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Appendix A Preliminaries

Firstly, the standard notations to be used are listed in Table Al.

Table A1 Notations

Notations Explanations
R" the sets of n-dimensional vectors
R *™ the sets of m X m-dimensional real matrices
snxm the sets of n X n-dimensional symmetric positive definite matrices
X >0(=0) symmetric and positive-definite (semi-positive-definite) matrix, X
xT the transpose of matrix X
Xt the inverse of matrix X
]| the Euclidean vector norm
col{y1, Y2, -, yn} [yf»y§7-~-7yﬂT
He{X} X+ xT
diag{X,Y} [X 0:|
0Y

(<17 1X][%] DRIeIN

X Z X Z

% zT'y

Secondly, for the sake of subsequent description, the system concerned is recalled as follows

{ ek +1) = Aw(k) + Aga(k — d(k)), k >0 A1)

z(k) = ¢(k), k€ [—h2,0]
where z(k) € R" is the system state, ¢(k) is the initial condition, A and Ay are the system matrices, and the delay d(k) satisfies
0=ho <1< hi <dk)<h (A2)

with h;, ¢ = 1,2 being constant. Define d = d(k), hi2 = ha — h1, hig =d — h1 + 1, and hog = ho —d + 1.
Thirdly, the lemmas to be used for deriving the main results are given as follows

Lemma 1. [2] For matrix R > 0, integers a and b with b > a, any sequence of discrete-time variable z well defined, the following
inequality holds

b—1 3
(b= a) 3o n" (@R > Do (21— )x Rx, (a3)

i=a i=1

b 2x(i) b 6x(i) b2 122(4)
where x1 = a:(b) - z(a), X2 = I(b) + z(a) - Z b—ati’ X3 = I(b) - :E(a) + Z b—atl Z Z (b—at1)(b—at2)"
i=a i=a i=a j=i

Lemma 2. [1] For a scalar « € [0, 1], a matrices X > 0, and matrices S1 and Ss, the following inequality holds
1x 0 X+ (1—-a)(X —S:x"1sT) (1 —a)S1 + aS:
> (A4)
0 ==X * X +a(X —STX"18)
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Appendix B Proof and discussion of Lemma 1

The part gives the detailed proof of the following lemma (i.e., Lemma 1 in the Letter) and also briefly discusses its advantages.

Lemma 3. Assume that y € R is a time-varying parameter, ¢ € R™ is a vector, and E(y) € S is a time-varying matrix, which
can be rewritten as

Z(y) = y°TT BT + y°He{I'T EaT2} + E3(y) (B1)

where =1 € SP, E3(y) € S™ is convex w.r.t. y, 25 € RPX9 T} € RP*™ and I'y € RY*™ are obtained under the requirement that
I'; has least number of rows. Then the following holds

sTE(y)s
= y°["TTET1¢] + ¢ [¢"He{lT ZaT2}s] + <" Ea3(y)s
<0 (B2)

F(y)

if and only if there exists N3 € RP*? and No € R™*? such that

G11(y) Gi2(y)

G(y) =
W) * Ga2(y)

<0 (B3)

where Gi1(y) = Ea(y) — He{yNoT1}, Gia(y) = N> — y(TT N{ + T3 E]), and Gaz(y) = y=1 + N1 + N7 .
Proof. On the one hand, if there exist matrices N1 and N satisfying (B3), then, for a vector p = col{s, yI'1c}, ©1 = pTG(y)p <0
holds. Moreover, for the same N; and Na, the following holds

©: = 2[(yI'16)" N1 4+ T No][(yT1s) — yT1s] = 0 (B4)

Then, carrying out simple mathematical computations leads to F(y) = ©1 —©5 < 0. Therefore, if there exists N1 and N3 satisfying
(B3), then (B2) holds. On the other hand, based on Schur complement, (B3) is equivalent to

Ga2(y) = yE1 + N1+ N{ <0 (B5)
Fly) = Gii(y) — g12(y)[g22(y)]71g17"2 (y) <0 (B6)
Letting No = —y(PT(N; + y=1) + TYET) and carrying out mathematical computations lead that F(y) reduces to F(y). Thus,

if F(y) < 0 holds, then matrices N;,i = 1,2 satisfying (B5) and (B6) can be found by setting y=; + Ny + NlT < 0 and Ny =
—y(PT(Ny + yZ1) + TZTET). Therefore, if (B2) holds, then there must exist N1 and Ny satisfying (B3). This completes the proof.
|

