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Appendix A Proof of Claim 1

For convenience, we first clarify the assumptions made throughout this paper. For the given formation (G,r), we assume that the
nominal formation {n}fif] affinely span on Rd, which means that the nominal configuration r is supposed to be generic. Then
we assume that there are d + 1 leaders in Vi, i.e., M = d 4+ 1. In addition, every follower in V¢ is (d + 1)-reachable from the
agents in V;. In addition, all Q;; in Qf; have the same sign when i is fixed and they are opposite to Q;;. Moreover, Q5y is a
diagonally-dominant matrix.

The dynamics of the ith agent are characterized by

#i(t) = Az;(t) + Bu;(t), i=1,2,---,N. (A1)
Denote d; as the virtual adaptive gain whose dynamics are described by
di = & T¢; (A2)

with initial value 1 < J@éo) < d;(0). Let d; = d; — di, p; = €X' QE;, and p; = p; — pi-
Define C; = sgn(3_;1, ;. wij), C = diag(Cym+1,-++,Cn), D = diag(dap+1,- - ,dn) and p = diag(pam+1,- -+, pn). The
closed-loop dynamics of system (A1) in compact form can be described by

it =Un-m®@A)zs+ (IN—Mm ® B)ug

(A3)
= ({Un-m ® A)zy + [C(D + p) ® BKIE.

It then follows that the dynamics of tracking error £ can be given by

E=(In_m ® A)E+ [Qs (D + p) ® BKE
=(In-m ® A)¢+ [Qs7(D + p) ® BK]¢ (A4)
+[Qs¢(D + p) ® BKIE + [Qf (D + p) ® BKIE,

where Qf; = CQsy and D, j, D, p have similar structures to D and p.
Construct the following Lyapunov function:

a 7 1 (UZ-L - a)2 72 1>
Vi= 30 nilldit 5p)p + g 4 BT, (A5)
i=MA41
where Vp = S°N b r;, a and B are positive constants. The time derivative of Vi along the trajectories of (Al) is given by

i=1T%;"

N N
Vi= 3 milldi+ )6+ (1+28V0)ds — a+ p)dil + > riBdi Vo
i=M+1 i=M-+1

=¢T[(D+p)R® (QA+ ATQ) — (D + p)(RQy5 + QF ,R)(D + p) ® )¢
—26T[(D + p)RQ45(D + p) @ T1E — 26T [(D + p) RO 5 (D + p) ® T)g
N N
+€T((28Vo + VD —aln - m + PROTIE— > Brid; > (5 + 23] @),

i=M41 j=1

(A6)

where R = diag(rap1,- -+ ,7n) is a positive diagonal matrix such that Rfo + Q?fR > 0.
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Then we have

—&TUD + p)(RQy5 + QOF;R)(D + p) ®T)

T P D a2 (A7)
< =& Pmin(L)(D +p)” @IS,
where L = (R + Q?f R) and Amin (L) denotes the minimum eigenvalue of matrix L.
Based on the well-known Young’s inequality, we can obtain that
|5i| = |& Q& — & Q&
(A8)

1 JU
< a1pi + (1 4+ —)Amax (Q)ET &,
aq

Amin (L)
domax (RQypp)
value of the matrix.

Note that

where ay = Amax () denotes the greatest eigenvalue of the matrix and omax(-) represents the maximum singular

o N N
EFE = wij (3 — )T D> wiy (3 — 35)
j=1 j=1

N N
2 ~T ~ ~T ~
QZQ”mZ T; +2 E Wi T ; E Wi; T

Jj=1 j=1
N N
2 T~ T ~
<295,%; T + 2n4 Z z; Z T; (A9)
j=1 j=1

N
<207 > ie;5(0),
=1

where n; = Zﬁvzl Gt |w;j;| and the last inequality is obtained by the triggering condition.
Next, we can derive from (A8) and (A9) that

1 N
17l < @1+ 21+ — ) Amax(@)n] 3 755 (0). (A10)
1 =

By using Young’s inequality again, we can also obtain:

