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Abstract This paper focuses on the optimal output synchronization control problem of heterogeneous mul-

tiagent systems (HMASs) subject to nonidentical communication delays by a reinforcement learning method.

Compared with existing studies assuming that the precise model of the leader is globally or distributively

accessible to all or some of the followers, the leader’s precise dynamical model is entirely inaccessible to all

the followers in this paper. A data-based learning algorithm is first proposed to reconstruct the leader’s

unknown system matrix online. A distributed predictor subject to communication delays is further devised

to estimate the leader’s state, where interaction delays are allowed to be nonidentical. Then, a learning-based

local controller, together with a discounted performance function, is projected to reach the optimal output

synchronization. Bellman equations and game algebraic Riccati equations are constructed to learn the op-

timal solution by developing a model-based reinforcement learning (RL) algorithm online without solving

regulator equations, which is followed by a model-free off-policy RL algorithm to relax the requirement of all

agents’ dynamics faced by the model-based RL algorithm. The optimal tracking control of HMASs subject

to unknown leader dynamics and communication delays is shown to be solvable under the proposed RL

algorithms. Finally, the effectiveness of theoretical analysis is verified by numerical simulations.

Keywords heterogeneous multiagent systems, HMAS, reinforcement learning, RL, optimal output syn-

chronization, communication delays
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1 Introduction

Considerable attention from different domains has been focused on the cooperative tracking control of
multiagent systems (MASs), and its control purpose at urging the reference trajectory generated by the
leader can be tracked by a group of following agents by exploiting different distributed control protocols.
Many tracking control algorithms are broadly reported in [1–5].

1.1 Related work

Existing results for similar leader-follower synchronization control of MASs with homogeneous dynamics
have been widely investigated with different control algorithms. Unfortunately, these developed algo-
rithms are useless for heterogeneous systems. In terms of the output synchronization control of heteroge-
neous multiagent systems (HMASs), a two-layer framework was first proposed in [6]. Afterward, different
cooperative control algorithms were designed. For example, Ref. [7] designed a relative output-based
dynamic compensator for the output tracking of HMASs under a distributed controller comprising the
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dynamic compensator’s state and the local agent. Ref. [8] proposed an adaptive fault-tolerant controller
for the output tracking control problem of HMASs. Ref. [9] put forward an adaptive control protocol
for a robust tracking consensus of HMASs with disturbance and actuator faults. Ref. [10] discussed
the output consensus problem of HMASs subject to nonlinear dynamics using a distributed dynamic
compensator. The output tracking control subject to self-tuning parameters through an event-triggered
control mechanism was addressed in [11]. Ref. [12] developed a distributed adaptive observer approach
for the leader-follower consensus control of MASs, where the function of the adaptive observer is used
to estimate the prior knowledge of the exosystem, and the adaptive observer using the relative output
information is considered with a similar method in [13]. However, these abovementioned communication
protocols among agents are not configurated optimally because the proposed control policy requires ob-
taining an accurate model in advance. Fortunately, reinforcement learning (RL) [14] is an effective tool
for providing a tight link with optimal control, and many optimal consensus results have been reported.
The optimal output synchronization of HMASs was considered using the RL algorithm in [15]. An RL-
based containment control protocol for MASs with an active leader was discussed in [16]. The optimal
leader-follower tracking consensus controller design of MASs with switching topologies using the RL algo-
rithm was investigated in [17]. The RL-based optimal output trajectory following control of HMASs with
an unknown exosystem was discussed in [18]. A data-based RL-based optimal output synchronization
scheme was proposed for HMASs with event-triggered communication in [19], and so on. Importantly,
the abovementioned RL-based studies assume that the leader’s system matrix is completely accessible
to some or all of the followers in a completely unrestricted communication environment. Moreover, a
communication delay is neglected in the abovementioned RL-based optimal tracking control of HMASs.