Remark 1. In Lemma 3, by injecting free matrices N1 and Na, the negativity condition of cubic function given by F(y) < 0 is
converted to an equivalent matrix inequality G(y) < 0, which is convex w.r.t. y. Then, the condition that F(y) < 0 holds for a
time-varying parameter y within [y, y2] can be guaranteed by requiring G(y;) < 0,7 = 1,2. On the one hand, this matrix-injection-
based transformation method does not introduce extra conservatism due to the equivalence of two conditions. On the other hand,
the computational burden of transformed condition increases due to the injection of N; and N>. It is found from (B4) that the
number of rows of I'; is related to the dimensions of N;,7 = 1,2 and in turn affects the computational burden of criteria obtained.
That is the reason of minimizing the number of rows of I'y during the expression of (B1).

Appendix C Proof and discussion of Theorem 1

The part gives the detailed proof of the following lemma (i.e., Lemma 1 in the Letter) and also briefly discusses its advantages.
The following stability criterion is developed.

Theorem 1. For given hi and hs, system (Al) with the delay satisfying (A2) is asymptotically stable if there exist matrices

P = [P;;]sx5 € ST, {Qi, Ri} € ST, matrices Ny € R*™*?" Ny € R'O"X2" 5, € R®"*3™ 4 = 1,2, such that the following holds

for both d = h1 and d = h»

(d=h)EY ST +(ho—ad)ETL 55

Ty (d) h12
U(d) = 020 x3n <0 ©n
* — diag{R2,3R2,5R2}

where

Y(d) —dN2Es — dEXNF Ny —dEYNT + dELPE
Ty(d) =
* dPs + N1 + N}

Y(d) = T1(d) + Y2 + T3 — Ya(d)
Ti(d) = V,(d) —d*EY PaEs — d°He{E} P Eg}
Uy(d) = He{E P(Ep1 — Ep2)} + Eny PEy1 — By PEpa

Epo = col{e1, (h1 + 1)es,ep1, (h1 + 1)(h1 + 2)es, epo}

epo = hia(hia + 1)eg + hag(haa + 1)e1o + (haa — 1)hides — hages

ep1 = higes + hager —e3



Epl
Ep2

Ep

Pg

Ps
€q
€p
€c
T2
Ts

T4(d)

Proof. Step 1:

= [Onx(i—1)ns Inxn;Onx(ro—i)nl, i = 1,2, ..
= (A — I)el + Ages
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= col{es, —ez, —eq, —(h1 + 1)es, —ep1}
= col{eg, —e1, —e2, —(h1 + 1)e1, —(h12 + 1)ez}

€q

€p

-Ep1|d:0 - Ep2
= ep

L €c

Onxn — Pss

__Pg?;, Onxn

[ P Onsxn Onsxn

[Onxsn 3% - P35 — P
= [Ps1, Ps2, Ps3, Psa, Pss]
= eg + e — €6
= e — €7
= (3 — 2h1)69 — (3 + 2h2)810 + (hl + hoy — 1)66 + es
= 8?@181 - Eg (Q1 — Q2)ez — 6?@284
= el (hiRy + hiy,Ro)es — Bl R1Ey

2hg—d—hy p (d= h1)52+(h2 d)sy
T hi2 hi2

_ E2 E2

Es N h2+d 2h1 B

hi2

., 10

= Onxion

V(zk) = Vi(zk) + Va(zk) + Vi (zk)

E3

|

col{e; —eit1,€; +eip1 —2€eiy4,e; —ejp1 +6eipq —12€447},i=1,2,3
= diag{R;,3R;,5R;},i=1,2

construct the functional candidate. Construct the following Lyapunov functional candidate

(C2)

