen, where
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Table 1 Parameters of ScMPC

Parameter Value Parameter Value

umin −0.98 umax 0.98

vmax 300 km/h p1
min, p

2
min, p

3
min 3800 m

p1
des, p

2
des, p

3
des 0 m, 4000 m, 4000 m amin −1.2 m/s2

amax 1 m/s2 δ 0.1 s

Tc 1 s Tp 3 s

weights of tracking error are high in the cost function. By using these objectives, trains are controlled
to achieve the changed desired states cooperatively with a higher speed. In other words, the errors of
states are more important in this situation. Combining the advantages of SFO- and CFO-based MPC,
the proposed ScMPC is verified in different situations, which can apply adaptive weights on comfort,
tracking error and energy consumption.

The main parameters of ScMPC are given in Table 1. For simplification, consider trains in the convoy
have the same parameters and cost functions with a subscript i omitted. Then the cost functions Jη1

and Jη2 are defined for all the trains in the convoy by the following groups of weights:

Qη1 =









0.5 0 0

0 0.01 0

0 0 1









, Qη2 =









1 0 0

0 0.1 0

0 0 0.05









, Rη1 = 1, Rη2 = 0.05. (12)

The auxiliary local control law using weights Qη1 and Rη1 is calculated as u
f
i (t) = 4.4721xi,1(t) +

9.9989xi,2(t) + 10.9544xi,3(t) − u0(t), and then system (2) with the terminal control input u
f
i (t) =

k
f
i x̃i(t)− ui−1(t) is locally asymptotically stable with

Si,η1 =









2.8704 3.1754 0.2878

3.1754 6.7784 0.6403

0.2878 0.6403 0.5657









,

as well as the terminal set Ωf
i,η1

= {‖x̃i(t)‖Si
6 3.5}. Furthermore, to guarantee the condition in

Proposition 1, the parameter that λi,0 = 0.1 is calculated. Choose µ = 20. Then it finally leads to

τa > lnµ
λi,0

= 30.

Remark 5. In this simulation, assuming that trains track a fixed objective after t = 170 s. Therefore,
the feasibility and stability of the proposed method can be calculated with a fixed weight problem with
Qη2 and Rη2 . In fact, the switching can be more flexible, and the simulation end time is not limited as
long as the average dwell-time is satisfied.

Suppose the switching happens at t = 80 s and t = 170 s, and the switching signal σ is also given
in Figure 2. Furthermore, to better compare the difference between the three cost objectives, the whole
operating time is divided into three parts according to the switching time and also shown in Figure 2,
which are defined as T1, T2, and T3. It is noticed that the cost function in time stage T3 is as same as
that in T1.

4.3 Results

Three groups of simulations with different cost functions have been developed. The results corresponding
to the ScMPC method, which is applied on Train 1, appear in Figure 3(a). Different strategies are
applied to train 2 and train 3, and the control performance in terms of comfort, adjustment speed, and
energy consumption is shown in Figures 3(b)–(f). These figures not only illustrate that trains can achieve
the desired cooperative state but also show a clear distinctive behavior between the two non-switching
strategies, demonstrating that the SFO strategy maintains a faster response when facing a sudden desired
tracking velocity change. In contrast, the CFO strategy has a better performance in comfort in normal
operation at first. Another important result is that the ScMPC method combines the advantages of the
above two strategies.



Zhang Z X, et al. Sci China Inf Sci July 2023 Vol. 66 172206:11

4000

4002

4004

4006

4008

4010

CFO+MPC

SFO+MPC

ScMPC

3999

4000

4001

4002

4003

4004

D
is

ta
n
ce

 D
2
 (

m
)

D
is

ta
n
ce

 D
3
 (

m
) CFO+MPC

SFO+MPC

ScMPC

−5

0

5

10

F
o
rc

e 
F

2
 (

N
)

CFO+MPC

SFO+MPC

ScMPC

−5

0

5

10

F
o
rc

e 
F

3
 (

N
)

×105

×105

CFO+MPC

SFO+MPC

ScMPC

0

0.5

C
o
n
tr

o
l 

in
p
u
t 
u

2

CFO+MPC

SFO+MPC

ScMPC

−0.5

−0.5

0

0.5

1.0

1.0
C

o
n
tr

o
l 

in
p
u
t 
u

3

CFO+MPC

SFO+MPC

ScMPC

0
−1

0

1

0
−1

0

1

250

260

270

280

290

300

CFO+MPC

SFO+MPC

ScMPC

260

270

280

290

300

CFO+MPC

SFO+MPC

ScMPC

0

255

260

265

120
280

285

290

0

Time (s)