Communication latency is inevitable in the process of agent information exchange in practical com-
munication environments. The occurrence of communication delay brings great difficulty to coordination
control and even causes catastrophic damage to a system’s stability. The consensus studies related to
communication delays and input delays have been conducted using various techniques, including the
frequency domain method in [20] and the Lyapunov method related to Lyapunov-Krasovskii theorem or
Razumikhin theorem in [21–23]. The distributed consensus subject to state and input delays has been
discussed in [24], which is further addressed to consider unknown transmission delays in [25]. Although
different algorithms were proposed in the abovementioned studies, challenging issues remain, such as
(1) the precise model of the leader is assumed to be known by some or all followers in the literature.
Nevertheless, it seems to be difficult to enable all agents to know the leader’s information in practical
applications. (2) Existing results consider uniform communication delays for each agent and its neighbors
with a single or double integrator [20–23,26], while nonuniform and time-varying communication delays
are considered for the general linear MASs in this article. The existing algorithms cannot be extended
to solve the nonuniform (or nonidentical) communication delays. This difficulty is due to the fact that
the closed-loop system subject to nonidentical communication delays cannot be written in a tractable
compact form. (3) In [6–10, 12–14], the output tracking consensus results mostly rely on solvable reg-
ulator equations that require prior knowledge of the leader’s system matrix. If the regulator equations
are unsolvable because each agent does not know the leader, then output tracking is difficult to achieve.
(4) The developed consensus protocols subject to communication delays are not formed in an optimal
control fashion. Thus, the integration of the RL-based algorithm and nonidentical communication delays
to solve the optimal output tracking control problem is rarely reported and motivates us to conduct this
study.

1.2 Main contributions

Based on the abovementioned challenges, this paper employs a learning method to achieve the output
state trajectory tracking of HMASs with an unknown leader’s model and uncertain but bounded time-
varying communication delays. The contributions of this paper are summarized as follows.

• Contrary to most existing results where some or all followers know the leader’s prior information,
an accurate dynamical model of the reference system is entirely unknown to those tracking agents in this
paper. A data-based learning algorithm is proposed to reconstruct the leader’s parameter matrix.

• Compared with existing studies [21, 26] in which the communication delays imposed by each agent
itself and its neighbors are uniform, the time-varying interaction delays only influencing information about
each agent’s neighbors are considered for the general HMASs, where the communication delays may be
nonidentical for different neighbor agents, which makes the problem more practical and challenging.
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• Model-based and model-free learning algorithms are given to guarantee output synchronization with-
out directly solving the regulation equations. Moreover, the model-free case does not rely on the agents’
dynamics that are required by the model-based RL algorithm.

The outline of the remainder of this paper is as follows: Preliminaries and a problem statement are
presented in Section 2, and Section 3 gives the main results. A numerical example is provided in Section 4,
and the conclusion is drawn in Section 5.

Notations. Rn and R
n×m denote the set of the real vectors of dimension n and the set of real matrices

of dimensions n×m, respectively. Z+ denotes the set of positive integers. diag{∗} is a diagonal matrix
with nondiagonal elements being zero. Ǐi is a square matrix. Îi is the i-th row of Ǐi, and all other rows

of Îi are zero row vectors. For a matrix A, λ
[A]
i denotes its eigenvalue, and rank(A) denotes its rank.

Define x|ab = x(a)− x(b).

2 Preliminaries and the problem statement

Consider a group of N agents with the dynamics of the i-th agent expressed as

ṙi(t) = Airi(t) +Biui(t),

yi(t) = Ciri(t),
(1)

where ri(t) is the state, ui(t) is the control input, and yi(t) is the output, respectively. Matrices Ai, Bi,
and Ci with different dimensions are known.

To track a reference trajectory (called the leader), its dynamical model is as follows:

ṙ0(t) = A0r0(t),

y0(t) = Fr0(t),
(2)

where r0(t) ∈ R
m is the state of the leader, and A0 is completely inaccessible to all followers.

For the leader-follower systems in (1) and (2), a directed graph G = (A ,V , E ) comprises the adjacent
matrix A = [aij ] ∈ R

n×m, the node set V = {v1, . . . , vN}, and an edge set E ⊆ V ×V , respectively. The
adjacent matrix’s element aij > 0 if (vi, vj) ∈ E ; otherwise, aij = 0. For two distinct nodes vi and vj , if
vi can obtain the information of vj , and there is a communication link. Then define L = [Lij ] ∈ R

n×m

as the Laplacian matrix, and its elements satisfies Lij = −aij , i 6= j and Lii =
∑N

j=1,j 6=i aij . If there

exists a pinning node v0, the new communication topology graph Ḡ is described by Ḡ = G ∪ v0, and its
element ai0 > 0 if vi can directly receive the leader’s information, and otherwise ai0 = 0, and the overall
relationship between vi and v0 can be described by a diagonal matrix D = diag{ai0}. In terms of v0, if
v0 and any distinct nodes have an information flow (path), the graph is considered to have a spanning
tree in G . The link between L and D can be given as H = L + D , and the characteristic roots of H

are monotonically increasing, namely, 0 < λ
[H ]
1 < λ

[H ]
2 < · · · < λ

[H ]
N .