where
Vi(er) = &7 (K)PEK)
k—1 k—hy—1
Va(ar) = > 2T (@)Quz(i)+ Y. 2" (1)Qau(i)
i=k—hy i=k—hg
2 —hp_1-1 k1 —1 —h1—1 k-1
Ve(zi) = D (hu—hi) D> >0 0T (G RinG 1> Z TG RinG) +hiz >, > 0T ()Ran())
=1 i=—h; j=k+i 7,77h1‘17k+7. i=—hg j=k+i
where
k—1 k—hq—1 k—1 k—1 k—h1—1k—hy—1
&(k) =col a(k), > (i), »  w(i),wi(k),wk)y, wilk) = > > (), wk)= > > a().
i=k—hy i=k—hg i=k—hy j=i i=k—hgy j=i
and P >0, Q; >0, R; > 0, i = 1,2, which guarantees the positiveness of V(zy).
Step 2: Define necessary notations for simplifying the expression.
Define the following augmented vector
K o k=hy k—d )
(i) 3 x(@) > @) E Z z(j)
(k) = col { w(k), x(k — h1),a(k — d), 2(k — ha), ——L ishod | Thhe e w1 (k), va (k)
’ ’ ’ o hi1 hia haq T (h1 4+ 1)(h1 +2)’ ’
Onx1 = eoC(k), €0 = Onx10n =10 0 0 0 0 0 0 0 0 0]
z(k) = e1¢(k), e1 = [In,0nxon] = 0 0 00 000 0 0]
z(k — h1) = e2((k), e2 = [Opxn,In,0nxsn] =[0 I 0 0 0 0 0 0 0 0]
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z(k — d) = e3C(k),
z(k — h2) = ea((k),
E?:k—hl @ (i)

T = est(k),
k—hy .
M = egC(k),
1d
k—d .
imh—ho (1)
# = enc(h),
k .
i=k— }LIZJ i (]),
—(h1+1)(h1+2) = es((k),
k=hi s~k—hy g
o1 (k) = Z‘jfl;‘zhl;:l)m(” = coC(k),
k—d
'U2(k)= = k e Z] : ()=610C(k)7

h2a(h2a + 1)
n(k) = z(k +1) — z(k) = es((k),
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e3 = [Onx2n;In,Onx7] =[0 0 I 0 0 0 0 0 0 0]
€4 = [OTLXSleITL)OTLXSn]:[O 00171 O0O0O0OO0OO 0]

es = [Onxan; In,0nxs5,] =[0 0 0 0 I 0 0 0 0 0]

€6 = [OnXSnyfn;OnX4n]:[O 00O0O0TIO0OO0DO O]

e7 = [Onx6n;In;,Onx3,] =[0 0 0 0 0 0 I 0 0 0]

es = [Onx7nsIn,0nx2,]=1[0 00 000 0 I 0 0]

€9 = [Onxsn, In,0nxn] =[0 0 0 0000 0 I 0]

€10 = [Onxon, In]=[0 0000000 0 I

es = (A—1TI)er + Ages

ei = [Onx(i—1yns InsOnx(10—iynls®=1,2,3,...,10
Then
k—1 k-1 k—1 k k k
wik) = > D> = >, (Zﬂﬁ—ﬂ’ﬂ) = > > @) — (b + Da(k)
i=k—hy j=i i=k—hy \Jj=i i=k—hq j=i
= [(h1 + 1)(h1 + 2)es — (h1 + 1)e1]¢(k)
k k k k k

wilk+1) = > da@= > D@ - D>, =)

i=k—hq+1j=i i=k—hq j=i j=k—hq

= [(h1 +1)(h1 + 2)es — (h1 + 1)es]¢(k)
k—hi—1k—hy—1

k—hy—1 [k—hy
wky = > > @@= > (Zz(a’)

i=k—hgo Jj=i i=k—hgo Jj=i

k—hy k—hy
= { Z Z x(])} — (hi2 + 1)z(k — h1)

i=k—hg j=i

} {Z Tt Y S et o

i=k—d j=i i=k—hg j=i
= {hm(hm + 1)eg + haa(h2a + 1)e1o + (h2a

= [epo — (h12 + 1)e2]¢(k)
k—hy k—hy k—hy k—hy

o3 e = > S =) -

i=k—ho+1 j=i i=k—hg j=i

wk+1) =

i=k—hg j=i

= {hld(hld + 1)eg + haa(h2a + 1)e1o + (haa

{hm(hm + 1)eg + haa(h2a + 1)e1o + (h2a

(epo — ep1)C(k)

Step 3: Calculate the forward difference of V(xy).
Calculating the forward difference of Vi (xy) yields:

