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Appendix A Preliminaries

Let R} = {& € R",z; > 0,1 < j < n}, where R" stands for n-dimensional Euclidean space. No = {0,1,2...}. I denotes the
identity matrix. For @,y € R", define: & >y, ifz; >y; 1<j<max >y, ifz; 2y, for1<j<n;e >y, ife>yandz#y.
A = (@ij)nxn is Metzler matrix if a;; > 0(¢ # j). The jth coordinate of vector x, is denoted by z,;. The weighted o, norm of
x € RY} is given by

[l2]|%, = max m
& Aysn vy
For an n-tuple » = {ry,r2,...,7,} and a constant X\ > 0, the dilation map is defined by 67}
A0 0o ... 0 z1 A"xq
0 A 0 ... 0 o A2,
()= ... ... ... ... ... = s

0 ... ... 0

0 ... 0 A JLen AT

where X\; >0 (j = 1,2,...,n). The dilation map 7 is standard when » = {1,1,...,1}.
Definition 1. A vector field f : R™ — R" is cooperative if the Jacobian matrix %(a) is Metzler matrix for all @ € R} \{0},
where f : R™ — R™ is continuous and continuously differentiable on R’} \{0}.
From ( [1], Chapter 3, Remark 1.1, p.33), the cooperative vectors satisfy Kamke-condition.
Proposition 1. If f:R"™ — R"™ is a cooperative field, then given any two vectors & and y in Ri satisfying @ > y and z; = y;,
one has f;(x) > f;(y).
Definition 2. A vector field g : R" — R" is called order-preserving on RY, if g(x) > g(y) for any @,y € R} satisfying = > y.
If for any t € [0, +00), fo(¢) is is a cooperative field and g, () is order-preserving field, then system (1) is SPNSs. More precisely,
in the fist interval [0, ¢1), the solution of the first activated subsystem is nonnegative for any nonnegative initial condition. This
implies that the initial condition is nonnegative for the second interval [t1,t2). Hence, the solution of the system (1) is always
nonnegative.
Definition 3. System (1) is exponentially stable (ES), if for nonnegative initial function 6(t) and any switching signal from a
fixed ADT class, there exist two constants ap > 0 and by > 0 such that the solutions of system (1) satisfy

[l(t)]| < aoe”*||O()]], t >0,

where ||.|| is some norm in R™.

Definition 4. Denote N, (T1,T>) be the number of switching times of o(t) over the interval [Th, T»]. If there exist two positive
constants 7, and Ny such that

Ty — T
No(T1,Tz) < No + ——1,

Ta

then 7, is called an average dwell time (ADT) of o(¢).
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Appendix B The proof of Lemma 1
Proof: For any j € {1,2,...,n}, one can get

Tmax
T

(3" -

then it follows from the definition of the multiple max-separate Lyapunov function that (2) holds.

Appendix C The proof of Theorem 1

Proof: For any p € M,j € {1,2,...,n}, define function z,;(X\) = A + M + eAT’"‘”w, then it is easily to check that
pj P
2p;(0) < 0 and zp,;(Ap;) = 0. Note that z,; () is monotonically increasing in X, then picking any Ao with 0 < A\ < mij\l} 121i2 Apj»
g pE <im0
the following inequality holds

zpj(Xo) <0, j€{1,2,...,n}. (C1)
Set @(t) = e~ *0ty*(t), then it follows from system (1) that
97 (1) < Aoy (0) + Forny (" () + 07 Vg0 (¥ (t— (1)) £ > 0. (C2)
Next, consider the following impulsive switched positive system
9(t) = Moy (t) + Foy (@) + 207D g iy (y (¢t = 7(£)), >0, # by,

Ay(tr) = Coppyy ((ts — d(tx)) ™), (C3)
y(t) = e)‘Otg(t)’ te [77'7naa:7 0]

The switching sequence is denoted by 0 = tg < t1 < t2 < ... <t} < tx+1 < .... Then for the first interval [to, t1), let o(t) = o(to),

t € [to,t1). Define [|0]| = sup V»(6(t)), where v is defined in Lemma 1. Hence for any p > 1 one can check

—Tmaxz St<0
Vo t1g) (W(0) = Va0 (6(0)) < l6]] < pll6]l.

Next, the following inequality will be proved
Vo, trg) @(0) < pll6ll, Yt € [t0, 11). (Ca)

By contradiction, assume that (C4) is not always correct. Note that va(to) (y(t)) is continuous, then there exist a time t* and at
least one index jo € {1,2,...,n} such that

Tmax
(t T
<’"’—“> Tocolell, t<tt, je{l2 ..n, (C5)
Vo (tg)i
i)\ "o
<J°— = plll], (C6)
Vo (tg)io
o e
D ("’“’—“) P i 20, (€7
Vo (tg)io

where D_ denotes the left derivative.
Case 1: If t* — 7(t*) > 0, then t* — 7(¢*) € [0,t*]. Combining (C5) with (C6) can lead to

.