Problem statement: For the HMAS in (1) and (2), develop a learning-based distributed controller ui(t)
subject to obeying heterogeneous time-varying communication delays.

(1) The matrix A0 in (2) can be reconstructed with system data by all followers;
(2) The output trajectory of each tracking agent tracks the reference system output trajectory by

developing the distributed controller in an optimal way, satisfying

lim
t→∞

‖ei(t)‖ = lim
t→∞

‖yi(t)− y0(t)‖ = 0, i = 1, . . . , N. (3)

To achieve the output tracking control, some assumptions in [6, 7] are used as follows.

Assumption 1. The communication topology graph is called to have a spanning tree if the leader at
least has a path to all tracking followers.

Assumption 2. The pair (Ai, Bi) is stabilizable.

Assumption 3. All characteristic roots of the matrix A0 lie in imaginary axis or have no positive parts.

3 Main results

In this section, a data-based learning algorithm is given to reconstruct the matrix A0 for each follower.
Then, a stability analysis of the prediction error between the predictor and the leader subject to non-
identical communication delays is discussed.
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3.1 Identification of A0 using a data-based learning algorithm

According to the dynamic of the leader, Eq. (2) can be rewritten in the following form by integrating
from t = t+ (σ − 1)t to t+ σt with σ > 0 being the sampling period as

r0|
t+σt
t+(σ−1)t = A0

∫ t+σt

t+(σ−1)t

rT0 (τ)dτ, (4)

where the system data of (2) are stored at the initial instant with σ = 1 by introducing the following two
vectors denoted by Γσ and Gσ to collect system data as follows:

Γσ = col
(

r0|
t+σt
t+(σ−1)t

)

, Gσ = Im ⊗ col

(

∫ t+σt

t−(σ−1)t

rT0 (τ)dτ

)

, σ = 1, 2, . . . . (5)

The use of the Kronecker product to combine (4) and (5) yields

Γσ = Gσ · vec(A0), (6)

where vec(A0) = [A
[1]
0 , A

[2]
0 , . . . , A

[m]
0 ]T.

Theorem 1. In an HMAS under Assumption 3, assume that the prior knowledge of the leader (2) is
unknown to each follower. The leader’s matrix A0 can be identified and reconstructed by satisfying the
following conditions. (1) The matrix A0 can be identified provided that rank[Gσ] = m2; and (2) each
follower can compute the identifiable matrix A0 obeying

A0 =
[

(G−1
σ Γσ)σ→m · · · (G−1

σ Γσ)(m2−m)→m2

]

, (7)

where (G−1
σ Γσ)σ→m can be obtained by using the 1th to mth element of (G−1

σ Γσ).
Proof. If Assumption 3 holds, then confirmation that the matrix Gσ exists as a full rank satisfying
rank[Gσ] = m2 is not difficult to obtain. Inspired by the idea of the data-driven methods in [27, 28], the
matrix A0 can be identified only when the rank condition is met. Thus, the first part is completed. In
contrast, if the rank condition holds, one can conclude that the inverse matrix (Γσ)

−1 exists, implying
that the constructed matrix A0 can be derived by computing (7).

Remark 1. Similar results suppose that the leader’s prior knowledge is accessible to some or all of
the followers. In terms of some followers having no prior knowledge of the leader, a combination of the
adaptive control and the observer approach is employed in [12,13] to estimate the leader’s system model,
respectively. Unlike existing results for similar problems, the most obvious difference is that the leader’s
prior knowledge is totally unknown to those tracking followers in this article. To address this thorny
problem, a data-based learning algorithm and a data-driven control are used to identify and reconstruct
A0 in (7).

3.2 Technical lemmas on nonidentical communication delays

Considering that the occurrence of data transmission among agents is subject to nonidentical commu-
nication delays, some technical lemmas are given below to facilitate the stability of prediction error
systems.

