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Dear editor,

Recently, neural networks (NNs) have been successfully ap-

plied to massive data classification tasks [1, 2]. However,

there is an inconsistent problem in neural network struc-

ture and convergence [3]. On one hand, under the over-

parameterize assumption, it requires to design a complex

network to guarantee the convergence [4]. On the other

hand, over-parameterization makes the neural networks flex-

ible. Therefore, the networks are difficult to obtain the

global optimal solution, and may lead to over-fitting [5].

To overcome the aforementioned problems, we establish

a neural network equivalent model and apply it to massive

data classification. We regard the structure of neural net-

works as a model of feature extraction and classification hy-

perplane solution. More specifically, our basic idea is to

use the hidden layer of the neural network as a feature ex-

tractor. The hidden parameters of our model are directly

generated by the minimal Riesz energy points on the sphere

and the equidistant points on an interval [6]. The purpose of

generating hidden parameters instead of training them is to

reduce the computation of network learning, and overcome

the inconsistency problem between optimization and learn-

ing. For solving classification hyperplane, we transform a

maximal margin principle problem to a non-smooth convex

optimization and adopt the ADMM algorithm to solve this

problem. The reason for using ADMM is that it can guaran-

tee the convergence of the optimization problem. Theoreti-

cally, we first analyze that ADMM can converge to the global

minimum of the non-smooth convex optimization problem.

Second, we justify that our model can achieve an almost

optimal generalization error bound. Extensive experiments

verify the effectiveness of the proposed model for massive

data classification.

The proposed equivalent model. Given the training sam-

ples D := {(xi, yi)}
m
i=1

, the feature space is

Hl,n,σ :=







n
∑

j=1

l
∑

k=1

ajkσ(αjx− bk) : ajk ∈ R
1







, (1)

where σ is a nonlinear function, n× l denotes splitting of N .

The inner weights {αj}nj=1
is obtained by minimizing the

Riesz τ -energy point of Sd−1 with τ > d− 1, and {bk}
l
k=1

is the ESPs in an interval. Then, the solution of classifi-

cation hyperplane can be transformed to an empirical risk

minimization problem:

fD = arg min
f∈Hl,n,σ

{

1

m

m
∑

i=1

(1 − yif(xi))+

}

, (2)

where t+ is the hinge loss function which is defined as

max{t, 0} for t ∈ R.

In our model, we adopt ADMM to solve the un-

regularized optimization problem (2). First, we reformulate

the problem (2) as an unconstrained form and introduce a

new variable ν:

min
ν∈Rn,µ∈Rm

f(ν) s.t. Aµ− ν = 0, (3)

where f(ν) := 1

m

∑m
i=1

(1 − yiνi)+, and A ∈ Rm×n is the

feature matrix with Aij = σ(αjxi − bkj). The augmented

Lagrangian function of (3) is as follows:

Lβ(µ, ν,w) = f(ν) + 〈ω,Aµ− ν〉+
β

2
||Aµ− ν||22, (4)

where β > 0 is the augmented Lagrangian coefficient, and

ω ∈ Rm is a multiplier variable. According to [7], given

α > 0, the closed-form solutions of ADMM of (4) are

µt+1 = (βATA+ αIn)
−1(αµt + βATνt −ATωt), (5)

νt+1 = Hingemβ(y, Aµt+1 + β−1ωt), (6)

wt+1 = ωt + β(Aµt+1 − vt+1), (7)

where Hingeγ(ζ, ξ) = (hingeγ(ζ(1), ξ(1)), . . . , hingeγ(ζ(m),

ξ(m))), ζ = (ζ(1), . . . , ζ(m))T for ζ ∈ Rm, γ > 0 and

hingeγ(a, b) =























b, if a = 0,

b+γ−1a, if a 6= 0 and ab 6 1− γ−1a2,

a−1, if a 6= 0 and 1− γ−1a2 < ab < 1,

b, if a 6= 0 and ab > 1.
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Theoretical behaviors. The theoretical behaviors include

the convergence issue of ADMM and the generalization per-

formance analysis. We will analyze the convergence issue of

ADMM in Appendix B. In the following, we mainly study

the generalization error of the proposed model under the

learning theory framework [8].