260

280

300

V
el

o
ci

ty
 v

1
 (

k
m

/h
)

V
el

o
ci

ty
 v

2
 (

k
m

/h
)

V
el

o
ci

ty
 v

3
 (

k
m

/h
)

0

2

4

T
ra

ck
in

g
 e

rr
o
r

v
1

v
1
-v

0

−1.0

−0.5

0

0.5

C
o
n
tr

o
l 

in
p
u
t 
u

1

−0.5

0

0.5

A
cc

el
er

at
io

n
 o

f 
tr

ai
n
 1

−0.5

0

0.5

1.0

1.5

A
cc

el
er

at
e 

ra
te

 o
f 

tr
ai

n
 2

CFO+MPC

SFO+MPC

ScMPC

−0.5

0

0.5

1.0

1.5

A
cc

el
er

at
e 

ra
te

 o
f 

tr
ai

n
 3

CFO+MPC

SFO+MPC

ScMPC

20 40 60 80 100 120 140 160 180 200

0

Time (s)

20 40 60 80 100 120 140 160 180 200

0

Time (s)

20 40 60 80 100 120 140 160 180 200

0

Time (s)

20 40 60 80 100 120 140 160 180 200

0

Time (s)

20 40 60 80 100 120 140 160 180 200

0

Time (s)

20 40 60 80 100 120 140 160 180 200

0

Time (s)

20 40 60 80 100 120 140 160 180 200 0

Time (s)

20 40 60 80 100 120 140 160 180 200

0

Time (s)

20 40 60 80 100 120 140 160 180 200

0

Time (s)

20 40 60 80 100 120 140 160 180 200

0

Time (s)

20 40 60 80 100 120 140 160 180 200

0

Time (s)

20 40 60 80 100 120 140 160 180 200

0

Time (s)

20 40 60 80 100 120 140 160 180 200

2 4 6

130 140

1 2 3 4

1 2 3 4

(a) (b)

(c) (d)

(e) (f)

u
1

Figure 3 (Color online) States of trains under three kinds of cost functions. (a) Velocity, acceleration, and control input of train

1; (b) velocity of train 2 and train 3; (c) tracking distance of train 2 and train 3; (d) control input of train 2 and train 3; (e)

acceleration of train 2 and train 3; (f) traction/braking force of train 2 and train 3.

To better show the difference between the performance of controllers with different cost functions,
several results are given in Tables 2–4, where W2,T1,2,3 and W3,T1,2,3 represent the energy consumption of
train 2 and train 3 in three time stages, respectively. W2 and W3 represent the total energy consumption
during the operation. All the energy consumption values are calculated based on (3), and the units of
them are 106 kJ. It can be seen that ScMPC has better performance than the other two methods in
energy saving.

In Table 3, distance tracking errors ED2,3 and velocity tracking errors EV2,3 are given, which are
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Table 2 Control performance comparison in terms of energy consumption

W2,T1 W2,T2 W2,T3 W2 W3,T1 W3,T2 W3,T3 W3

CFO+MPC 1.3904 1.1599 0.03857 2.8889 1.4472 1.1689 0.33855 2.9547

SFO+MPC 1.3908 1.1303 0.33858 2.8597 1.447 1.1307 0.03871 2.9164

ScMPC 1.3904 1.1285 0.03857 2.8575 1.4472 1.1294 0.03873 2.9153

Table 3 Control performance comparison in terms of tracking errors

ED2 (km) ED3 (km) EV2 (m/s) EV3 (m/s)

