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Dear editor,

Estimations of nonlinear autoregressive (AR) models in the

literature typically involve ergodic series. Based on this as-

sumption, the asymptotic theory has been established ac-

cordingly (see [1–3]). However, this good property is not

always true [4]. For example, we consider

yt+1 = θτφ(yt, . . . , yt−n+1) + wt+1, t > 0, (1)

where θ is the m× 1 unknown parameter vector and yt and

wt are the scalar observations and random noise signals, re-

spectively. Moreover, φ : Rn → R
m is a known Lebesgue

measurable vector function:

φ(z1, . . . , zn) = col{φ(1)(z1), . . . , φ
(n)(zn)}, (2)

where φ(i) = (fi1, . . . , fimi
)τ : R → R

mi , i = 1, . . . , n are

certain known Lebesgue measurable vector functions and

mi > 1 are n integers satisfying
∑n

i=1 mi = m. Without

loss of generality, let yt = 0 for t < 0. Clearly, most func-

tions φ produce non-ergodic sequences {yt}. Therefore, in

this article, parameter θ in model (1), whose outputs are not

necessarily ergodic, is identified.

Least squares (LS) estimators are known as the most effi-

cient algorithms in parameter estimation. Its strong consis-

tency for model (1) depends crucially on matrix P−1
t+1 =

Im +
∑t

i=0 φtφ
τ
t , where φt = φ(yt, . . . , yt−n+1). Let

λmin(t + 1) and λmax(t + 1) denote the minimal and maxi-

mal eigenvalues of P−1
t+1, respectively. In the Gaussian case,

Ref. [5] showed

{

lim
t→+∞

λmin(t + 1) = +∞

}

=

{

lim
t→+∞

θ̂t = θ

}

, (3)

whereas Ref. [6, Theorem 1] found that when {wt} is an

appropriate martingale difference sequence,

‖θ̂t+1 − θ‖2 = O

(

log (λmax(t + 1))

λmin(t + 1)

)

, a.s. (4)

Moreover, Ref. [6] pointed out that log (λmax(t + 1)) =

o(λmin(t + 1)) is in some sense the weakest condition for

the strong consistency of θ̂t in general.

The eigenvalues of P−1
t+1 depend on outputs {yt}, which

are produced automatically by the nonlinear random sys-

tem (1). Thus, checking limt→+∞ λmin(t + 1) = +∞ or

log (λmax(t+ 1)) = o(λmin(t + 1)) is nontrivial. However,

Ref. [7] successfully verified lim inft→+∞ t−1λmin(t + 1) >

0, a.s. for the linear AR model,

yt+1 = θ1yt + θ2yt−1 + · · ·+ θnyt−n+1 + wt+1, t > 0, (5)

which is a special case of (1). Then, Ref. [7] completely

solved the strong consistency of the LS estimator for this

basic situation. The proof in [7] attributes to the linear

structure of the AR model (5) to a certain extent. Regard-

ing the nonlinear model (1), we aim to identify whether the

LS estimator retains a similar asymptotic behavior.

This study establishes the asymptotic properties of the

LS estimator for model (1). By assuming mild conditions

on φ, the minimal eigenvalue of P−1
t+1 is estimated. We find

that the LS estimates converge to the true parameter almost

surely on the set where vectors (yt, . . . , yt−n+1)τ do not di-

verge to infinity. This means the LS estimator is highly likely

to have a strong consistency when applied to model (1) in

practice because most real systems are non-divergent. Fi-

nally, Appendix A provides the proofs of the main theorems.

Gaussian case. We assume the following conditions.

(A1) Noise {wt} is an i.i.d. random sequence with

w1 ∼ N(0, 1), and parameter θ ∼ N(θ0, Im) is independent

of {wt}.

(A2) Certain open sets {Ei}ni=1 belong to R satisfying

the following:

(i) fij ∈ C(R) and fij ∈ Cmi (Ei), 1 6 j 6 mi, 1 6 i 6 n;

(ii) For every unit vector x ∈ R
m, a point y ∈

∏n
i=1 Ei

exists such that |φτ (y)x| 6= 0.

Remark 1. By assumption (A2)(ii), for every unit vector

x ∈ R
m, ℓ({y ∈

∏n
i=1 Ei : |φτ (y)x| > 0}) > 0, where ℓ

denotes the Lebesgue measure.
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The LS estimate θ̂t for parameter θ can be recursively

defined by

{

θ̂t+1 = θ̂t + Pt+1φt(yt+1 − φτ
t θ̂t),

Pt+1 = Pt − (1 + φτ
t Ptφt)−1Ptφtφ

τ
t Pt, P0 = Im,

(6)

where θ̂0 is the deterministic initial condition and φ0 is

the random initial vector of model (1). We provide a sim-

ple way to estimate the minimal eigenvalue of P−1
t+1. Let

Nt(M) ,
∑t

i=1 I{‖Yi‖6M}, where Yt , (yt+n−1, . . . , yt)τ

and M > 0 is a constant. Then, in terms of Nt(M), our

estimate of λmin(t + 1) is readily available by the following

theorem.