~ ~ t - -
au(n)] =|du0) + ["EF (Pée) + 28T (Mre(n)ar
All)
- - - 1 o~ 525 (0) (
<di(0) + a1di — a1d; (0) 4 2Amax (T) (1 + a—l)n? ; %
Combining (A10) and (A11), we have
d; + pi| < ai1(di + pi) + B, (A12)
where f1 = max; {d; (0) + a1.di (0)} +2(1 + gp) maxi {nf} S Amax(Q) + 224E2)5;¢;(0).
Next, we can obtain that
—26T((D + p)ROs 5 (D + ) @ T)¢
>\Iniu(i/) T/ A 2 o'max(Rfo) T/ 2 (A13)
<SS+ ) @ Tje+ T AT (D + ) @ T
where
Omax (RQ S
Tmax(R41) 11y | 52 e
aq
~ N
< Zmex(RlYys) 37 lea(di +pi) + /)€l T
M =M (A14)
)\min zf = = =
=20 BT (D 4 5)2 © T + 2810man (RO ETI(D +5) © T

] ]
+ Bromax (B p) v o e

(631
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Substituting (A14) into (A13) yields the following inequality:

BB 4 5 © T + 281 0man (RO )€

€+ BEomax (RQ )

a1

x[(D+p T " In_n ®TIE.

Similar to (A10) and (A11), it then follows that
1 ~
pi < (L4 a)€f Q&+ (14 €N Q8

1 N
<+ a1)pi + 2Amax ()L + —)nf D= 7;¢5(0)
j=1

and

t - ~
d; =d;(0) + / [€7TE + 28] 1e] + ¢ re] dr
0

<di(0) + (1 di -1 4(0) + 2Aman (1) (1 + — 2y~ 2555(0)
<di(0) + (1 + a1)d; — (1 + 1) di (0) + 2Amax( )(+—)n,-,ZT,

1 j=1

where we use él and &; to denote é@(‘r) and &; (7).
Combine (A16) and (A17) to get the following result:

di + pi < (1 + a1)(ds + ps) + Be,

where > = max; {d; (0) + (1 + @1)d; (0)} +2(1 + g7) maxi {07} TN, Pmax(Q) + 2242 ]¢;(0).
Next, the second term in (A6) can be scaled as follows:
—26"((D + p)ROy s (D + p) ®TIE

)\miZ(L)éT[(D " ﬁ)2 e + Omax (RQyy)
Qg

<

X

(D +p)* TIE
Substituting (A18) into the second term in (A19) yields

UmaX(Rfo) =T
Zmenl0y1) g

(D +p)? @I

= N
< Tmex(Rilys) ST 1A+ an)(di + pi) + B2 €] TE;

@1 i=M41

~ N
_ Tmax(ROyy) ST I+ a)?dE + 201 + a1)diBs

a1 i=M+1
25T & ale(Rfo) ~ 2
+ BAETTE, + To ) ST (14 )5
1 i=M+1

+2(1 4 a1)d; + 2B82(1 + a1)]pi€; TE;.

Noticing that d; > 1, we have

N
ST I+ a)?dE +2(1 + a1)diBa + BIIE] TE:
i=M+1
N P ~
< S0 [+ a)® +2(1+ 1)z + BAAZETTE,
i=M+1
N N
<2 30 (L4 on +B2) Amax(D)0}dl > 7]
i=M+1 j=1

and

(1 + 01)%5: +2(1 + a1)?d; + 262(1 + 01)] 56X TE;
<A+ a1)?5; +2(1 + a1) (1 + a1 + B2)di]pié; TE;
<max[(1+ a1)®,2(1 + a1)(1 + a1 + B2)1(di + p:)pi€; TE;

N
Saz(di + pi)pi Y vies(t),

j=1

(A15)

(A16)

(A17)

(A18)

(A19)

(A20)

(A21)

(A22)
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where as = 2max{(1 + a1)2, 2(1 4+ a1)(1 + a1 + B2) }FAmax (T) maxi{nf}.
Note that the triggering condition along with the dynamics of the internal state actually indicates that —(k; + 0;vi)e; < &€; <
—kie;. It then follows that
exp[—(ki + 0i7:)t]ei(0) < €:(t) < exp(—kit)e; (0), (A23)

which means that ; decreases at an exponential rate. Thus there definitely exists a time threshold Ty such that as Eé\f:l vie5(t) <