AVi(zg) = €7 (k+ 1)PE(k + 1) — €7 (k) PE(k)

z(k+ 1) z(k+ 1)
k . k .
x(i) > z(9)
ik hq 41 i=khy+1
_ k—h k—h _
= D] P o)
i=k o+l i=k o+l
wi(k+1) wi(k+1)
w(k + 1) wk+1)

i=k—hg j=i

k—hy—1k—hy
—a:(k—hl)> = > > 2() - hizz(k— h1)

k—hy

—d) > 2(j) — haan(k — d)} — (h12 + Daz(k — h1)
j=k—d
— Dhiges — hages pC(k) = (haz + DeaG (k)

k—hy

> =)

j=k—ho

k—hy k—hq k—d k—hy
{ > Zw(j)}—{ S+ Y, x(j)—x(k—d)}
k—d

j:k*hz j=k—

k—hy

k—d
— 1Dhiges — h2d€3}C(k) - { SToa)+ DD w(h) —ak—d)

j=k—d j=k—hg

— 1)hiaes — h2d€3}C(k) - {hldee + hager — 63}C(k)

with epo = hi1da(hia + 1)eg + haa(h2a + 1)e1o + (had — 1)hiaes — hages and ep1 = higes + hager — e3.

T
(k) (k)
k-1 k-1
> ali) Y a()

i=k—hy i=k—hq

k—hy—1 p|k—h1-1
> () S ()
i=k—hy i=k—ho
w1 (k) w1 (k)

w(k) w(k)

(C3)

(C4)

(C5)

(Co)

}

(C7)

(C8)
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T T
z(k) + n(k) z(k) + n(k)
k k
X z() - =k - h) > w() —a(k—h)
i=k—hqy i=k—hq
= = . k—hy pl| k=d ] k—hi
2 @@+ X z(i) —x(k—d) —x(k - he) 2w+ X x(i) —wx(k—d) —a(k - he)
i=k—ho i=k—d i=k—hg i=k—d
wi(k+1) wi(k+1)
w(k +1) w(k +1)
T
z(k) z(k)
k k
2 z(i) —=(k) 2 z(i) —z(k)
i=k—hq i=k—hq
— - ) k_hi p| k=d ) k—hy
2 oz + X w(i) —x(k—h1) —x(k—d) 2 oz + X @) —ax(k—hi) —x(k—d)
—k—ho i=k—d i=k—ho i—k—d
w1 (k) w1 (k)
w(k) w(k)
(es +e1)C(h) ! (es +e1)C(h)
[(h1 + 1L)es — e2]¢(k) [(h1 + 1)es — e2]C(k)
= [hides + hader — es — eq]C(k) P [hides + hader — es — eq|C(k)
((h1 + 1)(h1 + 2)es — (h1 + 1)es)¢ (k) ((h1 + 1)(h1 + 2)es — (h1 + 1)es)¢ (k)
(epo — ep1)C(k) (epo — ep1)C(K)
T

e1¢(k)
[(h1 + 1)es — e1]¢(k)
- [hidee + hager — ez — es]C(k)

((hh + 1)(h1 + 2)eg — (h1 + 1)e1)C(k)

(epo — (h12 + 1)e2)¢(k)

€1
(h1 + 1)es
ep1 +
(h1 4+ 1)(h1 + 2)es —

epo

= ¢T(k)

€1
(h1 + 1)es
ep1 +
(h1 + 1)(h1 +2)es

€po

—¢T (k)

P

ey
—(h1 + 1)ex
—(h12 + 1)ez

[hidee + hager — ez — es]C(k)
((hh + 1) (h1 + 2)eg — (h1 + 1)e1)C(k)

T

e1¢ (k)
[(R1 + 1)es — e1]¢(k)

(epo — (h12 + 1)e2)¢(k)

€1

(h1 + 1)es

P ep1 +

(hl =+ 1)(]11 =+ 2)68

8;,,0

T
€1

(h1 +1)es
P €p1
(hl =+ 1)(h1 =+ 2)68

epo

CT(k){E§1PEp1 + EEOP(Epl - EPZ) + (Epl - EPQ)TPEPO - E;?zPEz&}C(k)

+ —€2

—(h1 + 1)es
—ep1

€o

—eq

—(hl =+ 1)61

—(h12 + 1)ea]

¢ (k) { (Epo + Epl)T P [Epo + Epl] } ¢(k) = ¢T (k) { [Epo + Ep2} . P [Epo + Epz] } ¢(k)

¢(k)

¢(k)