Definition 1 ([29]). A matrix is called a Metzler matrix if its off-diagonal elements are positive or zero.

Definition 2 (δ-digraph [29]). Given a Metzler matrix, the δ-digraph (δ > 0) associated with a Metzler
matrix is the digraph related to both the node set and an arc when and only when the entry of a Metzler
matrix is greater than δ.

Lemma 1 ([29]). For the following linear time-delay system:

ẋ(t) = diag(L (t))x(t) + L̄ (t)x(t− ǫ), (8)

where L̄ (t) = L (t) − diag(L (t)) denotes the off-diagonal elements of L (t). Suppose that the system
matrix L (t) is a bounded and piecewise continuous function of time. If the system matrix L (t) is
Metzler with zero row sums. Under Assumption 1, if the equilibrium set of consensus states is uniformly
exponentially stable. All components of any solution of (8) converge to a common value as t → ∞.
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Note that Lemma 1 only considers the leaderless consensus subject to communication delays for a single
system. In this paper, the general case, including the existence of the leader, and multiple neighboring
agents, is considered under heterogeneous communication delays. The extension of Lemma 1 is given in
the following Lemma 2 under fixed topology.

Lemma 2. Consider the time-delay systems with the leader described by

ẋ = −α(diag(H )⊗ In)x− α

N
∑

i=1

((ǏiH̄ )⊗ In)((Fi ⊗ In)x), (9)

where x = [xT
1 , . . . , x

T
N ]T is the tracking error of the time-delay systems, Fi = diag{fij} with fiix(t) =

x(t) and fijx(t) = x(t− ǫij(t)) for i 6= j for some piecewise continuous ǫij(t) and 0 6 ǫij(t) 6 ǫ for some
positive constants ǫ. H̄ = H − diag(H ) with H = L + D defined in graph theory, and α > 0 is a
constant. Then, the initial point of (9) is exponentially stable.

Proof. According to (9) for a single system, the dynamics of an MAS in the presence of heterogeneous
delays, as an extension of (9), is expressed as

ẋi(t) = −α

N
∑

j=1

aij(xj(t− ǫij(t))− xi(t)) or ẋ(t) = −αdiag(L (t))x(t) − α

N
∑

i=1

ǏiL̄ (t)(Fix(t)).

(10)

The compact form of multiple time-delay systems (10) is given as follows:

ẋ = −α(diag(L )⊗ In)x− α

N
∑

i=0

((Ǐi+1L̄ )⊗ In)[Fi ⊗ In]x, (11)

where x = [xT
0 , x

T
1 , . . . , x

T
N ]T, and α > 0 is a constant number. L̄ = L − diag(L ) with L being the

Laplacian matrix of L by removing the link (0, i) i = 1, . . . , N . Because the interaction topology is
fixed, the δ-graph has the property that every agent i = 1, . . . , N , is reachable from the agent 0 based
on Definition 2. Similar to [6, 25], according to Definition 1, αdiag(L ) is a Metzler matrix with zero
row sums. Then, limt→∞ xi(t) = x0(0), i = 1, . . . , N is easy to conclude based on Lemma 1. Because
H = L + D with the diagonal matrix D , the exponential stability of (9) is easily inferred.

3.3 Predictor design subject to communication delays

The distributed predictor with communication delays is designed to estimate the reference system’s state
as follows:

η̇i(t) = A0ηi(t) + c

N
∑

j=0

aij [e
A0ǫij(t)ηj(t− ǫij(t))− ηi(t)]

= A0θi(t) + c

N
∑

j=1

aij [e
A0ǫij(t)ηj(t− ǫij(t))− ηi(t)] + cai0[e

A0ǫi0(t)η0(t− ǫi0(t))− ηi(t)], (12)

where eA0ǫi0(t)η0(t−ǫi0(t)) = r0(t) based on (2). The last term of (12) is associated with the heterogeneous
delay between the leader and its neighboring agent.