CFO+MPC 2.9476 3.6188 7.5241 5.2768

SFO+MPC 4.1779 4.1984 8.2805 6.2191

ScMPC 2.9776 3.5674 7.6789 5.1776

Table 4 Control performance comparison in terms of comfort

U2,T1 U2,T2 U2,T3 U2 U3,T1 U3,T2 U3,T3 U3

CFO+MPC 2.6485 1.2939 0.0005 2.9476 0.0014 3.3381 1.3974 3.6188

SFO+MPC 4.0482 1.0332 0.0069 4.1779 0.0110 4.0662 1.0452 4.1984

ScMPC 2.6485 1.3609 0.0033 2.9776 0.0049 3.3381 1.2582 3.5674

calculated by adding the norm of tracking distance error and velocity error, respectively. A larger error
range is allowed during the adjustment in the CFO strategy, which is also shown in Figure 3(b). Therefore,
trains need more time to achieve the new cooperative state. It is seen that the tracking error in CFO
is twice as much as that in the SFO strategy. The control performance comparison in terms of comfort
is given in Table 4, where U2,T1,2,3 and U3,T1,2,3 is calculated by summing the norm of control inputs
of train 2 and train 3 in three time stages, respectively. In addition, define U2 = U2,T1 + U2,T2 + U2,T3

and U3 = U3,T1 + U3,T2 + U3,T3 . It can be seen that the controller using the CFO strategy has better
performance, whose acceleration change rate value is lower than that using the SFO strategy. Specifically,
it can be seen in the time interval T1, which also represents the normal operation scenario, that the rate
of acceleration change when using CFO-based MPC is only half of that when using SFO-based MPC.
In contrast, in the time interval T2, the higher weight on comfort will cause a lower changing rate of
acceleration. Since the desired velocity and position keep increasing, trains will choose a bigger force
to achieve the latest cooperative state finally. In the switching situation, trains with the SFO strategy
perform better in terms of comfort and energy saving. Based on the above analysis, it is clear that in
a normal operation scenario, using the CFO strategy is more suitable for the requirement of comfort,
while SFO is better in the switching scenario. Therefore, the proposed ScMPC method combines the
advantages of the above two strategies, leading to more comfortable, exact and energy-saving controller
performance, which is also shown in the simulation results.

5 Conclusion

A cooperative control method for multiple trains is proposed based on the distributed ScMPC method.
Since the control performance difference caused by the choice of cost functions and weights has been
discussed in many studies, this paper provides a solution that can adapt to several cooperative operation
requirements in different conditions by changing weights. Additionally, the feasibility of the proposed
method and the stability of the system are proved, which complements some proposed MPC methods for
train control. In addition to the theoretical proof, the proposed control method is evaluated through a
numerical simulation. Comfort-first and response-first cost functions, as well as one with switching costs,
are chosen and compared in terms of control performance. The results indicate that trains can achieve
and maintain cooperative operation using the ScMPC method. Moreover, better performance is obtained
by applying the proposed method when facing a change in environment and cooperative requirements
because a more appropriate weight is chosen for different situations.

Although this paper provides an ScMPC control for multiple trains, the difficulties associated with an
actual implementation still need to be overcome. For example, the communication constraints such as
time delays are not considered in this paper. In addition, future research will investigate how to deal
with external measurement errors and improve controller robustness.
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22 Müller M A, Martius P, Allgöwer F. Model predictive control of switched nonlinear systems under average dwell-time. J

Process Control, 2012, 22: 1702–1710

23 Ticha M B, Sircoulomb V, Langlois N. Real-time implementation of switched multi-objective prioritizing MPC for a brandy

distillation process. In: Proceedings of the 25th IEEE International Conference on Emerging Technologies and Factory

Automation (ETFA), 2020. 468–475

24 Iwnicki S. Handbook of Railway Vehicle Dynamics. Boca Raton: CRC Press, 2006

25 Wu Q, Spiryagin M, Cole C. Longitudinal train dynamics: an overview. Vehicle Syst Dyn, 2016, 54: 1688–1714

26 Scheepmaker G M, Goverde R M P, Kroon L G. Review of energy-efficient train control and timetabling. Eur J Operational

Res, 2017, 257: 355–376

27 Zhao X, Zhang L, Shi P, et al. Stability and stabilization of switched linear systems with mode-dependent average dwell time.

IEEE Trans Automat Contr, 2011, 57: 1809–1815

28 Zhang L, Gao H. Asynchronously switched control of switched linear systems with average dwell time. Automatica, 2010, 46:

953–958

29 Mayne D Q, Rawlings J B, Rao C V, et al. Constrained model predictive control: stability and optimality. Automatica, 2000,

36: 789–814

30 Blanchini F. Set invariance in control. Automatica, 1999, 35: 1747–1767
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