= (T (k) W, (d)C(R) (C9)
where
Uy(d) = He {EfyP(Epy — Ep2) } + Egy PEpy — Ejy PEp (C10)
Ep[) = col{el, (hl —+ 1)65, €pl, (hl —+ 1)(h1 =+ 2)63, epg} (Cll)
E,n = 601{63,—62,—647—(h1 +1)65,—5p1} (C12)
Ep2 = col{eg, —e1, —ea, —(h1 + 1)e1, —(h12 + 1)ez2} (C13)
Calculating the forward difference of Va(xy) yields:
AVa(zi) = 2" (k)Quz(k) — 27 (k — h1)Qix(k — h1) + 2" (k — h1)Qaz(k — h1) — ” (k — h2)Qax(k — ha)
= C(B)T (e] Quer + 3 (Q2 — Qu)ea — €] Qaea) (k)
= C(k)"T2( (k) (C14)
where Yo = eTQre1 4+ €2 (Q2 — Q1)ea — ef Qoea.
Calculating the forward difference of V,.(z) yields:
k—1 k—hy—1
AVi(zg) = hinT(k)Rin(k) —h1 > 07 ())Rin() + hipn” (B)Ran(k) —h1z > 0 ())Ran(i)
i=k—hy i=k—ho
= 0" (W) [PIR1 + Wiy Ra|n(k) — S1 - Sz (C15)
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where
k—1 k—hq—1 k—hq—1 k—d—1
S1=hi Y. " (i)BRin(i) Sy=hiz o nT(@Ren(i) =h1z Y. nT(D)Rem() +hiz D 0’ (H)Ran()
i=k—hq i=k—hg i=k—d i=k—hg

Combining (C2), (C9), (C14), and (C15) yields

= TR W ()C(R) + T (R)T2C (k) + 17 (k) [T Ry + hipRa | n(k) — S1 = S

¢ (k) (Wp(d) + T2 + €l (B Ry + hiyRa)e, ) (k) — S1 = S (C16)

Step 4: Handle the related terms in AV (xy).
Firstly, notation ¥, (d) in AVy(zy) of (C16) is transformed in to a new form. It is found that E,o and Ep1, respectively defined
in (C11) and (C12), can be rewritten as follows:

ey €1
(h1 + 1)es (h1 + 1)es
Epo = ep1 = hidee + haaer — e3
(h1 + 1)(h1 + 2)es (h1 4+ 1)(h1 + 2)es
€po hia(hia + 1)eg + hag(h2a + 1)e1o + (hoqa — 1)h1ges — haqes
i e €eo €1
€o €o (h1+ 1)es
= d? e +d eg — er + ep1|d=0
€o €o (h1 4+ 1)(h1 + 2)es
Leio + eo — €6 (3 = 2h1)eg — (3 + 2h2)ero + (h2 + h1 — 1)es +e3 epola=0
[eo eo e1
€o €o (h1 + 1)es ea = e10 +e9 — €6
= d? eo| +dley| + ep1la=o with e, = eg — er
eo eo (h1 + 1)(h1 + 2)es e. = (3—2h1)eg — (34 2h2)ero + (ha + h1 — 1)eg + €3
Lea ec €pola=o0
e €0 €1
eo €o (h1 + 1)es
= d’E, +dE, + E. with § Bq = |eo|, Ev= |ep|, Ec= ep1ld—o = Epola=o
€o €o (h1 + 1)(h1 + 2)es
€a ec epola=o
[ [ €g €s
—eg —eg —eg
Ey, = —ey = —eyq = —ey
—(h1 + 1)es —(h1 + 1)es —(h1 + 1)es
—ep1 —higes — hager + e3 —d(ee — e7) — ep1li=0
I =) €s €o €s
€o —e2 €o —e2
= |e | + —eq =dEq + Ey with { Eq = | ey |, Ef= —eyq = Epila=o0
eo —(h1+1)es €o —(h1 + 1)es
L—eb —ep1li=o —ep —ep1ld=o0
I (=) €s
—e1 e1 — es
E,e = —eg = Ep1|lag=o — Ec = Ey — E, with  E. = Ep1|la—0 — Ep2 = ey — ea
—(h1 +1)ex (h1+1)er — (h1 + 1)es
L—(h12 + 1)e2 (hi2 + 1)ez — ep1la=o

Therefore,

U,(d) = He {EEOP(EN — Ep2)} + Ejy PEp1 — Efy PEya

= He{(d*Fa + dBy + Ee)" P(dEa + Ey — (Ef — Eo)) } + (dEa + Ep)" P(dEa + Ey) — (B — E)T P(Ey — E.)
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d*He {E] PE4} +d* [He {E] PE. + E] PEa} + E] PE|

= He {(dzEa +dEy + E) " P(dEq + Ee)} + (dEq + E;)TP(dEq + Ey) — (Ef — Eo)T P(Ey — E.)