Remark 2. Existing results consider the simple network structure with one single coupling subject to
one single communication delay in [29], while different communication links among agents corresponding
to nonidentical delays are considered with multiple network structures and multiple couplings in this
paper. Moreover, most existing studies in [20–23,26] consider that states of adjacent agents are afflicted
by uniform communication delays. In our paper, the time-varying interaction delays only influencing
information about each agent’s neighbors are considered, which are allowed to be nonidentical. Therefore,
a consensus analysis with nonidentical communication delays is made more challenging. The difficulty
emerges because the nonidentical communication delays for the closed-loop systems cannot be written in
a tractable compact form.
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Theorem 2. Consider the HMAS in (1) and (2) with a directed communication graph. Under Assump-
tions 1–3, a predictor based on the learning-based algorithm can predict the state of a leader satisfying
ηi(t) → r0(t) as t → ∞.
Proof. Define the prediction error as θi(t) = ηi(t)− r0(t). The time derivative of θi satisfies

θ̇i(t) = A0θi(t) + c

N
∑

j=1

aij [e
A0ǫij(t)ηj(t− ǫij(t))− ηi(t)] + cai0[e

A0ǫi0(t)η0(t− ǫi0(t))− ηi(t)]

= A0θi(t) + c

N
∑

j=0

aij

[

eA0ǫij(t)
[

θj(t− ǫij(t)) + r0(t− ǫij(t))− (θj(t) + r0(t))
]

]

= A0θi(t) + c

N
∑

j=0

aij

[

eA0ǫij(t)θj(t− ǫij(t)) − θj(t)

]

. (13)

Letting θ̃i(t) = e−A0tθi(t), it follows that

˙̃
θi(t) = −A0e

−Aitθi(t) + e−A0t

[

A0θi(t) + c

N
∑

j=0

aij

[

eA0ǫij(t)θj(t− ǫij(t))− θi(t)
]

]

= c

N
∑

j=0

aij [e
−A0(t−ǫij(t))θj(t− ǫij(t)) − e−A0tθi(t)]

= c

N
∑

j=0

aij [θ̃j(t− ǫij(t))− θ̃i(t)]. (14)

The above equation can be rewritten in a compact form as

˙̃
θ(t) = −c

[

diag(H )⊗ In

]

θ̃(t)− c

N
∑

i=1

[

(H − diag(H ))⊗ In

]

[(Fi ⊗ In)θ̃(t)], (15)

where θ̃ = [θ̃T1 , . . . , θ̃
T
N ]T. Therefore, it frankly knows that θ̃(t) → 0 as t → ∞ based on Lemma 2.

Since θ̃i(t) = e−Aitθi(t), there exist positive constants γ1 and γ2 satisfying

lim
t→∞

‖θ(t)‖ 6 lim
t→∞

‖(In ⊗ e−A0t)θ̃(t)‖ 6 lim
t→∞

‖In ⊗ eA0t‖‖θ̃(t)‖

6 lim
t→∞

‖In ⊗ eA0t‖
∥

∥

∥
γ1e

γ2t sup
−ǫ6̺60

θ̃(̺)
∥

∥

∥

6 lim
t→∞

γ1e
γ2t‖In ⊗ eA0t‖ 6 lim

t→∞
γ1e

γ2tP (t) = 0, (16)

where ‖In ⊗ eA0t‖ 6 P (t) exists because all characteristic roots of the matrix A0 have no real parts, and
there exists a polynominal P (t). Thus, the proof is completed.

Remark 3. Different approaches, such as the frequency domain method and the Lyapunov-Krasovskii
theorem or the Razumikhin theorem approach, have been reported to solve uniform time-delay issues for
first- or second-order MASs, while the nonuniform and time-varying communication delays are considered
for the general linear HMASs in this article. Obviously, the existing methods cannot be directly applied
to solve this paper. To solve the time-varying communication delay case, Lemma 2 is introduced and
established, which is not only simpler but also less computationally complex compared with constructing
multiple Lyapunov functions related to uniform communication delays.