Theorem 1. Under assumptions (A1) and (A2), for any

constant M > 0,

lim inf
t→+∞

λmin(t+ 1)

Nt(M)
> 0 a.s. on Ω(M), (7)

where Ω(M) , {limt→+∞ Nt(M) = +∞} .

Corollary 1. Let assumptions (A1) and (A2) hold. Then,

lim
t→+∞

θ̂t = θ a.s. on

{

lim inf
t→+∞

‖Yt‖ < +∞

}

. (8)

Remark 2. For a typical case where
∏n

i=1 Ei = R
n, if as-

sumption (A2)(ii) fails, then ℓ({y ∈ R
n : |φτ (y)x| > 0}) = 0

for some unit vector x ∈ R
m. Therefore, as t → +∞,

λmin(t+1) = O(1), a.s. In view of (3), θ̂t cannot converge to

the true parameter θ. So, assumption (A2)(ii) is necessary

for the strong consistency of the LS estimates {θ̂t}t>0.

Constant parameter. Assume θ is a non-random param-

eter, and

(A1′) {wt} is an i.i.d random sequence with Ew1 = 0

and E|w1|β < +∞ for some β > 2. Moreover, w1 has

a density ρ(x) such that for every proper interval I ⊂ R,

infx∈I ρ(x) > 0 and supx∈R ρ(x) < +∞.

In this case, the LS estimator is constructed from partial

data. More specifically, for some constant Cφ > 0, φt is

modified as φt , I{‖Yt−n+1‖6Cφ}φ(yt, . . . , yt−n+1). Then,

an analogous version of Theorem 1 is deduced as follows.

Theorem 2. Under assumptions (A1′) and (A2), a con-

stant Mφ > 0 exists depending only on φ such that for any

Cφ > Mφ and M > 0,

lim inf
t→+∞

λmin(t + 1)

Nt(M)
> 0 a.s. on Ω(M).

Furthermore, if M > Cφ, then

‖θ̂t − θ‖2 = O

(

logNt(M)

Nt(M)

)

a.s. on Ω(M).

Remark 3. Furthermore, we conclude (8) in Theorem 2.

For most practical situations, the systems frequently fulfill

P

{

lim inf
t→+∞

‖Yt‖ < +∞

}

= 1, (9)

and the strong consistency of the LS estimates is thus guar-

anteed. Observe that assumption (A1′) and Eq. (9) imply

that {yt}t>1 in model (1) is an aperiodic Harris recurrent

Markov chain and hence admits an invariant measure. Cer-

tain integrability assumptions on the invariant measure may

lead to the consistency of the LS estimates (e.g., [8]). How-

ever, judging these integrability assumptions for a nonlinear

AR model is generally nontrivial.

When n = 1 in model (1), assumption (A2) in Theo-

rems 1 and 2 can be relaxed as below.

(A2′) f1i ∈ Cm1 (E1), i = 1, . . . , m1 are linearly inde-

pendent on an open set E1 ∈ R and φ is bounded in every

compact set.

Example 1. Consider a parametric AR model:

yt+1 =
m
∑

j=1

θjg(yt)I{yt∈Dj}
+ ytI{yt∈Dm+1}

+ wt+1, (10)

where y0 = 0, g(·) is bounded in any compact set, {Dj}
m
j=1

are some compact subsets of R with positive Lebesgue mea-

sure, and Dm+1 = (
⋃m

j=1 Di)c. Let noises {wt}t>1 satisfy

assumption (A1′) and unknown parameters θ1, . . . , θm ∈ R.

As can be seen, {yt}t>1 must fall into
⋃m

j=1 Di infinitely

many times and Eq. (9) holds. Hence Theorems 1 and 2 can

be applied and the strong consistency of the LS estimates is

established. If g(x) = x, model (10) becomes a non-ergodic

threshold autoregressive (TAR) model.

Conclusion. This study discusses the LS estimator for a

basic class of nonlinear AR models, whose outputs are not

necessarily ergodic. Several asymptotic properties of the

LS estimator have been established under mild conditions.

These properties suggest the strong consistency of the LS

estimates in non-divergent nonlinear AR models.
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