% for all t > T, where X = —(QA + ATQ —I') > 0. Then substituting (A21) and (A22) into (A19), we have
Imax 3 ff max

— 26T (D + p)RQy 4 (D + p) @ TIE

)‘min(i’) T/ A 2 1.7, = —
<— D I - D R® X
<2l (D + g @ + €T ID + PR e Xl (a2
20 x(Rfo) N N T ~
+ maT ST A+ ar+B2) Amax(Dnid; > 7] ;.
i=M+1 =1
2Ul'[]'LX O Omax O i .
Let &g > 0. Select o = % + @p and B > %(1 + a1 + ﬁg)QAHMX(F) maxi{n?} max]-{i—;}, then substitut-

ing(AT), (A15) and (A24) into (A6) yields the following inequality:

Amin (L)
4

+ 2510max (R )ETI(D + p) @ TIé + 571D + PR ® X1¢

Vi <ET[(D+ PR (QA+ AT Qe — €T (D+p)° ®T¢

(A25)
+ €711+ 28Vo(0)R(D + p) ® 1€ — T (@R ® D)E.

281 omax (R y)

Selecting B = 1 + 28V (0) + Sw——e) , it then follows that

Vi <€T[(D+ PR (QA+ATQ+ g + BoT)]€
(A26)

—-£7[( (D +5)° + G R)R]E.

Amin (L)
4
2 Amax

> (1480)% Amax ()

Based on Young’s inequality and selecting &g
Amin (L)

, we have

Vi <€D+ PR ® (QA+ATQ+ o + folle

—(1+ B)ET(D + p)R®T¢
=- %H[(D + PR ® X]¢

<0.

(A27)

Therefore, V7 is bounded, which implies that &;, p; and d; are bounded. Use V> to denote the bounded limit of V4 when
t — oco. It then follows that

/m €71(D + p)R ® XJ€ < 2[Vi(0) — V).
0

It can be inferred from (A16) and (A17) that p; and d; are bounded, i.e., d; and pi are bounded. It then can be deduced from
the triggering condition that Z; is bounded, implying that él is also bounded. Thus we can deduce from (A4) that § is bounded.
Hence, ¢7[(D + p)R ® X]€ is bounded. By using Barbalat’s Lemma, we can conclude that £7[(D + p)R ® X]¢€ — 0 as t — oo, i.c.,
& — 0 as t — oo. This completes the proof of the first part of the claim.

Next we will show that the system does not exist Zeno behaviour under the proposed triggering condition. From the triggering
condition, we have

i?il < vi€i (0) exp(—k;t). (A28)
The time derivative of Z; can be obtained as follows:

x.;:a:ifa':i

N (A29)
= AZ; — (d; + pi)BK¢;
It then follows that:
DFN&; (I IIANNE: 1+ (di + po) I BKEll, (A30)
where D7 ||Z;(t)| is the right-hand Dini derivative of #;. Note that d;, p; and &; is bounded, we can get that
& (DII< T (exp(All(E = t,)) = 1), (A31)

Al
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where Z; is the upper bound of (d; + p;)||BK¢&;||. Thus we can infer from the triggering condition that the triggering time tfc+1 of
the ith agent satisfies:
[ (Al (0 — 1)) - 1P
1Al * (A32)

>¢:(0) exp[— (ki + 037i)th 1],
which means that
thyr =ty 2>

1 A .
m In <1 + ”51” \/si(O) exp[—(k; + Ui'yi)t}c+1]> X

(A33)

If Zeno behaviour exists, we can find a T' > 0 such that ti < T as k — oo. However, t;+1 — t}'c is strictly positive according
to (A33). Hence, t};Jrl — o0 as k — oo, which means that Zeno behaviour does not exist under the proposed control law and
triggering condition. This completes the proof of the second part of the claim.