+He {dE] PE. + dET PEq + E] PE.} + dE] PE; + dE] PEa + Ef PE; — (Eg — E.)" P(Ey — E.)

— d®He {EfPEd} +d? [He {EaTPEe + EbTPEd} + EdTPEd] + Y1 (d) (c17)
It is found that Y (d) is linear function of d, and d3- and d>-dependent terms appear in the following parts:
He{E}\ P(Ep1—Ep2)} + Epy PEp1 = He{(d°Eq + dEy + Eo)" P(dEq + Ee)} + (dEq + Ef)" P(dEq + Ey) (C18)

More specifically, extracting the d*- and d?-dependent terms from (C17), respectively denoted as I's(d®) and T's(d?), and deleting

the related zero-value parts yield

T
a Onxn — P a
[3(d®) = d®He{ET PE,} = d®He{eT Pss(—ep)} = d® |© x B % = PETPAEA (C19)
€p —Pss Onxn €b
Iy(d?) = & [He{EZPEe + EFPEs} + E;”PEd} (C20)
= d2 He{E PE. +EYPTE,} + E! PEd] (c21)
P, T p 0 0 Fe
T
= & |He{ el PE. —ef [ ][] § + el Psen | = d’Heq | T T e
Pss? lec ep Onxsn =32 — P35 — Pgy
€c
= d’He{E} PEg} (C22)
where
ca Be Epila=o — Epz Onxn = Pss Ps Onxn Onxn
Ea = ,Ep = e, | = ey , Pa = , Pp = . , Ps = [Ps1, P52, Ps3, P54, Pss]
T 55 T T
€p ec ee 7P55 Onxn Onx5n 2 7P35 7P55

Combining (C17), (C19), and (C22) yields

Uy (d) = He {EJyP(Ep1 — Ep2) } + Ejy PEp1 — EjyPEpo

= d®He {E] PB4} + & [He {E] PE. + E] PE4} + Ej PE4| + T1(d)

= d®EYPAEA + d®He{EL PEEp} + Y1(d)

Therefore, the transformation from (15) to (16) in the manuscript is completed.
Secondly, S; and Sz in (C16) are estimated by using Lemmas 1 and 2. Based on R1 > 0 in (C2), using (A3) to estimate the

R1-dependent summation term, Sp, in (C16) yields:

T

e; — ea Ry O 0 el — ez
> ¢T(k) e1 + ez — 2es5 0 3Ry O e1+ea — 2e5 C(k)
e1 — ez + 6es — 12eg 0 0 5Ry e1 — ez +6es — 12es
T(k)ET R1E1¢(K)
Ry O 0 el — ez
where Ry = | 0 3R, 0 |, E1= e1+ez — 2es
0 0 5R; e1 — ez + 6es — 12eg
Based on Ry > 0, using (A3) to estimate Rp-dependent summation term, Sz, in (C16) yields
k—hy—1 k—d—1
Sy = h1z Y 7" (i)Ran(i) + hi2 > n" (i) Ran(3)
i=k—d i=k—hg
T
z(k — h1) —x(k —d)
h Rz fz 00
— — —2 e
S e z(k — h1) + z(k — d) . ;dhld 0 3Ry O
d— hy
F L) FEUES L) 0 0 5Rp
b —h) —ok—d)+6 3 512 ¥ 2 i
T
z(k —d) — xz(k — h2)
h k—d)+a(k—h 2k7d =8 ool
12 z(k —d) +z(k = h2) - kz:h2 haq 0 3Ry O
hy —d _ (i) k—d k—d = () 0 0 5Rs
slh—d)—olb—ha) +6 3 F0-12 8 X wpitinern

(C23)

(C24)
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T
. (ea — e3)C(k) Ry 0 0 (e2 — e3)¢(k)
12
= R (62 + ez — 266)C(k) 0 3Ry O (62 + es3 — 266)C(k)
(62 — e3z — beg + 1269)<(k) 0 0 5Ro (e2 — es — 6Geg + 12e9)
T
N (e3 — ea)((k) Ry 0 0 (es — es)C(k)
+r 2 y (es + eq — 2e7)C (k) 0 3Ry O (es + eq — 2e7)C(k)
5 —
(e3 — esq + 6e7r — 12e10¢ (k) 0 0 5R> (e3 — eq + 6e7 — 12e10¢ (k)
h . h N
= —— (" (k) B} RaE2((k) + ———C" (k) B RaEsC(k) (C25)
d— hy ho —d
where
Ry O 0 es — e3 e3 — ey
Ro= |0 3R, 0 |, Eo2= ez +e3 — 2e6 , Bz = es +eq — 2e7
0 0 B5Rs ey — ez — bBeg + 12e9 ez — eq + 6e7r — 12e10