Consider the samples D = {(xi, yi)}mi=1
with the range

of x ∈ X = [0, 1]d and y ∈ Y = {−1, 1}. These samples are

generated independently according to ρ and with the range

of Z := X × Y . We measure generalization ability by the

misclassification error which is defined as follows:

R(C) = P [C(x) 6= y] =

∫

X

P [y 6= C(x)|x]dρX ,

where the conditional probability is expressed as P [y|x] with

x ∈ X. Thus, we can use the well known Bayes rule which

is defined as

gc(x) =

{

1, ξ(x) > 1/2,

−1, ξ(x) < 1/2

to minimize R(C), where ξ(x) is the decision function P [y =

1|x]. Define the classical Sobolev class by

W r
p := W r

p (B
d) :=

{

g : Bd → R
1 : max

06|k|6r
‖Dkg‖p < ∞

}

,

where Bd denotes a d-dimensional unit ball. Let J be the

identity mapping:

L2(Bd)
J

−→ L1
ρX

,

and DρX = ‖J‖. Like [9], we assume DρX < ∞ and

fρ ∈ W r
2 . We say σ is a sigmoid function, if σ satisfies

lim
z→−∞

σ(z) = 0 and lim
z→∞

σ(z) = 1.

Thus, for any σ, we can find a positive constant L which

satisfy






|σ(t) − 1| < m
− 2

2r+d , t > L,

|σ(t)| < m
− 2

2r+d , t 6 −L.
(8)

Let

σK(z) := σ(Kz),

for any

K > ℓL, (9)

where ℓ denotes the number of different thresholds in the

LtDaHP scheme. We further support that for an arbitrary

closed set G in R
1, σ is a local square integrable function,

which is defined as σ ∈ L2
Loc

(R1).

Our main result on generalization error analysis for the

algorithm is the following Theorem 1, of which we will pro-

vide the proof in Appendix C.

Theorem 1. Let 0 < θ < 1 and d > 2. Assume

0 < r 6
d+1

2
, σ ∈ L2

Loc
(R1) is a bounded sigmoid func-

tion. If fρ ∈ W r
2 , ℓ = [m

1
d+2r ], n ∼ ℓd−1 and K satisfies

(9), then with confidence at least 1− θ, there holds

R(sign(fD,n,ℓ,σ)) −R(fc) 6 CDρX (m/ logm)
− r

2r+d log
4

θ
,

(10)

where C denotes a positive constant independent of ℓ, m, n,

K or θ.

Experimental results. Our experiments mainly include

the toy simulations, the real world data experiments and

the massive data experiment. The experimental results are

provided in Appendixes D and E. In the massive data ex-

periment, we conduct an experiment on the super symme-

try particles (SUSY) dataset. We report the test accuracy

(ACC) and training time (Time) in Table 1. Our method

achieves the highest classification accuracy compared to the

other methods. It should be noted that the first 10 algo-

rithms are implemented on GPU while FPC and our model

are implemented on a single CPU. Considering the hard-

ware factors, our algorithm is also superior to the first 11

algorithms in training time.

Table 1 The classification accuracy and training time on real

world massive dataseta)

Method ACC (%) Time (s) Method ACC (%) Time (s)

kNN 67.5 1464 SGD-F 77.7 118

SGD 76.5 25 LB-SGD 77.7 1022.4

HT 78.2 45 HT-SGD 78.4 154.3

LB-HT 78.7 530 NN 82.7 1250.44

HT-kNN 77.2 1428 FPC 79.0 732.8

kNN-F 71.2 4714 Ours 83.2 604.2

a) The best result is highlighted in bold.

Conclusion. This study proposes a neural network equiv-

alent model and applies it to massive data classification. In

our model, we first generate the hidden parameters by using

the minimal Riesz energy points on a sphere and equally

spaced points in an interval. Then, we obtain a classifier via

exploiting ADMM to optimize a non-smooth convex opti-

mization problem. The effectiveness of our model is verified

by both theoretical analysis and real world experiments.
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