Appendix B Proof of Claim 2
The agent dynamics with perturbations are reformulated as follows:
z; = Az; + Bu; + w;,i=1,--+, N, (B1)

To prove Claim 2, here we no longer select virtue gain d; and construct a different Lyapunov function candidate Va as follows:

= Lo (di—a)? s
Vo= > milldi+ 5o+ + Bdi Vo). (B2)
i=M+1
Let w; = diag(Bu1 + w1, -+ ,Buny + wu ), wy = diag(war41,- -+ ,@wn) and ¢ = diag(dar41,- -+, $n), then the time derivative

of V5 along the trajectories of the system (B1) under the control law and the triggering condition is rewritten as follows:

N N
Vo= > willdi +pi)pi + (L4 28Vo)ds — a+pi)dil + Y rifdi Vo
i=MA1 i=MA1

=" (D +p)R® (P A+ ATPTY) — (D + p)(BOsp + QF,R)(D + p) @ T)e
—26T[(D + p)ROs (D + p) @ TIE — 26" (D + p)RQy 15 @ TIE

(B3)
+267 (D + p)RQyy @ P~y + 267 (D + )R @ P~ owy
+ET((1+28Vo)D —aly - m +PROTIE—€T[¢(D — In-m)?’R® P ']¢
N ~ N N o
= >0 ml(+28Vo)ds —aléi(di —1)° — > pridl Y (e + k%i]%j).
i=M41 i=M41 j=1 J
Similar to (A7), we can derive that
=D+ p) (RO s + Qf R)(D +p) T 1)
<= & Pamin(L)(D +9)* @ T,
Following the similar line of (A8), we have
1pil < a1pi + B, (B5)
Amin (L A —
where a; = #“nfn)ff) B =201+ ) Amax (P71 max; {n?} S0, v;¢5(0).
Considering the fact that d; > 1 and a3 > 0, it then follows from (B5) that
|pil < a1(ds + pi) + Bi. (B6)
Subsequently, we can obtain the following inequality:
=267 ((D + )Ry 5 ® T
Amin (L _ R -
<%ET[(D +5)° ® TIE + 2B10max (RO ) (B7)
. -
Omax (R
x €D + ) o1 + DT TR iy e,
1
Similar to (A16), we can also obtain that
pi=& PTG + 28] PTIET + &/ PTG
(B8)

<1+ a1)pi + B2



Sci China Inf Sci 6

where 82 = 81 = 2(1 + al YAmax (P 1) max; {n?} 2]71 v;€5(0). Obviously it then follows that
Idi + pil < (14 1)(di + pi) + Bi (B9)
Leveraging the inequality (B9), we have the following relation:

—26T[(D + p)RQ 4 (D + p) @ TIE

Amin (£ max (RO al
2D eryp gy g rig 4 TP S a2 42014 a4 e
@ i=M+1 (B10)
N ez 20max(RO al R al
+ Bl rg + 22me D S oy 4 ) A (DR S0 T
1 i=M+1 =1

In view of the fact that é = f — &, it can be seen that
ET1((1+28V0)D — alny—m + P)R®TIE
=¢"1((1+28V0)D + p)R®TIE + €7 [(1 +28V0)D + p)R® TIE (B11)
+267[(1+26V0)D + PRTIE — a(f + )" (ROT)(E + ).

Letting @ > 1 and considering the fact that Vy decays exponentially fast, there definitely exists a time threshold T such that
14 28Vy < 2 when t > T», which implies that

ETI((1+28V0)D — aln—n + p)R®TIE

<€T[((1+28V0)D + p)R®TIE + 267 (D + p)R @ TIE + 467 [\/(D + p)R\/(D + p) R @ T

N N
—(a—DENRIDIE+2(0° —a) D ridmax(D)ni D 7] 1, B
i=M+1 j=1 (B12)