—J .
y; (7 — 7 (7)) < (pllO]]) Tmaz vo(rgy;,  J€A{1,2,.n}

J 1 1 J
Since p>1, (p”@”)""maac > (HBH)TWLQT . Therefore, if ||6||7‘7na$ > >\*7 then (p”@ll)rm,az > A\*. Furthermore, it follows from
Assumption 2 and Assumption 3 that

1 _ro _rn
9o (te) (Y™ = T(")) < Go(ty) ((P||9||)”’““” Vo (tg)1s (PI|O]]) Tmaz vy (igy2s ey (p]|0]]) Tmaz va(tg)n)

= 9o(tg) (5§9va<to>)
< 5;990(’&0) ('Ucr(to)) )

_1
where A\ = (p[|@]||) "ma= . Noting that f, () is cooperative, this in turn implies
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. - o -
Fo(to)io (Y(E™)) < fo(to)ig ((pllell)”’mz Vo (tg)1s (PI10]]) "maz vy (ig)2,s -y (p]]0]]) "maz Uo(t0)n)
= fo(to)m <5§9 “v(to))
"0 fottorio (Vateo)) -
Then

Tmazx

Yo (1) T
D io jo | ..
(“U(fo)jo> Tl“‘
_ Tmaax ( Yjp () ) Tio -t 9o (*7)

Tio Yo (to)io Yo (to)io

- Tmaz _q
— rmaz | Y00 ) i X7 (t*) e
— zna (200D i (howso () + Fategrio WD) + 07 gy (w0 = 7))

rmaz \ T T Tmax
S Tt e 7 70“0)10 (/\0/\9 Vattrio + Aa'° Fottorio (Va(rg)) + €0 Ao go(tono(va(to)))
= Tmaz Agmes a0 zo () 4 Lelte)in Mo ttg) )’“(TJ"“ ) 4 rormas ¢ a(tQ)J(Qt(";;f(tQ)))
a(to)io o(to)io
= rmag yrmes (N 4 To(t0)io Mo t) | Aormas Jo(tolio Wotn))
"jo Ya(tg)io Ya(tg)io
<o,

where the last inequality is from (C1). This contradicts (CT7).
Case 2: If t* — 7(t*) < 0, then

y(t* = 7(t7) = 0TI — 1 (1)) <O — (7)),
which means

Voo 4y (W = 7(t7))) < p[|0]].

Tmax

> "o |t=¢* < 0 can be obtained, which also yields a contradiction. Thus, (C4)

Yjg ()
Yo (to)io
is true for any p > 1. Let p tend to 11, then

Similar to the analysis in Case 1, D_ <

Voo (1) (8(®) < 1811, ¥t € [to, 11).

This combines with Lemma 1 leads to
Voo o) (D) < BIIBIL Ve € [to, 1),

Tmax

That is, for any t € [to, 1), <U”J('t(t)) ) "I < Bl|6]]. Let t tend to t] , then
o(t1)i
)
y; (t1) < (Bl16]]) "maz vg 4y ;- (C8)
Since —Tmaz < t1 — d(t1) < t1, the following inequality is always true
_ i
vi (1= d(t)) ™) < (BIIBI) Tmew vory ;- (C9)

Combining (C8) and (C9) gives

yi(t) =y;(t) + Ca(tl)]]yj ((t1 —d(t1))7)
< (Bl16]]) Fmaz (1 + Co(t1)ji)Vo(t1)s
i
< (BlI6]]) Tmaz hvg(4y);-

Then it follows that
Vo, p) @) < Bnll6]].

Applying the similar analysis to the one of the first interval, one can verify that
Vo) W) < Bnll6ll. V€ [tr,12)

and

Vi (1) (0(t2)) < (B0)?[16].

By induction, for each k € {1,2,...,n,...}, the following inequality can be obtained
Vi (i) @) < (B 11011, 1 € [th, trga)- (C10)

It should be pointed out that even 1f llm tr — d(tr) = +oo holds for the impulsive delay, (C10) is always true. The reasons are
that ¢, — d(tx) < tx and Bn > 1. Furthermore, for any t € [0,4+00), assume that t € [t,tr4+1), then we have

Vo) @(0) < (8011611 < (8m) "0 7 [l6]].

It follows from (C2) and (C3) that
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Vo, ) @) =0V, (37 (1)
e*AotVUU(tk) (y(t)z
(BmNoe=20t(Bn)7a||6]|

In(Bn)
—(Ao— t
= (Bm)Noe” 0w jg)).

N IN

Furthermore, from Lemma 1, we can get

e In(8m)
Va(@(t) < Va, ., (@) < (B1)V0e 07 77 o).

Since the switching signal satisfies 7, > %, that is Ao — % > 0, this implies that system (1) is ES.

Appendix D The proof of Theorem 2

Proof: From (5), we have

i=n

= 1 1
Xo+ | ali+ D0 ——alup | +eN0TmeE S o v, <0, VpEM, j€{1,2,..,n}. (D1)
i=1,ij UPJ i—1 Ypi
For the linear system (4), since r1 = ro = ... = r,, the multiple max-separable Lyapunov function can be written as

Tmax
Vu, () = max @ "l = max M .
bt 1<5<n \ vp; 1<5<n \ vp;

Similar to the proof of (C4), suppose
=5 (#)]

<pll6ll, t<t", je{l,2,..,n}, (D2)
Vo (tg)i

5, (%)
=0 = = pllell, (D3)

VYo (tg)io

xi,(t
p_ @l sy, (D1)

Yo (tg)io

Then the left derivative of |z, (t")|/vpj, needs to be calculated, that is

p_ L@l sienCee (T ()
~ pio t=t* = Ypjg
_ sign(-tjo(t*)) A (g i P (t* AoT(t*) 58 Y i (tF
= T ():E]o( )Jr = a‘joi,ml( )+e igl J'Of'xl( )

i=n i=n
1 C(p* P (g aP (4% XoTmaw » (4*
< Upio <)‘0|Iyo(t )|+ ajojo‘zjo(t )| +i:1¥¢30 a‘joilzl(t )|+ enommes i§1 |b1017||m1(t )‘> :

)]

It follows from (D1) that D_ mg(]ih:t* < 0, which contradicts (D4). Then the rest proof which shows similarities with the one
Pio

of Theorem 1 is left out here.
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