Furthermore, for any matrices S; and Sz, using (A4) to estimate (C25) yields

h - h .
S22 o= (T (R)E] RaBaC (k) + ———¢" (k) B3 RaBac(k)
d — h1 h2 —d
(B | [ 22k 0 E
2 —% 2
= ¢"(k) MU L ¢(k)
E3 0 h21—2dR2 E3
- 1T . . . B B
T B Ry + hflzd (R2 — SaR3'ST) h;?md S1+ dhlf; So E
2 < (k) ho—d oT d—hy oT ~ d—h1y [ TA—1 C(k)
_E3 ] hig Sp+ hig S Ra + W(R2 —S{ Ry 51) E3
oo A . B B B A
T Es Ry + "2 Ry f—ts) + L, N —12=tS, Ry ST 0 Es )
= ho—d d—1 A d—hj 7 d—h H—1
| Bs | 25T + Gt Sy Ry + G- Re 0 — Gt ST RS E;
= (" (k) (Ta(d) = Ta(d)) C(k) (C26)
where
T T 2hg—d—dy p  ho—d d—hy TT hg—dg p—1aT
Ya(d) = E> TRz his S+ g Sa E> Ta(d) = E> ois SaR, " S, 0 Eo
4 - ho+d—2hy A ’ 4 - d—h A—
Es * m2EE St Ry Es Es 0 Gt ST Ry 'S Es
Step 5: give the upper bound of AV (xy) by combining the above discussions.
Based on (C16), (C23), (C24), and (C26), the forward difference of Lyapunov function, AV (zy), is estimated as
AV(er) < ¢T () [9(d,d%, d) + T2+ Ts = Ta(d) + Ta(d)] ¢(k)
= ("(k) [ EEPaBA + & He {EXPREB} + T1(d) + T2 + T — Ta(d) + Ta(d)] (k)
=Tk [dSEZ;PAEA +d®He {EZ;PBEB} +T(d) + n(d)] c(k) with T(d) = T1(d) + T2 + Ts — YTa(d)
= &[T (k)ELPABAC(K)] + d° [¢T (k)He{ EX Pp Ep}C(K)] + ¢7 (k)(d)¢(k) with @(d) = T(d) + Ta(d) (C27)

Step 6: deal with the time-varying delay d in (C27) by using the proposed Lemma 3, convexr combination technique, and
Schur completement.
For any matrices, N1 and Ns, with appropriate dimensions, it follows from Lemma 3 that

U(d) = W¥11(d) + diag{Ta(d), O2nx2n}
Y(d) 4+ T4(d) — dN2Es — dEL NT N2 —dEENT + dELPE
* dPs 4+ Ny + NT
®(d) — dN2Es — dEXNT Ny — dEENT + dELPE
= <0, VdE€ [h1,h2] (C28)
* dPa + Ny + N
4
dS T T 2 T T T
[T (R)EAPAEAC(K)] +d°[¢ (k)He{Ey PEEp}((k)] + ¢ (K)®(d){(k) <0, Vd € [h1,ho] (C29)

On the other side, it follows from the convexity of ¥(d) with respect to d that

T(h;) <0,i=1,2 (C30)
e
F(d) < 0,Vd € [h1, ha] (C31)
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and it follows from Schur complement that
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U(h;) =< 0,i=1,2 (C32)
4
U(hi) <0,i=1,2 (C33)
More specifically, the derivation from (C32) to (C33) is given as follows
Y(h1) — hiN2Ea — hi EXN]  No — hi EXN{ + hi ELPE ETS,
V11(d) Vi2(d)
\I/(hl) = = T <0
quz(d) - R2 =m * h1Pa + Ny + Ny 021 x3n
[S;Ez Osnxzn] )
4
~ Y(h1) + Ef SoRy; ' ST Es — hiN2Es — hi EX NS No — i EXNT 4+ h EL PE
W(hi) = <0
* h1Pa + Ny 4+ NT
and
Y(h2) — haNaEa — ho EXNY  Na — ha ERN{ + ho ER P E] ST
‘llll(d) \Plg(d)
\I/(hQ) = = T <0
o7, (d) _ R, | 'dh2 * haPa + N1+ Ny 021 x3n
{SlEQS 03n><2n] — B
4
) Y(h2) + B ST Ry 'S1Es — haNaEa — ho EXNT Ny — ho EXNT 4+ ho ELPE
2) = <0

*

h2Pa + N1+ N

Step 7: Summarize the conditions for ensuring the negative-definiteness of forward difference of functional.