<ET((1+28V0)D + 5RO TIE+4ET (D + p)ROTIE + 26" [(D + )R T¢

N N
— (- DETRDE+2007 —a) D ridmax (D)0 D 7] &5
i=M+1 j=1

Note that

46T (D + p)R®TIE
=4£"[DR®TIE + 467 [FR®T)E

~ (B13)
<8 Z 7idi Amax (T)n Z 4 > ri(di + 5i)pi€; TEs.
i=M+1 j=1 i=M+1
Substituting (B13) into (B12) yields:
ET[(1+28V0)D — aln_n + )R TIE
- N N
"1 +28V0)D+p)ROTIE+ 26" [(D+p)RBTIE+S > rididmax(D)n] D ) &5
=M1 =1 (B14)
N o N N
+4 37 rildi + )€l T — (- DETRIDIE+2(0” —a) D ridmax(D)n] D ) &5
i=M+1 i=M+1 i=1
Considering the fact that & > 1 and BV > 0, we can derive the following relation:
N —
= > nl(1+28Vo)ds — al¢i(di — 1)°
i=M+1
N
<= >0 rmidildi —a)(di — 1)°
M B15
- (B15)
= > mgil—(di = 1)° + (@ = 1)(d; — 1)?]
i=M+1
al 1 1
< > T1¢1[—§(di -1+ g(a - 1%
i=M41
For a positive constant x which satisfies x < _m%}n kj, we have
J€EVy
Tdi—a)’ (i = 1)’ + Ja— 1)’
bi 2 X, i -2 L X
=(5)3di =1 S(5) 7 F 4 Sa—1)° (B16)

<—(d _1)? +6¢2 %(aﬂ)z.
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Based on Young’s inequality, we can derive the following result:

26T (D 4 p)RQs; ® P~ Vwy
1
<5£T[(D —D?R® P+ 2|(Vo~ Ry ® VP~ Vs || > +4] (VRQy (B17)

1 1 1 _
® VP Dy | +16]|(RT Qs ® VP Ny |*+ 56" (7 + S In-a) R® P
Next, the following inequality can be obtained analogously:

26T (D + p)RQp ® P e

<GETID ~ D*6R® P +20(VF TR @ VP e, |44 (VR (B18)

1 1 1 _
® VP Hm | +16[(RT 25 @ VP Hm|*+ 2" (5 + S In-m) R ® PTE.

For brevity’s sake, we let ¢1 = 2[|[(v/¢~1RQs; @ VP—1)|2+4[(VRQ; ® VP 1)|?, ¢ = 16\|(R%fo @ VP-4, ¢s =
1
2(Vé~1RQp @ VP +4(VRs: ® VP~T)||?, and ¢4 = 16][(R4Q5 @ VP~ D).

Omax R
% + 2(o¢2 — o+ 4) max; {7; }]Amax(T") maxi{'ryf}

maxj{%}. Then substituting (B4), (B7), (B10), (B14), (B15), (B17) and (B18) into (B3) yields the following inequality:
Ei

In light of the fact that d; > 1, let 8 > [2(1 + a1 + B1)?

. - - . Amin (L _
Ve S~ xVa 4 €7D+ RS (P A+ ATP 4 (+ P e - 2By 52 g e
o -
5 ~ max (R ¢
+ 281 oman (RO ETI(D + p) @ TJe + 17mx D) ey e
1
+eT((1+28Vo)D 45— (@ — 1)In_m)R®TIE (B19)
max (RO 2 5 oz
4 Jmax(BSlys) ST+ an)?si + 201+ an) (1 + ar + B1)di]pi€] TE;
1 i=M+1
al U 1
+4 30 rildi+p)pidi T+ 26T (D + PROTIE — 26T (RO PTHEF T,
i=M+41
3 _1)3
where Y = Z?’:MJA ri[gf? + %(a — 1)2 + qﬁl%] + C1L2 + C2L4 + (3m2 + C4n4.
It is worth noting that
max RQ N
Tmax (R 1) ST+ e)?s +20 + 1)1+ e
1 i=M+1
— o~ ~ N o~ -~
+B2)dilpi€] T& +4 Y rildi + pi)pi; T
i=M+1 (B20)
G'max(RQ ) al ~ ~\ = X
IO NT Ga(di + 5B D ey
1 =M1 =1

1 N
<GP+ R X,

where ds = {2max[(1 + @1)?,2(1 + a1)(1 + a1 + B1)] + 72&‘:?;;;;13 FPmax (T) max; {n?}, X = —(P"'A+ ATP~! —2T') > 0, and

the last inequality can be obtained similar to the analysis in (A22) and (A24).
Substituting (B20) into (B19), then similar to the proof in Appendix A, we can obtain the following inequality:

Va< —xVa+€T[(D+p)R® (AP + P AT + (x
< 1 (B21)
+1)P ' —ar+ SN- 5gT(ch P hHe4+ .

By selecting s > 2(x + 1), we can obtain that Vo < —xVa if [|€]|2> W, which means that the tracking error
min ilrs
¢ and the adaptive gain d; are ultimately bounded under the proposed fully distributed robust event-triggered control protocol.