3.4 RL-based optimal output tracking consensus

For agent i, we consider the state feedback controller as follows:

ui = Q1iri +Q2ir0, i = 1, 2, . . . , N, (17)

where ui = [Q1i, Q2i]Zi = QiZi, and Q1i, Q2i are gain matrices to be determined later.
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Let Zi = [rTi , r
T
0 ]

T. Integrating (1), (2), and (17) yields the following augmented systems:

Żi =

[

Ai 0

0 A0

]

Zi +

[

Bi

0

]

ui = ĀiZi + B̄iui,

ei = Ciri − Fir0 = [Ci,−F ]Zi = C̄iZi. (18)

For (18), the value function corresponding to the performance function Ji(Zi, ui) is considered as

Vi(Zi, ui) =

∫ ∞

t

e−χi(s−t)
[

ZT
i C̄iΞiC̄

T
i Z

T
i + uT

i Θiui

]

ds = ZT
i WiZi, (19)

where Ξi > 0 and Θi > 0 are weighting matrices, χi > 0 is a constant number to be designed later, and its
function of introducing the parameter χi is to ensure the tracking control while satisfying the predefined
performance (19). To analyze the stability, define Vi(Zi) = ZT

i WiZi, where the matrix Wi > 0.
The control objective is to determine

V ∗
i (ui) = min

ui

Ji(Zi, ui) = min
ui

∫ ∞

t

e−χi(s−t)
[

ZT
i C̄iΞiC̄

T
i Z

T
i + uT

i Θiui

]

ds. (20)

According to (19), the Bellman equation is easy to conclude as follows:

H(Zi, ui) = ZT
i C̄iΞiC̄

T
i Z

T
i + uT

i Θiui + 2ZT
i Wi[ĀiZi + B̄iui]− χiVi = 0. (21)

Based on the stationary condition ∂H(Zi,ui)
∂ui

= 0, the optimal control policy is as follows:

u∗
i = QiZi = −Θ−1

i B̄T
i WiZi, (22)

where Wi = WT
i = [ W11

i W12
i

W21
i W22

i
] satisfies the following equation:

ĀT
i Wi +WiĀi − χiWi + C̄T

i ΞiC̄i −WiB̄iΘ
−1
i B̄T

i Wi = 0. (23)

Note that the solution Wi of (23) will be learned based on Bellman equations (18), and the detailed
learning process is given in Algorithm 1.

Algorithm 1 Model-based RL algorithm

1. Start with a stabilizing control policy u
[k]
i with k = 0 for i;

2. Solve the following Bellman equation for V
[k+1]
i :

ZT
i C̄iΞiC̄

T
i ZT

i + (u[k])Ti Θiu
[k]
i +

(∂Vi(Zi, ui)

∂Zi

)[k+1]
[ĀiZi + B̄iu

[k]
i ] − χiVi = 0, (24)

where ∂Vi(Zi, ui)/∂Zi = 2WiZi;

3. Find improved control policies using ui and the optimal controller gain Qi,

u
[k+1]
i = −Θ−1

i B̄T
i W

[k]
i Zi, Q

[k+1]
i = −Θ−1

i B̄T
i W

[k]
i ; (25)

4. Stop when ‖Q
(k+1)
i − Q

(k)
i ‖ 6 φ, where φ is a small constant; otherwise, k = k + 1 and return to Step 2 until the convergence

criterion is satisfied.

Theorem 3. Consider an HMAS composed of (1) and (2) under Assumptions 1–3, developing the
RL-based local controller ui in (1) with Qi = −Θ−1

i B̄T
i Wi. Then, Ai+BiQ1i is Hurwitz, and the optimal

output tracking consensus of the HMASs can be obtained if χi = χ∗
i 6 2‖(CT

i ΞiCiBiΘ
−1
i BT

i )
1
2 ‖.

Proof. According to (23), substituting Wi into (23) yields

AT
i W

11
i +W 11

i Ai − χiW
11
i + CT

i ΞiCi −W 11
i BiΘ

−1
i BT

i W
11
i = 0, (26)

which can be rewritten as

(Ai +BiQ1i) + (Ai +BiQ1i)− χiIn = −CT
i ΞiCi(W

11
i )−1 −W 11

i BiΘ
−1
i BT

i
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= −
∥

∥

∥
(CT

i )
1
2Ξ

1
2

i C
1
2

i (W
11
i )−

1
2

∥

∥

∥

2

−
∥

∥

∥
(W 11

i )
1
2B

1
2

i Θ
− 1

2

i (BT
i )

1
2

∥

∥

∥

2

6 −2
∥

∥

∥
(CT

i ΞiCiBiΘ
−1
i BT

i )
1
2

∥

∥

∥
< 0, (27)

where the eigenvalues of the matrix (Ai + BiQ1i) + (Ai + BiQ1i) − χiIn can be described by 2λ(Ai +

BiQ1i)−χi. Thus, 2λ(Ai +BiQ1i)−χi 6 −2‖(CT
i ΞiCiBiΘ

−1
i BT

i )
1
2 ‖. Note that if the discounted factor

satisfies χi 6 2‖(CT
i ΞiCiBiΘiB

T
i )

1
2 ‖, it concludes λ(Ai +BiQ1i) < 0, and then Ai +BiQ1i is Hurwitz.