Based on the above discussion, the following relationship is summarized

(C9)
Construct (C2)
= { (C14) , = (C16)
Calculations
(C15)
Construct Vi (k

onstruct Vitk) U 0g) e, (C10)

Calculations = (C23)
Calculations from (C17) to (C23) = (C27)

Lemma 1

= (C24)
Theorem 1: Ry > 0 = AV(zg) < —5||$(k)|(18334)
Lemma 1

= (C25)
Theorem 1: Rz >0 = (C26)

Lemma 2
Lemma 3

Convex combination technique
. = (C29)

Schur completement = (C31) i.e., (C28)

— (C33) i.c., (C30)
Theorem 1 : (C1) i.e., (C32)

It is found that conditions for ensuring the negative-definiteness of forward difference of functional is R; > 0, i = 1,2 and (C1)

holds for both d = h; and d = hs.
Step 8: Give a conclusion.

Finally, by considering the previous discussion, system (Al) is stable if P > 0, Q; > 0, R; > 0, i = 1,2 and (C1) holds for both

d = hy and d = hz. This completes the proof.
Remark 2.

®(d) dELPYL

\ijl(d) - * dP.
A

The negativity condition of AV (z}) shown in (C29) can be rewritten as Wy (d

[ |
T
¢(k) = ¢(k)

dEA((k)

< 0 with
dEA((k)

. This condition cannot be directly guaranteed by requiring ¥;(d) < 0 due to the constraint of zero-value

diagonal elements in P4. On the contrary, due to the usage of Lemma 3, such constraint is relaxed by injecting free matrix N; shown
in (C28). The dimension of the injected matrix is related to computational burden of Theorem 1, thus, as discussed in Remark 1,
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it is necessary to minimize the number of rows of E4 in (C29) during the re-expression of (C27). As shown in I'y(d?) and I'3(d®),
two treatments are used for this purpose, including replacing the terms dependent on high-dimension matrices (E,, Ep, and Eg) in
(C18) by the ones with lower-dimension matrices (eq, ep, and e.), and carrying out the transformation from (C20) to (C21) (Ea
will become E4 = col{eq, €p, €.} if no such transformation). Moreover, those treatments do not lead to extra conservatism since
they are all based on equivalent calculation.

Remark 3. In [2-5], the usage of auxiliary function-based, polynomial-based, and Bessel-based inequalities achieves the improve-
ment of the WLI-based criterion [6]. However, in order to avoid introducing d3-dependent terms, those inequalities are not used to
estimate Sz [3,5] and w(k), which is necessary as discussion in [7], is not included in the Lyapunov functions [2-5], both of which
affect the benefit from the increase of estimation accurate caused by tighter inequalities. During the development of Theorem 1,
these drawbacks are overcome by using the matrix-injection-based transformation method shown in Lemma 3.

Remark 4. In [8] and [9], wherein w(k) is included and Sz is estimated by improved inequalities, another method is used to
avoid the information of high-order function of d and its key idea is to replace ¢(k) used in (C27) by {(k) = col{((k),Zf;:Ed (%),

Zf;ihz z(4), h14vi(k), haqva (k). Then the negativity condition of AV (x) can be rewritten as the form of ET(k)\ilg(d)f(k) <0,
in which W5 (d) is convex w.r.t. d. However, this condition cannot be directly guaranteed by requiring ¥ (d) < 0 due to the existence
of zero-value diagonal elements therein caused by the absence of quadratic terms related to Z?;,:le (i), Z?;kdf;m z (i), h1qvi(k),
and hogv2(k). In order to introduce necessary quadratic terms, the summation terms of Lyapunov function are augmented in [8]
and several zero-value terms based on the linear relationships among the vectors in {(k) are added into AV (xy) in [9]. On the
contrary, the usage of Lemma 3 can be considered as replacing ¢(k) used in (C27) by (k) = col{¢(k),dEaC(k)} and injecting two
matrices N7 and N. Since the number of rows in (k) (i.e., 12n) is smaller than that of {(k) (i.e., 14n), the injected matrices have
less decision variables and the LMI-based condition (C1) has smaller order, which in turn implies lower complexity (See Table 77
for details).
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