Then we complete the proof of the claim.

Appendix C Numerical Simulations

In this section, we use the following simulation results to verify the effectiveness of the proposed fully distributed event-triggered
control algorithm. We consider 6 agents networked by the communication topology shown in Fig. C1 with dynamics described by
(A1l). Agents labeled 1, 2, and 3 are leaders, other agents are followers. Agents are assumed with double-integrator dynamics.
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Figure C1 Communication topology for simulations.

agentﬁmuoooooo-ooo o0 0000 000000 0 -

agentSee we o 0sv0e 0000 000 000 00000000

agentime e eeeo e o 0o 0 000 0000000000

agent3 [ L] [ L] ® © & 0 00 0 00
agentz [ ] [ [ ] @ © © 0 0 00000000
agentl o o [ ] ® © O 0 00 00000

0 5 10 15
time/s

Figure C2 Triggering instants of each agent.

Then we construct the following stress matrix:

00 0 0 0 0
0 0 0 0 0 0
00 0 0 0 0
Q= 2 7 1 4

-3 3 —5 —3 0 0
2 1 7 4

-3 -5 3 0 -3 0
1% 0 0 4 -1

while the corresponding nominal configuration of the formation is set to

,To |31 100
01 -12-20

Triggering instants of the first 15 seconds of the formation are shown in Fig. C2. Agents only need to communicate with their
neighbors and update their control protocols at certain instants. Other simulation results are displayed in the MOOP paper.

Appendix D Experimental Validations

The layout of our laboratory can be seen in Fig. D1. Our experimental equipment consists of the following three parts:

1) The crazyflie is a nano-quadcopter which only weighs 27g and is less than 10cm long. It is equipped with low-latency and
long-range radio as well as Bluetooth LE, which allow us to steer it with python scripts and a remote controller. Due to its small
size and light weight, we can use a lot of them to carry out indoor experiments in a small space.
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Figure D1 Layout of the laboratory.

S

Crazyflies
_ ————p
1Lg

’ . . N
- - AN
l~§_\ P * \

N
Remote™« N
Controller

Ground Station

- --—-» Wireless Communication
——» Wired Communication

Figure D2 Architecture of the flight control system.

2) The optitrack system is a set of real-time local positioning system with precision of 4 /- 0.2mm even across large tracking
areas. The optitrack system consists of ten high-precision cameras with native frame rate of 240FPS and a Motive software which
is installed on a Windows 10 personal computer to provide data integration function. Through proper initialization and calibration,
we can use the optitrack system to achieve high-accuracy real-time positioning of dynamic targets.

3) We use Robot Operating System (ROS) to construct the experimental platform. Wi-Fi 6 communication protocol is imple-
mented for information interaction. Python scripts are run in a ground station to steer the crazyflies, while the optitrack system
broadcasts the crazyflies’ state information to the ground station.

The flight control experimental system is elucidated in Fig. D2. The optitrack motion capture system captures the crazyflies’
position information and sends it to the host computer where Motive is installed. The Motive software integrates the data and
broadcasts the information to the ground station in ROS through the Wi-Fi 6 communication protocol. Python scripts are run in
the ground station utilizing position information of crazyflies broadcast by Motive. Finally, control commands for crazyflies are
broadcast from the ground station accordingly via crazyradio, which is a long range open USB radio dongle and capable of 2.6-GHz
radio communication. In addition, there is also a remote controller for crazyflies in case of emergencies. It is worth mentioning
that the optitrack system can only provide position information, which means that we have to exploit appropriate Kalman filtering
algorithm to obtain corresponding velocity information required by our control protocols.

Figure D3 Communication topology for experiments.



Sci China Inf Sci 10

In this experiment, we apply a different communication topology of 7 agents shown in Fig. D3. Agents labeled 1, 2 and 3 are
leaders while the others are followers. The corresponding stress matrix is designed as follows:

0 0 0 0000
0 0 0 0000
0 0 0 0000
Q=|-1 15 05 -100 0
1 —05-15 0 10 0
3 —25 -15-102 0
-3 05 35 0 11 -3

The corresponding nominal formation configuration is set to:

21 1 00 -1 -1
01-11-1 1 -1

=

The experimental results and the corresponding analysis can be referred to the MOOP paper.
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