On the other hand, multiplying the left-and right-hand sides of (23) by ZT
i and Zi, we have

2ZT
i Ā

T
i WiZi − χiZ

T
i WiZi + ZT

i C̄
T
i ΞiC̄iZi − (ZT

i Wi)B̄iΘ
−1
i B̄T

i (WiZ
T
i ) = 0. (28)

It can be observed from (28) that if WiZi = 0, then ZT
i C̄

T
i ΞiC̄iZi = 0. Thus, (yi − y0)

TΞi(yi − y0) =
ZT
i C̄

T
i ΞiC̄iZi = 0 is easily confirmed, and the output tracking consensus ei = 0. If WiZi 6= 0, one

has V̇ (Zi, ui) = 2ZT
i Wi(Āi + B̄iQi)Zi = ZT

i (WiÃi + ÃiWi)Zi, where Ãi = [ Ai + BiQ1i BiQ2i
0 A0

] is Hurwitz

because Ai + BiQ1i is Hurwitz and all eigenvalues of A0 satisfy Assumption 3. Thus, a matrix S > 0
satisfying WiÃi + ÃiWi + S 6 0 must exist. Then, one has V̇ (Zi, ui) = −ZT

i SZi 6 0. According to
LaSalle’s invariance principle, Zi synchronizes to the largest invariant subspace where V̇ (Zi, ui) = 0.
Then, it is easy to check that V̇ (Zi, ui) = 0 when WiZi = 0. The optimal output tracking control
problem of HMASs is solved by using a policy iteration algorithm as shown in Algorithm 1.

Remark 4. It is worth noting that Theorem 2 is a model-based control algorithm because the obtained
optimal control policy relies on the accurate matrix B̄i in (22). If the dynamical model is unknown,
the model-based control algorithm is useless. To relax this condition, inspired by [30], we will develop a
model-free learning algorithm.

The augmented systems (18) is rewritten as

Żi = (Āi + B̄iQ
[k]
i )Zi + B̄i(ui −Q

[k]
i Zi). (29)

Based on Algorithm 1, V̇i(Zi) satisfies

V̇i =
( dVi

dZi

)[

(Āi + B̄iQ
[k]
i )Zi

]

+
(dVi

dZi

)[

B̄i(ui −Q
[l]
i Zi)

]

= χiVi − ZT
i

[

C̄T
i ΞiC̄i +

(

Q
[k]
i

)T

ΘiQ
[k]
i

]

Zi − 2
(

ui −Q
[k]
i Zi

)

ΘiQ
[k+1]
i Zi. (30)

For the interval [t, t + T ], the following IRL Bellman equation can be derived by imposing e−χit on
both sides of (30) as

e−χiT
′

V
[k+1]
i (Zi(t+ T ′))− V

[k+1]
i (Zi(t)) = −

∫ t+T ′

t

e−χi(s−t)ZT
i

[

C̄T
i ΞiC̄i +

(

Q
[k]
i

)T

ΘiQ
[k]
i

]

Zids

− 2

∫ t+T ′

t

e−χi(s−t)
(

ui −Q
[k]
i Zi

)T

ΘiQ
[k+1]
i Zids. (31)

Note that for (31), C̄T
i ΞiC̄i is associated with the matrices Ci and F in (31), which means that Algorithm 2

is a model-free algorithm. In fact, the prior knowledge related to Ci and F is not required in Algorithm 2
mainly because we can use the relative output information (yi− y0)

TΞi(yi− y0) to relax the requirement
of C̄T

i ΞiC̄i in (31). That is, it is a model-free algorithm without any prior knowledge. The model-free
RL algorithm as shown in Algorithm 2 is given to achieve the optimal output synchronization without
relying on system dynamics.

Remark 5. Note that Algorithm 1 has the same solution as Algorithm 2, and the convergence of
Algorithm 1 can be ensured considering [31]. That is, the convergence of Algorithm 2 is guaranteed.

Remark 6. The controller gains of existing results [16–18] are derived by resolving a series of linear
matrix inequalities (LMIs), and the analytical solution of multiple LMIs is difficult to ensure. However,
in this paper, the optimal control gains of (17) can be obtained by simultaneously using an RL algorithm.



Xu Y, et al. Sci China Inf Sci July 2023 Vol. 66 170203:9

Algorithm 2 Model-free off-policy IRL algorithm

1. Begin with a stabilizing control policy u
[k]
i with k = 0 for i;

2. Solve the integral Bellman equation (31) for V
[k+1]
i and u

[k+1]
i simultaneously;

3. Stop when ‖V
[k+1]
i − V

[k]
i ‖ 6 φ where φ is a small constant; otherwise, k = k + 1 and return to Step 2 until the convergence

criterion is satisfied.

Figure 1 (Color online) Communication structure among five agents.
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Figure 2 (Color online) Trajectories of states with nonidentical delays.

4 Numerical simulations

Consider an HMAS comprising a leader and four tracking agents with the following system parameters:

A0 =

[

0 −1

1 0

]

, F =

[

2

0

]T

, Ai =

[

0 −i

i 0

]

, Bi =

[

i

0

]

, Ci =

[

0

i

]T

, i = 1, . . . , 4.

The communication topology structure among five agents is shown in Figure 1, and Assumptions 1–3
hold. The initial values of the leader and predictors are selected as r0(0) = [−2, 3]T, η1(0) = [2,−1]T,
η2(0) = [1,−2]T, η3(0) = [−2.5, 5]T, and η4(0) = [−5,−6]T. Meanwhile, suppose that the time-varying
communication delays are described by ǫij(t) = 1

3t+is, i = 1, 2, 3, 4 for different neighboring agents.
Using the predictor in (11), the state synchronization between predictors and the leader converges to a
common state value, as shown in Figure 2, and the curves of corresponding prediction errors are depicted
in Figure 3. That is, the predictor can estimate the leader’s state although the different communication
delays are imposed on different links. When the communication delays ǫij(t) =

1
3ts for different links are

the same case, the evolutions of state trajectories and the prediction errors are as presented in Figures 4
and 5. Now, we implement the RL algorithm for output tracking consensus, and the parameters χi = 2,
Ξi = 2, Θi = 10 are considered in discounted performance function (19). Based on the given system
matrices, solving the algebraic Riccati equation (23) derives the optimal controller gains for four followers
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Figure 3 (Color online) Trajectories of θi with nonidentical delays.
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Figure 4 (Color online) Trajectories of states with uniform delays.
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Figure 5 (Color online) Trajectories of θi with uniform delays.

as follows:

Q∗
1 =

[

−0.0736 −0.1006 −0.2012 −0.1471
]

, Q∗
2 =

[

−0.5822 −0.6301 −0.8378 −0.3176
]

,

Q∗
3 =

[

−0.9889 −1.3077 −1.0912 −0.2287
]

, Q∗
4 =

[

−1.3021 −2.0211 −1.2019 −0.1658
]

.
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Figure 6 (Color online) Trajectories of tracking errors ei(t) with nonidentical delays.

Based on the optimal controller gains in (17), the output tracking consensus can be achieved, and the
evolution of the tracking errors ei(t), i = 1, 2, 3, 4 is illustrated in Figure 6.

5 Conclusion

The optimal output synchronization control of HMASs subject to heterogeneous delays and an unknown
reference model was studied in this paper. A data-based learning algorithm is proposed to learn the
leader’s model for each follower. The leader state predictor subject to nonidentical communication delays
is further given to estimate the leader’s state for each follower. Then, the optimal controller-based RL
algorithm is developed to ensure the control objective, which is extended to the model-free RL algorithm
that does not depend on system dynamics. Finally, a simulation example is provided to verify the
effectiveness of the theoretical analysis. Note that because the obtained results ignore the existence of
limited bandwidth, different resilient event-triggered strategies [32–36] will be exploited for the optimal
secure control of nonlinear HMASs in our future work. Furthermore, the proposed algorithms begin with
an admissible initial control policy, which is associated with the system dynamics matrix, and how to
remove this assumption also merits consideration in our future study.
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